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Displacement convexity of generalized relative
entropies. 11

SHIN-ICHI OHTA AND ASUKA TAKATSU

We introduce a class of generalized relative entropies (inspired by
the Bregman divergence in information theory) on the Wasserstein
space over a weighted Riemannian or Finsler manifold. We prove
that the convexity of all the entropies in this class is equivalent
to the combination of the non-negative weighted Ricci curvature
and the convexity of another weight function used in the definition
of the generalized relative entropies. This convexity condition cor-
responds to Lott and Villani’s version of the curvature-dimension
condition. As applications, we obtain appropriate variants of the
Talagrand, HWI and logarithmic Sobolev inequalities, as well as
the concentration of measures. We also investigate the gradient
flow of our generalized relative entropy.

1 Introduction 689
2 Preliminaries 693
2.1 Weighted Riemannian manifolds 693
2.2 Wasserstein geometry 695
2.3 Information geometry 697
2.4 Information geometry continued: the case of
Pm(s) = s2™™ 700
3 Displacement convexity classes DC s 703
4 Admissible spaces 706
5 ¢-relative entropy and its displacement convexity 714
5.1 Curvature-dimension condition 714

687



688 Shin-Ichi Ohta and Asuka Takatsu

5.2 ¢-relative entropy H, 717
5.3 Displacement convexity of H, 721
6 Functional inequalities 725
7 Concentration of measures 730
7.1 General estimate 731
7.2 Concentration of measures 734
7.3 m(p)-normal concentration 737
8 Gradient flow of H,: compact case 742
8.1 Geometric structure of (P(M), W) 743
8.2 Gradient flows in (P(M), W5) 745
8.3 H, and the p-heat equation 746
8.4 Proof of Claim 8.8 751
9 Gradient flow of H,: non-compact case 759
9.1 Riemannian structure of (P?(M), Ws) 761
9.2 Gradient flow of H, 764
9.3 Remarks on construction and contraction 765
10 Finsler case 765
10.1 Finsler manifolds 768

10.2 Weighted Ricci curvature and non-linear Laplacian 770
10.3 Displacement convexity of H, and applications 771

10.4 Gradient flow of H, 689



Displacement convexity of generalized relative entropies. 11 689

A Appendix: Measure concentration via ug-entropy

inequality 773
Acknowledgments 780
References 780

1. Introduction

This is a continuation of our work [51] on the displacement convexity of gen-
eralized entropies and its applications. We consider more general entropies
than [51] and generalize most results in appropriate ways. Some of our obser-
vation shall shed new light on [51].

It has been known since the celebrated work of McCann [38] that the
convexity of an energy (entropy) functional along geodesics in the Wasser-
stein space plays a vital role in the study of the existence and the uniqueness
of a ground state (a minimizer of the energy). Here the (quadratic) Wasser-
stein space over a complete separable metric space (X, d) is the space P?(X)
of Borel probability measures on X having finite second moments, endowed
with the Wasserstein distance function Wy derived from the Monge—
Kantorovich mass transport problem (see Section 2.2). We say that a func-
tional S on P%(X) is displacement K-conver for K € R (Hess S > K for
short) if any pair pg,p1 € P?(X) can be joined by a minimal geodesic
(1t)ieo,1) in (P?(X), Wa) such that

S(pe) < (1 =1)S(po) +tS(p1) — %(1 — 1)tWa (0, p11)?

holds for all t € [0, 1]. As usual, the displacement 0-convexity may be simply
called the displacement convexity. The word “displacement” is inserted for
avoiding a possible confusion with the convexity along the linear interpo-
lation S((1 —t)po + tp1) < (1 —1)S(po) + tS(p1). Since we deal with only
the displacement convexity, we may sometimes omit “displacement.”

As any geodesic in the Wasserstein space is written as the transport
along geodesics in the underlying metric space, the displacement convexity
of an energy functional can be derived from the convexity of its generat-
ing function. For instance, let S be the free energy functional on P?(R™)
consisting of the internal energy and the potential energy as

d
SY (1) ::/ u<d£'un) dﬁn—l—/’ Udu
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for absolutely continuous probability measures p on R™ with respect to the
Lebesgue measure L™, where the energy density u is a function on R and the
potential ¥ is a function on R™. Then Sy is strictly displacement convex if u
is convex (and satisfies certain additional conditions to be precise, see Defi-
nition 3.1) and W is strictly convex, and the unique ground state v := g £L"
satisfies u/(0) = =¥ + \ with a normalizing constant A\. We mention that
the uniqueness is measured at the level of the energy functional, that is, we
have SY (1) — S¥(v) > 0 and equality holds if and only if u = v. Moreover,
the displacement convexity of the free energy SY is a crucial tool also in the
investigation of the asymptotic behavior of the solution to the associated
evolution equation

0 :

5 = div(pVI ()] + pV )

by regarding it as the gradient flow of S in the Wasserstein space (see [5,
14, 15, 30] among others). In particular, the heat flow is regarded as the

gradient flow of the relative entropy (with respect to the Lebesgue measure)

du du
Entzn(p :—/ ——1In <> dcm,
(1) rn AL acr

which is also called the Kullback—Leibler divergence in information theory.
On curved spaces such as Riemannian manifolds, the displacement con-
vexity of energy functionals is related to the curvature of the underlying
space, that is a crucial difference from the convexity along linear interpo-
lations (1 — ¢)uo + tpg. On a Riemannian manifold equipped with the Rie-
mannian volume measure voly, the relative entropy is similarly defined by

du du
Entyor, (1) := 1 dvol, .
b, (1) /M dvol, n(dvolg> VO

It has been shown by von Renesse and Sturm [58] (inspired by [20, 53]) that
for any K € R the following are mutually equivalent:

e The relative entropy Enty, is K-convex on (P?(M), Ws).

e The Ricci curvature is bounded from below by K in the sense that
Ricy(v,v) > K(v,v) for all v.e TM.

e The heat flow is K -contractive, i.e., Wa(ut, fi) < e~ KW (o, fig) holds
for all ¢ > 0 and for any weak solutions (p;)i>0, (pt)t>0 to the heat
equation dp/dt = Ap such that p := p;voly, fir := py voly, € P*(M).
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See also [5, 7, 44, 59] and [69, Chapter 23] for the connection between the
K-convexity of the functional and the K-contraction property of its gradient
flow.

The displacement K-convexity of Enty, (Hess Entyo, > K) is called the
curvature-dimension condition CD(K, oo) after Bakry and Emery’s pioneer-
ing work [9]. One remarkable point of CD(K, c0) is that it can be formu-
lated on general metric measure spaces without any differentiable (manifold)
structure. Such metric measure spaces with Ricci curvature bounded below
are independently investigated by Sturm [62] and Lott and Villani [35],
and known to enjoy several properties common to Riemannian manifolds of
Ricy > K. For example, as was indicated by Otto and Villani [53], CD(K, c0)
with K > 0 implies various functional inequalities such as the Talagrand
inequality, the HWI inequality, the logarithmic Sobolev inequality and the
global Poincaré inequality [35, Section 6].

The curvature-dimension condition CD(K,c0) is generalized to CD
(K, N) for each K € R and N € (1,00]. On an n-dimensional complete con-
nected Riemannian manifold (M, g) of n > 2 equipped with a weighted mea-
sure w = e~/ vol, with f € C°(M), the condition CD(K, N) is known to
be equivalent to the lower bound of the N-Ricci curvature Ricy(v,v) >
K(v,v) ([34, 35, 61, 63], see Definition 2.1 for the definition of Ricy). In
particular, an unweighted Riemannian manifold (M, voly) satisfies CD(/K, N)
if and only if its Ricci curvature is bounded below by K and its dimension is
bounded above by N. We remark that Sturm’s and Lott and Villani’s def-
initions of the curvature-dimension condition are slightly different, though
they are equivalent on non-branching spaces such as Riemannian or Finsler
manifolds. In both cases it is a certain convexity condition of a class of
entropies, and Lott and Villani’s class is larger than Sturm’s one.

On non-branching metric measure spaces, the condition CD(0, N) for
N € [n,0) is equivalent to the displacement convexity of the Rényi entropy

B dp\ VDN
Sn(p) == —/M (dw) dw.

For K # 0, however, CD(K, N) is not simply the displacement K-convexity
of Sy. In fact, it was shown in [61] (see also [51, Theorem 4.1, Remark 4.3(2)]
and [8]) that, on a weighted Riemannian manifold (M, w), Hess Sy > K can
hold only for K < 0 and is equivalent to Ricy > 0 regardless of the value of
K < 0. It was also observed in [61, Theorem 1.7] for unweighted Riemannian
manifolds that there are some functionals whose displacement K-convexity



692 Shin-Ichi Ohta and Asuka Takatsu

characterizes the combination of Ric > K and dim < N, whereas it is unclear
if there are any applications of these entropies.

In our previous work [51], we introduced the m-relative entropy H,, for
the parameter m € [(n — 1)/n,1) U (1,00) inspired by the Bregman diver-
gence in information theory/geometry (see [3, 4]) as well as the Tsallis
entropy in statistical mechanics (see [66, 67]). We fix a reference measure
v = exp,,(—¥)w on a weighted Riemannian manifold (M,w) involving the
m-exponential function

exp,,(t) := max{1l + (m — 1)t, 0}1/(771—1)’

then the m-relative entropy of an absolutely continuous measure p € P?(M)
with respect to v is given by (up to an additive constant)

1 du\™ du ( dv m-1
) = 5 { (i) () } -
This includes the relative and Rényi entropies as special cases in the sense
that lim,, .1 Hy(u) = Ent,(u) — 1 and that H,,(u) = N{m 1Sx(u) + 1}
with N=1/(1-m) if U =0 (i.e, v =w).

Then the displacement K-convexity of H,, is equivalent to the combina-
tion of Ricy > 0 (of (M,w)) and Hess U > K [51, Theorem 4.1]. We stress
that N becomes negative for m > 1, then Ricy is defined in the same form
as the case of N € (n,00) (see Definition 2.1). Similarly to CD(K, o), we
can derive from Hess H,, > K > 0 the associated functional inequalities (see
also [1, 19, 64] for related works) and the concentration of measures (in terms
of exp,,,). Furthermore, the gradient flow of H,, produces weak solutions to
the fast diffusion equation (m < 1) or the porous medium equation (m > 1)
with drift of the form

% = div,, (;V(pm) + ,OV\IJ> ,
where div,, is the divergence of (M, w) (see also [52], [69, Theorem 23.19]).
We remark that Sturm [61] studied a more general class of entropies on
unweighted Riemannian manifolds, where Ricy = Ric for all N. Compared
to it, [51] gave a detailed investigation of a concrete class of entropies,
on more general weighted Riemannian manifolds (by choosing appropriate
parameters N).

In this paper, we introduce the more general class of entropies, called
the p-relative entropies H,, again inspired by information theory/geometry.
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Here ¢ : (0,00) — (0, 00) is a non-decreasing, positive, continuous function.
Roughly speaking, our new class corresponds to Lott and Villani’s class of
entropies in their definition of the curvature-dimension condition, while the
m-relative entropies in [51] correspond to Sturm’s class. The definition of H,
(see Definition 5.3 for details) involves v = exp,,(—W¥) with the ¢-exponential
function exp, which is the inverse function of the ¢-logarithmic function
In,(t) := flt ¢(s)~t ds. We recover exp,,, and H,, from ¢(s) = s2~™.

Our first main theorem (Theorem 5.7) asserts that Hess H,,, > K is
equivalent to Hess H, > K for all ’s in a certain class. This actually corre-
sponds to the equivalence between Sturm’s and Lott and Villani’s curvature-
dimension conditions on weighted Riemannian manifolds. This reveals that
H,, is an extremal element among H,’s in the appropriate class, see [65] for
a related work. Similarly to H,,, we can derive from Hess H, > K > 0 the
variants of the Talagrand, HWI, logarithmic Sobolev, and global Poincaré
inequalities (Theorem 6.3) as well as the concentration of measures in terms
of exp,, for some m = m(yp) (Theorem 7.9). Moreover, the gradient flow of
H, in (P?(M), W2) produces weak solutions to the p-heat equation (Theo-
rems 8.7, 9.7)

op _ (pr )
— =div, | —= 4+ pVT | .
ot olp) " "

The article is organized as follows: We first review the basic notions
of weighted Riemannian geometry, Wasserstein geometry and information
geometry in Section 2. Then, after preparing necessary notions in Sec-
tions 3 and 4, we define H, and study its displacement convexity in Sec-
tion 5. Section 6 is devoted to the functional inequalities and Section 7 is
concerned with the concentration of measures. The gradient flow of H,, is
studied in Sections 8 and 9 in the compact and non-compact cases, respec-
tively. We extend most results to Finsler manifolds in Section 10. Finally
in Appendix, we compare our concentration of measures derived from the
generalized Talagrand inequality with the Herbst-type argument deriving
the concentration from the u,-entropy inequality, which is a generalization
of the logarithmic Sobolev inequality different from ours.

2. Preliminaries
2.1. Weighted Riemannian manifolds

Throughout the article except Section 10, (M, g) will be an n-dimensional
complete connected Riemannian manifold without boundary. As we are
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interested in the role of the curvature, we will always assume n > 2. Denote
by dy and vol, the Riemannian distance function and the Riemannian vol-
ume measure of (M, g). We fix an arbitrary measure

w=eTvol,, feC®M),

as our base measure. To control the behavior of w, we modify the Ricci
curvature Ric, of (M, g) as follows.

Definition 2.1 (Weighted Ricci curvature). For N € (—o00,0) U [n, 0o,
we define the N-Ricci curvature tensor of (M,w) by

Ricy + Hess, f if N = o0,
Df® D
DreDf if N € (—00,0) U (n,00),

N —n
Ricg+Hessy f —oo- (Df ® Df) if N =n,

Ricy := ¢ Ric, + Hess, f —

where by convention co - 0 = 0.

We set Ricy(v) := Ricy(v,v) and will say that Ricy > K holds for
some K € R if Ricy(v) > K(v,v) for every v € T'M.

Remark 2.2. The tensor Ricy was usually considered only for N € [n, o],
and then the monotonicity Ricy(v) < Ricy/(v) for N < N’ clearly holds.
Note that Ricy is the famous Bakry-Emery tensor and Ricy for N € (n, 00)
was introduced by Qian (see [9, 33, 56] as well). Extending the range of N
to (—00,0) U [n, o0] violates the above monotonicity in N, however, observe
that Ricy is non-decreasing in the parameter

This observation will be helpful for understanding the validity of Theo-
rem 5.7 below.

Note that, if (M, w) satisfies Ricy > K for some K € R and N € [n, 00),
then it behaves like a Riemannian manifold with dimension bounded above
by N and Ricci curvature bounded below by K (see [33, 56], as well as [34,
35, 62, 63|, [69, Part I1I] related to the curvature-dimension condition). For
example, the following area growth inequality of Bishop type (numerically
extended to non-integer N’s) holds. Denote by area,[S(zo,r)] the area of
the sphere S(zg,7) := {x € M |dy(xo,x) = r} with respect to w.
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Theorem 2.3 [56], [63, Theorem 2.3]. If (M,w) satisfies Ricy > 0 for
some N € [n,0), then

N-1
area,[S(zo, R)] < area,[S(zo,r)] - <)
r
holds for any 0 <r < R and xg € M.
For N = oo, we have the following global estimate.

Theorem 2.4 [69, Theorem 18.12]. Under the non-negativity of Rics
of (M,w),

/ exp (—Ady(z0,2)?) dw(z) < 00
M

holds for any A > 0 and xo € M.

Though Theorems 2.3 and 2.4 are generalized to Ricy > K for K # 0,
we will need only the above special cases.

2.2. Wasserstein geometry

Let us recall some basic notions and facts in optimal transport theory and
Wasserstein geometry. See [5, 68, 69] for details and more information.

Let (X, d) be a metric space. A rectifiable curve « : [0,1] — X is called
a geodesic if it is locally minimizing and has a constant speed. We say that
v is a minimal geodesic if it is globally minimizing, namely d(y(s),7(t)) =
|s —t|d(7(0),v(1)) holds for all s,t € [0,1]. A subset Y of X is said to be
totally convex if, for any x,y € Y, any minimal geodesic in X from z to y
is contained in Y.

For a complete Riemannian manifold (M, g), let P(M) be the set of all
Borel probability measures on M. Given p € P(M) and a measurable map
T : M — M, the push forward measure Typ of p through 7 is defined by
T;u[B) := u[T ~1(B)] for all Borel sets B C M. For each p € [1,00), denote
by PP(M) C P(M) the subset consisting of measures u of finite pth
moments, that is, [,, dg(xo, )P du(x) < oo for some (and hence all) zo € M.

For p,v € P(M), a probability measure m € P(M x M) is called a cou-
pling of p and v if its projections are p and v, namely 7n[B x M| = p[B]
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and 7w[M x B] = v[B] hold for any Borel set B C M. We define the LP-
Wasserstein distance between u,v € PP(M) by

1/p
Wy(p,v) = inf{ </ dg(z,y)P d7r(x,y)> m: couplings of p and 1/}.
MxM
A coupling 7 is said to be optimal if it attains the infimum above. The
function W), is indeed a distance function on PP(M). The metric space
(PP(M),Wp) is complete, separable and called the LP-Wasserstein space
over M. The Wasserstein space inherits several properties of M. For instance,
if M is compact, then (PP(M), W,,) is also compact and the topology induced
from W) coincides with the weak topology. We will mainly consider the
quadratic case p =2, and then we omit “L?” and simply call Wy and
(P2(M), W3) the Wasserstein distance function and the Wasserstein space.
In view of optimal transport theory, Wa(juo, i11)? is regarded as the least
cost of transporting g to p1, where the cost of transporting a unit mass from
z to y is dy(x,y)?. A minimal geodesic (14t)iefo,1] With respect to Wy is then
also called the optimal transport from pg to w1, and it can be described
by using a family of minimal geodesics in the underlying space M. We
denote by I'(M) the set of all minimal geodesics 7 : [0, 1] — M endowed
with the uniform topology induced from the distance function dr(p (7, 7) =
supyeo,1] dg(¥(t), n(t)). For t € [0,1], the evaluation map evy : T'(M) — M
is defined by ev;(7y) := 7(t), which is clearly 1-Lipschitz.

Proposition 2.5 [35, Proposition 2.10], [69, Corollary 7.22]. Given
any minimal geodesic (fit)iecf0,1] C P2(M), there exists I1 € P(I'(M)) such
that (evy)yIl = py for all t € [0,1] and that (evy x evy)4ll is an optimal cou-
pling of po and 1.

In particular, for any totally conver set X of (M,dy), P*(X) is also
totally convex in (P*(M), Wa).

If one of pp and pp is absolutely continuous with respect to voly, then
a more precise description of a minimal geodesic (Mt)te[o,l] is obtained via
the gradient vector field of a locally semi-convex function ¢ (i.e., every point
x € M admits a neighborhood on which ¢ is K-convex in the weak sense
for some K € R, see Definition 4.1). For a measure v on M, we denote
by Pac(M,v) C P(M) the subset of absolutely continuous measures with
respect to v. We also set P2, (M, v) := P?(M) N Pac(M,v).

Theorem 2.6 [24, Theorem 1]. Given any pg € P%(M,voly) and py €
P2(M), there exists a locally semi-convex function ¢ : Q — R on an open
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set Q@ C M with po[Q] =1 such that the map Ti(z) := exp,(tVo(z)), t €
[0,1], provides a unique minimal geodesic from po to u1. To be precise,
(7o x Th)gpo is a unique optimal coupling of po and p1, and py := (Ty)gpo s
a unique minimal geodesic from pg to uy with respect to Wa.

If M is compact, then the above theorem is due to McCann’s celebrated
work [39] and we can take as the potential function —¢ a c-concave func-
tion for the cost c¢(z,y) = dy(z,y)?/2. (We do not give the definition of the
c-concave function, what we need is only the fact that c-concave functions
are locally semi-concave.) A locally semi-convex function is locally Lipschitz
and twice differentiable almost everywhere by the Alexandrov—Bangert the-
orem. Thus 7; is differentiable pp-a.e. and the following Jacobian (or Monge—
Ampereé) equation holds.

Theorem 2.7 [69, Theorems 8.7, 11.1]. Under the same assumptions
as Theorem 2.6 above, we have yy € P2, (M, vol,) for allt € [0,1). Moreover,
by putting

prw =y = (T)gp, J¥(x) = el @ —F(T(@) det (DT (z)),

we have py(Ti(x))I¢ (x) = po(z) and J¢(x) >0 for all t €[0,1) at po-a.e.
z € Q. In the case of v € P2 (M,voly), the above assertions hold also at
t=1.

Note that J¢ should be understood as the Jacobian with respect to w,
and its behavior is naturally controlled by the weighted Ricci curvature.
This is a fundamental geometric intuition behind the curvature-dimension
condition (see Section 5).

2.3. Information geometry

We briefly summarize some notions in information geometry associated with
a non-decreasing, positive, continuous function ¢ : (0,00) — (0,00). We
refer to [41, 42] for further discussion.

We define the @-logarithmic function on (0,00) by

|
In, () ::/1 @ds,
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which is clearly strictly increasing. We will denote by [, and L, the infimum
and the supremum of In,, that is,

l, == infln,(t) = ltilrg Ing(t) € [—00,0),

>0
L, :=suplny(t) = limIn,(t) € (0, o0].
>0 tToo

The inverse function of In,, is called the p-exponential function. We extend
it to the function on R as

0 it 7 <l,,
Xy (T) = { In (1) if 7 € (I, Ly)
00 if 7> L.

We also introduce the strictly convex function
T
uy(r) = / Ing(t)dt, 1€ [0,00),
0
provided that it is well defined (i.e., In, is integrable on (0, 1)).

Lemma 2.8. The function u, is well-defined if

1+9

s
2.1 inf<d €R ‘ is bounded on (0,1 } <1
(2.) {ser| 0.1
Proof. As ¢ is positive and non-decreasing, it suffices to see u,(1) > —oc.
We deduce from the hypothesis that s/¢(s) is integrable on (0,1). This
shows the claim since

Entropy is a function measuring the uncertainty of an event, and the
divergence in information theory is a quantity expressing the difference
between a pair of probability measures. In this spirit, the @-entropy for
pw € Pac(M,w) is defined by

O

Bolpw) == [ (o) d



Displacement convexity of generalized relative entropies. 11 699

(provided that it is well-defined). Then we define the Bregman divergence
between pw, ow € Pae(M,w) by

(22)  Dylpulow) := /M {u(p) = upl0) — (o) (p — )} dw.

The strict convexity of u, guarantees D, (pw|ow) > 0 unless p = o w-a.e.
Furthermore, the square root of the divergence D, satisfies a generalized
Pythagorean theorem (see [43, Proposition 3]) and hence it can be regarded
as a kind of distance function, though it is not symmetric (i.e., Dy (pw|ow) #
D, (ow|pw) in general).

We define three more quantities measuring the order of ¢ for later use:

(2.3) 6, = sup {90((95) : linzlsoup pls + ti —#ls) s> O} € [0, 00],

(2.4) 0, :=inf { o) lirrtll%up pls+ ti —#ls) 5> 0} € [0, 00),
-1t it e, £1,

@5)  Ne:= {oo if , = 1.

The following lemma will be useful.

Lemma 2.9. The function s% /o(s) is non-increasing in s € (0,00). More-
over, if 0, is finite, then the function s% /p(s) is mon-decreasing in s €
(0,00).

Proof. Assume 60, < oo (which will not play any role in the discussion on
d,), and fix s > 0 and small € > 0. By the definitions of 6, and d,, there
exists 7z(s) > 0 such that

S o(s+t) — p(s) €
0p < ——+  sup <0,+ —=.
T 0(8) teor(s)] t 72
Consider the functions
14 7)0ete —1 14 7)%5 —1
hy(7) —9¢+g— ( +T)T , ho (1) =10, — ( +T)T

for 7 > 0. Since hy and h_ are continuous and satisfy

lim hy (1) = 0, + -

lim 5 (0, +¢) <0, limh_(1)=10,— (6, —¢)>0,

710
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there exists 7. > 0 such that we have hy(7) <0 and h_(7) > 0 for all T €
(0,72).
Given any t € (0, min{r.(s), s7-}), we have

80¢,+5 (S —|—t)9“"+€
e(s)  (s+1)
sl { s (s 1) —p(s)  (1+ts )" - 1}
@

p(s+t) (s) t ; ts—1
t59¢+e—1

<2  _hn.(tsH<o.
=05+ 1) +(ts™)

As s > 0 was arbitrary, this shows that s%*¢/p(s) is strictly increasing in
s > 0. We similarly obtain

Séw—a (S + t)&,—a tsé“’_s_l

_ S_l
A& e rn Cpern )0

so that s%7¢/p(s) is strictly decreasing. Letting € | 0, we complete the
proof. O

Remark 2.10. The function ¢ will be sometimes normalized so as to satisfy
(1) = 1. This costs no generality as we easily see the following relations for
any a > 0:

gy (t) = a ' Ing(t), eXPy,(T) = exp,(aT), Uap(r) = a tugy(r),
lap(T) =a Yy, Lap=0a "Ly, 0o =0p Jap=20p Nap=N,.

2.4. Information geometry continued: the case of p,,(s) = s2—™

In [51], we considered the power function ¢,,(s) := s>~™ for m € (0, 2] and
the corresponding m-logarithmic and m-exponential functions. (We have
actually considered m € [(n — 1)/n,00) in [51], but ¢,, is non-decreasing
only when m < 2.) We summarize several facts in this especially important
case. For brevity, we set

by =1y, e 1= exXp, bp =1y, Ly =Ly, , 0y =0, , Ny:=DNg .

(A) In the case of p1(s) = s, £1 and e coincide with the usual logarithmic
and exponential functions, respectively. Thus, we find I; = —oc and L1 = .
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We can easily observe 6; = 1 and N1 = oo as well. For pw, cw € Pac(M,w),
we deduce from u, (r) = rlnr — r that

Bor(p) == [ plupdo 1, Dy (polow) = [ ptn L do.

Namely E,, is the Boltzmann entropy up to adding 1, and D, is the
Kullback—Leibler divergence. By choosing o = 1 formally in the definition of
Dy, (pw|ow), the relative entropy of p € P*(M) with respect to w is defined
by

lim/ Inpdw, if p=pw e PL(M,w),
(26)  Ento(n) =1 <10 Jipmey " = € Pl

00 otherwise.

In other words, the relative entropy is “(—1)x the Boltzmann entropy.”
(B) For ¢,(s) = s>~™ with m € (0,1) U (1,2], £, and e,, are given by
power functions as

1 -1
= em() =Lt (= )7L,

where we set [t]; := max{t,0} and by convention 0 := oo for a < 0. Observe

(2.7) I = 1 _ Lp,=<X1-m ’
_m—l 1fm>1’ o0 1fm>1,
O, =2 —mand Ny, = (1 —m) L As g, (r) = (r™ —mr)/{m(m — 1)}, the

om-entropy for pw € Pac(M,w) is given by
P 1
E = — d .

Up to additive and multiplicative constants, this entropy coincides with the
Rényi(—-Tsallis) entropy

(2.8) Sn(pw) = —/ pNIN qy
M

with N = N,,, which is applied to complex (strongly correlated) systems.
The Bregman divergence between pw,ow € Pye(M,w) is given by

1

Dy, (pwlow) = m(m — 1) /M [(p" = ™) =ma™ (p —0)] dw.
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This coincides with the §-divergence, whose strength is its robustness. For
instance, we refer to [40] for the roles and the differences of statistical diver-
gences including the Bregman divergences. Note that as m — 1 we have
bn(t) = (1), em(r) = €1(t), By, () — By (pw) and D, (pwlow) —
Dy, (pw|ow).

The function ¢, = s is an extremal element among those (’s satis-
fying 6, = 2 — m in several respects, as one can see in the next useful lemma
for instance.

2—m

Lemma 2.11. Assume 0, < 2 and put m = 2 — 0,. Then for anyt > 0 and
r € R we have

1 t0e
(2.9) wﬁm(t) <Iny(t) < ) L (1),
(2.10) exp‘p(r) <em (go(l)r).

Proof. 1t follows from Lemma 2.9 that, for any ¢t > 0,

1 t t 1 tGV, t
/ s % ds < / ds < / s 0 ds.
(1) Sy 1 e(s) e(t) J1

This is exactly (2.9) since §, = 2 — m.

As for (2.10), the assertion for r <[, is trivial since exp,(r) =0 by
definition. If 7 > L, then we deduce from (2.9) that ¢(1)r > (1)L, > Ly,
which shows e, (¢(1)r) = co. We therefore assume I, < r < L, and set ¢ :=
exp,,(r) > 0. Then, we obtain again from (2.9) that

echp(T) =t=en (em(t)) <enm (‘P(l) lnso(t)) = €m ((p(l)T’).
[l

Taking the limits as ¢t | 0 or ¢t T oo in (2.9), we obtain from (2.7) the
following.

Lemma 2.12. Suppose 8, < 2.
(i) If 0, < 1, then l, > —oo (equivalently, if l, = —oo, then 6, > 1).
(ii) If 0, <1, then L, = oo (equivalently, if L, < oo, then 0, > 1).

We similarly find the corresponding estimates concerning d,,. Note that

0p,, = Om =2 —m.

m
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Lemma 2.13. Assume 6, < 2 and put m = 2 — 0,. Then for anyt > 0 and
r € R we have

toe

mﬁm(t) <Ing(t) < ——=Lln(t), exp,(r) > en (e()r).

1

p(1)

In particular,
(i) If 6, > 1, then L, < oo (equivalently, if L, = oo, then §, < 1).
(ii) If 0, > 1, then l, = —oco (equivalently, if l, > —oo, then d, < 1).

3. Displacement convexity classes DCx

In this section, we introduce the important classes of convex functions. These
classes were first considered by McCann [38] for N > 1 (see also [35, Sec-
tion 5.1], [68, Section 5.2], [69, Chapter 16]), we adopt the same definition
also for N < 0.

Definition 3.1 (Displacement convexity classes). For N € (—o0,0) U
[1,00), we define DCx as the set of all continuous convex functions w :
[0,00) — R such that «(0) = 0 and that the function

is convex on (0,00). In a similar way, DC is defined as the set of all con-
tinuous convex functions w : [0,00) — R such that «(0) = 0 and that the
function

Yoo(r) :=€"u(e™)

is convex on R.
The following is well known for N > 1, we give a proof for completeness.

Lemma 3.2. If u€ DCy for N € [1,00] (resp. N € (—0,0)), then the
function Yy is non-increasing (resp. non-decreasing).

Proof. For N € [1,00) and 0 < s < t, the convexity of v and u(0) = 0 yield

SN N

Pw(t) = Vu(t™) < tN{ (1 - tN)um) ¥ ‘jNucsN)} — U (s).
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We similarly obtain for N = oo and s,t € R with s < ¢ that

S S

Yoo (t) = etu(e™) < et { (1 - Et>u(0) + Ztu(es)} = oo ().

Finally, for N < 0 and 0 < s < t, it holds

—-N -N

(o) = s¥uls) £ { (1= 5 Jul0) + Tt b = wate)

O

It is also known that DCyn C DCpy for 1 < N < N’ < co. This mono-
tonicity in N is violated by extending to N < 0, but the monotonicity in
m = (N —1)/N € [0, 00) holds instead. Compare this with the monotonicity
of Ricy in m (Remark 2.2).

Lemma 3.3. For each N,N' € (—00,0)U [1,00] with m <m’, we have
DCN» C DCy, where we set m = (N —1)/N, m' = (N' = 1)/N’ and m =1
if N =00 (resp. m' =1 if N' = 00).

Proof. We first consider the case of 0 < m < m/ <1 (equivalently, 1 < N <
N’ < o0). For any u € DCy and r > 0, we observe

on(r) = rNu(r) = VN (V)N = o (YY),
This is convex in r since the function r — r™/N’ is concave and ¥y is convex
and non-increasing. Thus, u € DCyx and hence DCy: C DCy.

The other cases are similar. For 1 < m < m/, we have N < N’ < 0 so
that r — r™/N is convex and ¢y is non-decreasing. When m/ =1 > m,
YN (1) = Yoo (N logr) holds and note that r+— Nlogr is concave and s
is non-increasing. For m =1 < m/, we find 1o (1) = ¥n(e"/N') and that

. . .
r— eV is convex and 1N+ is non-decreasing. 0

We shall write down a condition for u, € DCy on ¢. As u, is continu-
ous, convex and satisfies u,(0) = 0 by definition once it is well-defined, it is
sufficient to check (2.1) and the convexity of .

Proposition 3.4. Assume that ¢ satisfies the condition (2.1). Then the
function Y for N € (—00,0) U (1, 00] is convez if and only if

t s N t?
(3.1) /0<p(s)d8§]\7—lcp(t)

holds for all t > 0, where N/(N —1) =1 if N = 0.
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Proof. We first of all recall that u, is well-defined by (2.1) (Lemma 2.8).
For N € (—00,0) U (1,00) and r > 0, we calculate

U (r) =NrVug (rmN) = Nr~tug (i),
PR (1) :N(N — )N 2y (rN) (N — NQ)T'_QUZP(T’_N)

+ N27"_N_2u”

Hr)

N-2 -N -N -N N
:N(N — 1)7" {U@(T’ ) — T IH@(T ) —+ ]\[_1()0(7«—1\7)}
Note that N(N — 1) > 0. For any ¢ > 0, we have
N ¢
Uy (1) —tlnw(t)—l— {lnw —In,(t)}dr + —— N =100

//deTJr —w() _/otwa)dHN]\ilwt(Qt)'

Therefore, 1%, > 0 if and only if (3.1) holds. For N = oo, we similarly obtain

() =¢" {%(e—r) —e " Ing(e") + —2r }

for r € R, and

t2 t s t2
u¢(t)—t1nw(t)+<p(w:_/o st T

for t > 0. O

Theorem 3.5. If 0, < 2, then the condition (2.1) holds and we have u, €
DCy.,.

@

Proof. We deduce from Lemma 2.9 that

s 1
p(s) ~ (1)

for all s € (0,1), this implies (2.1) since f, < 2. Lemma 2.9 also yields that,

for any t > 0,
t t tew 1 t2
/ Sdsg/ PR P R —
o #(s) o »(t) 2— 0, o(t)
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This is nothing but (3.1) with N = N, (recall the definition of N, in (2.5)),
and hence u, € DCy, by Proposition 3.4. O

Recall that ¢,,(s) = s>~™ with m € (0,2] satisfies 6, =2 —m < 2.
Hence Theorem 3.5 shows u, € DCy,,. We close the section with a partial
converse of Theorem 3.5.

Proposition 3.6. If the condition (2.1) holds, §, < 2 and if we have u, €
DC N with some N € (—o00,0) U (1, 00], then it holds 6, < (N + 1)/N (where
(N+1)/N =1 for N = 0).

Proof. Lemma 2.9 with Proposition 3.4 yields that, for any ¢ > 0,

2 t t 43, 2
Ntz/sdsz/ ¢ 51—5wd52;t7’
N—1¢t) ~ Jo #(s) o #(t) 2=0,9(t)

which shows d, < (N 4 1)/N as desired. O
In particular, for m € (0,2}, u,,, € DCy if and only if m > (N —1)/N.

4. Admissible spaces

This section is devoted to introducing the class of spaces admissible in our

consideration. Recall our weighted Riemannian manifold (M, w) and a func-

tion ¢ as in Section 2.3. From here on, we further fix the reference measure

v =ow:= exp,(—¥)w,
where ¥ € C(M) such that

(4.1) V> —L, on M, M;I’ = ‘I’_l((_Lw —ly)) # 0.

Note that suppv = M;,I’ # (). For later convenience, let us define the
K-convexity of a function on a general metric space.

Definition 4.1 (K-convexity). Given K € R, we say that a function U :
X — (—o0,00] on a metric space (X,d) is K-convez in the weak sense
(denoted by Hess ¥ > K by slight abuse of notation) if it is not identically
400 and, for any two points =,y € X, there exists a minimal geodesic ~ :
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[0,1] — X from z to y along which

(12) (D) < (1 OU() + 08(y) — o (1 Htd(a,y)’
holds for all ¢ € [0, 1].

We remark that, on a Riemannian manifold M, (4.2) certainly holds for
any minimal geodesic v : [0,1] — M by approximation. Indeed, 7| i
is a unique minimal geodesic for any € > 0 and ¥ is continuous. We are
interested in the situation that Ricy, =0 as well as Hess W > K hold (see
Theorem 5.7). Finer analysis is possible in the particular case of K >0
(Sections 6, 7). We prove a lemma in such a case for later use. The open
ball of center x € M and radius r > 0 will be denoted by B(z,r).

Lemma 4.2. Suppose that o(1) = 1 (without loss of generality, see Remark
2.10), Hess ¥ > K for some K > 0, and take a minimizer o € M of V.

(i) Ifl, > —oo, then the set M;I’ as in (4.1) is totally conver and M;I’ C
B(zo, R) holds with R = +/—2(l, + V(x0))/K. Moreover, suppv is
also totally conver and compact.

(ii) If l, = —o0, N, € [n,00) and if Ricy, > 0, then we have M:OI’ =M,
v[M] < oo and

/ dg(x07x)p0'(ﬂf)a dw(:c) < C’ly[M]a + CQK_G'N“’ < 00
M

for any a € (1/2,1] and p € [0,00) satisfying (2a —1)N, —p >0,
where Cp = Ci(w) and Cy = Cs(a,p,b,,w). In particular, o €
LY(M,w) for all a€ (1/2,1] and v[M]|™' v e Pi(M,w) for all
p€[0,Ny,).

(iii) If N, = oo and Ricy, >0, then o € L*(M,w) for any a > 0.
Proof. We first remark that the assumption Hess W > K > 0 guarantees the

unique existence of a point xg € M;I’ such that ¥(xg) = infy; ¥. We deduce
from the K-convexity (4.2) that

(43) W(5(1)) 2 (o) + 5 dy (w0, 7(1))?

holds for all minimal geodesics 7 : [0, 1] — M with v(0) = zo.
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(i) For any minimal geodesic 7 : [0, 1] — M connecting two points =,y €
M;,I’ , we have

(1)) < (1 )W) + 19(y) — 5 (1~ Didy(a9)? < Ly,

so that ~ is contained in M;I’ . The total convexity of supp v can be seen
similarly. Precisely, for any z,y € W1 ((—Ly, —1,]), v as above satisfies
~7((0,1)) C Mg. This implies that suppv = Mig’ = U ((=Ly, —1,])
and is totally convex. We moreover obtain Mg C B(zg, R) from (4.3),
and thus supp v is compact.

(ii) The first assertion M;I’ = M is obvious by definition (see (4.1)). Note
that N, € [n,00) implies 6, € (1,(n + 1)/n] (see (2.5)). Set m := 2 —
6, < 1 and take a € (1/2,1] and p > 0 satisfying (2a — 1)N, —p > 0.
Then (2.10) and (4.3) imply

/ dg(xo,x)Po(z)* dw(x)
M
[ee) K 9 a
< o dw + em | =¥ (zo) — —r° | rPareay,[S(xo,r)]dr.
B(zo,1) 1 2

We mention that m = (N, — 1)/N,, and, for s < L, and t < 0, we have
em(s+1) = {em(s)™ 1+ (m — 1)t} Ne.

Thanks to the hypothesis Ricy, > 0 with N, € [n, 00), we can estimate
the second term by Theorem 2.3 as

/ em <—\I/(a;0) — 12{7'2> rP area, [S(zo, )] dr
1
—alN,

< area[S(z0,1)] /100 {em(—\I/(xo))ml - m)f;ﬂ}

x pPTNe=1 qp

* m—1 _9 K —ale
= area,[S(xo, 1)] em(—U(xo))" r 2+ (1— m);
1
 p—(2a=D)Ng+p—1 4.
K 7G,N4P o0
< areay [S (7o, 1)] {(1 - m)2} / F—(2a=1)Ny+p=1 g,.
1

1 K

—alN,
S T (13 g
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We used the condition (2a — 1)N, — p > 0 in the last equality. Choos-
ing a =1 and p = 0, we in particular find v[M] < co. Then the Holder
inequality yields that

/ 0% dw < (/ adw> w[B(z0, 1)]' ™" < v[M]%w[B(xo,1)]'
B(CC071) B(Io,l)

Thus choosing
C1 += max{w[B(xo, 1)], 1} > w[B(ro, 1)]'

Cy = ! 2\ reanS(zo. 1)
2'_(2a71)]\7@7p 1—m Few oL,

gives the desired estimate.

(iii) Combining (4.3) with (2.10) provides, as 6, = 1,

/M o (2)" dw(z) < /M exp, <—‘I/(x0) _ I;dg(xo,x)2>a doo(x)
< exp (= a¥(zy)) /M exp (—afdg(:co,x)2> do().

Hence, the assertion follows from Theorem 2.4. O

Now, we introduce the conditions for a quadruple (M,w, ¢, ¥) to be
admissible in our consideration.

Definition 4.3 (Admissibility). We say that a quadruple (M, w, ¢, ¥) is

admissible if all the following conditions hold:

(A-1) p(1) =1.

(A-2) N, € (—o0,—1]U[n,00] and N, #2 or, equivalently, 6, ¢
[0, (n+1)/n] and 6, < 3/2.

(A-3) ¥ > —Ly g on M and M = ¥~ '((=Ly, —1,)) # 0.

(A-4) hy(o) € LY(M,w) and oln,(o) € LY (M,w), where hy := uy, if L, =
00 and hy(r) := uy(r) — rL, if Ly, < 0o (see (5.3) below).

We mention that [, <l, and L, < L, hold with m =2 — 6, by (2.9),
and hence M:DI’ C ngm by (A-3). The first condition ¢(1) =1 is merely the
normalization (see Remark 2.10), and (A-4) is imposed for v being adopted
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as a reference measure of the Bregman divergence (see (2.2)). The next
lemma ensures that (A-4) automatically holds if Ricy, > 0 and Hess ¥ > K
for some K > 0.

Lemma 4.4. Suppose that (M,w, p, V) satisfies (A-1), (A-2), ¥ > —L, on
M, Mg’ # 0, Ricy, > 0 and Hess W > K for some K > 0. Then (A-4) also
holds.

Proof. The case of I, > —o0 is clear due to Lemma 4.2(i), so that we assume
l, = —oo and then 6, > 1 (Proposition 2.12(i)). Observe also that u,(0) €
LY(M,w) implies hy,(0) € LY(M,w) since v[M] < oo by Lemma 4.2(ii), (iii).
Let zo be the minimizer of ¥ and set R := y/max{l, —2¥(zo)}/K. Note
that the K-convexity of ¥ (4.3) guarantees that, on M \ B(zo, R),

K
0 <0 = exp,(—¥) < exp, (—\I/(:Bo) - 2R2> < exp,(0) = 1.

We first consider the case of 6, > 1. On M \ B(xo, R), (2.9) implies that

lolng,(0)] = —olny(0) < —aly g, (0) = N@(U%(L, — ),

o o 2—0,
()] = —/ In (f) dt < / N — 1yt =N, (T _ o).
0 0 2—10,

Thus, we have

/ loIng(0)] dw < / lolng,(0)| dw —I—/ N,y(0*7% — o) dw,
M B(zo,R) M\B(zo,R)

2.9,
/ g (0)] dow < / i ()] e +/ N, (" - a> .
M B(z0,R) M\B(z0,R) 2—10,

As 2 -6, € (1/2,1) by 0, < 3/2, Lemma 4.2(ii) ensures u,(0),0ln,(0) €
LY (M, w).
In the case of , = 1, we similarly have on M \ B(x¢, R)

g o 1
0, (0)] < —olno < v/, [up(0)] = —/0 I (t) dt g/o Tt =27

Then the claim follows from Lemma 4.2(iii). O
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We close the section with an auxiliary lemma on how to normalize v
when K > 0.

Lemma 4.5. Let (M,w,p,¥) be admissible, Ricy, > 0 and Hess ¥ > K
for some K >0, and set I = (I,L) := (I, +infy; ¥, L, + infy, ¥). We in
addition assume that U is differentiable at the minimizer of ¥ if N, = n.

Then there exists some X\ € I such that exp,(A — ¥)w € Pac(M,w).

Proof. We first remark that infy; ¥ > —oo, and that for any A €
U—A>inf¥ — <L@+inf\1'> =—L,
M M

as well as Hess(W — \) = Hess ¥ > K hold. Thus

[1]

(\) = /M exp,(A — V) dw < o0

by Lemma 4.2. Since = is non-decreasing and continuous on I by Lebesgue’s
dominated convergence theorem (or the monotone convergence theorem),
we are done if limy ; Z(\) < 1 < limyyz, Z(X) holds. We also deduce from the
dominated convergence theorem that limy; =(A\) = 0. If L, = oo, then we
find limytoe Z(A) = 00 by the monotone convergence theorem.

The rest is to prove limy;z, Z(A) > 1 when L, < co. Note that L, < oo
implies limgjoo ¢(s) = 00 by definition, and 6, > 1 (i.e., N, € [n,00)) by
Proposition 2.12(ii). Let g € M be the unique minimizer of ¥ and take
Ry > 0 such that B(zg, Ry) C M;I’ and that B(zg, Rg) contains no cut point
of xg. Then, for any x € S(xg,r) with 0 < r < R < Ry, the K-convexity of
U provides

r T K T\ T
4.4 Ulz)< (1- =) T — - —(1-—)=R?
(4.4) (@) < (1= 5) Vo) + Rsomn 2 (1-%) =®

K
= U (o) + 57“2 + ar,

where we set

1 K

a=a(R):=—=| sup ¥—U(zg)— =R*|>0.
R\ 5(z0,R) 2

Observe that limp|g a(R) < oo by the K-convexity of ¥, and limpg|ga(R) =0
holds if N, = n since ¥ is assumed to be differentiable at zg. In both cases
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(Ny, > n or N, =n), we can choose R € (0, Ry] small enough to satisfy

area,[S(zo, R)] > L/Ne

K
(4.5) SR +aR <Ly 20< < N RN

Then take large A € I such that

K
A > W(xg) + ERQ +aR.

Set K
A . 2
e, (r) == exp, ()\ — W(xg) — 57 ar)

and note that it is decreasing.
We deduce from Theorem 2.3 and (4.4) that

R
=E(A) > / exp,(A — V) dw > / areay, [S(mo,r)]eé(r) dr
B(z0,R) 0

R
> e B L[5y ar
0

= RN,—1

area,[S(zo, R)] [ RNe RyNe
- RN, —1 N, e, (R) — 0 N, (e) (r)dr ).

The concavity of In, yields

e
I, () < Ing (e3(0)) + tf(o)

and hence it holds for ¢ := e[; (r) that

Kr=—a+ \/a2 + 2K {Ing,(e3(0)) —Ing(t)} > —a + \/a2 + QKW.
(e3(0))
By the change of variables formula for ¢ = e;\J(r), we have
R
- / Ne (eé)’(r) dr
" 1 e3(0) N,
= /e;(m <—a + /a2 + 2K {Ing(eX(0)) — ln¢(t)}> dt

N‘P
1 /eé(0> e)(0) —t
> —a+]a? + 2K~ dt.
KNe eA(R) gp(eé(O))
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Combining the triangle inequality
ej‘,(O) e)\ (0) — N, 1/N,
/ <—a+ a2+2K“7)\> dt
e;(R) @(ego (0))

>(0) A(0) N, 1/N,
€ a M o e)\ . e)\ 1/N"’a
- {/ej,(R) (\/ K ©(e(0)) ) dt} {e5(0) —e3(R)}

with Jensen’s inequality for the convex function s — (Va2 + s)V¢ (s > 0),
we deduce that

/e:’(o) . +\/ 2+2Kw Nwdt
am VT T RE@0)
N,
QA 0) — oy 2K =0 g -t )
z 1€, (0) sO(R)}{\/ o) /em 30 - ®) "

N“P
— {eA(0) — A(R)} (\/a2 +Kw - a) |

p(e3(0))
Hence we obtain, as ¢(s) < s% for s > 1 by Lemma 2.9,

- area,[S(zo, R)]
lim=(A) >
N (A) = N, RN-—1KN.

N,
. e3(0) — e3(R) ’

area, [S(xo, R)] .. L—a -
lim s<\/a2+ (S_Feé(R))e‘p ) ]

NSDRN%"_IKNW sToo
area,[S(zo, R)] .. 0,1 \/7_ Ne

_ areay,[S(xo, R)] lim <\/a2 + Kt — a) N
NyRNe=LKNe t)0 t
area,[S(zo, R)]

NQQRN%’_l

v

(2a) N+,

This is bigger than 1 by the choice of R (recall (4.5)) and we complete the
proof. O
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Remark 4.6. If Ricy, >0 and Hess¥ > K with some K >0, then
Lemma 4.2 yields v[M] < co. We will sometimes normalize (M,w, p, V) so
as to satisfy v[M] =1 (Sections 6 and 7). There are two ways of such a
normalization:

e Put a := v[M]~! and consider (M, @, p, ¥) := (M, aw, p, V), i.e., & =
e~ /tayol,,

e Take A as in Lemma 4.5 and consider (M,w, p, V) := (M,w, o, ¥ — \).

In both cases, it is easily seen that the conditions Ricy, > 0 and Hess
¥ > K are preserved. These two normalizations are equivalent when ¢ = 1,
where we indeed observe

exp(—¥)o =exp(—¥ — f +Ina)w, exp(—V)w=-exp(—¥ — f+ Nw,

and hence A = Ina.

5. (-relative entropy and its displacement convexity

In this section, we introduce a generalization of the relative entropy, that
we call the -relative entropy, associated with functions ¢ in an appropriate
class. For the relative entropy on a (unweighted) Riemannian manifold, it is
known by von Renesse and Sturm [58] that its K-convexity in the Wasser-
stein space (P2(M),W3) (in the sense of Definition 4.1) is equivalent to
the lower Ricci curvature bound Ric > K. Then it was shown by Lott and
Villani [35] that Ric > K further implies a kind of convexity property of a
class of entropies including the relative entropy. In this sense, the relative
entropy is an extremal element in such a class of entropies. In the same spirit,
our main theorem in the section (Theorem 5.7) asserts that the m-relative
entropy induced from ¢ = ¢, (studied in [51], recall Subsection 2.4 as well)
is an extremal one in an appropriate class of p-relative entropies.

5.1. Curvature-dimension condition
Let us begin with a brief review of Lott, Sturm and Villani’s curvature-

dimension condition. To formulate it, we need to introduce the two functions
often used in comparison theorems in Riemannian geometry.
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For K e R, N € (1,00) and 0 < r (< /(N —1)/K if K > 0), we con-
sider the function

V(N =1)/Ksin(r\/K/(N 1)) if K >0,

sgN(r) = r if K =0,
V/—(N —=1)/K sinh(r\/—K/(N — 1)) if K <0.

This is the solution to the differential equation

s, ——sgn=0

K,N + N —1 K,N
with the initial conditions sk n(0) =0 and sf 5 (0) = 1. For n € N with
n>2s Kyn(r)”*l is proportional to the area of the sphere of radius r in the
n-dimensional space form of constant sectional curvature K/(n — 1). Using

sk,N, we define

3 (r) = (SK,N(tT)>N1 3 () = oI (1-t)r2/6
K,N tSK’N(T) ) K, 00

for K, N,r as above and t € (0,1). Now, we are ready to state Sturm’s
curvature-dimension condition characterizing lower Ricci curvature bounds,
developed in [58, 61, 63] in gradually general situations (see also [20, 21]
for related important work). Recall (2.8) and (2.6) for the definitions of the
Rényi entropy Sn and the relative entropy Ent,,.

Theorem 5.1 (Sturm’s curvature-dimension condition). Let (M,w)
be a weighted Riemannian manifold. We have Ricy > K for some K € R
and N € [n,00) if and only if any pair of measures po = pow, i1 = p1w €
P2.(M,w) satisfies

61 Sn<-0-0) [ Bk () Vo) dn(a,y)

)

—t / Bt x (dg, )Y 1 ()Y d(a, )

for allt € (0,1), where (put)iejo1) € Pac(M,w) is the unique minimal geodesic
from pg to py, and w is the unique optimal coupling of pg and .
Similarly, Riceo > K is equivalent to the K-convexity of Ent,,,

K
Ento, (1) < (1 — ) Ento(uo) + ¢ Ento, (1) — —-(1 = )tWa (o, ).
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For K = 0, we find ﬁ&N = 1 and (5.1) is nothing but the convexity of Sy,

SN () < (1 =1)Sn (o) + tSn (11)-

For K # 0, however, (5.1) is not simply the K-convexity of Sy.

Lott and Villani’s version of the curvature-dimension condition requires
a similar convexity condition, but for all entropies induced from functions
in DCy ([34, 35], [69, Part II1]). For U € DCx and u € P2(M), we denote
by p = pw + p® its Lebesgue decomposition into absolutely continuous and
singular parts with respect to the base measure w, and define

Uy(p) == lim U(p)dw + U'(00)p®[M], U’(c0) := lim U(T).

el0 Jip>e} TTee T

We set co-0 =0 by convention, and remark that U’(co) = lim,_,o, U'(7)
holds due to the convexity of U.

Theorem 5.2 (Lott and Villani’s version). It holds Ricy > K for some
K € R and N € [n,00] if and only if, given any pair of measures po, 1 €
P2(M) decomposed as p; = piw + ps (i = 0,1), there is a minimal geodesic
(1t)iepa] C P2H(M) between them such that

(5.2)
Ui <=0 [ [ ot (%) () o)

t p1(y) () dw
+ U (00){(1 = ) [M] + tui[M]}

holds for allU € DCx and t € (0,1), where m, (€ P(M) po-a.e. x) and
(€ P(M) pi-a.e. y) denote the disintegrations of m by po and py, i.e.,

dr(z,y) = dry(y)dpo(z) = dmy(2)dp (y).

Recall that DC» C DCy for n < N < N’ (Lemma 3.3). This agrees with
the monotonicity Ricy < Ricys for n < N < N’. In the case where both pg
and p1 are absolutely continuous with respect to w, we find

dr(z,y) = po(z)dms(y)dw(x) = pr(y)dmy(z)dw(y)
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and (5.2) is rewritten in the more symmetric form

A (dg(xvy))U< po(z)

KN (X
Uw(ut) S (1 — t) /MXM po(x) }(7]%(dg($’y))> d ( 7y)

Bl (dy () o(y)
+t/M><M p1(y) U(ﬁ%w(dy(x,y))> dm(z,y).

It is in fact enough to consider only absolutely continuous measures, the
general inequality (5.2) follows by approximating g, 1 € P?(M) with abso-
lutely continuous ones. In this sense the essential difference between Theo-
rems 5.1 and 5.2 is their choices of admissible entropies.

Besides Riemannian manifolds, these two versions of curvature-
dimension condition are equivalent for metric measure spaces where
geodesics do not branch, such as Finsler manifolds and Alexandrov spaces
(or for spaces with Riemannian Ricci curvature bounded below in the sense
of [7] which are “essentially non-branching,” see recent [57]). In other words,
Sturm’s version implies Lott and Villani’s one. Roughly speaking, this impli-
cation can be seen by localizing Sturm’s (5.1) thanks to the non-branching
property, and then integrating these local inequalities for each U € DCy
yields (5.2). The same infinitesimal estimate (Claim 5.8) will appear in our
discussion. Theorem 5.2 is extended to general Finsler manifolds by intro-
ducing the appropriate notion of the weighted Ricci curvature (see Section 10
and [45]).

General (not necessarily differentiable) metric measure spaces satisfy-
ing the condition in Theorem 5.1 or 5.2 are known to behave like Rieman-
nian manifolds of Ric > K and dim < N in geometric and analytic respects
([34, 35, 62, 63], [69, Part III]). We shall generalize this technique to -
relative entropies in the following sections (but only on Riemannian or
Finsler manifolds).

5.2. p-relative entropy H,

Let (M,w, ¢, ¥) be an admissible space in the sense of Definition 4.3. We
modify uy as, for r > 0,

o u (r) if L, = 00,
(5.3) hp(r) := {u:(r) —rL, if L: < 0.
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We also define

if L, =00
b (00) := lim K (r) = o0 oy
plo0) =l 1o (r) {0 if Ly, < 0.

Note that u, € DCy, (by Theorem 3.5 thanks to the admissibility) imme-
diately implies h, € DCy,. Moreover, if L, < oo, then h,, is non-increasing
and hence non-positive. We set
L?(M,w) := {p: M — R|measurable, h,(p) € L'(M,w)},
PY(M) = {u e P(M)|¥ e L' (Mg, u)}

(we will use these notations only in Remark 5.4). Now the Bregman diver-
gence (2.2) leads us to the following generalization of the relative entropy.

Definition 5.3 (p-relative entropy). Given p € P(M), letting p = pw +
1° be its Lebesgue decomposition, we define the @-relative entropy of u by

64) Holn) = [ {holo) = Haolphdo = [ bi(a)due + el
= [ holp) - /M B () dp + L, (00)[M]
if hy(p) € L'(M,w) and k(o) € L'(M, ), otherwise we set H, () := oo.
Let us summarize several remarks on Definition 5.3.

Remark 5.4. (1) In the second term of (5.4), to be precise, we set

l if L, =
hi,(0) = v 1 $ 7% o M\Mg
lo—L, if L, < o0,

This causes no problem because M = M:OI’ if I, = —oo. The additional
condition M[Mf] =1 (in other words, pu € P(Mf)) will be imposed
only when we compare the behavior of ¥ with that of H, (as in The-
orems 5.7, 8.7 and so forth).

(2) We remark that the condition (A-4) in the admissibility guarantees
that o € L?(M,w) as wellas ¥ € L' (M, v). Thus we have H,(v) € R
(by extending the definition (5.4) verbatim).
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(3) The validity of the definition of h,(c0) (for the lower semi-continuity of
H,, see Lemma 5.6) would be understood by the following observation:
For small € > 0, put pu. = p-w := w[B(:E,E)]_le(l,’a)w, where Xp(z.e)
stands for the characteristic function of B(z,e). Then we have

/B(M) ho(pe) dw = W[B(, )] - by (M) (o)

as € tends to zero.

(4) Finally, as for the domain of H,, it is more consistent to set H, (1) = oo
only if hy(p) — phi,(0) ¢ L'(M,w). However, as we sometimes treat
the internal energy [, h,(p) dw and the potential energy [, hi,(o)dp
separately, we consider the smaller domain in Definition 5.3. This may
cause a problem when considering the lower semi-continuity of H,,
whereas we need it only for compact M (see Lemma 5.6 below) where
h,(0) € L'(M, p) is always true (so that hy(p) € L'(M,w) if and only
if hy(p) — phL(0) € L' (M, w)).

Let us add a comment on the relation between p € L¥(M,w) and p €
PY(M). Assume L, < oo and p = pw + p® € PY(M). The non-positivity
and the convexity of h, yield

/\h |dw—/ p)dw < — /{h )+ (o) (p — o)} dw

/ {ho! ()0} duw — /M P (o) du < oo.

Hence, p € L¥(M,w) automatically holds. One can also see the converse
implication (p € L?(M,w) = pu € PY(M)) for the special case @y, (s) = s™
with m > 1, where L,, = oo as in (2.7) ([51, Remark 3.2(2))]).

It is easily observed that v is a unique ground state of H, (provided that
vIM] =1).

Lemma 5.5. Suppose v[M] = 1. For any p= pw + p* € P(M), we have
Hy(p) > Hy(v) and equality holds if and only if p=v.

Proof. We assume H (1) < oo without loss of generality. Observe that
6:5)  Holn) =) = [ 1ho(p) = holo) = (o) = )} s
— /M hiy (o) dp’ + hi,(c0) [ M].
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On the one hand, if ¢*[M] > 0, then the singular part
— [ Wfo)dut + (oo

in (5.5) is positive if L, < oo (recall that hi,(0) =1, — Ly, < 0 on M \ M;,I’)
or infinity if L, = 0o. On the other hand, the strict convexity of h, implies
that the absolutely continuous part

[ 4he0) = o) = W) o — o)}
M

in (5.5) is non-negative and equality holds if and only if p = o w-a.e. Thus,
H,(p) > Hy(v) and equality holds if and only if *[M] = 0 and p = o holds
w-a.e. 0

Observe from (5.5) that it holds Dy, (u|v) = Hy(u) — H,(v) for any abso-
lutely continuous measure p with respect to w. Thus the Bregman divergence
D (p|v) measures the difference between the entropies at p and the ground
state v. In [51], we have studied the specific function ¢,,(s) = s>~™ and
the associated m-relative entropy Hp,(p|v) for m € [(n —1)/n,1) U (1, 00).
In the present context, Hp,(u|v) coincides with Hy, (u) — Ho,, (V).

The following lemma will be used in Section 8 (Claim 8.8) to construct
a discrete approximation of the gradient flow of H,, where M is assumed to

be compact.
Lemma 5.6. Let M be compact. Then the @-relative entropy H, is lower
semi-continuous with respect to the weak topology, that is to say, if a sequence

{1itien C P(M) weakly converges to u € P(M), then we have
Hy(p) <liminf Hy (1)
Proof. We divide H, () into two parts as
D) = [ holo) o+ e, HD ) == [ W (o) dn
where y1 = pw + p°. Note that [|h{,(0)||ec < 0o thanks to the compactness of

M (recall Remark 5.4(1)). Then Hé,z) (p) is clearly continuous in p and the
lower semi-continuity of H&l)(,u) follows from [35, Theorem B.33]. O
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5.3. Displacement convexity of H,

In our previous work [51], we showed that the displacement K-convexity
of the m-relative entropy H.,,(u|v) = H,, (1) — Hy,, (v) with respect to p €
P2(M) is equivalent to the combination of Ricy > 0 and Hess ¥ > K, where
N =1/(1—m) ([51, Theorem 4.1]). This characterization can be regarded
as to correspond to Sturm’s version of the curvature-dimension condition
(5.1) (Hess Hy,(-|v) > K and (5.1) actually coincide if ¥ is constant and
K =0). In the reminder of the section, we shall consider the convexity of
appropriate families of the (-relative entropies corresponding to Lott and
Villani’s version of the curvature-dimension condition (5.2). Recall (2.3) for
the definition of 6.

Theorem 5.7 (Displacement convexity of families of H,). Given
K eR, NeR\ (—1,n) and an admissible space (M,w, pm, V), the follow-
ing three conditions are mutually equivalent, where m = (N —1)/N :

(A) We have Ricy > 0 and HessU > K on Mgm.

(B) For any o, u1 € P*(M) with uo[Mg’m] = MI[M;I/,,,L] =1 such that any
pair of points x; € supp p; N MS‘DI’ (1 =0,1) are joined by some minimal
geodesic contained in M‘g’m, there exists a minimal geodesic (,Ut)te[o,l] C
PQ(Mg’m) along which

Hp, () < (1= ), (o) + i, (1) = 5-(1 = 0o, )P

holds for all t € [0,1].

(C) Take any ¢ with 0, < 2 —m such that (M,w, p, V) is admissible. Then,
for any o, u1 € P2(M) with /L()[Mg] = ul[Mg’] =1, such that any pair
of points x; € supp,u,iﬁMg’ (t=0,1) are joined by some minimal
geodesic contained in M‘;I’, there exists a minimal geodesic (Mt)te[o,l] C
PQ(M;,I’) along which

K
(5:6)  Hp(pm) < (1= )Hy(po) + tHy (i) = - (1= 1)tWalpo, 1)*
holds for all t € [0,1].
Proof. The equivalence between (A) and (B) has been established in [51,

Theorem 4.1]. As (C) = (B) is trivial (recall §,,, =2 — m, see Section 2.4),
it is enough to show (A) = (C).
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We can assume that both H,(uo) and Hy (1) are finite, otherwise the
assertion (5.6) is obvious. We first consider the case where both py and
@1 are absolutely continuous with respect to w. By Theorem 2.6, there
exists an almost everywhere twice differentiable function ¢ : 0 — R with
pol€2] = 1 such that the map 7y(x) := exp,(tVp(x)) (t € [0,1]) gives the
unique minimal geodesic p; := (7y)gpuo from pg to py. Given po-a.e. x, 7y (x)
is not a cut point of x due to [20, Proposition 4.1], so that the geodesic
(7:())tef0,1] is unique and contained in Mg. Put pu = prw and J¢(x) :=
ef @)1 (T: (Z)%det(D’Z}(m)). By the change of variables formula with the Jaco-
bian equation (p; o 7¢)J¢¥ = po po-a.e. (Theorem 2.7), we deduce that

) = [ oo dw= [ o737 do

Jy Jo\ N
() = [ ()Y
M t/ PO M Po

where we set (1) := rVh,(r~V). As Theorem 3.5 together with the mono-
tonicity of DCx in m (Lemma 3.3) ensures h, € DCy, the function ¢ (r) is
non-increasing (resp. non-decreasing) and convex in r if N > 1 (resp. N < 0)
due to Lemma 3.2.

Then the essential ingredient is the concavity of NJ¥(x)'/N as in the
next claim. We give a sketch of the proof for completeness (see [63] or [45]
for a detailed proof, where a more delicate estimate under Ricy > K for
general K € R is discussed).

Claim 5.8. Under Ricy >0, NJ¥(2)/N is concave in t for po-a.e. x.

Proof. Take an orthonormal basis {e;}!" ; of T, M and extend each e; to
the vector field FE;(t) := D(7;)z(e;) for t € [0,1]. Note that every E; is a
Jacobi field along the geodesic (t) := T;(x), since 7; is a transport along
geodesics. Let us consider the n x n matrix-valued functions A(t) = (a;;(t))
and B(t) = (b;;(t)) given by, denoting by D5 the covariant derivative along 7,

aij(t) == (Ei(t), Ej(1),  DyEi(t) = bij(t)E5(t).
j=1

Observe that J¥(z) = ef@)=F0®) | /det A(t). We see by calculations A’ =
2BA and A” = —2Ric +2B?A, where we set Ricsy := ((R(E;, )7, Ei)i iz
and R stands for the Riemannian curvature tensor of (M, g). Combining
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these with the symmetry of B, we have

Ric(¥)

< —

(detA)/?n,
Put

U(t) = Jf(m)l/N, U1 (t) = e{f(x)—f(v(t))}/(N—n)’ Ug(t) — {detA(t)}1/2".

Asv = vy'", we obtain
N —
No " = (N — n)vy ol + nog ol — W —njn Nn)n(v1 Yol — vy tvh)?
2
< (o) + W ie(s) = — Rien(3).

Note that the range of N € (—00,0) U [n,00) is essential here for making
(N —n)/N non-negative. Thus, the assumption Ricy > 0 implies Nv” <0,
so that Nv = NJ¥(x)'/N is concave in t. O

Therefore we have, as J§ =1,

(5.7 (37 /o) N) < o((L=8)(1/po) /N + 435/ po)/Y)

<
< (L= 09 ((1/po)™) + (35 /po) /)

po-a.e. This implies

(5.8)

wo= (5 )UN)d“fN -
(/1M{” (Gr))+el((GE) ) e

HED (no) + tH ().

On the other hand, it follows from Hess ¥ > K that

[ v = [ () dug
M M
< [ {a-0um) + 0w - 50~ 00T T o
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and hence

6.9 HO )=~ [ 1) duy

K
< (1= t)HP (no) +tHP (1) — 5 (1= 1)tWa(uo, yn)*.

Combining (5.8) with (5.9), we obtain the desired inequality (5.6).

Let us next consider the case where pg or 1 has non-trivial singular part.
We may assume L, < oo, otherwise (5.6) trivially holds by the definition of
hfp(oo). Decompose po and pq as po = pow + pg and pg = piw + pj, and
take an optimal coupling 7 of pg and p;. Let p1,ps : M x M — M denote
the projections to the first and second components. Now, 7 is decomposed
into four parts

T = TMaq + Tas + Msa + Tss

such that (p1)s(7aa), (P1)4(7Tas), (P2)4(Taa) and (p2)4(7sq) are absolutely con-
tinuous and that (p1)g(7sa), (P1)4(7ss), (D2)s(7as) and (p2)y(7ss) are singu-
lar or null measures. We divide optimal transport between pp and p; into
two parts, corresponding to m — 7wy and ms,. For fig := (p1)y(m — 7ss) and
fi1 = (p2)y(m — 7ss), Theorem 2.6 guarantees the existence of a geodesic

fir € (1 = mes[M x M]) - P2 (M,w), te(0,1),

(ie., fiu[M] =1 — mes[M x M]) such that i,[MJ] = ju[M]. Setting ji; = pyw,
we observe

/M ho(e) dw < (1 — 1) /th(po)dw—i—t/ ho(pr) deo,

M

_/M (o) diy < —(1—1) /M hi (o) dfio —t/M hi(0) djiy

K
~ =0t dyfe) i = m) )

To be precise, in the first inequality, we used h, < 0 along the transports
corresponding to m,s and ms,. By Proposition 2.5, we find a minimal geodesic

fit = prw + fif € mes[M x M) - P*(M)
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from fig := (p1)y(mss) to fir := (p2)y(mss) realized through a family of
geodesics in M;I’ . Then the condition Hess ¥ > K implies

- [ Wy <~ -0 [ Wio)dio—t [ W) dm
M M M
K
SSu-0t ey dna(ey).
M x M
We put p; := iy + i and conclude that
Ho) = [ ol o= [ 1o o) du
M M
< [ hot o= [ ooyt + i)
M M

< (1 —t)Hy(po) + tHy(p1) — g(l — )tWa(po, 1),

where we used the fact that h, is non-increasing (since L, < 0o) in the
second line. 0

Remark 5.9. Recall that M:DI’ = M;I’m = M if [, = —oo by definition (and
admissibility). Hence, the condition in (B) and (C) that supp o and supp p1
are connected in Mg’ is non-trivial only if I, > —oo. Even when [, > —o0,
Lemma 4.2(i) guarantees that Mg’ is totally convex if Hess U > K > 0.

In the limit case of N = 0o (m = 1), we can follow the proof of (A) =
(C) using ¢(r) = e"hy(e™") as well as the concavity of log(J¥ (x)). However,
the implication (B) = (A) is not true. This is because the two weights f and
U are synchronized as v = e~ /=% voly and we can control only the behavior
of f+ U (see the proof of (B) = (A) sketched in the next subsection).

Instead, one can see from Theorem 5.2 that Rice, > K (of (M,w))
implies the Ak 7-convexity of U, for all U € DC,, where

, Klim, o{rU'(r) = U(r)}/r (K >0),
AR = inng = ! 0 (K =0),
> r Klim, oo {rU'(r) = U(r)}/r (K <0)

([35, Theorem 7.3], [69, Theorem 30.5]).

6. Functional inequalities

If Ricy, > 0 and Hess ¥ > K for some K > 0, then we can obtain variants
of the Talagrand inequality, the HWI inequality, the logarithmic Sobolev
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inequality and the global Poincaré inequality. These are derived from fun-
damental properties of convex functions along the lines of [53] and [35, Sec-
tion 6] (see also [51, Section 5] where we studied the special case of the
m-relative entropies). We will impose only the strictly weaker condition
Hess H, > K > 0 (for single ¢) in the ¢-Talagrand inequality for the use in
the next section.

For p1 = pw € P2, (M, w) with M[Mg’] = 1, we define the p-relative Fisher
information with respect to v = ow by

2
dp

01 1= [ 1Vingle) - nglo)? du= [ | 30w

provided that it is well-defined, otherwise we set I,(1) := oo. This quantity
describes the directional derivatives of H, as follows. (At this point the
treatment in [51] was somewhat too rough, the argument in the present
paper is correct.)

Proposition 6.1 (Directional derivatives of H,). Let (M,w,p, V) be
an admissible space with Ricy, > 0 and Hess ¥ > K on Mg for some K €
R, and 1 = pw € P2 (M,w) be such that M[Mg] =1, Hy(p) < o0, phiy(p) —
hyo(p) € HL (M) and that |NVp/o(p) + V¥| € L*(M, ). Take a minimal
geodesic (pit)ie(0,1] C P2(M) emanating from po = pu generated by a locally
semi-convex function ¢ : M — R as puy = (Tp)gp with Ty(x) = exp, (tVe(x)).
If 6, < 1, then we further suppose that supp po and supp p1 are compact.
Then we have

(6.2) lim inf : z/M oy YV ) dn.

Moreover, equality holds in (6.2) (with limy o in place of liminfy|y) if ¢ €
C*(M).

Proof. We first deduce equality in (6.2) for ¢ € C°(M). Put s = prw and
J¢ = /(T det(DT;) as in the proof of Theorem 5.7. We follow the calcu-
lation in Theorem 5.7 and see

Hotu) = Ho() = [ L (4)3% = o) fa
- [ oo T~ (o) d
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By the convexity (5.7) of hy(p/J¢)J¢ in t and Hess ¥ > K, we can apply
the monotone convergence theorem and obtain

lig e () = Ho(w) _ / [ ho(p/3)IF = hylp)
t0 ¢ M O ¢

dw + / (VT, V) dp.
M

Note that, by using the weighted Laplacian A“ introduced at the beginning
of Section 8.3 below,
Je—1 el fTdet(DT;) — 1
1t1l1’61 = ltlllg)l " = tr(Hess ¢) — (Vo, Vf)
= Ap— (V$,Vf) = A%,

Thus, we have

he(p/IP)IE — o(p) _ {he(p) — hiy(p)p} lim %=

= {he(p) — hiy(p)p} A“¢.
Therefore, we conclude by the integration by parts for A“ (since ¢ € C2°(M))

H — H,
lim —2¢ (pt) ) ()
10 t

lim
t10 t

- /M<vm;<p>p ~ ho(p)] + PV, V) deo

_ /M <¢V(Z) 4V, v¢> dp.

In the case of ¢ ¢ C°(M ), we need to take care about the last step of
integration by parts. If 6, > 1 (equivalently, N, € [n,00] N (2, 00]), then we
can directly apply [69, Theorem 23.14] to see (6.2). For §, < 1, the same
proof (Step 3 in [69, Theorem 23.14]) still works provided that supp po and
supp p1 are compact. U

Remark 6.2. Let us add some more remarks on the case of 6, < 1. A large
part of the proof of [69, Theorem 23.14] also works in this case (even with-
out the approximation procedure based on [69, Proposition 17.7]). Proposi-
tion 2.12(i) ensures I, > —00, so that u,(r) > l,r for all » > 0, and Lemma

2.9 shows
s <S>H’” ot
e(s) — \t o(t) ~ ot

)
for all 0 < s < t, which corresponds to [69, (23.52)] with A = oo (hence
(23.53) and (23.54) are unnecessary). Note that p/(s) in [69] is s/p(s) in
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our context. The only problem is that s/¢(s) is never bounded for large s,
as seen from the model case of s/¢,,(s) = s™! with m > 1. The bounded-
ness is used to guarantee p'(p) € L?(M, i), so that we can assume p/¢(p) €
L?(M, 1) instead of the compactness of supp pp U supp p1 in Proposition 6.1
above.

We assume v[M] = 1 by scaling (recall Remark 4.6), and prove functional
inequalities associated with H,.

Theorem 6.3. Let (M,w,p, V) be admissible with v € P2.(M,w). We set
H, := H,(v) for brevity.

(i) (p-Talagrand inequality) Suppose that Hess H, > K for some K > 0.
For any pn € P*(M), we have

(63 Walp,) <\ (o) — ).

(ii) (o-HWI, ¢-logarithmic Sobolev inequalities) Assume Ricy, >0 and
HessU > K on M;I’ for some K > 0. Given p = pw € P2 (M) with
,u,[M;,I’} =1 such that Hy(p) < oo and that p is locally Lipschitz, we
have

64)  Holn) — Hy < [T Waluw) = 5 Walp v,

1,

(6.5) Hy(p) — Hy < 9K

(iii) (p-global Poincaré inequality) Let (M, g) be compact and ¢ be C*, and
assume Ricy, > 0 and Hess U > K on M;,I’ for some K > 0. Then for
any Lipschitz function w : Mg’ — R such that qu, wdy =0, we have

(6.6) /M;/ ;U(QJJ) dv < % My v (%))

Proof. We first remark that M:DI’ is totally convex if Hess U > K > 0 (see
Lemma 4.2 and Remark 5.9 as well). Thus M;}’ is totally convex in (ii)
and (iii).

2
dv.

(i) There is nothing to prove if H,(u) = oo, so that we assume Hy(p) <
oo. By the hypothesis Hess H, > K, there is a minimal geodesic
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(1t)iefo,) € P*(M) from pg = p to pg = v such that

(6:7) 0.< Hylu) ~ Hy < (1= o) — (1~ )H, — (1~ 0iWa(p,)’

for all t € [0, 1]. Dividing both sides with 1 — ¢ and letting ¢ go to 1,
we obtain the desired inequality (6.3).

(i) As the case of I (1) = oo is trivial, we assume I,(1) < oo. For the min-
imal geodesic (,Ut)te[o,l] from pg = p to p1 = v, Theorem 2.6 ensures
that u; € P2 (M,w) for all t € [0,1] and there is a locally semi-convex
function ¢ such that p; = (7p)sp with 7;(x) = exp,(tV(x)). Due to
(6.7), we have

Hy () t— H (1) < —Hy(p) + H, — 5(1 — t)Wa(u, V)2'

(6.8) :

Moreover, Proposition 6.1 shows that

i o 212010 = ) | (¥ (p) =, ()], V) e

We remark that M;,I’ is bounded if 6, < 1 (by Proposition 2.12(i) and
Lemma 4.2(i)), so that Proposition 6.1 is certainly available. We obtain
from the Cauchy—Schwarz inequality that

lim inf HLP(M) _ H@(M)
t|0 t

> (/LV“W) - lnso(a)]Pdu) 1/2</M 'W'Qd“) )
= —\/Lp(1) - Wa(p, v),

where the last equality follows from

IVé(2)| = dy(z,exp, (V) = dg(To(x), T1(z)) j-a.e. T.

Combining this with (6.8), we obtain (6.4). By completing the square,
we deduce (6.5) from (6.4) as

VEok) - Walp,0) = 5 Walia, v

K 1 2
_ M/ < .
2< 2(,v) K ISO(“)) 2K — 2K
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(ili) For small € > 0, we put 1 = pw := (1 4+ ew)ow. We remark that H,(u)
and I,(p) are finite as M is compact. It follows from (6.5) that

/ {tp(p) — 1p(0) — t(0)(p — 0)} duo
wy

1

< — - 2 dp.
=K [V[Ing(p) — Ing (o))" dp

On the one hand, we have by expansion

up(p) — p(0) — () o — ) = L=t () 4+ 0 ((p = 0)?)

where O(e?) is uniform on M (for fixed w) thanks to the compactness
of M. On the other hand, it holds

|V [Ing(p) — Ing(o)]” = |V n,(0) +O((p— 0)?)]
2 2
‘ <€w“> +O@E?)| =<2V <“(’> +O(%)
Thus we have, letting € go to zero,
w?o / w?o? 1 ( wo > 2
dv = dw < — V — dv.
/Mg o(o) (o) K (o) O

The ¢-Talagrand inequality (6.3) is regarded as a comparison between
the distance functions appearing in Wasserstein geometry and informa-
tion geometry, since the square root of the Bregman divergence behaves
like a distance function (see Subsection 2.3). Note that, in the ¢-global
Poincaré inequality (6.6), the usual global Poincaré inequality [,, w?dv <
K~ [, I[Vw|? dv is indeed recovered when ¢(s) = ¢1(s) = s. Other inequal-
ities are also clearly reduced to the usual ones for ¢ = .

7. Concentration of measures

The aim of this section is to derive the concentration of measures from the
p-Talagrand inequality (6.3). Let us assume v[M] = 1 (see Remark 4.6) and
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define the concentration function by
a(r) = apry (r) :==sup {1 — v[B(A,r)] | A C M: measurable, v[A] > 1/2}

for r > 0, where B(A,r) :={y € M| inf,cady(z,y) < r}. The function «
describes how the probability measure v is concentrating on the neighbor-
hood of an arbitrary set A of half the total measure in a quantitative way (in
other words, a kind of large (or moderate) deviation principle). Equivalently,
« measures how any 1-Lipschitz function is close to the constant function
at its mean. We refer to the excellent book [32] for an introduction to the
concentration of measure phenomenon.

In the classical case of p1(s) = s, the Talagrand inequality (6.3) implies
the normal concentration a(r) < Cexp(—cr?) or equivalently a(r)~! >
C~'exp(cr?) with constants ¢, C > 0 depending only on K (see [32, Sec-
tion 6.1]). For general ¢, we will similarly derive from (6.3) the m-normal
concentration involving the m-exponential function e, (see Subsection 2.4).
Precisely, we have a(r) < Cep(—cr?) with m =m(p) <2 — 0, if 0, > 1,
and a(r)™! > C7 ey, (cr?) with m = m(p) > 2 — 6, if 6, < 1 (Theorem 7.9).

7.1. General estimate

For each measurable set A C M with 0 < v[A] < oo, denote the normalized
restriction of v on A by

= XA

To analyze its entropy H,(va), we introduce the function

Ule0) = up(£) - S0 (1) € 01000 x (0.1

Note that Hy(va) = [, U ]) dw. Precisely, we can set U(co,v[4]) :=0
on M\ M:DI’ thanks to the followmg lemma.

Lemma 7.1. If6, < 2, then we have lim¢ o U(&,t) = 0 for every t € (0, 1].
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Proof. Note that

&/t &/t ps 1
(7.1) U,t) = ; {lnw(s)—lnw(f)}ds:/o /ggo(r)drds

e /0; . 20 Jj/t /5 Sy
N _/o wzr) dr+§/g 90(17”)

Then (2.1) (deduced from Theorem 3.5) shows the claim. O

Lemma 7.2. Assume 0, < 2. For any measurable set A with v[A] > 1/2,
we have Hy(va) < 0. In particular, it holds H,(v) < 0 if v[M] = 1.

Proof. For any £ > 0, U(§,t) is non-increasing in ¢ € (0, 1] since we have

ou RS § § AR
g(ﬁ,t) = —tfglnw <t> + t—anw(f) =3 i o(®) ds < 0.

Similarly, U(§,1/2) is non-increasing in £ due to

Cfg <f, > = 2In,(28) — 2In,(€) — ;é) = 2/{2£ <¢(1S) - 90(1§)> ds <0

Thus, we deduce from Lemma 7.1 that, for any £ > 0 and t > 1/2,

U(s,t) <U(1/2) < gﬁgU(f, 1/2) =0,

which shows Hy( =[,U N ])dw < 0. O

Next, we give an estimate on H,(vg) for B C M not necessarily v[B] >
1/2. Recall (2.4) for the definition of d,.

Lemma 7.3. Assume 6, <2 and |o|jc < 0o. Given any measurable set
B C M with 0 < v[B] < o0 and any & > max{v[B], 0|}, we have

(7.2) H,(vp) < —v[B]"~? lnw(V[B])ggW_% /302_0“’ dw.
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Proof. For t,& € (0,&], we deduce from (7.1) that

g &/t 1 B 52 1 1
U“’“</§ =

where we changed the variables as r = sét~!. Note that Lemma 2.9 shows
that for all s > 0

62 - 62—9¢£gw - g2—9¢§gw (5[)) —0
p(s€t™1) = p(sbot™) = w(s) \t

Thus, we find
U(E,1) < =% 2Ing(t)go" "> P,
This implies

Hy(vB) :/BU(U,I/[B])dw< —V[B]6¢_2]n¢(y[B])€g¢_5w/BO_Z—QP dw

as desired. O
We remark that, if 6, < 2, then we have at any s € (0, 1)

i.S‘SV’_Qn )] = s% 3 — n,(s L
[s% 7% Ing(s)] {(@ 2)1¢()+¢(8)}>0.

ds
Therefore the right-hand side of (7.2) is non-increasing in v[B] provided that
v is a probability measure.
Now we show a general estimate of «(r) under the strict convexity of H.,.

Proposition 7.4. Assume that (M,w,p, V) is admissible, v € PaC(M w),
Hess H, > K for some K > 0 and that HUHOO < o0o. We set H, :== H,(v) (<
0) as in Theorem 6.3. Then, for any & > max{1/2,||0|cc} and any r >0
with a(r) > 0, we have

(7.3)

_ K 2
oz(r)‘s*"_2 ln(p(oz(r))fg“’ S -sgp/BUQ_e*’ dw < —( Er — \/—HZ,> —

where A C M runs over all measurable sets of v[A] > 1/2 and we set B :=

M\ B(A,r).
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Proof. Since a(r) < 1 by definition, the left hand side of (7.3) is always non-
positive. Therefore, the assertion is clear if > < —8H, /K. Suppose 7? >
—8H, /K, take a measurable set A C M with v[A] > 1/2 and put B := M \
B(A,r). We also assume v[B] > 0 since we have a(r) = 0 if v[B] = 0 for all
such A.

Observe that Wi(va,vg) > 1 as dg(xz,y) > r for all x € A and y € B.
Note also that W7 < W5 holds by the Cauchy—Schwarz inequality. Then the
triangle inequality for W and the ¢-Talagrand inequality (6.3) yield

r < Wi(va,vp) < Wi(va,v) + Wi(v,vB)
2
</ = (Hy( —H,).
< 10) 0+ e o)~ 1)
Applying Lemma 7.2 gives, as 72 > —8H, /K ensures \/K/2r > /—H,,
Hy(vp) > ( r—\/—H>

Since A is arbitrary and v[B] < 1/2 < £y, combining the above estimate with
Lemma 7.3 yields

. (ﬁ _ ﬁ) -, = sup {ulB o ) [ o0 o)

> 04(7’)5*”*2 lnw(a(r))fg“’*é“’ -sip/B o2 0% du.

O
7.2. Concentration of measures

We shall obtain the concentration of {(M, w, ¢, ¥;) bien, limj—co @(a7,,) (1) =
0 for all r > 0 with v; := expgo(—\Ili)w, under an appropriate condition on
the convexity of H, associated with ;. We first prove an auxiliary lemma.

Lemma 7.5. Assume that (M,w, ¢, V) is admissible, v € Pyc(M,w) and
that ||o||ec < 00. Set H, := H,(v) and take arbitrary { > |0 co-

(i) If 0, < 1, then we have

2-0, 4 =0 s o .
/MU WS “ - 0,)¢(S0)
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(ii) If 6, € (1,3/2) and w[M] < oo, then we have

£ w[M]%~1

2-0, 9,1 -
Jy o e s H 2 -

Proof. 1t follows from (7.1) and Lemma 2.9 that

é‘wl@
Hl,—/ (0,1)dw > — // drdw> // 20 drdw

29
250(5)/ 29, ™

(i) The assertion immediately follows from

[ oo <ol [ odo<g
M M

(ii) The Holder inequality yields that

2-6,
/ o2 % dw < </ wa) w[M]P~1 = w[M]P1L,
M M

which shows the claim. U

Theorem 7.6. Let {(M,w,p,V;)}ien be a sequence of admissible spaces
satisfying

(a) wM] < o0 if O, > 1,
(b
(c

d) Hess HZ > K or some K > 0 where HZ is the ©- relative entropy o1
(14 w %’ 1 )?

(e) lim; o Kigf“’ =o0 if 0, <1, and hmZHOOKﬁ fo — 5 if 0, > 1.

Vi = ojw 1= exp,(—V;)w € Pac(M,w) for all i,

& = max{l, ||oi||cc} < 00 for all i,

)
)
)
)

Then the concentration function a;(r) == any,,)(r) satisfies lim; o ai(r) =
0 for all r > 0.
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Proof. Fixr > 0 and put o; := a;(r) and H,, := Hé(vi) for brevity. It follows
from Proposition 7.4 that

_ _ K; ? - B
st < (T Y ) (s
M

We have Ing (i) > la_g, () by (2.9), so that
(7.4)

_ o [ K; — _ !
af% 262_04;: (az) S —ff‘" 9"7 (2']”2 — 2KZ'\/ _Hyir> (/ 0—7,2 6¢ dw> .
M

Now, for 6, <1, Lemma 7.5(i) and Lemma 2.9 yield

2-6 1-6 &i &
Ji (deSé-Z’ w’ Hin_ 2_ O
/M (2 - 9@)@(&) 2- 9@

since & > 1. Hence, the right-hand side of (7.4) is bounded from above by

(for large 1)
g0 K, [r2 9 g%
L r)=——-| —— t—r
2_9«2) Eil_é“’<2 2—-0, K; >

which diverges to —oo as i goes to infinity due to the condition (e). Therefore
we obtain

a1 K;
_g?v 1<2zr2_ K,

lim ozl-_Qfg_gw(ai) < lim a?“’72€2_9¢(a,~) = —00,
71— 00 71— 00

and hence lim;_ ., a; = 0.
For 6, > 1, we similarly deduce from Lemma 7.5(ii) that

GrwlMPemt g M)
(2 = bp)p (&) 2—-0,
Hence, the right-hand side of (7.4) is bounded from above by

/ 01»270“’ dw < w[M)?~t, H, > -
M

5,0,

é‘iw* K; ) : gfap*‘sww[M]Gw—l
LL)[]W]M(QT — \/2KZ\/ 2-0, T>

K <r2 \/ (M)t €

wMP=1\ 2\ 2-6, K;

7'> — —00 (i — ).

Thus, we have lim; o, o; = 0. O
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Remark 7.7. (1) For ¢, with m <1, we have 6, = ., and hence the
condition (e) is reduced to lim; . K; = oo, whereas the condition ||o;||ec <
oo was implicitly used in our discussion. See [51, Section 6] for a more precise
estimate associated with ¢,, without assuming ||o;|/cc < 00.

(2) We stress that only Hess H), > K; for single ¢ is assumed in The-
orem 7.6, rather than Ricy, >0 and Hess¥; > K;. If Hess¥; > K; and
l, > —o0, then Lemma 4.2(i) gives a stronger estimate on the diameter of
Mg’ i as

2 2
diom MY < 2,/ 2 nlonle) ~ 1) <2 - ingl) ~ 1}

Indeed, we observe from (2.9) and Lemma 2.9 that

(&) _ &7 lo, (&) _ & "o (&) _ & (G )
Ki B KZQO(&) o Ki Ki(l _ 990) y

provided that 6, # 1. If 6, < 1, then the leading term (as § — o0) is

—0 (i — o00)

under the condition (e) in Theorem 7.6. Similarly, for 6, > 1 the leading
term is

0,—5,

1 &
,—1 K,

—0 (i — 00).

Therefore, in both cases, lim;_ .., diam Mf i =0 holds and it is obviously
stronger than lim; . a(ar,,)(r) = 0.

7.3. m(p)-normal concentration

In order to derive the m-normal concentration for some m = m(y) from
the general estimate (7.3), we prove a computational lemma on e,, (see
also [51, Lemma 6.4]). Recall from Section 2.4 that en,(7) =exp, (7)=

[+ (m— D)r]y ™,
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Lemma 7.8. (i) Given 0 <m <m/ <1 withm+m' > 1, set

B =p(m,m) =1+ 11_m/

— € (1,2].

Then we have Bm’ > 1 and, for any a,r > 0,

1\, 1Y L] a’r?
em| — | ar — —~ + ]S em(B)em | — - Bm' ) m+m' —1)°
(ii) For any m € [1,2) and a,r > 0, we have

em((ar — 1) — 1) > em(— i) em (“2273).

Proof. (i) Note that the assumptions m’ <1 and m+m’ > 1 yield
(m+m')(1—m') > (1 —m’), and hence

B! = m{2—(m+m)} (M +m)(1-—m)+m —m

1-m 1-m
1—m'+m' —m

=1.

1—m

From the direct calculation

1\? 1 9 9  2ar 9 o  a’r?
o Gy o =—ar +—W§—ar +ﬂm’+ﬁ

and the monotonicity of e,,, we deduce that
1 \* 1 1Y\ 5,
onl (o= ) +aw) 2o (- (= g ) 09)
1 1/(m-1)
[l (o

= {1+ (m - 1)g}/(m=1) {1 —(m—1) (1 1 > a’r? }1/(’”_1) |

_ﬁm/ m+m/ —1

(ii) The assertion for m = 1 (with e;(7) = €7) is easily checked. For m €
(1,2), we deduce from

9\ 2
(ar —1)% =1 = a?r? — 2ar > a*r* — m{a2r2 + () }
2 m

2
:<1—@>a2r2——
2 m
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that

em((ar—1)2 = 1) > @m<<1_ ?)a%ﬂ_ :1>

= [1+(m1){<1’;)azr2i}]l/(m_1)

2 1/(m—1) -1 1/(m=1)
e =) S PR

m

—om m) "\ 2 - m) "\ 2 '
O

Theorem 7.9 (m(yp)-normal concentration). Assume that (M,w,p, V)
is admissible, v € Pao(M,w), Hess H, > K for some K > 0 and that ||o]|ec <
oo. Fiz arbitrary & > max{1, ||o||c}-

(i) If 0, < 1 and 6, > 0, then we have for any r >0

0> {5 e Vs (Bee),

(ii) If0, € (1,3/2), 6, > 3(0, — 1) and if w[M] < oo, then we have for any

r>0
(6 — 1)(3 = 30, + 3,) ) | /720 T0)
o(r) < 20, — 6, — 1
® %
K 0, —1 5o—0, 1-6,,.2
X 62(179¢)+5¢ ( E (2 _ 0(p)(39¥) IR 590 _ 2) €O W[M] r .

(iii) If 0, =1 and d, > 1/2, then we have for any r > 0

_ -2 K 5.
o)™ 2 o, (3 Py ) B <4 0 1T2> '
©

Proof. We abbreviate a(r) as « in this proof, and assume « > 0 without
loss of generality. Let A C M be a measurable set of v[A] > 1/2 and put
B:= M\ B(A,r).
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(i) We first observe

/ o2 % dw < ]]0||é09¢/ odw < a{é_e“’
B B

Then (7.3) yields

(7.5) a% g (a) < &0 ‘1{ ( %r - \/—TJV>2 — Hy},

where H, := H,(v). On the one hand, it follows from (2.9) that

ade—te _ ofo—1

1-0,

o’ n,(a) > 045“’_162_9%(04) =

Since a® % > 1> (1—46,)/(1 — J,), we obtain

1 — (Ca=1)l=%
1— 0,

. 1/(175<p)
C .= <1 dp) > 1.
1-0,

On the other hand, Lemmas 7.5(i) and 2.9 give

o’ ng(a) >

= _‘62—&0 (Ca_l)a

5.
5o~1 g fo < 1

(70 PR R R

Hence, we have

2
0,—1
K
625¢(0a1)>( gg 1) —1.

We apply Lemma 7.8(ii) and obtain

2
a > C ey ((\/>§0 ) 1)
> C ley s, <(5 _2> €25, (ffﬁ - 2)

- {(1 5¢§i)z2ew)5¢)}1/(169’)'62‘5“0 ({4( o 2)'
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(ii) We deduce from the Holder inequality that

2-6,
/ o270 dw < (/ adw) w[B]?s1 < o®ew[M]% L,
B B

Then (7.3) gives

2

Set m:=2(1—-6,)+3d, and m':=2—0,, and observe 0 <m <
m’ <1 as well as m +m’ > 1. Similarly to (i), (2.9) yields

0,—20,+1 6,—0 m—1 m—m
_ _ ate et — %% o -«
ade 0 Ing(a) > %00y _p (o) = = -
? 1-40, m' —1

’

Asa™™™ >1>(1—-m')/(1 —m), we find

Lemmas 7.5(ii) and 2.9 imply

5,8 56“’ 1 1
—&e P w[M) % H, < 0 < =—,
o wlM] @ b,)0() ~2-0,

el

and hence

2
0,—0
K& - 1 1
bmlea) < = \/ 2 vl T

Then we apply Lemma 7.8(i) to have, with 8 = (2 —m —m/)/(1 —m),

. 1\ Kégr ew[M] P
a<c en(Bem <_ (1 - ﬂm’) 2(m+m’ —1) "
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(iii) It immediately follows from (7.5) and (7.6) that

2
- K —
o’ ng(a) < &7 ‘( B _H”> o

2
d,—1
K @
< — \/%r—l +1.

Note that (2.9) provides a%~!In,(a) > a®~!In(a). If 6, = 1, then it
holds a% ' In(a) = —In(a~!). Otherwise, the numerical estimate

5 — 18

2s

In(t) > fort € (0,1], s >0,

shows a®~In(a) > —f3_95_ (a™!) (let s =1—6, and t = ). There-
fore we have, thanks to Lemma 7.8(ii) with m =3 — 24, < 2,

2
5,—1
K »
ol > e 05, \/%r— 1] -1
-2 K 5,1
> €3-25, <3 Y ) " €3-25, <4 ’ T2> -
%)

[l

Note that 3(6, — 1) < 6, in (ii) by 6, < 3/2, so that the condition d, >
3(0, — 1) is not vacuous.

Remark 7.10. Letting 0, = 6, and then 6, — 1, we see that all of the
estimates (i)—(iii) in Theorem 7.9 tend to the normal concentration a(r) < e?
exp(—Kr2/4).

8. Gradient flow of H,: compact case

In this and the next sections, we show that the gradient flow of the p-relative
entropy produces weak solutions to the non-linear evolution equation

op . (pr >
— =div, | —= + pVV¥
ot o(p) "

on the weighted Riemannian manifold (M,w). See the beginning of Sec-
tion 8.3 for more explanation and background. This kind of interpretation



Displacement convexity of generalized relative entropies. 11 743

of evolution equations has turned out extremely useful after the pioneer-
ing work due to Jordan et al. [30]. There are several ways of interpreting
this coincidence. In this section, we adapt the rather “metric geometric”
approach developed in [44] inspired by [36, 54] (see also [55]). This formula-
tion of gradient flows requires a strong structure theorem (Theorem 8.1) of
the Wasserstein space, which is known only for compact spaces. The non-
compact situation will be treated in the next section in a different strategy
along [5, 22].

Before beginning the review of the structure of Wasserstein spaces, let us
recall basic notions of calculus on our weighted Riemannian manifold (M, w)
with w = e~ f vol,. For a differentiable vector field V' on M, the weighted
divergence is defined as

div, V :=divV — (V. Vf),

where divV denotes the usual divergence of V for the unweighted space
(M, vol,). Note that div, V = ef div(e™/V) and, for any w € C}(M), the
integration by parts holds:

/ (Vw, V) dw = / (Vw,e V) dvol, = — / wdiv(e™/ V) dvol,,
M M M

= / w divy, V dw.
M

Through this formula, the weighted divergence is defined in the weak sense
also for measurable vector fields. For p € Hl (M), the weighted Laplacian
is defined in the weak form by

A¥p = div,(Vp) = Ap — (Vp, V).
8.1. Geometric structure of (P(M), W)

Let M be compact throughout the section, so that P(M) = P2(M). It is
known that (P(M), Ws) is an Alexandrov space of non-negative curvature
if and only if (M, g) has the non-negative sectional curvature ([62, Proposi-
tion 2.10], [35, Theorem A.8]). Alexandrov spaces are metric spaces whose
sectional curvature is bounded from below by a constant in the sense of the
triangle comparison property, and such spaces are known to possess nice
infinitesimal structures (we refer to [13] for the basic theory). We remark
that it is in most cases impossible to bound the curvature of P(M) from
above (cf. [5, Example 7.3.3]). In the case where (M, g) is not non-negatively
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curved, although (P(M), W3) does not admit any lower curvature bound in
the sense of Alexandrov ( [62, Proposition 2.10]), we can consider the “angle”
between geodesics (see also [44, Theorem 3.6]).

Theorem 8.1 [26, Theorem 3.4, Remark 3.5]. For any p € P(M) and
unit speed geodesics o, 3 :10,9) — P(M) with «(0) = 3(0) = u, the joint
limit s )

im ST~ Wa(a(s), B(¢))

el—-1,1
s,t10 2st [ ’ ]

exists.

Theorem 8.1 in particular guarantees that the scaling limit

i (se)? + (te)* — Wa(a(se), B(te))?

€l0 2St€2

exists, and is independent of the choices of the parameters s,t > 0. This
means that an angle between o and ( makes sense, so that (P(M), Wa)
looks like a Riemannian space (rather than a Finsler space). This observation
makes it possible to investigate the infinitesimal structure of (P(M), W3) in
the manner of the theory of Alexandrov spaces. For p € P(M), denote by
¥,[P(M)] the set of all non-trivial unit speed minimal geodesics emanating
from p. Given o, 3 € ¥, [P(M)], Theorem 8.1 verifies that the angle

242 _ W lals 2
Z, (e, B) = arccos <lim s~ 17 = Walals), 5(1)) > € [0, 7]

s,t10 2st

is well-defined. We define the space of directions (3,[P(M)], Z,,) as the com-
pletion of (3),[P(M)]/~, Z,,), where a ~ 3 holds 1f Z, (o, B) = 0. The angle
Z,, provides a natural distance structure of X,[P(M)]. The tangent cone
(Cu[P(M)],0,) is defined as the Euclidean cone over (X,[P(M)], Z,), i.e.,

CulP(M)] := (Zu[P(M)] x [0,00)) / (E.[P(M)] x {0}),
au((a, s), (8, t)) = \/32 + 12 — 2st cos Z,u(a, ).

By means of this infinitesimal structure, we introduce a class of “differen-
tiable curves.”

Definition 8.2 (Right differentiability). A curve ¢ :[0,1) — P(M) is
said to be right differentiable at t € [0,1) if there is v € C¢)[P(M)] such
that, for any sequences {e;};en of positive numbers tending to zero and
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{a@;}ien of unit speed minimal geodesics from &(t) to (¢ + €;), the sequence
{(i, W2(&(2),&(t +€i))/ei) ien C Cey[P(M)] converges to v. Such v is
clearly unique if it exists, and then we write £(t) = v.

8.2. Gradient flows in (P(M), Wa)

Consider a lower semi-continuous function H : P(M) — (—o0, +00] which

is K-convex in the weak sense for some K € R. In addition, we suppose that

H is not identically +o00, and define Py, (M) := {u € P(M) | H(p) < oo}.
Given p € P} (M) and o € X,[P(M)], we set

D,H(a):= liminf  lim H(B(t)) — H(p)
%1, [P(M)]38—a t10 n

)

where the convergence § — « is with respect to Z,. Define the absolute
gradient (also called the local slope) of H at p € Pj;(M) by

B . H(p) — H(i)
IV_H|(p) := max {O, hr;j:jp VVQ(N,,&/)}7

where i — p is with respect to Ws. Note that —D,H (o) < [V_H|(p) for
any o € ¥,[P(M)]. The K-convexity of H guarantees the unique existence
of the direction along which H decreases the most.

Lemma 8.3 [44, Lemma 4.2]. For each p € Pi (M) with0 < |N_H|(p) <
00, there exists a unique direction o € 3,[P(M)] satisfying D,H(a) =
[N H|(p)-

Using « in the above lemma, we define the negative gradient vector of
H at u by
VH (1) = (o, [N H| (1)) € Cu[P(M)].

If N_H|(p) = 0, then we simply define V_H (1) as the origin of C,,[P(M)].
A trajectory of the gradient flow of H (which will be called a gradient curve)
should be understood as a curve & solving £(t) = V. H(£(t)). Precisely, we
adopt the following definition.

Definition 8.4 (Gradient curves). We call a continuous curve ¢ : [0,1) —
Pj; (M) which is locally Lipschitz on (0,1) a gradient curve of H if it holds
IV_H|(£(t)) < oo for all ¢ € (0,1) and if ¢ is right differentiable with £(t) =
V_H(&(t)) at all t € (0,1). We say that a gradient curve £ is complete if it is
defined on entire [0, 00).
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By virtue of the K-convexity of H as well as the compactness of M, there
starts a unique gradient curve from an arbitrary initial point p € Pj; (M)
enjoying the K-contraction property as follows.

Theorem 8.5 [44, Theorem 5.11, Corollary 6.3], [28, Theorem 4.2].
Let M be compact and H : P(M) — (—o0, +00] be a K -convez function for
some K € R.

(i) From any p € P (M), there exists a unique complete gradient curve
€ :]0,00) — Py (M) of H with £(0) = p.

(ii) (K-contraction property) For any two gradient curves £,¢ : [0,00) —
P (M) of H, we have

(8.1) W2 (£(t),¢(1) < e X' (£(0),¢(0))
for allt € [0,00).

The uniqueness in (i) is indeed a consequence of the K-contraction prop-
erty (8.1). Thus, the gradient flow G : [0,00) x P (M) — P (M) of H,
given as G(t,u) = £(t) for € in Theorem 8.5(i), is uniquely determined and
continuously extended to the closure G : [0,00) x P (M) — Py, (M).

8.3. H, and the p-heat equation

It is an established fact that the gradient flow of the relative entropy (or the
free energy) with respect to w,

Entw(pw):/ plnpdw:/ (pe_f)ln(pe_f)dvolg+/ fdpu,
M M M

produces solutions to the associated heat equation (or the Fokker—Planck
equation)

Op _ pw,— of Y 4+ div ((pe—t

i A¥p =el {A(pe™) +div ((pe™/)V[)}.
See [30, Theorem 5.1], [68, Section 8.4.2] for the Euclidean case, [44, Theo-
rem 6.6], [28, Theorem 4.6], [69, Corollary 23.23] for the Riemannian case,
[48, Section 7] for the Finsler case, and [6, 23, 27, 29, 37] for further related
work on various kinds of spaces.
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We shall see that a similar argumentation gives weak solutions to the
equation

op . (pr >
8.2 — =div, | —= + pVV¥
(8:2) ot o) "

as the gradient flow of the -relative entropy H,. We will call (8.2) the
p-heat equation. Note that o = exp,(—V) is a stationary solution to (8.2)
since Vo = —¢(0)V¥. In the special case of pp,(s) = s>~™, (8.2) is called
the fast diffusion equation (for m < 1) or the porous medium equation (for
m > 1). Then this identification was demonstrated by Otto [52] on (R™, L"),
and by [69, Theorem 23.19] as well as [51] on weighted Riemannian manifolds
(by the different means). We can follow the strategy of [51] for general ¢,
up to some technical difficulties.
We first observe |V_H|(1) = \/I,(1) as Proposition 6.1 suggests.

Proposition 8.6. Let (M,w,p, V) be a compact admissible space such that
Ricy, > 0 and Hess ¥ > K for some K € R. Take p = pw € Pac(M,w) with
ulMZ] =1, Hy(pu) < 0o, phiy(p) — hy(p) € H' (M) and with |Vp/e(p)| €
L*(M, p). Then we have |N_Hy|(u) = \/I,(1), and the negative gradient
vector NLH, (1) is given by —Vp/p(p) — V.

Proof. Given any py € P(M) with Hy (1) < oo, let (pt)ejo,1) € P(M) be
a minimal geodesic from o = p to p; along which H, is K-convex (The-
orem 5.7). Letting p; = (7;)3p with Ty(x) = exp,(tVe(z)), we deduce from
the K-convexity of H, that

i Hiop) = Ho ()
t10 t

< Hy(n) — Hy() — 5 Wa(yt, )

Combining this with Proposition 6.1, we have

Hy(p) — Hp(pn) _ 1 Vp K
Wa(p, 1) = Wa(p, ) /M <<P(P) +V\P’V¢> dp = 5 Walp, m)

</ 1p(p) = §W2<N7/1«1)‘

Thus, we obtain |[V_H,|(1) < \/I,(1t), and equality follows also from Propo-
sition 6.1 by choosing {¢;}ieny C C°°(M) which approximates —In,(p) +
In, (o) in H'(M, p). Then, moreover, \._H, () is achieved by —Vp/o(p) —
V¥ (to be precise, ((tt)iejo,1], Wa(i, 1)) associated with ¢; converges to
Y Hy(u) in Cu[P(M))). 0
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Now we are ready to show the main theorem of the section.

Theorem 8.7 (Gradient flow of H,). Let (M,w,p, V) be a compact
admissible space such that Ricy, > 0 and Hess ¥ > K on Mg for some K €
R. We in addition assume that 0, € (0,(n + 1)/n), lims_. 5% /o(s) < 0o
and that W is Lipschitz. If a curve (fit)e[o,00) C Pac(M,w) with [M;,I’] =1
is a gradient curve of H,, then its density function p; is a weak solution to
the p-heat equation (8.2). To be precise, py is weakly differentiable as well
as |Vpi/p(pt)| € L2(M, ) a.e. t, and we have

(8.3)

t1
/ W, d:uh - / Wy, d:uto = / / {au}t - < vpt + v\Ijv th>} dlu’t dt
M M to Jar L Ot ©(pt)

for all 0 <ty <t; <oo and we C®(R x M), where p = pw and wy =
w(t,-).

Proof. The weak differentiability of p; and |Vp;/o(p:)| € L2(M, 1) follow
from (I) = (II) of Proposition 9.6 below. Fix t € (0,00) and, given small
§ > 0, choose pu® € P(M) as a minimizer of the function

Wa(p, pe)?

(8.4) po— Holu) + ——05

We postpone the proof of the following technical claim until the end of the
section. The condition 6, < (n + 1)/n will come into play in (i), while 6, > 0
and lims_,o 5% /p(s) < oo will be used in (iii).

Claim 8.8. (i) Such a minimizer u’ of (8.4) indeed exists and is abso-
lutely continuous with respect to w.
(ii) We have

. W2(:u‘6nut)2 . )
lim == =0, l(slﬁ)lﬂw(u ) = Hy(m).

In particular, p converges to p; weakly.
(iii) Moreover, by putting p® = p’w, the function hso(p‘;) — hfp(p‘s)p‘s con-
verges to hy(pt) — hiy(pt)pe in LY(M,w) as § | 0.

Take a semi-convex function ¢ : M — R such that 7 (z) := exp,(V¢(x))
gives the optimal transport from o to py; (recall Theorem 2.6). We also
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consider the transport ul := (.7-}),1,11‘s in another direction for small € > 0,
where F.(z) := exp, (eVwy(z)). It immediately follows from the choice of y°
that

Wo (2, p1z)? S L) + Wo (11, 1z)?
MEHIOA Y 2B )

é

We first estimate the difference of the Wasserstein distances. Observe that,
as (F. x T)yu is a (not necessarily optimal) coupling of u¢ and p,

Wopl, pe)? — Wapd, )

lim sup
€l0

£
< limsup 1/ {d, (.7:6(:6'),7(.%'))2 —dy(z, T(a:))Q} dpd ()
elo €JMm

= —/ 2Vwy, V) dpl.
M

We used the first variation formula for the Riemannian distance function d,
in the last line (cf., e.g., [18, Theorem I1.4.1]). Thanks to the compactness
of M, there is a constant C' > 0 (depending only on (M, g) and w) such that

we (T (z)) < we(x) + (Vwy(z), Vo(x)) + Cdy (a:,T(:c))2
for a.e. x € M. Thus we obtain, by virtue of Claim 8.8(ii),

1 Wo (110 2 _ Wolud 2
lim inf - Tim sup W 2K #e)” = Wal', o)
5l0 2 £l0 c

1
< —limsup/ (Vwy, V) dud
slo 0 Jum

< lim inf ! [/ {wi — wi(T)} dp® + CWa(u®, ut)z}
610 1) M

.. 1
:11rg1l(1)nf5{/thdu5—/thdut}.

Next, we calculate the difference of the entropies in (8.5). We put ué =
Pw, pl=plw and J¥:=ef/F)det(DF.). Then we obtain from
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Proposition 6.1 that, as w; € C*°(M),

5\ s
lim Hgo(ﬂ ) H@(Ne)
el0 IS

- /M [0 (0°)° — ho (0°)} A%, + (09 I, ()], Vo)) o

(we need the conditions Ricy, > 0 and Hess W > K only here for applying
Proposition 6.1). Hence, we deduce that, together with Claim 8.8(ii), (iii),

H 5\ H 4
lim lim o (1) o(Ke)
610 €]0 15

= /M [{hzo(/)t)ﬂt — hy(pe) YA wy — (0 V', th>] dw

= /MW[h;(m)m — hy(p)] + pe VO, Vo) dw

:_/ <th +V\II,th> .
M \p(pt)

These together imply

1
liminf{/ wtd,u‘s—/ wtdut}Z—/ <W+V\P,th>d,ut.
510 0 Jm M v\ (pt)

Moreover, equality holds since we can change w into —w. Recall from [28, (5)]
(see also [44, Lemma 6.4]) that

1
lim — dpirrs — dul b =
5?35{/1\4” fit-+5 /Mn Z } 0
holds for all n € C*°(M). Therefore, we conclude
.1
161?01 5 u Wiy dtgrs — " wy dyuy

o1

= lim { / (wt+5 — wt) d,U/t+§ + / Wt dﬂtJrg — / Wt d,ut}
510 0 | Jumr M M

- g F VU,V ) b dyy.
/M{ ot o(pt) ' H

This shows (8.3) by integration in ¢. O
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Remark 8.9. In Theorem 8.7, assuming that j; is absolutely continuous is
in fact redundant. If L, = oo, then H,(p:) < oo guarantees fi; € Pac(M,w)
by definition. As for L, < oo, if yu; with ¢ > 0 has a non-trivial singular
part u®, then we can modify p; as in the proof of Claim 8.8(i) below (with
W =y and = diagy yi; where diag(z) := (z,z)) and obtain fi, € Pac(M,w)
for small » > 0 such that

H, (i) = Hy ()

WQ(:&Tv /'Lt)Q < ,uS [M]T2’ lim = —0OQ.
rl0 r

This yields |V_Hy|(u:) = oo and contradicts the definition of gradient curves
(compare this discussion with [5, Theorem 10.4.8]).

Combining Theorems 5.7, 8.5, 8.7, we obtain the following.

Corollary 8.10. Let (M,w,p, V) be an admissible space as in Theorem 8.7,
and further suppose that M;I’ is totally convex. Then the weak solution
(1) ef0,00) Pac(Mg, w) to the p-heat equation constructed in Theorem 8.7
satisfies the K-contraction property (8.1).

8.4. Proof of Claim 8.8

(i) The existence follows from the compactness of P(M) and the lower semi-
continuity of H, (Lemma 5.6). The absolute continuity is obvious if L, = oo.

Assume L, < o0, so that 6, € (1,(n+1)/n) and N, = (0, —1)"' €
(n,00) (Proposition 2.12(ii)). We decompose p° into absolutely continuous
as well as singular parts pu® = pw + p° and suppose p*[M] > 0. For small
r > 0, we modify x° into ji, = prw € Pac(M,w) as

pr(@) = p(x) + /M ifg(y)%; dp(y)-

We shall show that fi, gives a better choice than x’ in our approximation
scheme (8.4), which is a contradiction and hence p*[M] = 0. We first observe

(8.6)
[ mito)di
M

> [ pora = [ Bl
> /M hi,(o) dp’ — {s]t\l/[p IV(hi,00)]- r},us[M].

W, (o(y)) — / o) dw\ ()
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Note that, on Mg , hiy(0) = =¥ — L, is Lipschitz since W is Lipschitz. Given
an optimal coupling 7 = 71 4 w2 of u® and u; such that (p1)gm1 = pw and
(p1)gma = p,

diy(z, z) = dmi(z, 2) +/ w dw(x) dma(y, 2)

yeM W[B(y, T)]
is a coupling of fi, and p;. Hence, we find

(8.7)
Wo(fir, pe)? < /

dy(z,2)? dmy(z, 2) + / {dy(y, 2) + r}? dma(y, 2)
MxM

MxM

IN

/ dy(z,2)? dn(z, 2) + {2diam M + r}rma[M x M]
MxM

< Wo(p®, 11)? + {3 diam M -} [ M].
Next, observe that
N p)  XBEn(@))
f et = [one (f, b+ Sy f ) deto)
As h, is convex, Jensen’s inequality shows
plz) | XBun(®)\
e ([, Lt * i) d“( (3;))
1 2+ XBun\T) s
< 15 [M] /M he <p( )+ SB(y, )" [M]) dp®(y).

Since h,, is non-increasing, we deduce from the Fubini theorem that

| hotioyde
= u[lM] /M { /M\B oy POV /B@,r) e (M) dw} e

< [ nao——ao [ (] el o) du(y)
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By virtue of the compactness of M, there are constants 0 < C; < Cy such
that

Cir" < w[B(y,r)] < Cor™

for all y € M and small » > 0. Hence we have, as h,, is non-increasing and
non-positive,

LBy ) | < (e )

We find, by the monotonicity of In,, Lemma 2.9 and N, = (6, — 1)~

r=Ne
lim sup 7™¢ " hy, (r~¥¢) = lim sup {TN“’_l / Ing(s)ds — r_1L<p}

rl0 rl0 0
< limsup {r 'In (r~Ne) — 7L } lim inf /OO ! ds
o r]0 P ¥ v 10 r~Ne T(p(s)

o —0, #Ne(0,-1) 1
< —lim ds = lim = < 0.

rl0 Jp-No T r|0 (1 — 0¢)7" 1-— 959

Hence we obtain, since n < N, < oo,
Tnflhw(rfn) _ T(ang,)/Ng, . (T‘n/N"’)N"’ilhso((’I“n/N"’)iN“’) — —00

as r | 0 (here we need the hypothesis 6, < (n+ 1)/n). Finally, for all y €
supp p°, the convexity of h,, yields

/B(y,r) holp) dw = /B(yyr){hw(o’) +hy(0)(p— o)} dw

= /]B(y’r){h¢(a) —hy(0)o}dw +/ hy, (o) dp.

B(y,r)

We therefore obtain

A ntodo = [ gty

1
< —— inf / ho(o) = b (o)o dw—i—/ h'adu}
st [ hoto) - mor o [ wie)
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as r | 0. Combining this with (8.6) and (8.7), we conclude that

! X Wolfir, p1¢)? s Walpl, pe)?
lim =4 H,(jiy) 4 —2 o B)” g9y 2 2RO L
i {1, )+ 2 ) - LU x

This contradicts the choice of 4° as a minimizer of (8.4), so that it holds
p*[M] = 0.
(ii) By the choice of u?, we have

W2 (:u(sa Mt)2

H‘P(:u’é) + 25

< Hy(pu)-
Together with Hy(u®) > Hy(v) (Lemma 5.5), we immediately observe

. 5 .
i W', 0)” < Um 26{Hy () = Hy(v)} = 0.

Thus p° converges to p; weakly, and hence

5 N2
Jimn sup Wa(p, i)

<H — liminf H,(u%) <0
510 2 = w(ﬂt) Hgll%]n go(:“)_

by the lower semi-continuity of H, (Lemma 5.6). These further yield

He(pe) < ling inf o (") < lim sup Hy (1) < Hy(pe)-
0

(iii) This is a consequence of the following lemma.

Lemma 8.11. Assume that 0, € (0,2) and

Ve

Cyp := lim

< Q.
sToo ()

If a sequence {p;}tien C Pac(M,w) converges to pu € Pae(M,w) weakly and
satisfies lim; oo Hy (1) = Hyp(1) < 00, then, by setting p; = piw and p =
pw, the function hy(pi) — pil,(pi) converges to hy(p) — phiy(p) in LY(M,w).
Proof. We first show the following claim by using 0, < 2.

Claim 8.12. For any C > 0, it holds

lim || min{p, €} = min{pi, C}||2(ar) = 0.



Displacement convexity of generalized relative entropies. 11 755

Proof. Assume the contrary, that is, there are some constants C, e > 0 such
that, taking a subsequence of {p;};cn if necessary, we have

(8.8) | min{p, C} — min{p;, C}|r2(arw) = €

-1

for all i. Now, since h{;(s) = ¢(s)™" is positive and non-increasing, we find

. A 2
hg)(p;pz) < hy(p) J;hw(pz) B Smaxlio(p/;z’lw(pi)}'

We shall further deduce from 6, < 2 that

o= pil? . |min{p, C} — min{p;, C}?

(8.9) max{2(0). o(p)] ~ (0)

This is clear if max{p,p;} <C or min{p,p;} > C. Otherwise, (8.9) is

reduced to
(1—¢)? _ (C—¢)?

(1) p(C)
and to the monotonicity of the function s+ (s —¢)?/p(s) for s > e. This
monotonicity is easily seen by Lemma 2.9, since 6, < 2 and

(s —¢)? _ 5% 20, . (s—€>2

e<C<r,

>

S

Thus, we obtain from the hypothesis (8.8) that

/ hy (’“Lp") dw
o 2

hy(p) + he(pi) 1 . :
< P dw — ———— || min{p, C} — min{p;, C}||%.

M 2
1 1 1,

However, as lim;_.oo H, (i) = H,(p) by assumption, this means that fi; :=
{(p + pi)/2}w satisfies

<

. _ 1
limsup Hy,(f1;) < Hp(p) — 2.

This contradicts the lower semi-continuity of H, (Lemma 5.6) and we com-
plete the proof of Claim 8.12. O
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Observe that

ho(r) — rhi,(r) = /Or{ln(s) —In(r)}ds = — /07“ /ST gogt)dt ds

:_/OT@ft)dt.

Combining this with Lemma 2.9, we have for any r,s > 0

Tt
—_dt|<C
/sw(t) ‘ 7
_ C‘P
2-0,

‘s
/ =0 dt‘
S

|hep (1) — Th:p(r) — he(s) — sh;(s) =

m m |
)

|r™ — s

where we set m = 2 — 0, > 0. Thus, we deduce that
(8.10)
C

o) = it (p2) = holp) = (o) do < 575 [l = 7 o
M Ve JM

We are done if the right hand side tends to zero as i — oc.

Claim 8.13. Form =2 —0, € (0,2), we have

Py Pi € Lm(Maw>v ZILIEO le - P| Lm(Mw) = 0.

Proof. The first assertion is clear when m < 1. For m > 1, it is a consequence
of hy(p), hy(pi) € L' (M, w) (guaranteed by Hy, (1), Hy(pi) < 00). Indeed, by
Lemma 2.9 and (2.9), we have on {x € M | p(z) > C} for any C > 0

— ™" —m(p—-C)
m(m — 1)

)

L p o,
up(p) — up(C) —/C Ing(s)ds > /C U (s)ds =

which implies max{p,C} € L™(M,w) since m —1 > 0, u,(p) — ux,(C) >0
and u,(p) € LY(M,w). Thus we obtain p € L™(M,w) and p; € L™(M,w)
similarly. We remark that, as lim; .o H,(1;) = H,(n) by assumption, we
have lim; o [3, up(pi) dw = [}, up(p)dw so that [, pi"dw is uniformly
bounded in 7.

As for the second estimate, thanks to Claim 8.12 and m < 2, it suffices
to show that p; — min{p;, C} converges to p — min{p,C'} in L™(M,w) for
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some (arbitrarily fixed) C' > 0. Note first that
|(pi = min{p;, C'}) = (p — min{p, C})| = [ max{p;, C} — max{p, C}|.

We put p¢ := max{p;,C} and p® := max{p,C} for brevity. By the same
argumentation as Claim 8.12, lim;_.oc H, (i) = Hy,(p) yields

2
lim lpi — |

i—oo /oy max{w(pi), p(p)} =0

Since ¢ is positive and non-decreasing, it holds

/ i — > >/ o — P

w Z C o aw-
ar max{e(pi), o(p)} v e(py) + ¢ (p%)
It follows from the Hoélder inequality that

15 = PN T (01
1p¢ — pC? d m/2 c cyym/o, g bo/2
< —_—t )+ T .
- (/M e(p¢) + o(p°) w) </M{90(p )+ elet)) w)

Observe that

@(pS)™/% + p(pC)m/ O, for m < 1,

c C\y\m/8
=)+ v <
bl el = {2m/9“"1{<p(p?)m/9“’ +p(pC)mPe}, form > 1.

We deduce from Lemma 2.9 that

p(C)m™/0

P(pS)™ % 4 p(p© )™/ < o

{(p)™ + (0°)™.

Since [y,(p)™ dw is uniformly bounded in i, we find

fimsup | (o) + (o))" do < o

1—00

and hence lim;_, ||,010 - PCHLM(MM) =0. 0
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Now we obtain, for m < 1,

[t =pmde < [ o= plmdo 0 G o0)
M M

with the help of Claim 8.13. Similarly, it holds for m > 1 that

/ P — o dw < m / Ipi — pl max{ps, o} du
M M

1/m (m—1)/m
< m(/ \pi—p!mdw> (/ (Pi+P)mdw>
M M

—0 (i — 00). O

We remark that, in Lemma 8.11 and hence in Theorem 8.7, the assump-
tions 0, € (0,2) and C, < oo can be replaced with

1) 1)
g% ]
0, € (0,2), D, :=1lim <00, dy,:=lim > 0.
¢ €02 De=lm oty =R o0
Indeed, then we have
% %
< p(s) <
Dy dy

for all s > 0, and (8.10) becomes

D m m
[ o0 = i) = hoto) = ot )] o < 525 [l = 7
M Y JM

for m :=2 —6,. With this m € (0,2), Claim 8.13 follows from Proposi-
tion 2.13 and ¢(s) < s%/d, (Claim 8.12 is unnecessary in this case since
we can treat p and p; themselves instead of p© and plc)

Note that Cy, = D, = d, = 1 < 00 for ¢,,,(s) = s*~™. For

s for s > 1,

Vs for 0 < s <1,
p(s) =

we have §, =1, 6, =1/2, C, = D, =1 and d, = 0. An example of ¢ with
Cp =00 is
Vs for0<s<1,
o(s) =14 s for 1 <s <2,
V2s for s > 2,

for which 0, =1, §, =1/2, D, = 1 and d, = 1/V/2.
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9. Gradient flow of H_: non-compact case

We continue to study gradient flows in the Wasserstein space (P?(M), Wa).
For non-compact M, we can not follow the intrinsic argument in Subsec-
tion 8.1 since Theorem 8.1 is unavailable. We can nevertheless introduce a
Riemannian structure of P?(M) using the underlying Riemannian structure
of M. Then gradient flows in P?(M) are also formulated with the help of
the underlying Riemannian/differentiable structure of M. In order to see
that the analogue of Theorem 8.7 holds true, we follow the argumentation
in [5, 22] and [69, Chapter 23]. We refer to [5] for the further deep theory of
gradient flows.

9.1. Riemannian structure of (P2(M), W)

Recall that minimal geodesics in P?(M) emanating from absolutely con-
tinuous measures are described by the gradient vector fields of appropriate
functions (Theorem 2.6). This leads the following definitions due to Otto [52]
of the tangent spaces and the Riemannian structure.

Definition 9.1 (Otto’s Riemannian structure). We set
TP :={®=Vé|¢c C>(M)}

and define the tangent space (T,/P?,(:,-),) of P*(M) at u € P*>(M) as the
completion of TP with respect to the norm || - ||, induced from the inner
product

<(I)1, @2>u = / <(I)1, <I>2> d,U,, (I)l, (1)2 S TP
M

Note that (-,), is extended to the whole space T),P? as the limit, and
(T,P%,(-,-),) is a Hilbert space. We next introduce the class of “differen-
tiable curves” in a purely metric way (cf. [5, Section 1.1]).

Definition 9.2 (Absolutely continuous curves). Forp € [1, o], a curve

(e)ter € P2(M) on an open interval I C R is said to be p-absolutely con-
tinuous if there is some 1 € L} (I) such that

(9.1) Woa(ps, pit) S/ n(r) dr

holds for all s,t € I with s < t.
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Note that p-absolutely continuous curves are continuous. We will con-
sider only 2-absolutely continuous curves, so that we simply call them abso-
lutely continuous curves. For any absolutely continuous curve (jut)ie; C
P2(M), the metric derivative

. . Walps, pe)
= lim ———— 2
e 1= T =57

exists for a.e. t € I, and 7(t) = |f| is a minimal function satisfying (9.1)
(cf. [5, Theorem 1.1.2]). We can associate a one-parameter family of vector
fields on M with an absolutely continuous curve in P2(M) via the continuity
equation on M.

Proposition 9.3 [5, Theorem 8.3], [22, Proposition 2.5]. Given an
absolutely continuous curve (ut)ier C P2(M), there exists a Borel vector
field ®:1x M — TM (with ®(z):=®(t,x) € T,M) satisfying P, €
T,hP2 for a.e. t € I as well as the continuity equation

% + div(Dy) = 0

in the weak sense that

(9.2) // {awt+ @t,th>}dutdt:O

holds for all w € C(I x M). Such a vector field ® (satisfying ®; € T}, P?
and (9.2)) is uniquely determined up to a difference on a null measure set
with respect to dpdt, and we have || D¢, = |fu] for a.e. t € I.

Conversely, if a curve (uy)ier C P*(M) admits a Borel vector field ® :
I x M — TM satisfying (9.2) and fttol |®4]|2, dt < oo for all to, t, € T with
to < t1, then (pu)ier is absolutely continuous and || < ||®¢||,, at a.e. t € 1.

Definition 9.4 (Tangent vector fields). We say that the vector field ®
as in Proposition 9.3 is the tangent vector field of the absolutely continuous
curve (pu)ier, and write 1, = @4 (for a.e. t € I).

It is guaranteed by the following Benamou-Brenier formula [11] that
Otto’s Riemannian structure is compatible with the Was-structure,

1/2
Walpo,p) = inf ( / uutumdt)
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for any g, 1 € P2(M), where the infimum is taken over all absolutely con-
tinuous curves (41t)se(0,1] C P2(M) from pug to .

9.2. Gradient flow of H,

Using the Riemannian structure of P?(M) in the previous subsection, we can
formulate gradient curves (trajectories of gradient flow) in a way different
from the previous section. We first define gradient vectors.

Definition 9.5 (Gradient vectors). Given a functional H : P?(M) —
(=00, 00| and p € P2, (M) with H(u) < oo, we say that H is differentiable
at p if there is ® € T, P? such that

Hp) = Hp) _ /M@,v@ dy

lim sup
£10 t

along all minimal geodesics (i)¢efo,1) C P?(M) with pg = pu, where p; =
(Ty)gp with Ty(x) = exp,(tVeo(z)), and if equality holds for ¢ € C°(M)
(with limyj in place of limsup, ). Such @ is unique if it exists, so that
we will write Vg H(p) = ©.

Note that |V_(—H)|(n) < [[VwH (p)|| holds by the Cauchy-Schwarz
inequality. A gradient curve of the ¢-relative entropy H, should be under-
stood as a solution to fiy = Vi [—H,](i¢). Compare the next proposition
with Proposition 8.6.

Proposition 9.6. Let (M,w,p,¥) be admissible, assume Ricy, > 0 and
Hess¥ > K on M(;I’ for some K € R (K > 0 if M is non-compact and 0, <
1). Fiz pn = pw € Pa.(M,w) with p[MJ] =1, Hy(n) < oo and with |V¥| €
L?(M, ). Then the following are equivalent:

(D) M-Hy|(p) < oo,

(I1) p € Hi (M) and

VP -
e(p)

holds p-a.e. for some ® € T,ﬂﬂ.
Moreover, then we have ® = Vi [—Hy|(p) and || P, = [V Hy|(1).
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Proof. (I) = (II): Note that, by the calculation (before the integration by
parts) in the proof of Proposition 6.1,

)/M [{W(p)p = ho(p)} dive, V — (pV 0, V)] dW‘

{Hw(u) — Ho () Wap, put)
Wa(p, ) t

= lim

<
i b< @I,

for all C*°-vector fields V' of compact support, where we put p; = (7;)3p with
T,(x) = exp,(tV (z)). Hence the hypothesis (I) together with ¥ € H. (M)
ensures that the function h{,(p)p — hy(p) is weakly differentiable. Since the
function s +—— hi,(s)s — hy(s) is differentiable and increasing in s > 0, this

implies p € H. (M), and we observe

loc

P g,

V[h,(p)p = he(p)] = 200)

Moreover, the above estimate shows that the function

P2 V0 — [ (VI (o)~ ho(o)] + 9T, V) d

_ /M <(pv(£) + vq/,v¢> dy

is extended to a bounded linear operator on the closure THPQ. Therefore the
Riesz representation theorem shows that there exists ¢ € T,ﬂ?2 with

Vp - —
03 lol, <Ivale. [ (FErves)ao [ oz
M \¢(p) M
for all = € T,,P?. Thus, we have Vp/p(p) + V¥ = —® p-a.e.
(II) = (I): We remark that the condition K > 0 for §, < 1 makes Propo-
sition 6.1 applicable. Thus we obtain

(9.4) lim sup Ho() = Hy o) <
t10 t

| (@.9)du

along every minimal geodesic (uu)efo,1] C P2(M) with pg = pu, where p; =
(7;)spv and Ty (x) = exp, (tVe(x)), and equality holds if ¢ € C2°(M). Hence
IV_H,|(p) < oo follows from the hypothesis ® € T,,P%, and we find ® =
Vw|—Hy|(p) in the sense of Definition 9.5. We have ||®||, < |[V_H,|(n) by
(9.3), and |[V_H,|(1) < ||®]|, by (9.4), so that ||®||, = [V_Hy|(r) holds. O
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Now, we are ready to show the main result of the section. We remark
that the roles of the conditions Ricy, > 0 and Hess ¥ > K are implicit at
this stage, whereas they were necessary for applying Proposition 6.1.

Theorem 9.7 (Gradient flow of H,). Suppose that (M,w,p, V) is admis-
sible and satisfies Ricy, > 0 as well as Hess W > K on M;I’ for some K € R
(K >0 if M is non-compact and 0, <1). Let (111)iefo,00) C Pac(M,w) be a
continuous curve such that i [MJ] =1, H,(p) < 0o and [V¥| € L*(M, py)
for all t > 0. Then (p1¢)1e(0,00) 95 an absolutely continuous curve satisfying

VW[ ](Mt) € Tﬂfpz
at a.e. t € (0,00) if and only if (pt)icjo00) 8 @ weak solution to the

p-heat equation (8.2) with fto IVpi/o(pe)|? dpg dt < 0o for all 0 < tg < t1 <
oo, where i = pyw.

Proof. Suppose fie = Vw[—Hyl(pe) a.e. t. Since we have |V_H,|(p) <
IVw [—Hy) ()| n, < 00 by definition, Proposition 9.6 yields

v
m=—< P +V\p> €T, P2 ae.t.
o(pt)

Then it follows from the continuity equation (9.2) that

//awtdutdt //<th+qu th>dutdt

for all w € C2°((0,00) x M). Therefore p; weakly solves (8.2).
Conversely, if p; is a weak solution to (8.2) with ftil Vi /o(pe)|? dpe dt <
oo, then the same calculation implies that

b= <sov<gf> * W’)

satisfies the continuity equation (9.2), and hence (j1t);e(0,00) i3 absolutely
continuous by Proposition 9.3. As Proposition 6.1 guarantees |V_H,|(j) <
| @], < 00 a.e. t (by (9.4)), Proposition 9.6 shows ®;, = Vy [—H,|(u) €
T MPQ and then the uniqueness of a solution to the continuity equation
(Proposition 9.3) yields fi; = ®; = Vw [—Hy|(ut) a.e. t. O
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9.3. Remarks on construction and contraction

We can construct the gradient flow of H, along the line of [22, Section 5],
provided that M is compact. Precisely, we need the compactness for applying
Lemma 5.6, Claim 8.8(i) and Lemma 8.11.

Now, let us assume that (M,w,p, V) satisfies the hypothesis in Theo-
rem 9.7, and take an absolutely continuous curve (pit)iefo,00) C P2.(M,w)
with p1; = pyw such that p[M7] =1, Hy () < oo, [V¥| € L*(M, p;) for all
t>0, ftil |Vpi/o(pe)|? dugdt < oo for all 0 < tg < t; < 0o, and that, at a.e.
t>0,

w0 o] (S v

holds for all w € C*(M).

Proposition 9.8 (Evolution variational inequality). In the above sit-
uation, for any i € P*(M),

N2
(9.6) % [WQ(M;,M)

K _ _
|+ 5 Wi, + Ho) < ()
holds for a.e. t > 0.

Proof. Assume H, (1) < oo without loss of generality. Fix t > 0 where (9.5)
holds and Wa(ut, 1) is differentiable. Let ¢ be a Kantorovich potential induc-
ing the optimal transport from p; to i as in Theorem 2.6. Then it follows
from the Kantorovich duality (see, e.g., [5, 69]) and (9.5) that, for small

e >0,
Wa(pe, 1) = Wa(pe—e, 1)? _ 1
2(put, f1) 2 (e, 1) g{—/ gbd,ut~|—/ ¢dﬂts}
IS M M

2e
\Y%
- / <’” + vw,v¢> dyuy
m \¢(pt)
as € | 0. Putting a(s) := [exp(sV¢)]yu for s € [0,1], we obtain from Propo-
sition 6.1 and the K-convexity of H, that

/ < i + V\IJ,V¢> dpy < liminf Holols)) = Holp)
M\ @(pt) 50 s

< Hy(i) — Holyu) — 5 Walue )

This completes the proof. [
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The above evolution variational inequality (9.6) readily derives the K-
contraction property as follows. For two curves (f1t);(0,00)5 (£it)e[0,00) Satis-
fying (9.6), fix t > 0 and take the midpoint i between p; and fi;. Then (9.6)
and the K-convexity of H, yield

Wo(pieqe, frse)? — Wa g, fir)?

lim sup
€l0 2e
AND ~ = 2 N2 A= \2
< limsup Wa(piee, 1) + Walit, fitre)® — Walpe, 1) — Walft, fir)
€l0 g
< KA Walgu, ) + Walji, i)} + 202H, () — Holp) — Ho(n)}
< —KWa(pu, ir)*.

Therefore we have Wa(uy, i) < e K'Wa(uo, fig) for all t>0. The
K-contraction property in particular implies the uniqueness of the gradi-
ent flow. Thus, in the compact case, the gradient flow of H, constructed in
Theorem 8.7 coincides with the (unique) gradient flow in Theorem 9.7.

We also mention an interesting contribution due to Gigli [25], he showed
the unique existence of the gradient flow of the relative entropy in a quite
general situation without relying on the contractivity. As mentioned at the
end of [25], however, his technique uses some special properties of the gen-
erating function u, (s) = slogs — s and is not applicable to all ¢’s in our
consideration (e.g., @, for m < 1 is excluded).

10. Finsler case

Most results in this article are extended to Finsler manifolds according to
the theory of Ricci curvature developed in [45, 48] (see also a survey [46]).
A Finsler manifold is a differentiable manifold equipped with a (Minkowski)
norm on each tangent space. Restricting these norms to those coming from
inner products, we have the family of Riemannian manifolds as a subclass.
We refer to [10] and [60] for the basics of Finsler geometry.

10.1. Finsler manifolds

Let M be a connected n-dimensional C'*°-manifold without boundary. Given

a local coordinate (xi)?zl on an open set U C M, we will always use the
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coordinate (z°, vj)zjz1 of TU such that

el M, xel.

T

"N 0
— J
EING

Definition 10.1 (Finsler structures). We say that a non-negative func-
tion F': TM — [0, 00) is a C*°-Finsler structure of M if the following three
conditions hold:

(1) (Regularity) F is C* on T'M \ 0, where 0 C T'M stands for the zero
section.

(2) (Positive 1-homogeneity) It holds F(cv) = cF(v) for all v.€ TM and
c>0.

(3) (Strong convezxity) The n x n symmetric matrix

2( 2 "
(10.1) (955 (¥)jj1 = (1 oo )(V)>

2 Ovidvi i1

is positive-definite for all v € T, M \ 0.
We call such a pair (M, F) a C*°-Finsler manifold.

In other words, F' provides a C*°~-Minkowski norm (see Example 10.2(a)
below) on each tangent space T, M which varies smoothly also in the hor-
izontal direction. For z,y € M, we define the distance from z to y in a
natural way by dp(z,y) := inf, fol F(%(t)) dt, where the infimum is taken
over all Cl-curves v :[0,1] — M such that v(0) = z and v(1) = y. Note
that dp is not necessarily symmetric, namely dr(y,z) # dp(z,y) can hap-
pen, since F' is only positively homogeneous. A C°°-curve v on M is called
a geodesic if it is locally distance minimizing and has a constant speed (i.e.,
F(%) is constant). We remark that t — (1 —¢) may not be a geodesic.
Given v € T, M, if there is a geodesic 7 : [0,1] — M with §(0) = v, then
we define the ezponential map by exp,(v) :=y(1). We say that (M, F) is
forward complete if the exponential map is defined on whole T'M. Then
the Hopf-Rinow theorem ensures that any pair of points is connected by a
minimal geodesic (cf. [10, Theorem 6.6.1]).

We define the K-convexity of a function ¥ : M — R in the weak sense
similarly to the case of symmetric distances (Definition 4.1), i.e., for any
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x,y € M there is a minimal geodesic v : [0,1] — M from x to y such that

(1)) < (1= V() + 10 (y) ~ % (1~ Dtdr(z,9)’

for all ¢t € [0, 1].
For each v € T;; M '\ 0, the positive-definite matrix (g;;(v));';=; in (10.1)
induces the Riemannian structure g, of T, M via

(10.2) Zaz =i Z Jaﬂ) Z 9 (v
1

Jj= 1,5=1

This is regarded as the best Riemannian approximation of F|r as in the
direction v. In fact, the unit sphere of gy is tangent to that of F|p a at
v/F(v) up to the second order. In particular, we have gy (v,v) = F(v)2.

Let us denote by L* : T*M — T M the Legendre transform. Precisely,
L* is sending o € T M to the unique element v € T, M such that a(v) =
F*(a)? and F(v) = F*(«), where F* stands for the dual norm of F. Note
that L£*|7-ar is a linear operator only when F|7,3; comes from an inner
product. For a differentiable function p : M — R, the gradient vector of p
at x is defined as the Legendre transform of the derivative of p,

Vp(z) := L*(Dp(z)) € T, M.

If Dp(z) =0, then clearly Vp(z) = 0. If Dp(z) # 0, then we can write in
coordinates
op 0

Vp = Zg (V0) 5.7 51"

i,j=1

where (¢g%/) stands for the inverse matrix of (g;;). We must be careful when
Dp(x) = 0, because g;;(Vp(z)) is not defined as well as the Legendre trans-
form L£* being only continuous at the zero section. We also remark that the
gradient V is a non-linear operator (i.e., V(p1 + p2)(x) # Vp1(z) + Vpa(x)
and V(—p)(x) # —Vp(z) in general), since the Legendre transform is non-
linear unless F' happens to be Riemannian.

We mention some of basic examples of non-Riemannian Finsler mani-

folds.

Example 10.2. (a) (Minkowski spaces) A Minkowski norm |-| on R”
is a non-negative function on R" satisfying the conditions in Defini-
tion 10.1. Note that the unit ball of | - | is a strictly convex (but not
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necessarily symmetric to the origin) domain containing the origin in
its interior. A Minkowski norm induces a Finsler structure in a natural
way through the identification between T,R™ and R™. Then (R",|- )
has the flat flag curvature (the flag curvature is a generalization of the
sectional curvature).

(Randers spaces) A Randers space (M, F') is a special kind of Finsler
manifold given by F(v) = \/g(v,v) + ((v) for some Riemannian met-
ric g and a one-form 3, where we suppose |3(v)|? < g(v,v) unless
v =0, for F being positive on T'M \ 0. Randers spaces are important
in applications and reasonable for concrete calculations. Sometimes (
is regarded as the effect of wind blowing on the Riemannian manifold

(M, g).

(Hilbert geometry) Let D C R™ be a bounded open set with smooth
boundary such that its closure D is strictly convex. Then the associated
Hilbert distance function is defined by

x1 — zh| - |ze — o
dp(z1,22) ¢=10g<‘ - /2’_‘ ; /1’>

for distinct x1, 29 € D, where | - | is the standard Euclidean norm and
xy, %, are intersections of D and the line passing through z1, z9 such
that 2/ is on the side of z;. Hilbert geometry is known to be realized
by a Finsler structure with constant negative flag curvature, and gives
the Klein model of hyperbolic space if D is an ellipsoid.

(Teichmiiller space) Teichmiiller metric on Teichmiiller space is
arguably one of the most famous Finsler structures in differential geom-
etry. It is known to be complete, while, e.g., the Weil-Petersson metric
is incomplete and Riemannian.

10.2. Weighted Ricci curvature and non-linear Laplacian

Different from the Riemannian situation, one can not choose a unique canon-

ical measure on a Finsler manifold. There are several constructive measures,

such

sure,

as the Busemann—Hausdorff measure and the Holmes—Thompson mea-
which are canonical in their own ways (see, e.g., [2]). Thus we will fix

an arbitrary positive C°°-measure w on M as our base measure, like the
theory of weighted Riemannian manifolds.
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The Ricci curvature (as the trace of the flag curvature) on a Finsler
manifold is defined by using the Chern connection (there are other connec-
tions but the flag and Ricci curvatures are in fact independent of the choice
of connection). Instead of giving a precise definition in coordinates, here we
explain a useful interpretation due to Shen [60, Section 6.2]. Given a unit
vector v € T, M N F~1(1), we extend it to a C*®-vector field V on a neigh-
borhood of = in such a way that every integral curve of V is geodesic, and
consider the Riemannian structure gy induced from (10.2). Then the Ricci
curvature Ric(v) of v with respect to F' coincides with the Ricci curvature
of v with respect to gy (in particular, it is independent of the choice of V).

Inspired by the above interpretation of the Ricci curvature as well as the
theory of weighted Riemannian manifolds, the weighted Ricci curvature for
(M, F,w) was introduced in [45] as follows.

Definition 10.3 (Weighted Ricci curvature). Given a unit vector v €
T, M, let v : (—e,e) — M be the geodesic such that ¥(0) = v. We decom-
pose was w =e 7 vol; along 7, where vols is the volume form of g5. Define

(1) Ricn(v) := {RiC(V) +(fo)"(0) if (foy)(0)=0,

—00 otherwise,
0~V (0)2
(2) Ricy(v):= Ric(v)+(fo~)"(0)— W for N € (— 00,0) U (n,0),

(3) Ricoo(v) :=Ric(v) + (f ov)"(0).

For ¢ > 0, we set Ricy(cv) := ¢? Ricy (v).

It is established in [45, Theorem 1.2] that, for K € R and N € [n, x|,
the bound Ricy(v) > K F(v)? is equivalent to the curvature-dimension con-
dition CD(K, N) (note that (M, dr) is non-branching and thus Sturm’s and
Lott—Villani’s conditions are equivalent). This extends the corresponding
result on weighted Riemannian manifolds (Theorems 5.1 and 5.2). There
are further applications of Ricy beyond the curvature-dimension condition,
e.g., a Bochner-type formula and gradient estimates [50].

Remark 10.4. For a Riemannian manifold (M, g,voly) endowed with the
Riemannian volume measure, clearly we have f =0 and hence Ricy = Ric
for all N. It is also known that, for Finsler manifolds of Berwald type, the
Busemann-Hausdorff measure satisfies (f o)’ =0 (in other words, Shen’s
S-curvature vanishes, see [60, Section 7.3]). In general, however, there may
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not exist any measure w of vanishing S-curvature, see [47] for such an exam-
ple. This means that, on a general Finsler manifold, there is no measure as
good as the Riemannian volume measure. This is a reason why we began
with an arbitrary measure w.

Define the divergence of a differentiable vector field V on M with respect
to the base measure w by

n
. aV; on
d w = - 3 - y
iv, V i_El ((%Ul +V(9£CZ)

where we decompose w in coordinates as dw = €7 dx'dz? - - - dz™. Similarly
to the Riemannian case, this can be rewritten (and extended to weakly
differentiable vector fields) in the weak form as

/wdivadw:—/ Dw(V) dw
M M

for all w € C°(M). Then we define the corresponding Laplacian of p €
HL (M) by A¥p := div,(Vp) in the distributional sense that

loc

/ wA” p dw ::—/ Dw(Vp) dw
M M

for w € C2°(M). We remark that H' (M) is defined solely in terms of the
differentiable structure of M. It is established in [48, 50] that this non-linear
Laplacian works quite well with the weighted Ricci curvature.

For later convenience, we introduce the following notations.

Definition 10.5 (Re(Xerse Finsler structure). Define the reverse Finsler
structure F' of F by F(_(V) = F(—v). We will put arrows on those quan-
titiesissociated with F', for example, dp(z,y) = dr(y,x), Vp=—V(—p)
and Ricy(v) = Ricy(—v).

10.3. Displacement convexity of H, and applications

From now on, we consider only compact Finsler manifolds for simplicity. We
remark that all compact Finsler manifolds are forward complete.

Let us consider an admissible space (M,w, @, ¥) in the sense of Defini-
tion 4.3 similarly to the Riemannian case. Then the analogue of Theorem 5.7
is demonstrated along the same line as the Riemannian case (see [45] for
details).
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We can show the functional inequalities in Theorem 6.3 also in the same
way by using the directional derivative of H, (see (6.2)) modified into

lir?“i)nf Hyolp) t_ Ay (1) > /M ((plzpp) + D\I') (Vo) dpu.

Precisely, the ¢-relative Fisher information of = pw € Pac(M,w) is defined
by

2
I (p) = /M F(V[—1Ingy(p) + Iny(0)])* du = /M F* <—££) — D\I/> du,

and the @-global Poincaré inequality means

[t [, 7 (-o(l5))

We also remark that Wa(u,v) in (i) of Theorem 6.3 can be replaced with
Wa (v, i) since the curvature bound Ricy > K for I is equivalent to that for
its reverse F'. The above p-Talagrand inequality shows the concentration of
measures as in Section 7, where the open ball B(A,r) in the definition of
the concentration function «a(r) is replaced with

BT (A r):= {y € M‘ ;ggdp(m,y) < 7‘} or

B (A,r) = {y € M‘ ;relgdp(y,a:) < T}.

10.4. Gradient flow of H,

As for the gradient flow of H,, due to the lack of the analogue of The-
orem 8.1, the argument in Section 8 is unavailable. Nonetheless, one can
apply the discussion in Section 9 using a (formal) Finsler structure of the
Wasserstein space, and obtain a result corresponding to Theorem 9.7. We
remark that, however, the K-contraction property (8.1) essentially depends
on the Riemannian structure and can not be expected in the Finsler setting
(see [49] for details).

Let (M, F') be compact again. We introduce a Finsler structure of (P(M),
W) similarly to Section 9. Given p € P(M), define the tangent space (TP,
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F,) at u by

1/2
F,(V¢) = </M F(V¢)2du> , for ¢ € C*(M),
TP :={Vo|¢p c C=(M)},

where the closure was taken with respect to the (Minkowski) norm F,. Then
we can follow the line of Section 9 up to some computational differences.
We denote by £ := (£*)"!:TM — T*M the Legendre transform in the
reverse direction.

Definition 10.6 (Gradient vectors). Given a functional H : P(M) —
(—o0,00] and p € P(M) with H(u) < oo, we say that H is differentiable at
p if there is ® € T,,P such that

lim supH('ut)t_H('u) < / L(P)(Vo)du
t10 M

along all minimal geodesics (i)icpo,)) C P(M) with po = p, where p; =
(T;)spr and Ty(z) = exp,(tVeo(x)), and if equality holds for ¢ € C*>°(M)
(with limy|o in place of limsup, ). Such @ is unique if it exists, and then
we write Viy H(u) = .

Proposition 10.7. Let (M,w,p, V) be a compact admissible space sat-
isfying Ricy, > 0 and HessW¥ > K on M;,I’ for some K € R, and fix p=
pw € Pac(M,w) with u[MY] =1 and Hy(u) < oo. Then the following are
equivalent:

(D) [V-Hy|(p) < o0,
(1) p€ HY(M) and

b = £*<— Dr _ D\Il> [-a.e.
e(p)

for some ® € T,,P.
Moreover, then we have ® = Vy[—H,|(p) and F,(®) = |N_Hy|(p).

Note that

_ o - Dr 2 (D= In(p) — U1} = VI—ln(p) —
_L( 200) D\I/> L*(D[~-Iny(p) — ¥]) = V[—1Ing(p) — ¥].
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Theorem 10.8 (Gradient flow of H,). Let us suppose that (M,w,p, V)
is compact, admissible and satisfies Ricy, > 0 as well as Hess W > K on
M‘I’ for some K € R, and let (p11)ie[0,00) C PaC(M w) be a continuous curve
such that ut[M‘I’] =1 and Hy(p1t) < oo for allt > 0. Then ()i (0,00) 5 an
absolutely continuous curve satzsfymg

VW[ ](Nt) €T,P

at a.e. t € (0,00) if and only if (pt)icjo,c) 5 a weak solution to the reverse
p-heat equation of the form

dp .
(10.3) T —divy, (pV[~Ing(p) — ¥])
with ftil F(V[=Iny,(pe)])? dpedt < 0o for all 0<ty<t; <oo, where

Ht = prw.

Proof. If [y = Vw[—Hy|(ue) a.e. t, then Proposition 10.7 yields f; =
V[=1Ing(ps) — ¥] € T}, P a.e. t. Thus, it follows from the continuity equation
(9.2) that

L) Gt == [ [ Dun(V-tnto) - ) e

forallw € C°((0,00) x M), and hence p; weakly solves (10.3). Conversely, if
pt is a weak solution to (10.3), then the same calculation implies that ®&; =
V[—1Ing(p:) — V] satisfies the continuity equation (9.2), and (,Ut)te(o ) 18
absolutely continuous. Therefore Proposition 10.7 shows [ = &; =

Vw[—Hy|(pe) a.e. t. O

We meant by the reverse p-heat equation the equation with respect to
the reverse Fmsler structure F'(v) = F(—v). Since the gradient vector for
T is written as V p=—V(—p), (10.3) is indeed rewritten as

T

op

i = div,, (pV[ln(p( )+ \I/])

A. Appendix: Measure concentration via u,-entropy
inequality

Let us go back to the Riemannian situation. In Section 6, we introduced the
p-logarithmic Sobolev inequality (6.5) by generalizing the relative entropy
to the p-relative entropy associated with the Bregman divergence. Precisely,
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the classical logarithmic Sobolev inequality (corresponding to ¢;(s) = s) of

the form
2 1/ Vp Vo
dv = — _— -
2K Jy | p o

Ent, (1) — Ent, (1) < ;/M'v(\/z)

is generalized to

2
dp

Ho0) ~ Ho(v) < 5 /M IV ng(p) — ()] e,

where © = pw, ¥ = ow and K is a positive constant.
The logarithmic Sobolev inequality has the alternative form

1 |Vw|?
wln(w) dv — /wdz/)ln(/ wdl/> < — dv
/M () < M M 2K Jy w

for non-negative measurable functions w : M — [0, 00). Then the inequality

1
_ < " 2
/ Up(w) dv — uy, </de1/> < 2K/ g (w)|Vw|® dv

o[ e
2K Jy p(w)

obtained by replacing the function r —— rlnr (generating the relative
entropy) with u, is called the u,-entropy inequality, which provides a gener-
alization of the logarithmic Sobolev inequality different from our
p-logarithmic Sobolev inequality. The function ¢ is usually imposed to be
concave, that is equivalent to the convexity of the function

(s,t) — dy(s+t,t) :=1ux(s+1t) —uy(t) — Iny(t)s.

Note that d,, coincides with the density function of the Bregman divergence
D,. We refer to [16, 17] for details, where instead of u, it is treated C?-
strictly convex functions ® such that 1/®” is concave.

We demonstrated in Section 7 that the p-Talagrand inequality leads the
m(p)-normal concentration of measures. In the classical case of p1(s) = s,
it is known that the normal concentration also follows from the logarithmic
Sobolev inequality by the Herbst argument (see, e.g., [32, Chapter 5]). In the
same spirit, we can deduce from the u,-entropy inequality the corresponding
w-normal concentration of measures. We first recall a kind of Chebyshev’s
inequality for later use.
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Lemma A.1 (Chebyshev’s inequality). Let w be a measurable func-
tion on a measure space (X, ). Then for any non-negative, non-decreasing,
measurable function v on R,

1
M[{wGXlw(w)Zt}]Sv(t)/Xv(w)du

holds for any t > 0 with v(t) > 0.

We next show an auxiliary lemma. We will normalize ¢ as ¢(1) =1 for
simplicity, recall that such a normalization does not change the value of 6,
(Remark 2.10).

Lemma A.2. Let p: (0,00) — (0,00) be a positive concave function with
(1) = 1. Then we have 6, <1 and

Up(s) + aps = app(s) Ing(s)
for any s > 0, where we set a, == —uy,(1) > 0.

Proof. It follows from the concavity of ¢ that

pls +1) —¢(s) _ ols) —ole) _ ¢(s)
t - §s—¢ s—¢

for any 0 < € < s < s+ t. Letting ¢ | 0 and then ¢ | 0, we find

plstt)—ols) |

S 1
—— - limsup
©(s) £10 t

Since s > 0 is arbitrary, we obtain 6, < 1.

Set A(s) := up(s) + aps — app(s)Ing(s) and observe A(1) =0 by the
choice of a,. Proposition 2.13 implies

0 > lim ¢(s) In,(s) > lim 85¢€2_5w (s) =0,
510 50

so that limg)g ¢(s) In,(s) = 0 and we can put A(0) := 0. Since the concavity
of ¢ ensures that the right derivative

¢ (s) = 161%1 pls + Ez —¢(s) c [O ©(s) 9@]
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is well-defined and non-increasing on (0, 00), a direct computation yields

by Als4e) — A(s)
Al (s) == lslﬁ)l .

=Ing(s) {1 —ap@y(s)}

Note that (2.9) shows

1 1
1—app/ (1) >1—ayb,=1 +9<p/ Ing(t)dt > 1 +9<P/ la-0,(t) dt
0 0
O,

=1—
20,

> 0.

For s > 1, we deduce from In,(s) > In, (1) = 0 and ¢/, (s) < ¢/, (1) that
A’ (s) > 0. Hence we have A(s) > A(1) = 0. On (0, 1), since In, < 0, A(0) =
A(1) =0 and ¢/, is non-increasing, A is identically zero or there is some
s € (0,1) such that A’, > 0on (0, sp) and that A’ < 0on (s, 1). Therefore,
we conclude that A > 0 on (0,1). O

Remark A.3. The condition 6, <1 does not imply the concavity of ¢.

For instance, let

s for s > 1.

s for 0 <s <1,
p(s) = {\[

Then we have 0, = 1, whereas ¢ is clearly not concave.

Now we prove that the u,-entropy inequality implies the ¢-normal con-
centration for ¢ as in Lemma A.2.

Theorem A.4 (¢-normal concentration from u,-entropy inequal-
ity). Take a positive concave function ¢ :(0,00) — (0,00) such that
o(1) = 1. For a Riemannian manifold (M,g) and v € P(M), assume that
there is a positive constant K such that the u,-entropy inequality

(A.1) /M up(w) dv — uy, </deu) < % Mu:;(w)]VwF dv

holds for every mon-negative measurable function w € L'(M,v) satisfying
w)(w)|Vw|* € LY(M,v). Then for any r >0 we have

RIS

o(r)' > exp, ( :

where « stands for the concentration function of (M,v).
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Proof. Fix arbitrary A C M with v[A] > 1/2 and r > 0. Putting B := M \
B(A,r), we also assume v[B] > 0 since we have a(r) = 0 if v[B] = 0 for all
such A. Set F(x) :=min{dy(x,A),r} for x € M, and observe that F, is
1-Lipschitz. Note also that the function

Gr(z) := F.(z) — /M F, dv

satisfies G, () > r/2 for any = € B since [;, Frdv <r-v[M\ Al <r/2.
Applying Chebyshev’s inequality (Lemma A.1) to the non-negative, non-
decreasing function

2
vs(t) == exp,, | st — W

with s > 0 and a, := —u,(1) > 0, we have

(A2)  v[B]<v [{x eM ‘ G, (z) > g}} < v(i/2)/M vs(Gy) dv.

We shall show that I(s):= [,,vs(G,)dv > [gvs(r/2)dv >0 is bounded
above by 1.
Set

ws(z) == v (Gr(z)) = exp,, <5Gr(ﬂf) - 2@5:K> ;

XS::{:UEM

82
SGr(m) - ﬂ > l¢} .
©

For s € (0,a,Kr) and any = € B, we have

82 rs 82

> _
20, K — 2 2a,K

1 ap,Kr 2 CL@KT’Q
= — — > [
20, K <S 2 > Ty 20>k

sGy(x) —

proving B C X,. Let us introduce the strictly convex function ®,(t) :=
uy(t) + axt on [0,00), and observe that ®, <0 on [0,1] and ¢, >0 on
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(1,00). Then the inequality (A.1) applied to w = ws can be rewritten as

1
D, (w, du—/ O (w, VwSQdu§<I> </ wsdy>.
[, w5 [ el yvupav <o, ([

Note that ws is bounded since G, is bounded by definition, and hence w, €

L' (M, v). Moreover, u/(w,)|Vws|* € L'(M,v) is seen by

/ @Z(ws)|sz|2d1/:/ 3290(ws)|VGr|2d1/<32/ o(ws) dv
Xs X

s

for s € (0,a,K1), where we used the fact that |[VG,| <1 on whole M and
|IVG,| =0 on B. It follows from Lemma A.2 that

[, (o - o) av= [ (et np(a) - Solw)) do

These together imply, as sz wedv = [, wsdv = I(s),
(A.3) sa I'(s) < @, (1(s)) for s € (0, a,Kr).
For sg € (0,a,K7) chosen later, set
1[5 @It D, (1
P(s) :=exp (a/ w(t( ) dt) , Q(s) = 7“0( (5))
¥ Jso

for s € (0, s0], and observe

o UG [ (1)
@) =5 P }

Then we deduce from (A.3) that Q'(s) = 0, if and only if ®,(I(s)) = 0.
Assume that supge(g o i) I(s) > I(0) =1 and choose sg € (0,a,K7)
such that I(sg) > 1 and

c:= sup @ (I(s)) € (ay,2ay)
s€(0,s0]

(note that ®,(1(0)) = a,). Then we have

(A4)  P(s) > exp (C / Sidt) _ <S>C/%, s € (0, 50).

Gy Jsy 50
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Moreover, since the convexity of @, and ®,(0) = 0 imply I(s)®,(I(s)) >
D, (I(s)), we find ®/,(I(s)) > 0 and hence Q'(sp) < 0. Note that there does
not exist s € (0,5s9) such that @' <0 on (s,s0) as well as Q'(s) = 0, since
then I(s)®,(I1(s)) = 0> ®,(I(s)) and Q(s0) < Q(s) < 0, which contradicts
I(sg) > 1. Thus, Q" < 0 on (0, sp), and by (A.4)

c/a . @ I
Q(so) < limsup Q(s) < 50/ “ lim sup M_
le S,LO SC Ay

Now, since
r'(0) = /M Grdv =0, B, (I(s)) = By(1) + 52, (1)T(0) + O(s?) = O(s?)

and ¢ < 2a,, it holds limg)g s~%/% ®,(I(s)) = 0. This means Q(sp) < 0 and
hence I(sp) < 1, which is a contradiction. We therefore obtain I(s) < I(0) =
1 for any s € (0,a,K7) as desired.

Hence, we deduce from (A.2) that v[B] < wvs(r/2)~1 for any s € (0,
ay,Kr). Choosing s = a,Kr/2 and taking the supremum in A, we conclude
that

1

alr) < expy,(a,Kr?/8)

O

Remark A.5. Bolley and Gentil [12] showed that if a probability mea-
sure on R"™ satisfies CD(K, 00) with K > 0, then it satisfies the u,-entropy
inequality (A.l) with the same constant K. We remark that the condi-
tion CD(K, c0) leads the normal concentration which is stronger than the
¢-normal concentration for 6, < 1 (since exp,(r)~" > ea_g, (r)~'>e " by
(2.10)), whereas there exists a probability measure which satisfies (A.1)
and does not satisfy CD(K, 00). See [31, Theorem 2] for details, where they
proved that the probability measure on R” of the form

a

o) = (s ) espl-af) dL" (o)

with a € [1,2) satisfies the u,, -entropy inequality for m € (1,2], while the
concentration function «(r) of p, is dominated by exp(—72/3) (resp.
exp(—r®/3)) for r <1 (resp. r > 1).
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