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Volume preserving centro-affine normal flows

MoHAMMAD N. IVAKI AND ALINA STANCU

We study the long time behavior of the volume preserving p-flow
inR" ™ for1 <p< Z—ﬂ By extending Andrews’ technique for the
flow along the affine normal, we prove that every centrally symmet-
ric solution to the volume preserving p-flow converges sequentially
to the unit ball in the C'*° topology, modulo the group of special
linear transformations.

1. Introduction

Let K be a compact, centrally symmetric, strictly convex body, smoothly
embedded in R**!. We denote the space of such convex bodies by Keym- Let

T S" — R"‘H,

be the Gauss parametrization of 0K, the boundary of K € Ky, where
the origin of the Euclidean space is chosen to coincide with the center of
symmetry of the body. The support function of 0K is defined by

so (2) = (zk(2), 2),

for each z € S™. We denote the matrix of the radii of curvature of K by
t = [t;j]1<i j<n, the entries of v considered as functions on the unit sphere
too. They are related to the support function by the identity

vy = ?iﬁjs + 8Gij,

where g;; is the standard metric on S" and V is the standard Levi-Civita
connection of S”. We denote the Gauss curvature of K by K and remark
that, as a function on the unit sphere, it is related to the support function
of the convex body by

1

== S, = dgt(?iﬁjs + gijs) :

_ det Tij

~ det Gij ’

We denote the eigenvalues of [tij]lgi,jgn with respect to the metric g;; by A;
for 1 <14 < n. Then the principal curvatures of 0K are k; = )\i forl <i<n.
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For any fixed convex body Ky whose interior contains the origin, and
whose boundary is of class C? with strictly positive Gauss curvature, the
following flow along the centro-affine normal has been defined in [12]:

O = KMo, 2(0) = 21 (),

where « is a positive real power which will be made explicit soon, Ky =
IC/s"+2 is, interestingly, an SL(n + 1) invariant called centro-affine curva-
ture and, finally, Ny = ICO_%H(Z)(—/C#I(Z) z— @(K%“(Z))) is the centro-
affine normal, both as functions of z. The flow was defined for the purpose
of finding new global centro-affine invariants of smooth convex bodies in
which a certain class of existing invariants arose naturally. Only the short
time existence to the flow was then needed. Moreover, several interesting
isoperimetric type inequalities were obtained via short-time existence of the
flow, [12]. In what follows, we will consider an equivalent (Euclidean) formu-
lation of the flow and, in this paper, we will restrict the power to a certain
range.

Let p > 1 be a fixed real number and let Ko € Kqyr,. We consider a family
of convex bodies {K;}; € Ksym, and their associated smooth embeddings
x:S" x [0,T) — R which are evolving according to the p-centro-affine
flow, namely,

(1.1) aat:c =5 <8711C+2>n+1+p z, x(,0) =2k, (1), x(t) =2k,().

It is this flow for which we propose the study of asymptotic behavior by
applying the techniques of [2]. The long time behavior of the flow in R? was
studied by the first author in [4] using tools of affine differential geometry.
It was proved there that the volume preserving p-flow with p > 1 evolves
any convex body in Ksym to the unit disk in Hausdorff distance, modulo
SL(2). A further application of the techniques developed in [4] to the L_»
Minkowski problem is given in [5]. The case p =1, the well-known affine
normal flow, was already addressed by Andrews [1, 2]. Andrews, investi-
gated the affine normal flow of compact, convex hypersurfaces in any dimen-
sion and showed that the volume preserving flow evolves any convex initial
bounded open set exponentially fast, in the C*° topology, to an ellipsoid.
In another direction, interesting results for the affine normal flow have been
obtained in [8] by Loftin and Tsui regarding ancient solutions, and exis-
tence and regularity of solutions on non-compact strictly convex hypersur-
faces.
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In this paper, we prove that

Theorem (Main Theorem). Let 1 <p < ™1 be a real number. Let x, :
S™ — R™ be a smooth, strictly convex embedding of Ko € Ksym. Then there
exists a unique solution x : S™ x [0, T) — R of equation (1.1) with initial

data xx,. The rescaled convex bodies given by the embeddings gﬂ%};?) e

K, converge sequentially in the C°° topology to the wunit ball, modulo

SL(n+1).

The restriction on the range of p is purely technical and it will become
evident in Lemma 2.3 which is the only place requiring it.

2. Uniform lower and upper bound on the principal
curvatures

We will start this section by proving that, under uniform lower and upper
bounds on the support function of the evolving convex body, we have uni-
form lower and upper bounds on the Gauss curvature, which depend only
on the dimension n, the value of p, the bounds on the support function,
and time. To obtain the upper bound on the Gauss curvature, we apply a
standard technique of Tso [13]. To derive the lower bound bound on the
Gauss curvature, we consider the evolution of the dual convex body and we
apply T'so’s technique to the speed of the dual p-flow. This procedure avoids
the need for a Harnack estimate, or displacement bounds. In fact, the latter
bounds are irrelevant to the p-flow as for only p =1 is this geometric flow
invariant under Euclidean translations.

It is easy to see from (x(z),z) = s(z) that, as the convex bodies {K;};
evolve by (1.1), their support functions satisfy the partial differential
equation

KO\ i
(2.1) Ois = —s (W) )

see also [12]. The short time existence and uniqueness of solutions for a
smooth and strictly convex initial hypersurface follow from the strict
parabolicity of the equation and it was shown in [12]. We will use this latter
evolution equation to describe the flow throughout the rest of the paper.
The proofs of the two lemmas pertaining to upper, respectively, lower
bound of the Gauss curvature of the evolving convex bodies have similar
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outline yet with some differences. For completeness, we will present both
proofs.

Given a convex body K, the inner radius of K, r_(K), is the radius of
the largest ball contained in K; the outer radius of K, r1 (K), is the radius
of the smallest ball containing K. Note that, for any centrally symmetric
convex body, the smallest and largest ball as above will be centered at the
origin.

Lemma 2.1 (Upper bound on the Gauss curvature). For any smooth,
strictly convex solution {Ki}joy, of the evolution equation (2.1) with 0 <
R_<r_(K:) <ri(K;) <Ry <400 fort e [0,t], and some positive num-
bers Ry, we have

]Cn+f>+1 < (C + C't_(nﬁ—f;fpﬁ—m) ,

where C' and C'" are constants depending on n,p, R_ and R..

Proof. Let av:=1— (42)P and 3 := ——%—. Consider the function
ntitp nritp
5“5@
po o
s—R_/2

where S, stands for the nth symmetric polynomial in the radii of curvature
as a function on the sphere S”. Using the maximum principle, we will show
that ¥ is bounded from above by a function of n,p, R_, Ry, and time. At
the point where the maximum of ¥ occurs, we have

0=V,0 =V _s%Sn and V,V.0 <0
= V¥ =V; n V¥ < 0.
s—R_/2 I

Hence, we obtain

Vi(s“SE)  (s*SH)V;s

s—R_/2 (s— R_/2)?

and, consequently,

) < Sasgtij — R_/QSQS,%ij

(22) Y,V (SQSE) +Gij (3“55 s—R_/2



Volume preserving centro-affine normal flows 675

We calculate

0, = —%(Sn)ij [?zvj <SQS£> + Gij (SO‘Sﬁ)]
Sg N sQaS%ﬁ
L R P Ry

where (Sn),,] = gi = is the derivative of the .S, with respect to the entry v;; of
the radii of curvature matrix. By Theorem 1, page 102 of [11], applied to the
top symmetric polynomial, we have that (SH)Z] is a positive definite bilinear
form as long as 0K has positive Gauss curvature at all points. Notice that

sp aR_ s2—1628
2. O fe — —aW? " a2
@23 TR R Tt S TR s

Thus, using inequalities (2.2) and (2.3) we infer that, at the point where the
maximum of ¥ is reached, we have

(2.4) o < W2 <—n6 —a+1+ m;H) :

We can control the mean curvature H from below by a positive power of .
First notice that H > -&-. Therefore

Syt

s—R_/2 "5 s¢ "5 _a RY w5
>n | ——5— ) s ()T
H_n< 58 > (S—R/Q) =nE (R—R/2)

Therefore, we can rewrite the inequality (2.4) as follows:
nBR_ __. [ R \ 7w
U< —nf—a+14+ 0w (——
8,5 = ( nﬂ a+ 1+ 9 <R/2> )
- _\112 (Cl<nﬂp7 R—yR-‘r)\IJ"tLlpﬂ) - C(nvp)> )

for positive constants C(n,p) and C’(n,p,C, R_, Ry). Hence,
W < max {C(n.p, R, By), C'(n,p, R, Ry )t Gt |

for new constants C' and C’. The corresponding claim for K follows. O

Pertaining to the flow by powers of the Gauss curvature, a powerful tech-
nique to obtain a uniform lower bound on the Gauss curvatures is using a
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Harnack’s inequality and a lower displacement bound [2]. The lower displace-
ment bound controls how much the support of the evolving body decreases
depending on time. The displacement bound is obtained by looking at how
appropriate barriers, usually balls, with appropriate centers, move along the
flow, combined with a containment principle. Despite the fact that we can
prove a Harnack’s estimate for the p-flow, one still needs to obtain the lower
displacement bound via barriers. Arbitrarily centered balls are not good
barriers in this case because the p-flow is not invariant under Euclidean
translations and the p-flow acting on a ball depends on the choice of the
origin. To overcome this difficulty we introduce a new technique. We look
at the geometric flow that evolves the dual convex body, the dual p-flow.
Let K° denote the polar body associated to K with respect to the origin

Ke={yeR"! |z.y<1, VoeK}.
We will use further the following lemma proved in [12].

Lemma 2.2 (The dual p-flow). [12] Let {Ki}o 1) be a smooth, strictly
convez solution of the evolution equation (2.1). Then {K{ }jo.1) is a solution
of the following evolution equation, the expanding p-flow (alternatively called

the dual p-flow):
o o ke N\
Ops” = s (Son+2) :
n+1

It is in next lemma that we need to restrict to the case p < 7=3.

Lemma 2.3 (Lower bound on the Gauss curvature). Let 1 <p < Z—ﬂ
Assume that {Ky}(o4,) 98 a smooth, strictly convex solution of equation (2.1)
with 0 < R_ <r_(Ky) <ry(K;) < Ry < +oo fort € [0,ty]. Then

[ — 1
JCntrrt > o ,
C + C'tn=Dp—(nt1)

where C' and C" are constants depending on n, p, R_ and R..

Proof. Recall from Lemma 2.2 that 0;s° = s° (ﬁ%)_"ﬁﬂ’ . We define « :=

14 fﬁﬂ?i and § := #ﬁp. Therefore, the dual flow takes the following form
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0¢s° = SOO‘SZB. Since R_ <r_(K;) <ry(K;) < R4, we have

< (D) € (KD <
Define ) .
R =g, By = o
and consider the function
oo S
2R% —s°

The subsequent computation is carried out at the point where the minimum
of ® occurs:

_ _ SOQSE,B o
0=Vi®=V, [ —"—] and V,V,;® >0,
2RS —s°

hence we obtain - -
vi(soasgﬁ) Soasﬁﬁviso

2RS —s°  (2RS —s°)2
and

—5°877ee, + 2R 525 gy

(25) ViV (s057) + iy (52055 >

2RS —s°

Calculating

580a525—1 ) o B S;ﬁ
0,P = go z[ ; '<oaSoﬂ> il(oagoﬁ)} 8, 5°¢

t 2R3—_So(n)]vv] S n +g] S n +2R3__80 tS
N SOQQS:-ZQB
(2R3 —s°)%

and applying inequality (2.5), we conclude that
(2.6) O® > @* (1 —nf—a+2B8RTH).

We now estimate the mean curvature H° from below by a negative power
of ®. As in the proof of the previous lemma, we have

2R° — g° % oo % 1 o %
HOZn<R+ S>B<OS )ﬁan)—nﬁ(OR— O>ﬁ.
soa 5P 2R3 — s° 2R% — R2
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Consequently, inequality (2.6) can be rewritten as follows

. . [ R“ \us
= <1 — P ot 2Rinfe (mg—z%) )

— 2 (—C(n, p) + C(n,p, R°, Ri)qrf"il“’) :

for positive constants C'(n,p) and C'(n,p, R, RS.). Hence,

ntldp

1 o e (1)
at <¢> S _Cl(n7p7 R—7R+) <¢> + C(nap)7

which implies

1 ), ——np
> < max {C, C't v=1p=(n+D) }

for new constants C' and C’. Equivalently, we have a bound for ® from below.

Therefore, we have bounded from above K° in terms of n, p, R_, Ry and
time. To complete the proof we recall the following fact: for every x € 9K,
there exists an z° € K° such that

<sflzc+2) (@) <£+2) (@) =1,

where x and z° are related by (x,2°) =1, with (,) the inner product in
R™*1 A proof of this identity in the smooth setting is simple. A proof in
a more general non-smooth setting can be found in [3], see also [9]. For a
non-smooth convex body one needs to replace K with the generalized Gauss
curvature, the identity then holds almost everywhere with respect to the
Hausdorff measure on 0K.

By the above identity, we conclude that I is bounded from below by con-
stants depending on n,p, R_, R4+ and time. ]

We point out that in concluding the long time existence of solutions,
and asymptotic behavior, to the flow in R2, the following two lemmas in
this section are not necessary.

Lemma 2.4 (Lower bound on the principal curvatures). Assume thatn > 1.
Let {Ki}joy, be a smooth strictly convex solution of equation (2.1) with
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0< R_ <r_(K;) <ri(Ki) <Ry <400 and suppose that
C1 <5, <y

for allt € [0,t9]. Then there exist constants C' and C" depending on n,p, R_,
Ry, Cy and Cs such that

1

Kq

< (C’ + C’ﬁ"*”) ,
for all t € [0, o).

Proof. We first compute the evolution equation of v;; = @i@js + 5g;; for
which a similar computation has been carried in [2].

2
Set av:= —1+ gfllz and (3 := 4.

8ttij = ﬂSiaSg(Hﬁ)(Sn)kl@k@ltij — ﬁ(,@ + 1)Sfa55(2+ﬁ)@i5n@jsn

+ 8578 (S ktemn Vitki V emn
+(nB —1)s7S; PG5 — Bs™S, W (S,) i G
+ 8,9V, Vs + S, HAV,s79V 8, 4 5S, 1V ,1574V,S,..

a: Fstimating the terms on the first line: The first term on the first line
is an essential good term viewed as an elliptic operator which is non-
positive at the point and direction where the maximum of t;; occurs.
The second term is an essential good negative term.

1
b: Estimating the term on the second line: Concavity of Sy, see again [11],
gives

n—1,.

(2‘7) (gn)kl;mn - nS (Sn)kl(sn)mn ?itklﬁjtmn <0.

c: Estimating the terms on the last line:
?iﬁjs
gatl
(vij — Gijs)

?Z‘Sﬁj S
Sa+2
?isﬁjs
8a+2 :

ViVjs ™ = —a +a(a+1)

This gives

(2.8) S;f@?ﬁjs_o‘ < —OéCS;ﬂtij + &C/S;ﬁgij < aC”S;ﬁgij,
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where we used the boundedness of V;s from above and the assumptions
of the lemma. Notice that |x|? = s? + |Vs|2. Therefore, as s is bounded,
|Vs| must also be bounded. Here we used | - | for the Euclidean norm
in RnJrl

The other term on the last line can be estimated by Young’s inequa-
lity:

(2.9) IVis™V,;S,| < Ce|V;S,|> + Ce™t.

Combining inequality (2.7) and equations (2.8) and (2.9), for € small enough,
we have

Orei; < Bs~ST (S ) Vi Vit + C'Sy8gi; — BCST A0 (S, tiign-

Therefore, the maximum of the hypersurface’s t;;, as a function of time,
satisfies

n

O (tij)max < CS,° (gij — OS;E(tij)gﬁ;() -

This implies that, for (tjj)max very large, the quantity in parentheses is
negative, while S, is bounded away from zero, hence the behavior of (t;;)max
when large is modeled by the differential inequality

d(ti')max ﬁ
# < _C(tij)max~

We thus conclude that

magx(tij)max <C+ C/t_(n_l)y
Z’J

for some positive constants C, C’. As, for any real symmetric matrix A, its

highest eigenvalue is A\jpar(A) =  sup  [(u, Au)|, we obtain the upper
weR™, [luf=1

bound on the highest radius of curvature of the form C + C’t— (=1 where
the constants have been redenoted the same for simplicity. g

Lemma 2.5 (Lower and upper bounds on the principal curvatures). Assume
that n > 1. Let {Kt}[07t0] be a smooth, strictly convexr solution of equation
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(2.1) with0 < R_ <7r_(Ky) <ry(Ky) < Ry < 400 and
C1 <5, <Oy

for all t € [0,to]. Then there exist constants Cs, C%, Cy and C} depending
onn,p,R_, Ri,C1 and Cy such that, ¥t € [0, o],

n—1

1
Cs3 + C4t_(”_1)

< ki < (og + Cgt—(”—”)

Proof. The lower bound on the principal curvatures has been, in fact, estab-
lished in Lemma 2.4. Consequently, we also obtain now the upper bound
as the product of the principal curvatures is bounded from above. Suppose
that k1 > ko > -+ > Ky, then

Cl_l > K= H?leﬂi =K1 - H?:_IIHZ‘ > K1 (03 + C4t7(n71))7(n71).
O

Theorem 2.6. Letl <p< Z—ﬂ be a real number. Let xy, : S" — R pe q
smooth, strictly convexr embedding of Ko € Keym. Then there exists a unique
solution z : S™ x [0,T) — R"™! of equation (1.1) with initial data v, for
a mazimal finite T', such that }LH% V(K;) =0.

Proof. Suppose that Sy is a sphere which, at time zero, encloses Kj. It is
clear that, by applying the p-flow to Sy, the evolving spheres S; converge to a
point in finite time. By a comparison principle, K; remains in the closure of
St, therefore T must be finite. Suppose now that V (K;) does not tend to zero.
Then, we must have s > r, for some r > 0 on [0,7"). By Lemmas 2.1, 2.3, 2.4
and 2.5 the principal curvatures of the solution remains uniformly bounded
on [0,7T) from below and above. Consequently the evolution equation (1.1)
is uniformly parabolic on [0,7"), and bounds on higher derivatives of the
support function follows by [7] and Schauder theory. Hence, we can extend
the solution after time 7', contradicting its definition. O

3. Convergence of the volume preserving p-flow

In this section, we will conclude the proof of the main theorem.
We will start with a few facts on convex bodies. For a given convex
body K, we call the volume of K its Lebesgue measure as a subset of R™ 1.
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A celebrated affine invariant quantity associated to K is its affine surface
area which for a body with a smooth boundary can be expressed by

(3.1) QE)= [ K7 dug..

Sn
The affine surface area satisfies an isoperimetric inequality which we will
state soon in a more general setting. The extension of the affine surface
area defined by Lutwak [10] for p > 1 in the context of the Firey—Brunn—
Minkowski theory of convex bodies, called the L,-affine or p-affine surface
area, is

S K\ i
(32) o) = [ 5 ()" e,

Sn

which reduces to the usual affine surface area for p = 1. At the core of
the centro-affine geometry, lies the p-affine isoperimetric inequality due to
Lutwak, p > 1, which generalizes the classical p = 1 case,

Q;l+p+1 (K)

(3.3) Vo)

where wy, 11 = V(B"*1) is the volume of the unit ball in R"*!  [10]. The
equality holds above if and only if K is a centered ellipsoid.

The following result follows directly from the inequality of Proposition
4.2 in [12).

Theorem (Monotonicity of the p-affine isoperimetric ratio). Let {K:}(o 1)
be a smooth, strictly convex solution of equation (2.1). Then the p-affine
QZJrlHJ(Kt)
Vn+1fp(Kt)
monotonicity is strict unless K; is an ellipsoid centered at the origin.

isoperimetric ratio, , is nmon-decreasing along the p-flow. The

Finally, we recall also the following famous theorem by Fritz John.

Theorem (John’s Lemma [6]). Let K be a conver body in R" L. Then
there exist absolute constants ¢ and C, and an affine linear transformation
L € SL(n+1) such that

V(B
c< (1(/([{))> spr) < G,

where B! denotes the unit ball in R*H1.
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Let now x : S" x [0, T] — R™! be a solution of equation (1.1). Then for
(2nt2)p

each A > 0, note that z defined by zy : S" x [o, A i T} — R™! with

2x(0,8) = Az (9, xﬁiﬁiﬁ’t)

is also a solution of evolution equation (1.1).

Proof of the main theorem: We follow the procedure in [2]. Fix t € [0, 7).
Define § a solution of (2.1), by the rescaling property, as follows

$(27) = (VXS?K;)>S (z’H (%> T> |

where 5(-,0) is the support function of (V‘SI?Z;U " LKy and Ly € SL(n +

1) is obtained from John’s Lemma for the convex body K. Therefore,

c<5(z,0) <C.

Let B, denote the ball of radius r centered at the origin. Thus, B, is
contained in the convex body associated with the support function $§(-,0).
The containment principle, see for example Proposition 2.2 in [12], insures
that B.j; will be contained in the convex body associated with the sup-
port function 5(-,7), for 7 € [0,0], where 0 is the time that B. becomes
B under the p-flow. This time can be found explicitly as the evolution
of a ball of radius p centered at the origin is p; = —pT1-@nt1p)/(ntp+1),
Now Lemmas 2.1, 2.3, 2.4 and 2.5 imply that there are uniform lower and
upper bounds on the principal curvatures and on the speed of the flow
on the time interval [§/2,d]. Therefore, by [7], we conclude that there are
uniform bounds on higher derivatives of the curvature. Consequently, all
quantities related to the original solution that are both scaling invariant
and invariant under SL(n + 1) satisfy uniform bounds on the time inter-
val [t + %V(Kt)ﬁ,t—i— CV(Kt)ﬁ]. Since t is arbitrary and C' is an
absolute constant, we have uniform bounds on the time interval [T'/2,T). It
means that all the affine invariant quantities of the normalized solution to
the p-flow are uniformly bounded on the time interval [T'/2,T). We point
out here that if n = 1, only Lemma 2.1 and Lemma 2.3 are needed to derive
such uniform bounds on the time interval [7/2,T).

Consequently, there is a sequence of times {tx}ren such that ¢
approaches T and Ly, (K, ) converges in the C'™ topology to a convex body
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K. Now monotonicity of the p-affine isoperimetric ratio and Theorem 2.6
with a similar argument as in [2]|, implies that Kp must be an ellipsoid.
Therefore,
+1+
O P (K

. ) n+l+4+p 2p
A (R, DT

and again by monotonicity of the p-affine isoperimetric ratio

i Qg+1+p(Kt) +1+p, 2p
P (g — T e

From the equality case in the p-affine isoperimetric inequality [10], it follows
that, modulo SL(n + 1),

V(Bn-i-l) ni1
lim (> Ky =B"!
tin%< V(K !

sequentially in the C'°° topology. The proof is complete.
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