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Donaldson—Thomas invariants of certain

Calabi—Yau 3-folds

WEI-PING L1 AND ZHENBO QIN

We compute the Donaldson—Thomas invariants for two types of
Calabi—Yau 3-folds. These invariants are associated to the moduli
spaces of rank-2 Gieseker semistable sheaves. None of the sheaves
are locally free, and their double duals are locally free stable sheaves
investigated earlier in [12, 25, 33]. We show that these Gieseker
moduli spaces are isomorphic to some Quot-schemes. We prove a
formula for Behrend’s v-functions when torus actions present with
positive dimensional fixed point sets, and use it to obtain the gener-
ating series of the relevant Donaldson—Thomas invariants in terms
of the McMahon function.

1. Introduction

The Donaldson—-Thomas invariants of a Calabi—Yau 3-fold Y essentially
count the number of stable sheaves on Y. It attracts intensive activities
recently due to the conjectural relations with Gromov—Witten invariants
proposed by Maulik, Nekrasov, Okounkov and Pandharipande. The mod-
uli space of stable sheaves in [28] consists of ideal sheaves defining one-
dimensional closed subschemes of Y with some 0-dimensional components
and some embedded points. The Donaldson—Thomas invariants associated to
the 0-dimensional closed subschemes of Y have been determined in [4, 21, 23].
Curves on Y may also be related to rank-2 vector bundles via the Serre
construction. In fact, the first example of Donaldson—Thomas invariants
in [12, 33] counts certain stable rank-2 sheaves on the Calabi-Yau 3-fold Y,
which is the smooth intersection of a quartic hypersurface and a quadric
hypersurface in P5. In [25], we studied some moduli spaces of rank-2 sta-
ble sheaves on a Calabi-Yau hypersurface of P! x P! x P* for n > 2 and
computed the corresponding Donaldson—Thomas invariants of the 3-fold Y,
when n = 2. The idea in [12, 33] and [25] is to give a complete description
of the moduli spaces. Let L (resp. ¢g) be the ample line bundle (resp. total
Chern class) considered in [12, 33] or [25]. Then the coarse moduli space
My (co) of rank-2 Gieseker L-semistable sheaves with total Chern classes cg
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consists of two smooth points for the case in [12, 33] and is a projective
space for the case in [25]. It turns out that in both cases, all the sheaves
in My (co) are stable and locally free. Here ¢ is chosen as in Theorem A
and Theorem B. For a general total Chern class cg, a full description of the
moduli space M (co) is yet to be done.

In this paper, we compute the Donaldson—Thomas invariant, denoted by
AL, ), associated to the Gieseker moduli space My (c,,) where

Cm = €0 — Mm[yo]

and yp € Y is a fixed point. Again, an important ingredient is to under-
stand 911, (c,,). We show that whenever M (c,,) with m # 0 is not empty,
none of the sheaves E € M (c,,) are locally free but their double duals E**
are locally free and contained in the moduli space M (cy) considered in
[12, 25, 33].

More precisely, for the pair (L, cg) from [12, 33|, let the two smooth
points in M (co) be represented by the rank-2 stable bundles Ey; and Eg ».
If My (cim) # 0, then m is even and non-negative. When m > 0, the moduli
space My (cay) is isomorphic to the disjoint union of the Quot-schemes
Quoty, | and Quoty .

Theorem A. Let Qg be a smooth quadric in P°, H be a hyperplane in P?,
P be a plane on Qq, and Y be the Calabi—Yau 3-fold which is the smooth
intersection of a quartic hypersurface and Qo in P°. Let the total Chern
class be

co=1+Hl|y + Ply.

Let x(Y) be the Euler characteristic of Y, and M(q) = [+, W
McMahon function. Then,

be the

> ALy em) g™ =2 M(g*)* XY,
meZ

Next, let Y be the Calabi-Yau 3-fold considered in [25], i.e., Y is a
smooth Calabi—Yau hypersurface of P! x P! x P2. Let LY = L =750p: (1) ®
75Opz2(r)]y be a Q-line bundle on Y where 7; is the ith projection of P! x
P! x P2. Let

2(2 — 62)/(2 + 61) <r< 2(2 — 62)/61

where €1,€e; = 0,1 appear in the definition of the total Chern class ¢y, in
(1.1). In [25], we proved that DMy (co) is isomorphic to a projective space
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%d consists of stable bundles. Let & be a universal vector bundle over
My (co) x Y, and let

Quotg/ = Quotg/mx (co)xY/My (co)

be the relative Quot-scheme. If ﬁLg (cm) # 0, then m is even and non-
negative. When m > 0, the moduli space M1, (cayy,) is isomorphic to Quotg‘] /-

Theorem B. Let Y C P! x P! x P? be a generic smooth Calabi—Yau hyper-
surface. Let€1,e2 = 0,1, andk = (1 +¢€1)(4 —€2)(3—€2)/2 — 1. Letm: Y —
P! x P? be the restriction to Y of the projection of P x P! x P2 to the prod-
uct of the last two factors. Fix a point yo € Y, and define in A*(Y) the
class

(1.1) Cm =-—mfyo] + (L +7"(=1,1)) - (1 +7"(e1 + 1,e2 — 1))

where (a,b) denotes the divisor a({p} x P?) 4+ b(P! x H) for a line H in P2,
(1) If0<r <2(2—€2)/(2+e1), then ALY ,cn) =0 for all m € Z.
(i) If2(2 —€2)/(2+ €1) <71 < 2(2 — €2) /€1, then

STMLY s em)a™ = (1) - (k4 1) - M(g2)2 XY,
meZ

In fact, if 0 <7 < 2(2—€3)/(2+€1), then the moduli space 9 (cy)
is empty for all m € Z. Therefore r = 2(2 — €2)/(2 + €1) may be regarded
as a wall, and the open intervals (0,2(2 —€2)/(2+€1)) and (2(2 —€2)/(2+
€1),2(2 — €3)/€1) may be regarded as two chambers. From this point of view,
Theorem B (ii) provides a wall-crossing formula for the Donaldson—Thomas
invariants. Due to their connections with Hall algebras, wall-crossing formu-
las for Donaldson—Thomas invariants have been investigated intensively in
the past few years (see [7, 17-20, 34] and the references there). A concrete
wall-crossing formula was obtained in [19] under certain conditions which
are not satisfied in our present situation. Our results might shed some light
on the general properties of these wall-crossing formulas.

In addition to understanding the moduli spaces of Gieseker semistable
sheaves, another essential ingredient in the proofs of Theorem A and Theo-
rem B is the following result concerning Behrend’s v-function when a torus
action exists.
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Theorem C. Assume that T = C* acts on a complex scheme X which
admits a symmetric obstruction theory compatible with the T-action. Let
P e X", Then,

(i) XT admits a symmetric obstruction theory;

(ii) vx(P) = (—1)dmTrX —dimTe(XY) ) (P), where TpX denotes the
Zariski tangent space of X at P and vx denotes Behrend’s v-function

for X.

When P € X' is an isolated T-fixed point, Theorem C (ii) has been
proved in [4]. It also follows easily when X is locally the critical scheme of
a regular function f on a smooth scheme M, i.e., X = Z(df) locally. This
is due to the fact that, in this case, vx(P) can be computed via the Euler
characteristic of the Milnor fiber obtained from f. In [5, 18], it is shown
that the moduli spaces of Gieseker stable sheaves on a Calabi—Yau 3-fold
are locally critical schemes. Therefore the results from [5, 18] are sufficient
for the computation of Donaldson-Thomas invariants. However, in [29], an
example where a scheme X admitting a symmetric obstruction theory is
not locally critical has been constructed (see [30] for the correction). Hence
Theorem C could be useful to a general X with just a symmetric obstruction
theory.

By the results in [2], the Donaldson—Thomas invariant A(L,c,,) coin-
cides with the weighted Euler characteristic x (ﬁL(cm)) of the moduli space
M (cm) (see (2.1) for the t definition of x(-)). By standard techniques, the
computation of x (ﬁL (cm)) reduces to the relevant punctual Quot-schemes.
It turns out that these punctual Quot-schemes admit T-actions. The T-fixed
loci are the unions of certain products of the punctual Hilbert schemes of
0-dimensional closed subschemes on Y. A combination of Theorem C and
the results in [4, 21, 23] regarding punctual Hilbert schemes yield Theorem A
and Theorem B.

In [28], the Donaldson-Thomas invariants are defined via the moduli
space of ideal sheaves I; where the dimensions of the closed subschemes
Z are equal to one. Most of the computational results in the literature are
concentrated on this type of invariants. Via the Serre construction, curves
on Y correspond to rank-2 vector bundles on Y. With this point of view,
Theorem A is comparable to the Donaldson—Thomas invariants correspond-
ing to super-rigid curves considered in [3]. An irreducible super-rigid curve
C in Y has normal bundle O¢(—1) & O¢(—1) and thus can not deform; in
our case, 1 and Fpo have no deformation either, and thus are similar
to super-rigid curves. Theorem B is comparable to the Donaldson—Thomas
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invariants corresponding to the moduli spaces of ideal sheaves Iz where the
topological invariant [Z] of Z is fixed in Ha(Y,Z) but the curve component
of Z has a positive dimensional moduli.

We remark that recently Stoppa [32] and Toda [35] worked on D0-D6
states counting which is similar to this paper. For example, sheaves in [32]
are isomorphic to the trivial vector bundle of some rank outside a finite set of
points. Thus the invariants counted there are higher rank generalizations of
degree zero Donaldson—Thomas invariants for ideal sheaves defined in [28].
While their work deal with sheaves with vanishing first and second Chern
classes on arbitrary Calabi—Yau three-folds, sheaves in this paper have non-
zero first and second Chern classes on some special Calabi—Yau three-folds.
So our paper studies the generalization of the Donaldson-Thomas invariants
for ideal sheaves in [28] with non-trivial contributions from curve compo-
nents. While the methods used in [32, 35] include powerful wall-crossing tech-
niques developed in [18, 20] and Bridgeland stability conditions, this paper
uses complete descriptions of moduli spaces to carry out the computations.

The paper is organized as follows. In Section 2, we prove Theorem C. In
Section 3, we review virtual Hodge polynomials, and compute the Euler char-
acteristics of Grothendieck Quot-schemes. The results are of independent
interest, and will be used in Section 4. In Section 4, we verify Theorems A
and B.

2. Behrend’s v-functions for schemes with C*-actions

For a complex scheme X, an invariant vy of X was introduced in [2]. The
invariant vx is an integer-valued constructible function defined over X. Fol-
lowing [2], the weighted Euler characteristic of X is defined to be

(2.1) N(X) =x(X,vx) = n-x({z € X|vx(z) =n})
nez

where x(-) denotes the usual Euler characteristic of topological spaces.
Recall from [4] that a symmetric obstruction theory for X is a triple
(E,¢,0) where ¢ : E — Lx is a perfect obstruction theory for X and 6 :
E — E"[1] is a non-degenerate symmetric bilinear form. Let T = C* act
on X, which admits a symmetric obstruction theory compatible with the
T-action. By [4], if P € X7 is an isolated T-fixed point of X, then

(2.2) vx(P) = (—1)dmTeX
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where TpX denotes the Zariski tangent space of X at P. However, for the
cases considered in our paper, the fixed point sets X T will be positive dimen-
sional. Our goal is to prove Theorem C that generalizes (2.2) to the case
when P € X7 is not necessarily an isolated T-fixed point of X. Theorem C
reduces the computation of the v-function of X to that of the fixed point
set XT.

We begin with a few technical lemmas regarding equivariant Thom
classes. Elementary properties about Thom classes can be found in [6], and
basic materials on equivariant cohomology and equivariant Thom classes
can be found in [1, 27, 31].

Let z1,...,2n, 21,. .., 2 be the coordinates of A” x A™. For t € S' and
1<i<mn,let t(z)=1t"z and t(z;) =t "Z;, where r; € Z. Let r; =0 for
1<i<m and r; 20 for m+ 1 < i <n. Define the subsets A, and F of
A™ x A™ by

(2.3) Ap={21=7Z1,...,20, = Zn},

F={tmy1 = =2y =Zms1 = = 5, = O}

Then, A, is S'-invariant, and F' = (A" x A")S". We orient A,, so that the
natural map A" — A, defined by

(2.4) (215 y2n) = (215 -y 20 21y - -+, 2n)

is orientation-preserving. Let A,, = A, N F. The intersection of A, and
F along A,, is not transversal. However, a direct computation shows that
(Ta,|a,,) N (TF|A,, ) = Ta, . Consider the following commutative diagram
of maps:

0 0 0
T T T
0— Na,cr — Na,canxarla, — M — 0
T T T
(25) 00— Trla,, —  Tarxar|a, —  Npcarxarla,, —0
T T T
0— Th,, — Th, ‘Am — Na, ca, —0
T T T
0 0 0

Note that M is a rank-(2n — 2m) real vector bundle over A,,.
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Let N,, denote N, canxan for simplicity. We use

52 ((zl,...,zn;il,...,én),(wl,...,wn;ﬁ)l,...ﬁ)n))

to represent a point in Tynyan = (A" X A™) x (A" x A™). Define a map
@: TAnxAn i (An X An) X A’I’L,

go(ﬁ) = ((Zl,...,zn;él,...,2,1),(11)1 *@1,...@71 *wn))

@ is a homomorphism of real vector bundles on A™ x A™. It is easy to see
that ¢|a, (Ta,) = 0. Thus we get an induced isomorphism

TAH <A™ A,

A — A, x A",

(2.6) on: =¢|a,: Np =

n

Similarly, let N,,, = Na, cp. It is a subbundle of N, |a, . Define the stan-
dard projection to the last (n —m) factors:
pr: A, x A, — A, x AV
(pt7 (a/la R an)) - (pt7 (am—l-l: s 7an))-

Then (pr o ¢y)|a,, maps Ny, to zero. Thus, we get an induced isomorphism
of real vector bundles, denoted by ,, i.e.,

N, B
(2.7) wm:M:TA"L%AmxA” m,

m

Also the following exact sequence splits:
(2.8) 0 — Ny — Nyla, — M — 0.
If we introduce an S'-action on A™ in N,, = A,, x A" via
t-(ag,...,an) =t "ay,...,t7 " "ay),

then the map ¢, in (2.6) is S'-equivariant. In fact, fiberwise, for any point
pt € A, we have

(pn]pt(t J(wry .. wp; W, . ,ﬁ)n)])
= Oplpt ([(E" wr, .. W Dy, Lt Dy,
= (7" — Twy, ..., D, — Trwy,)
= (" (@1 — W), T (W — W)

=t- cpn]pt([(wl, . ,wn;wl,...,wn)]).
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Similarly, if we define an S'-action on A" in M = A,, x A" via

(2.9) te(Qmsty.eosan) = " amyr, ..., 0 "ay),

then we get an Sl-action on M such that the map N,|a, — M in the
exact sequence (2.8) is Sl-equivariant, and the exact sequence (2.8) splits
Sl-equivariantly.

Let wa, (resp. wiln) be the Thom class (resp. equivariant Thom class) of
the vector bundle Na canxa» in the cohomology H*(A™ x A™ A™ x A" —
Ay) (resp. HE (A" x A", A" x A™ — A,)). Similarly, let wa,, (resp. wilm) be
the Thom class (resp. equivariant Thom class) of the vector bundle Na, -p
in the cohomology H*(F,F — A,,) (resp. Hg (F, F — A,)). Let wy; be the
equivariant Thom class of the vector bundle M in the equivariant cohomol-
ogy Hii(M). Let x¥ (M) be the equivariant Euler class of M.

Lemma 2.1. Leti: F — A" x A" be the inclusion map, and let 7 : NA, cF
— Ay, be the natural projection. Then, in the equivariant cohomology H,
(F,F — A,,), we have

z‘*wiln = wilm U (M).

Proof. The map i can be regarded as a map of pairs, still denoted by ¢,
(F,F —Ay) — (A" x A" A" x A" — A)).

Since the exact sequence (2.8) splits S'-equivariantly, let 71 and 7o be
the natural projections of Na, cr @ M. Then, we have a commutative dia-
gram:

~ T
Na,carxanla, &2 Na,crb®@M — M
1 m !

-
NAmCF AV
Thus we have

1 1 1
(2.10) wi" = ﬁwim U mhwsy .

(Na, canxan|a,,)
where Wéwf/[l is the equivariant Thom class of 7*M over Na, cp. Since
NA, cr@® M can be identified with 7*M and NaA, cr — NA cr® M =
T*M can be regarded as the zero section of the bundle 7*M over Na_cr,
pulling back (2.10) to Na, cr, we have wiilkNAmcF) = wilm U xS (M).
Here we have used the fact that if s is the zero section of a vector bundle
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F — Y and w® is the equivariant Thom class of E, then s*w®’ is the equiv-
ariant Buler class x° (E) of E. Since A,, is a real linear subspace of F,
N, cr = F. Therefore, we conclude that i*wiln = wilm U xS (M). O

Lemma 2.2. In the S'-equivariant cohomology H% (F, F — A,,), we have
FwX = (1) (g )T WR

Proof. In view of Lemma 2.1, it remains to prove that

(2.11) X5 (M) = (—1)" (s )7

Firstly, let us prove that the map ¢, in (2.6) is orientation preserving.
Let P € A™ x A" be the origin. Since

TpA, = {(21, RN 5 T ,fn)} - Tp(An X An),
as an R-subspace of Tp(A™ x A™) =2 A™ x A" TpA,, has an ordered basis
i =&+ (—1D)™Mg, 1<i<2n

where {€1, ..., €y} (resp. {¥1,..., U, }) is the standard basis of the subspace

R2" x {0} = A" x {0} (resp. {0} x R?" = {0} x A") of Tp(A"™ x A™).
Recall that the orientation of A,, is such that the map (2.4) is orientation

preserving. Thus the ordered basis {1, ..., U2, } is the orientation of TpA,,.
Now {0 (1), - .., on(tkn)} is the standard basis of R?" = A™. Since

{ﬁla"' 7/17:2”’1717" . 317271}

agrees with the orientation of Tp(A™ x A"™), ¢, is orientation-preserving.
Similarly, 1, defined in (2.7) is also orientation preserving. Recall the
St-action on M defined in (2.9). Thus, we have

XF (M) = (=rmea)t - (=ra)t = (= 1) (rer - )"

This completes the proof of (2.11). O

We continue with the S'-action on A” x A" defined earlier. Fix holomor-
phic functions fi,..., f, in the variables z1,..., z, such that the degree of
each f; with respect to the S'-action is —r;. Then f;(z1,...,2%m,0,...,0) =
0 for all m+1<i<n. For 1<i<m, let fi(z1,...,2m) = fi(215- - 2m,
0,...,0). Then, fi,..., fm are holomorphic in z1, ..., zm. Let I C A" x A™
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be defined by the equations 21 = f1,...,%, = fp. Then I'N F is given by
{21 :fl,...,gm:fm} Cc F.

Lemma 2.3. In the S'-equivariant cohomology Hé (F,F—-FNT), we
have

Pl = (1) g )T W
where wf?l is the equivariant Thom class of the normal bundle of T in A™ x
A" in the equivariant cohomology H, (A" x A", A" x A" —T'), and Wf?rle
s the equivariant Thom class of the normal bundle of TN F in F in the
equivariant cohomology HE, (F, F — F NT).

Proof. The map i can be regarded as the map of pairs i: (F, F — FNTI') —
(A" x A" A" x A" —T).

First of all, let {5,,5& (resp. {&,,@}) be the standard com-
plex basis of the subspace A™ x {0} (resp. {0} x A™) of A™ x A". Then the

tangent space of I' is spanned by the ordered basis
n
- of; » :
(2.12) &+;;8%<ﬁ 1<i<n.

Thus, the normal vector bundle Npcanxan is spanned by

Ofi » = .
a%@—Q,1SZSn

J=1

Using these, one checks that (Ir|rnr) N (Tr|rnr) = Trnr and that

M := (Nrcanxan|rnr) /Nrarcr

is a complex bundle. By the same arguments as in the proofs of Lemmas 2.1
and 2.2, i*wgl = wﬁ%F U x5 (M). Hence, it remains to prove that

) = (21" o)t

Next, note from the assumptions about the functions fi,..., fm,
fm+1, ..., fn that the restriction Npcanxan|rnr is spanned by {y, ..., W, }
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where

m afz" = . .
ijlafzjfj—@? if 1 <i<m,

ofi = = . )
Z;'l:mﬂajjﬁj—@ ifm+1<i<n.

|

In addition, since the degree of f,,,1 with respect to the S'-action is —r,,41,
for each component 0fy,41/0z; in Wp41, we have either 0fp,41/02; =0

or 7j = —Tmi1. SO t-Wpyy1 =t "+ 0,41 under the Sl-action on A" x
A™ where we regard wWy,+1 € A" x A" with z,,11 =--- = 2z, =0 and with
21, ..., 2Zm fixed. Similarly,

—

t-w; =t""w;, forj>m+1.

Since the normal bundle Nrnpcp is spanned by i, ..., Wy, the bun-
dle M is spanned by W41, ..., Wy, i.e., the bundle M is S'-equivariantly
isomorphic to the trivial bundle (I' N F) x A"~™ where S! acts on A"~™ by

te (bmt1y- -y bn) = (E " g1, t by,
Therefore, Xsl(M) = (=rmy)t (=)t = (=) (rppg1 .. rp)t"™ O

Theorem 2.4. Assume that T acts on a complex scheme X and that X
admits a symmetric obstruction theory compatible with the T-action. Let
P e X"T. Then,

(i) XT admits a symmetric obstruction theory;

(i) vx(P) = (~1)3m T X —amTe(E) (),

Proof. Part (i) follows from the proof of a similar statement about equivari-
ant obstruction theory in [15] and the definition of equivariant symmetric
obstruction theory. In the following, we verify (ii). As in Subsection 3.2
of [4], we may assume that X = Z(w) C A"™ and P € X is the origin of A".
Here n = dimTpX and w is a T-invariant almost closed 1-form on A". Let
z1,...,2n be the coordinates of A", and zi,..., 2y, 21,...,2, be the coor-
dinates of Qg» = A" x A", Let w = Z;;l fidz; where the functions f; are
holomorphic in z1, ..., z,.

Fort € Tand 1 <i < n, let t(z;) = t"" z; where r; € Z. Then the degrees
of both Z; and f; with respect to the T-action are equal to —r;. Assume
that r; =0 for 1 <i<mandr; #0 for m+1 <i <n. Then f;(z1,...,2m,
0,...,0)=0 for all m+1<i<n. For 1<i<m, let fi(z1,...,2m) =
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fi(z1, ..., 2m,0,...,0).Since X = Z(w) = {f1 =0,..., fn = 0} and (A")T =
{zms+1=0,...,2, =0},

X'=Xxn@A"T={fi=0,..., fa=0, zm41=0,..., 2, =0}
={fi=0,..., fm=0, 2ppt1=0,..., 2z, =0}.

So XT = Z(wT) € A™ where wT = 31" fidz;. By [15], dim Tp(XT) = m.

Next, let C < Q4n be the embedding of the normal cone Cx/p» into Qpn
given by w. Let A,, C Qan» = A" x A" be defined as in (2.3). Forn € C — {0},
let I';) be the graph of the section 1/ -w of Q4 i.e., I'; is the subspace of
4~ defined by the equations nz; = f;, 1 <i < n. Again, orient I, so that the
map A" — I, is orientation-preserving. From the proof of Proposition 4.22
in [2], we see that P is an isolated point of the intersection C N A,, and
vx (P) = I;py([C], [An]), where I;py(-,-) denotes the intersection number at
the point P. Moreover, we have lim,_,q[I';)] = [C]. Since C is the specialization
of I';), for small n, I';y N A,, will be a set of finitely many isolated points. Write
I'y N A, = {Pi(n)}i. So for a sufficiently small n # 0, by the specialization
property of localized intersection theory (see [13] or [9] Section 2.6.30), we
conclude that

(2.13) vx(P) = ZI{P,;(n)}([Fn]a [AL]),

which is the degree of [I'y] - [Ay] where [I';] - [A,] is a class in the Borel-
Moore homology HFM(T',, N A,,) with the canonical degree map deg: HEM
(Fﬂ NA,) — Z.

For simplicity, let n =1 and I' =T';.

Recall that wp is in H*(Qan, Qan» — ') which is Poincaré dual to the
homology class [I'] in the Borel-Moore homology HEM(T') (see [9] for proper-
ties of Borel-Moore homology used here), that wa, isin H*(Qgn, Qan — Ay),
which is Poincaré dual to the homology class [A,,] in the Borel-Moore homol-
ogy HEM(A,), and that we have the localized intersection pairing on Borel-
Moore homology:

HPM(T) x HPM(A,) — HPM(T N A,),
which is dual to the cup product in cohomology,
H*(QAH, QAn — ]._‘) X H*(QAn, QAn - An) — HtOP(QAn, QAn —-I'n An)

Thus, wr Uwa, is a cohomology class in H*P(Qyn, Qun — TN A,,), which is
Poincaré dual to the class [I;] - [A,] in the homology group HFM(I' N A,,)
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under the map:
D: HP(Qun, Qpn —T'NA,) — HEMNT N A,).

If we write fQAn = degoD, then we have

(2.14) vx(P) = / wr Uwa,, .
Qpn

The T-action on Q4. induces an S'-action on Q», and both T and A,
are S'-invariant. Computing the right-hand side of (2.14) in the equivariant
cohomology Hg.(Q4n), we get

(2'15) VX(P) :/ wl‘Sl Uwiln = Ly (w1§1 Uwiln),
Qan

where wgl U wiln € H (Qan, Qan —T'NA,), and ¢, : Qgn — p is the trivial
map from 4~ to the point p.

Similarly, regarding Qam C Qa» and letting I'T = I' N Qgm be defined by
the equations z; = fi, 1 < i < m, we have

(2.16) vxt(P) = o (wir U3, ).

Leti: F := Qgm — Qan be the inclusion map. By the same proof for the
localization theorem in [1], we have the isomorphism of localized equivariant
cohomologies, with C[t] = H. (pt),

H‘z‘l (QAH, QA% - ]._‘ ﬂ An) ®(C[t] (C(t) = ng (F, F - ]._‘ ﬂ Am) ®(C[t] (C(t)

Using the localization theorem and computing in the localized equivari-
ant cohomology, we have

S WS i*(wg U wiln) , *wi U i*wiln
wl" WAW =1 =1 — — .
| X% (N coun) (=) (g - )2

Therefore, we conclude from Lemmas 2.2 and 2.3 that
wi' Uwiln = (=" . ig(wl‘grl Uwilm).

In view of (2.15) and (2.16), we obtain vx (P) = (—=1)""" - vxr(P). O
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3. Euler characteristics of Grothendieck Quot-schemes

In this section, we will compute the Euler characteristics of the Quot scheme

Quotg@r where Y is a smooth projective variety. The results will be used in

the next section for the computation of Behrend’s v-function.

3.1. Virtual Hodge polynomials and Euler characteristics

First of all, let Y be a reduced complex scheme (not necessarily projective,
irreducible or smooth). Mixed Hodge structures are defined on the coho-
mology H*(Y,Q) with compact support (see [10, 11]). The mixed Hodge
structures coincide with the classical one if Y is projective and smooth. For
each pair of integers (m,n), define the virtual Hodge number

M(Y) = (1R HE(Y, Q).
k

Then the virtual Hodge polynomial of Y is defined to be

(3.1) e(Yis,t) = e™™(Y)s™t".

Next, for an arbitrary complex scheme Y, we put
(3.2) e(Y;s,t) = e(Yied; s, t)

following [8]. By (3.2) and the results in [8, 10, 14] for reduced complex
schemes, we see that virtual Hodge polynomials satisfy the following prop-
erties:

(i) When Y is projective and smooth, e(Y’; s,t) is the usual Hodge poly-
nomial of Y. For a general complex scheme Y, we have

(3.3) e(Y;1,1) = x(Y).

n

(i) Y = H Y; is a finite disjoint union of locally closed subsets, then
i=1

n

(3.4) e(Y;s,t)= Ze(Yi;s,t).

=1
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(i) If f:Y — Y’ is a Zariski-locally trivial bundle with fiber F', then
(3.5) e(Yis,t) =e(Y';s,t) - e(F;s,t).
(iv) If f: Y — Y’ is a bijective morphism, then
(3.6) e(Yis, t) =e(Y';s,t).
Let T = C*. By the Theorem 4.1 in [22], if Y admits a T-action, then
(3.7) A(¥) = (V).
3.2. Euler characteristics of Grothendieck Quot-schemes

Let Y be a projective scheme over a base Noetherian scheme B, and let V
be a sheaf on Y flat over B. Let Quot%Y /p be the (relative) Grothendieck
Quot-scheme parameterizing all the surjections V|y, — @ — 0, modulo auto-
morphisms of @, with b € B such that the quotients ) are torsion sheaves
supported at finitely many points and h°(Y;, Q) = m. When B = Spec(C),
we put Quoty; = Quot’ﬁ/y /Spec(C)- An element in Quoty; can also be regarded
as a subsheaf E C V such that the quotient V/E is supported at finitely
many points with h°(Y,V/E) = m.

By the Lemma 5.2 (ii) in [24], if V is a locally free rank-r sheaf on Y,
then

(3.8) e(Quot{,”/Y/B;s,t) = e(Quot’g@T/Y/B; s,t).
In the remaining of this section, let Y be smooth. For a fixed point
y ey, let
Quotgb@r (Y, y) C Quotggr

be the punctual Quot-scheme consisting of all the surjections O;‘?T —-Q—0
such that Supp(Q) = {y} and h°(Y, Q) = m. Let n = dim Y. Then,
(3.9) Quotye- (Y, y) = QuotHs. (C*, 0)

where O denotes the origin in C". Also, when r = 1, Quotg, is the Hilbert
scheme Hilb™(Y), and Quoty(Y,y) is the punctual Hilbert scheme
Hilb™ (Y, y).
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Lemma 3.1. Let Y be smooth, and let O be the origin in C™. Then,

+o00 400 x(Y)
(3.10) Z (Quotoe;r)qm = (Z x (Quot@e. (C™, O))qm> .

m=0 m=0
Proof. There exist unique rational numbers @y, .k ¢,m such that
+oo +oo0 400 Qn,rik,e,m
(3.11) g:o e( Quot/%e, (C", 0 kl_[l 81;[0 (1 — Sgtm>

as elements in Q[s,t][[¢]]. Define 9Q,,,(q,s,t) € Q[s,t][[q]] to be the power
series:

+oo 400
(312) Qn,r(Qa S,t) = Z Z Qn,r;k,f,msetm qk~
k=1 \¢,m=0

Using the arguments similar to those in Section 6 of [26], we conclude that
(3.13)
+

—+00
1 m m m m m
Z (Quotoe;r,s t)q™ = exp (Z Ee(Y ™M) (¢ 5™t )) )

m=0 m=1
In particular, setting s =t = 1 and using (3.3), we obtain (3.10). O

Next, we use a torus action to compute X( Quots. (C", O)) Let
(3.14) Ty = (C*)" .

Then To acts on Quot o as follows. On one hand, the n-dimensional torus
= (C*)™ acts on (C” This induces a Tj-action on Quoto@r On the

other hand, T, := (C*)" acts on OF; via (C*)" C Aut(OZ). This induces
a Ty-action on Quoto@r So Ty =T x Ty acts on Quoto@r Note that T

preserves Quotge.(C", O). Therefore, we obtain a Ty- action on Quotyer
(C™, O). More precisely, let

R:C[zl,...,zn]
be the affine coordinate ring of C™. Denote the elements in T, To, T by

(315) tl = (tlla s 7t1n)7 t2 = (t215 s 7t27“)7 tO = (tl) t2)
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respectively. Then, the element t; € T; acts on the ring R by
b1z 2) = (tnz)" - (faza)™,
and the element tg = (t1,t2) € Ty acts on the module R" by

(3.16) to(f1,. .o fr) = (tar - 61(f1), -, tar - t1(f))-

Lemma 3.2. Let E € Quotye.(C",0). Let R be the ith component of
R’, and let Iz, = ENRY ¢ R® = R. Then, E € Quoths. (C",0)T° if and
only if

(3.17) E=1;0---®lyz,
Z; € Hilb"Z)(C", O)T for all 1 <i <, and ((Z)) + - -+ €(Z,) = m.

Proof. 1t is clear that if E is of the form (3.17), then E € Quotys. (C™, O)To.
Conversely, let E € Quotis, (C", 0)To. Since both E and R® are Ty-
invariant, Iz, is To-invariant. So Iz, is Ti-invariant, and Z; € Hilb¢(%:)
(C",0)T which consists of finitely many points. Let 1 denote the iden-
tity element in T;. Since E is invariant by {1} x Ty C Ty, we see that E
is the span of elements of the form fe; € E where f € R and {ey,...,e,} is
the standard basis of C". In particular,
E:IZ1+"'+IZT-
So BE=1z @&---® 1z . Finally, {(Z1) + -+ £(Z;) = m since dim R"/E =
m. O

Definition 3.3. Let n > 2 and m > 0. An n-dimensional partition of m is
an array (Mg, i, .)ii...i, , Of non-negative integers m;, ;. , indexed by
the tuples

(3.18) (i1, yin_1) € (Zsg)"

such that m;, . ;. . > m;j, . ., wheneveriy < ji,...,4—1 < jn—1, and that

1

(3.19) > M, =m.

11y0005ln—1
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Theorem 3.4. LetY be a smooth projective variety of dimension n. Then,

+o0 400 rx(Y)
(3.20) Z (QUO'DO@T m o _ (Z Pn(m)qm> :
m=0 m=0

where P,(m) denotes the number of n-dimensional partitions of m.

Proof. We conclude from formula (3.7) and Lemma 3.2 that

—+00
Z (Quotoge (Cn Z QuOt n7O)TO)qm
m=0 m=0
+o0 r
= x (Hilb™(C™, O)Tl)qm>
m=0
+oo r
= ( x (Hilb™(C", 0)) m) .
m=0

The Euler characteristic X(Hllbm((C" 0) ) is given by the formula:

+oo
(3.21) > x(Hib™(C",0 Z P,(
m=0
(see Proposition 5.1 in [8]). Now (3.20) follows from Lemma 3.1. O

The generating series for P3(m), m > 0 is given by the McMahon func-
tion:

+o0 oo 1
(3.22) Y P(m)g" = M(q) = [] A—gmym
m=0 m=1

Corollary 3.5. LetY be a smooth projective complex 3-fold. Then,
+o0
(3.23) > x(Quotgs. )g™ = M(g)" ™).

m=0

Proof. Follows immediately from Theorem 3.4 and (3.22). O
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4. Donaldson—Thomas invariants of certain Calabi—Yau
3-folds

In this section, we compute the Donaldson—Thomas invariants for two types
of Calabi-Yau 3-folds. The first type comes from [12, 33] and is studied in
Section 4.2. The second type comes from [25] and is studied in Section 4.3.

4.1. Donaldson—Thomas invariants and weighted Euler
characteristics

Let L be an ample line bundle on a smooth projective variety Y of dimension
n, and V be a rank-r torsion-free sheaf on Y. We say that V' is (slope) L-stable
if
a()-a@)"' _aV) a@)"!
<
rank(F') r
for any proper subsheaf F' of V| and V is Gieseker L-stable if

X(F @ L% x(V @ L¥)

rank(F) < r , k>0

for any proper subsheaf F' of V. Similarly, we define L-semistability and
Gieseker L-semistability by replacing the above strict inequalities < by
inequalities <. For a class ¢ in the Chow group A*(Y"), let 9 (c) be the mod-
uli space of L-stable rank-2 bundles with total Chern class ¢, and let My (c)
be the moduli space of Gieseker L-semistable rank-2 torsion-free sheaves
with total Chern class c.

Next, let (Y, L) be a polarized smooth Calabi-Yau 3-fold. Assume that
all the rank-2 torsion-free sheaves in My (c) are actually Gieseker L-stable.
By the Definition 3.54 and Corollary 3.39 in [33], the Donaldson—Thomas
mvariant

(4.1) XL, c) € Z

(also known as the homolomorphic Casson invariant) can be defined via
the moduli space My (c). By the Proposition 1.26 in [4], My (c) admits a
symmetric obstruction theory. It follows from the Theorem 4.18 in [2] that

(4.2) ML, ¢) = X (M (c)).
Note that if M (c) is further assumed to be smooth, then

(4.3) ALy ¢) = (—1)3m Tele) .y (90 (c)).



560 Wei-Ping Li and Zhenbo Qin

4.2. Donaldson—Thomas invariants, I

Let Qo be a smooth quadric in P°. Identifying Qo with the Grassmaniann
(G(2,4), we obtain universal rank-2 bundles B; and Bj sitting in the exact
sequence:

(4.4) 0 — (B1)* — (0g,)®* — By — 0.
The Chern classes of By and By are the same, and
(45) C1 (Bz) = H’Qov CQ(Bi) =P

where H is a hyperplane in P?, and P is a plane contained in Q.

Next, let Y be a smooth quartic hypersurface in Q9. Then, Y is a smooth
Calabi-Yau 3-fold with Hy(Y,Z) = 0, and the pull-back Pic(P°) — Pic(Y))
is an isomorphism. Let

Eo; = Bily
fori =1,2, and let L = Ops(1)|y. Fix a point yg € Y. For m € Z, define
(4.6) Cm = —m[yo] + (1+ H|y + Ply) € A*(Y).
By Theorem 3.55 in [33], the moduli space M (co) is smooth and
(4.7) My (co) = {Eo1, Eoz}

Moreover, since Pic(Y') = ZL, both Ey; and Ey» are L slope-stable. It fol-
lows that A(L,cp) = 2.

Lemma 4.1. Let m >0. Then M (cam) is isomorphic to Quotlf H
Quoty; -

Proof. Let E € Quot’ﬁoyi with ¢ = 1 or 2. Then, we have an exact sequence:

(4.8) 0—-F—Fy; —Q—0

where @ is supported at finitely many points and h%(Y, Q) = m. Note that
c(E) = c(Ep,)/c(Q) = co/(1+ 2mlyo]) = —2m[yo] + co = com.

Also, E is L slope-stable since Ey; is L slope-stable. Hence

(4.9) E € My (cam).
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Conversely, let E € My (cam). The same argument in the proof of The-
orem 3.55 in [33], which uses only the first and second Chern classes of
E, shows that E** = Ey; where ¢ = 1 or 2. Calculating the Chern classes
from the canonical exact sequence 0 — E — E** — Q — 0, we get ¢(Q) =
1+ 2mlyo]. So @ is supported at finitely many points with (Y, Q) = m,
and

(4.10) E € Quoty, , .

It is well known that the Grothendieck Quot-schemes are fine moduli
spaces. So over Quoty ~xY, there exists universal exact sequence

0—Emi— pakoi— Qmi—0

where ps is the second projection of Quoty, = xY. By (4.9), the sheaf

(4.11) Ema [[Ema2

over Quot []QuotfE | parameterizes a flat family of Gieseker L-stable
rank-2 sheaves with Chern class cg,,. To show that (4.11) is universal, let
& be a flat family of Gieseker L-semistable rank-2 sheaves with Chern class
con parameterized by T, and let pp: T x Y — T be the projection. By
(4.10) and the universal property of Quot-schemes, there exist a morphism
YT — Quot”E@(L1 11 Quot%lo’2 and a line bundle G on T such that

E@prG = (¢ x Idy)*(Ema [ [ Ema2)-
Therefore, (4.11) is a universal family. O

Remark 4.2. From the proof of Lemma 4.1, we see that if the moduli
space My (cy,) is not empty, then m must be even and non-negative.

Proposition 4.3. Let Y be a smooth quartic hypersurface in the quadric
Qo, and let ¢y = —m[yo] + (14 H|y + Ply) € A*(Y). Then,

(4.12) > x(Mp(em)) ¢ =2 M(g*)*XY).
meZ
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Proof. By Remark 4.2, 9 (c,,) = 0 if m < 0 or m is odd. So

+oo

(4.13) > x(Milem) @™ =D x(Mr(cam)) @™

meZ m=0

By Lemma 4.1 and (3.8), e(ﬁL(ch);s,t) =2 e(Quot’g@g;s,t). Setting
s =t =1 and using (3.3), we conclude that x (M (cam)) =2 x( Quot ee ).
Now our formula (4.12) follows immediately from (4.13) and Corollary 3.5.

O
Let ﬁm C Quot, | be the punctual Quot-scheme defined by:
(4.14) F,={E¢ Quoty, | | Eo1/E is supported at yo}.

Fix a Zariski open neighborhood Yj of the point yo € Y such that Ep 1|y, =
0%2, and define the open subset Quot’gm(Yb) C Quot’ﬁQ1 by

Quot’y (Yy) = {F € Quot’s | Eyg1/FE is supported in Yp}.
Eo 1 FEo 1 s

Then, ﬁm C QuOt%lm(%) >~ Quot’}g,. Consider the embedding T = C* —

op-
Ty = (C*)?% C Aut((’)i‘?f) viat — (1, to) and the induced T-action on Quotggy.
Arguments similar to those in the proof of Lemma 3.2 show that F ‘e
(Quot’g@g )T if and only if E= 1z ® Iz, C Oy, ® Oy, where Z; and Z,
are 0-dimensional closed subschemes of Yy with 4(Zy) + ¢(Z2) = m. Thus,
we obtain

m
(4.15) (Quotie. )" = J]Hilb(Yo) x Hilb™(¥p).
’ i=0

Lemma 4.4. Let Zy and Zs be 0-dimensional closed subschemes of Y.
Then,
(4.16)

dimHom(Iz,,0z,) + dimHom(Iz,, Oz, ) = 0(Z1) + {(Z2) (mod 2).

Proof. We have H?(Y,Oy)= H'(Y,Oy)*=0. Taking cohomology from
the exact sequence 0— Iz, — Oy — Oz, — 0, we get H*(Y,Iz,) =
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HY(Y,0z,) = 0. Thus,
Ext!(Iz,,Oy) = H*(Y,1z,)* = 0.

Applying Hom(I,,-) to the exact sequence 0 — Iz, — Oy — Oz — 0,
we obtain the following exact sequence:

0 — Hom(Igz,, Iz, ) — Hom(Iz,,Oy) — Hom(Iz,,Oz,)
— BExt!(Iz,,I7,) — Ext'(Iz,, Oy).

Since Ext!(Iz,,0y) = 0 and Hom(Iz,, Oy) = C, we conclude that
dim Hom(Iz,, Oz,) = —dimHom(I,, I7,) + dimExt!(Iz,, I7,) +1
By symmetry, we have a similar formula for dim Hom(Iz,, Og,). Therefore,

dim Hom(Iz,,0z,) + dimHom(Iz,,0z,)
= —dimHom(Iyz,,Iz,) + dimExt!(Iz,, Iz) + 2
— dim Hom(Iz,,Iz,) + dim Ext! (Iz,,12,)
= —dimHom(Iy,, I )+ dimExt'(Iz,,1z,)
+ dim Ext®(Iz,,I7,) — dim Ext?(Iz,,17,)
(4.17) = —x(Iz,,Iz,) (mod 2).

1

(mod 2)

1

Since c3(Iz,) = — c3(Oz,) = — 2[Z;], the Hirzebruch-Riemann-Roch formula
gives

X(IZz,Izl) = /YCh(IZQ)* . Ch(IZI) . td(Ty) = —K(Zl) +£(ZQ).

Combining this with (4.17) yields the desired formula (4.16). O

For simplicity, regard Quot,  (Yo) = Quot,) o2 The symmetric obstruc-
tion theory on Quotm - restrlcts to a symmetrlc obstruction theory on
Quotl, | (Yo) = Quot e @ . This symmetric obstruction theory on Quotp
(Yo) = Quoty; @2 is T—equlvarlant since the construction of the symmetric

obstruction theory is stable under base change (see [4, 33]) and our Gieseker
moduli space is fine. Let 7, be the restriction of Behrend’s function VQuoty, |

to Fm Then VQuotg$2 ’ﬁm = Um.

Lemma 4.5. x(Ep, 0m) = x(Fin)-
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Proof. Note that ﬁm C Quot s is T-invariant. For each n € Z, the subset
Yo

{E € F = (Fp)" [7(E) = n}
is T-invariant and does not contain any fixed point. By (3.7),
X({E € Fy — (F)"|m(E) = n}) = 0.
By definition, x(Fp, V) = ez X({E € Ep|om(E) = n}). Thus,

Fm,”m Zn X {EE ) ‘Vm( ):n})

ne”L

In view of (4.15), E € (Fp)T if and only if £ = Iz, @ Iz, C Oy, ® Oy, where
7y € Hilb"(Yy, yo) and Z, € Hilb™ (Y, yo) for some integer 7 satisfying 0 <
i < m. In this case, we obtain from Theorem 2.4 (ii) that

ﬁm(E) = VQUOtZ;@Q (E) VQuot™ e (E)

= (=1)" " Vai (vo) xHilb™ (v3) (Z1, Z2)
= (=1 Vuiws (v) xmiom-(v) (£1, Z2),

where a is the difference between the dimensions of the Zariski tangent
spaces:

a=dimTg Quoto@g — (dim T, Hilb*(Yp) + dim Tz, Hilb™(Yp))

2
= diHlHOIn(IZ1 b1z, Ozl D 022) — ZdimHom(IZk, Ozk)
k=1
= U(Z) + £(Zs) (mod 2)
=m (mod 2),
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by Lemma 4.4. Therefore, v, (E) = (=1)™ - Vigini (v xmibr—i(v) (Z1, Z2) and

X (Fimy Um)
=Y n ZX (Z1, Z2) € Hilb! (Y, yo)
neL =0

x Hilb™ (Y, yo)|[v(Z1, Zo) = (—1)™n})
-1H)™ Z Z n-x({(Z1, Z2) € Hib'(Y, yo)
=0 neZ

x Hilb™ (Y, yo)|v(Z1, Za) = n})

X Hlle(Y, Yo) X Hﬂbm_i(Yv yO)v V)

)
X(HID (Y, o), vaini (vy) - X(HID™ (Y, 40), Vi (v))

= (Yo
=0

= (1" Yo
=0

where v denotes Vi (v)xmipm—i(y)- By the Corollary 4.3 in [4],
XHIID' (Y, 50), i (vy) = (—1)"x(Hilb*(Y, 1))

Combining this with x((Fi)T) = x(F), we conclude that

NFm, Pn) = 3 x(HIB (Y, o)) - X(HID™ (Y, 30)) = x((Fun)T) = x(F)-
=0

O

Theorem 4.6. LetY be a smooth quartic hypersurface in the quadric Qq,
and let ¢, = —m[yo] + (1 + H|y + Ply) € A*(Y). Then,

(4.18) > AL em) g =2 M(g?)*X),

Proof. By Remark 4.2, M (c,,,) = 0 if m < 0 or m is odd. By (4.2),

+o0 oo
(419) D ALyem)d™ =Y AL.cam) ™ = > X(Mpleam)) ¢
m=0 m=0

meZ
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Adopting the proof of the Theorem 4.11 in [4], we conclude that

QuotE01 Z]G! X K(O‘) Hx iy Vo) s

atkn

x(Quot® ) =" |Gal - x (¥ ) Hx

atn

Here, for a partition « of n, G,, denotes the automorphism group of «, ¢(«)
denotes the length of o, and Y(f(a) denotes the open subset of the product
Y@ consisting of £(a)-tuples with pairwise distinct entries. By Lemma 4.5,

i( QUOtTgo,l ) = X( QuOtTET'LO,l )

Similarly, %( Quoty;, , ) = X( Quoty, , ) By (4.19) and Lemma 4.1,

+o0
D ALyem) @ = x(Melcam)) @™ =Y x(Melem)) g™
mEZ m=0 meZ

Finally, we obtain Z ML,cm) g™ =2 M(qQ)QX(Y) from Proposition 4.3.

mEZ
[l

4.3. Donaldson—Thomas invariants, 11

Let n > 2 and X = P! x P™. Let p be a point in P!, and H be a hyperplane
in P"*. For simplicity, denote the divisor a({p} x P") + b(P! x H) by (a,b).
When a and b are rational numbers, (a,b) is a Q-divisor and Ox (a,b) is a
Q-line bundle. The divisor (1,r) is ample if and only if » > 0. Put

(4.20) L. =0x(1,r).
Let Y be a generic divisor of type (2,2,n + 1) in the product
Z =P xP' x P

Then Y is a smooth Calabi-Yau (n + 1)-fold. By the Lefschetz hyperplane
theorem,

Pic(Y) 2 Pic(P* x P! x P™).
Let 7; be the projection from P! x P! x P" to the ith factor, and let

(4.21) T=(mxm))y: Y —X=P xP"
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Put Oy (a,b,c) = m{Op1 (a) ® 750p1(b) ® 750p (c)|y, and
(4.22) LY =0y (0,1,7) = 7*L,.
Then the projection 7 : Y — X = P! x P" is a ramified double covering with

the ramification locus B C X being a smooth divisor of type (4,2n + 2). In
particular,

(4.23) .0y %(’)X@OX(—Z—n—l).
By the projection formula, if b < (n + 1), then we obtain

HYY,n*Ox(a,b)) = H' (X, 0x(a,b) ® .0y)
~ HY(X,0x(a,b) ® Ox(a —2,b—n—1))
(4.24) ~ H'Y(X,O0x(a,b)).

Fix €1,e0 = 0,1, and fix a point yg € Y. For m € Z, define

Cm = —m[yo] + (1 + (-1, 1)) . (1 +7(e1+1,e0 — 1))
(4.25
= (1-mly)]) - 1 +7"(-1,1)) - 1 +7"(e1 + 1,2 — 1)) € A*(Y).

Our first goal is to study the Gieseker moduli space ﬁLg (cm). When m = 0,

the structure of the moduli space My (co) has been determined in [25] (for
convenience, we adopt the convention that e/0 = +00 when e > 0):

9 _
Lemma 4.7. (Theorem 4.6 in [25]) Let k = (1 + €;) <n + 62> iy
n

(i) When 0 <1 <n(2—e2)/(2+ €1), the moduli space My (co) is empty;

(i) When n(2 —e2)/(2+e1) <71 <n(2—e)/er, Mpy(co) is isomorphic
to P* and consists of all the bundles Ey sitting in non-splitting exten-
Stons:

(4.26) 0— Oy(0,-1,1) - Ey — Oy (0,1 + 1,69 — 1) — 0.

Moreover, all these rank-2 bundles Eq are (slope) LY -stable.
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Let n(2 — e2)/(2+e1) <7 <n(2—€)/e1, and Ey € My (co). Consider
the Quot-scheme Quoty; . Let £ € Quot . Then we have an exact sequence:

(4.27) 0—-FE—FEy—Q—0

where @ is supported at finitely many points and h°(Y, Q) = m. Note that
c(E) = c(Ep)/c(Q) = co/(1+ 2m[yo]) = —2m[yo] + co = Com-

Also, E is LY -stable since Ey is LY -stable. Hence

(4.28) E € My (cam).

In the following, we show that the converse also holds, i.e., every element in
My (cam) is contained in Quotf for some Ey € My (co).

Lemma 4.8. Let n > 2, e1,e9 =0,1 and r < n(2 —ez)/e1. Let E € ﬁL}f

(cm)-

(i) Then, r > n(2 —e€2)/(2+€1) and E sits in an extension
(429) 0—-0y(0,-1,1)®1I7, - E—Oy(0,e1+1,ea—1)® 1z, — 0
for some 0-dimensional closed subschemes Z1 and Zs of Y satisfying
m = 2(0(Z0) + £(2));

(ii) Moreover, if r > n(2 — €2)/(2 + €1), then the above extension does not
split.

Proof. Our proof is slightly modified from the proof of Lemma 4.2 in [25]
which handles the case m = 0. Since ¢;(E) = 7*(ey, €2) and

co(F) = 7r*((2—|—61 —e)[px H — (1 — e)[P* x HQ]),

(dea(E) —e1(E)?) - er(Ly))" ' =2(2 —ea)rg ~?[2(2+ e1)ro — (2~ e2)(n — 1)].
By the Bogomolov Inequality, F is LY -unstable if 0 < 7y < (2 — e2)(n — 1)/
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(2(2 + €1)). Fix such an ¢ with 79 < r. Then there exists an exact sequence
(4.30) 0— Oy(a,b,c)® 1z — E — Oy(—a,e; —byeg —c)®@1z7, — 0

such that Oy (a,b,c) ® I, destabilizes E with respect to LY , where Z; and
Zo are codimension at least two subschemes of Y. Therefore,

c1(Oy(a,b,c)) - 01(LX))" >c(E) - cl(LB;)"/Q.
A straightforward computation shows that this can be simplified into
(4.31) n[(2c — €) + (n+ 1)a] + (2a + 2b — €1)rg > 0.
On the other hand, since E is L) -semistable, we must have
(4.32) n[(2c —€) + (n+1)al + (2a +2b — €1)r < 0.
Calculating the second Chern class from the exact sequence (4.30), we get
(4.33) Oy (a,b,c) - Oy(—a,e1 —b,ea —¢) < c2(E)
since c(Iz,) and co(Iz,) are effective cycles. Regarding (4.33) as an inequal-
ity of cycles in Z and comparing the coefficients of [p x p x H] and [p x P! x
H? yield

(4.34)

[2a + (2b—€1)](2c — €2) + (n 4+ 1)a(2b — €1) > —(e1 +2)(2 — €2),
(4.35)

[(2¢ — €2) +2(n 4 1)a](2c — €2) > (2 — e2)*.

Since 0 < 79 <7, we see from (4.31) and (4.32) that (2¢ —e2) + (n +
1)a > 0 and

(4.36) (2a+2b— e1) < 0.

By (4.35), (2¢ — €2) +2(n+ 1)a and (2¢ — €2) have the same sign, and so
must be both positive. In particular, ¢ > 1. By (4.34),

(4.37) (n+1)a(2b—e€1) > —[2a+ (2b — €1)](2c — €2) — (€1 + 2)(2 — €2).

In the following, we consider the cases €e; = 0 and €; = 1 separately.
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Assume €1 = 0. Using (4.37) and (4.36), we obtain (n + 1)a(2b) >0
Together with (4.36) one more time, this implies either a < 0 and b < 0,
ora=0and b<0.Ifa<0andb<0, then we see from (4.34) that

—(2—€e)<(a+b)(2c—e€)+ (n+1)adb
= a(2c —e2) + [(2¢ — €2) + (n+ 1)a]b
a(2c — e2) < —(2¢ — €2)
—(2 — €e2).

IN |/\

So a= -1 and ¢ =1, contradicting to (2¢ —€2) + (n+1)a>1 and n >
2. If a=0 and b <0, then b(2c — e2) > —(2 — €2) by (4.34). Since b(2¢ —
€2) < —(2c—€2) < —(2 — €2), we must have b = —1 and ¢ = 1. By (4.30),
we obtain

C( )—C(Oy( )® Z1) C(Oy 0 62—1)®IZ2)
(OY( )) c(Oy(0, 1,62 — 1))
(Ozl( 1) e(02,(0,1,e2 = 1))
Since ¢(E) = ¢ = (1 — m[yo]) - ¢(Oy (0, —1,1)) - ¢(Oy(0,1,e2 — 1)), we get
(438)  (02(0,~1,1)) - (020,16 — 1)) = 1_le — 1+ mlyo).

Thus Z; and Z; are O-dimensional. Hence (4.30) becomes (4.29), and m =
2(€(Z1) + €(Z5)). Note from (4.32) that r > n(2 — €3)/2. Moreover, if r >
n(2 —€2)/2, then (4.29) does not split since Oy (0,1,e3 — 1) ® Iz, would
destabilize E with respect to LY, contradicting to the assumption E €
QﬁL}j (Cm)
Next, assume €; = 1. We see from (4.37) and (4.36) that

(n+1)ab—1)>—(2a+2b—1)(2c —€3) —3(2—€3) > 1 — 6 = —5.

So a(2b—1) > —1 since n > 2. If a(2b —1) = —1, then we see from 2a +
(2b — 1) < 0 that a = —1 and b = 1. By (4.37) again, we obtain (2c — €3) <
3(2—¢€)— (n+1) < (5 —n) contradicting to (2¢ — €2) +2(n + 1)a > 1 and
n > 2. Therefore, we must have a(2b— 1) > 0. Since 2a + (2b — 1) < 0, we
conclude that either a < 0 and (26 —1) <0, or a =0 and (26 —1) < 0. As
in the previous paragraph, we see that a =0, b=0 or —1. If b =0, then
we obtain from (4.32) that r > n(2c — e€2) > n(2 — €2) contradicting to our
assumption that r < n(2 — €2). Therefore, b = —1. As in the previous para-
graph again, we verify that ¢=1, Z; and Zy are O-dimensional, (4.30)



Donaldson—Thomas invariants of certain Calabi—Yau 3-folds 571

becomes (4.29), m = 2({(Z1) + {(Z3)), and r > n(2 — €3)/3. Moreover, if
r > n(2 — e2)/3, then (4.29) does not split. O

Remark 4.9. Let n > 2, and €1, €2 = 0, 1. By Lemma 4.8, the moduli space
My (cm) is empty if 0 <7 <n(2 —e)/(2+€1). When

n(2—e)/(24+¢€) <r<n(2—e)/e,
the moduli space ﬁL}f(cm) is empty if m < 0 or m is odd.
Remark 4.10. As evidenced in [25], the critical value r = n(2 —€2)/(2 +

€1) is equivalent to saying that L) lies on a certain wall in the ample cone
of Y.

Remark 4.11. Not every sheaf F sitting in a non-splitting extension (4.29)
is contained in the moduli space 9ry (c;,). The reason is that we might have

E* >0y (0,-1,1) ® Oy (0,61 + 1,62 — 1),

and then F will have a subsheaf Oy (0,e; +1,e0 —1)® Iz (for some
0-dimensional closed subscheme Z) destablizing E with respect to L) .

Lemma 4.12. Letn > 2. Let €1,e5 = 0,1, and m > 0. Assume that
n(2—e)/(2+€) <r<n(2—e)/e.

i) If E € My (com), then B** € My (co), E € Quot’t.., and E is LY -
” ” E r
stable;

(ii) We have E € ﬁL}Y (com) if and only if E € Quoty; for some rank-2
sheaf Eo € Mry (co). Moreover, in this case, Eg = E**.

Proof. Note that (ii) follows from (i) and (4.28). For (i), we see from
Lemma 4.8 (i) that the double dual E** sits in an exact sequence:

(4.39) 0— Oy(0,-1,1) - E* — Oy (0,1 + 1,e2 — 1) — 0.
In addition, we have the canonical exact sequence:

(4.40) 0—-FE—FE"—-Q—0
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where @ is supported at finitely many points. The exact sequence (4.39) does
not split since otherwise, we see from (4.40) that E would have a subsheaf

Oy(0,e1+ 1,60 — 1) ® Iz

(for some O-dimensional closed subscheme Z) destabilizing F with respect
to LY. By Lemma 4.7 (i), E** € My (co). Calculating the Chern classes
from (4.40), we conclude that h°(Y, Q) = m. Therefore, E € Quot... By
Lemma 4.7 (ii) again, E** is (slope) L) -stable. Hence, the sheaf E is
LY -stable as well. d

By Lemma 4.7 (ii) and a standard construction (see [16]), there exists
a universal vector bundle & over My (co) x Y which sits in the exact
sequence:

(441) 0 — p50y(0,—1,1) — & — p50y (0,61 + 1,ea — 1) @ piL — 0

where p; and po are the two natural projections of ﬁLg(co) XY, and L
stands for the line bundle Ops(—1) on P¥ = 90,y (o). For simplicity, put

(4.42) Quotg, = QUOt an  (eo) v/, (e0)

Note that the fiber of the natural morphism Quotg’ ;= ﬁLg (cop) at a point
Ey € ﬁLf (co) is canonically identified with the Quot-scheme Quot; .

Proposition 4.13. Letn > 2. Let €1,e2 = 0,1, and m > 0. Assume that
n(2—e)/(2+€) <r<n(2—e)/e.
Then the moduli space ﬁLg (cam) is isomorphic to the Quot-scheme Quotg/.

Proof. Follows immediately from Lemma 4.12 (ii), the universal property of
Quot-schemes, and an argument similar to the proof of Lemma 4.1. O

Proposition 4.14. Letn > 2. Let €1, =0,1, m > 0, and

n+2—e
n

k—(1+61)< -1

Assume that n(2 —€2)/ (24 €1) <r < n(2 —e2)/e1. Then,

2:x(Y)
(4.43) > XMy (em) ¢™ = (k+1) (Z P, ( ) .

mEZL
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Proof. Note from Remark 4.9 that My (cp) = 0 if m < 0 or m is odd. So

+oo
(4.44) D Xy (em) @™ = > x(Mry (cam)) ¢
meEZ m=0

By Proposition 4.13, e(ﬁmf (cam); s, t) = e( Quotg(‘)/; s, t). Since the rank-2
universal sheaf & over My (o) X Y is locally free, we have

e(Quotgé/;s,t) =e (Quotggf o Y/;s,t>
LZ cp) X

by (3.8). Note that there exists a canonical isomorphism

Quot Joe ;= Quotgg2 XMy (co)

mzLX(co)xY

by the universal property of Quot-schemes. It follows from (3.5) that

e(ﬁLg (com); s,t) =e (Quotggg xﬁLg (co); s,t)
=e (Quotggz; s,t) e (ﬁLz/ (co); s,t) .

Since My (co) = P* and e(P¥;s,t) = (1 — (st)")/(1 — st), we get

1 — (st)kJrl

(445) @y (enint) =

e (Quotggg; S, t) .

Setting s =t =1, we see that (4.43) follows from (4.44), (3.3) and Theo-
rem 3.4. g

Lemma 4.15. Let &y be the universal sheaf over ﬁL}( (co) X Y sitting in the
exact sequence (4.41). Fix a point y € Y. Let U be an open affine neighbor-
hood of y such that Oy (0,—1,1)|y = Oy and Oy (0,61 + 1,2 — 1)|y = Op.
Then,

ol (coystr = 01 (O ey © £)

where py : My (co) x U — My (co) denotes the first projection.



574 Wei-Ping Li and Zhenbo Qin

Proof. Restricting the exact sequence (4.41) to My (co) x U yields

0— O - golﬁLy(Co)XU - ’OTE —0
where O denotes Ogy; v (o) xU" So it suffices to prove Ext!(piL£,0) =0, i.e.,

(4.46) H' MMy (co) x U, piL™") = 0.

Recall that My (co) = P* and £ = Opi(—1). Let gy : P* x U — U be the
second projection. By the Leray spectral sequence, we obtain an exact
sequence

0 — H'(U, (p2).piOp+ (1) — H'(B* x U, p;Ops (1))
— HOWU, R (52).} O+ (1)).

Since U is affine, H(U, (p2)«p;Opr(1)) = 0. Since R'(p2)«piOpx (1) = 0, we
conclude that H'(P*¥ x U, piOpx (1)) = 0. This verifies (4.46). O

Now let n = 2. Then Y is a smooth Calabi-Yau 3-fold with H,(Y,Z) = 0.
For the fixed point yg € Y, let Yy be an open affine neighborhood of yy such
that both Oy (0,—1,1)]y, and Oy (0,€1 + 1, €2 — 1)|y, are trivial. Define

E,, = {E € Quotg | E**/E is supported at yp},
Quotg: ,(Yo) = {E € Quoty, , | E*"/E is supported in Yp}.

Then F,, C Quotg‘)/(Yo) =~ Quot™ by Lemma 4.15.
o

(O @O (~1)) /PF x Y, /P
Consider the embedding T = C* < Ty = (C*)* C Aut(Opx @ Opr(—1)) via
t— (1,t) and the induced T-action on Quot™ As in

p1 (O @0 (—1) ) /PF x Yo [PE
Lemma 3.2 and (4.15),
(4.47)
(Quotm

T m
P (opk@oPk(_l))/PkX%/PJ = H]P”"’ x Hilb*(Yp) x Hilb™*(Yp).

=0

An argument similar to the proof of Lemma 4.5 proves that
(4.48) X(Fns D) = (=1)F - X(Fn)

where Uy, is the restriction of Behrend’s function VQuoty: , tO F,.
0



Donaldson—Thomas invariants of certain Calabi—Yau 3-folds 575

Theorem 4.16. Let Y C P! x P! x P2 be a generic smooth Calabi-Yau
hypersurface. Let €1,e2 =0,1, and k= (1+¢€1)(4 —€2)(3 —€2)/2—1. Let
7:Y — P x P? be the restriction to Y of the projection of P! x P! x P?

to the product of the last two factors. Fix a point yg € Y, and define in
A*(Y) the class:

cm = —myo] + (1 + (-1, 1)) . (1 + 7" (e + 1,69 — 1))
(1) If0 <7 <2(2—€)/(2+e€1), then N(LY ,cn) =0 for allm € Z.
(i) If2(2 —€2)/(2+€1) <71 < 2(2 — €2) /€1, then

(4.49) STMLY s em)q™ = (—1)F - (k4 1) - M(¢2)2 XY,

meEZ

Proof. (i) In this case, My (¢;n) = 0 by Remark 4.9. Hence A(LY , ¢;n) = 0.
(ii) By Remark 4.9, Proposition 4.13 and (4.2), we have

400 +oo
(450) D> ML em)d™ = D> ML cam)d®™ = Y X(Quotg, ) ¢
m=0 m=0

meZ

By Lemma 4.15, we can adopt the proof of the Theorem 4.11 in [4]. So
f
X(Quot? ) =" [Gal - x (Y5 ) Hx s V)

akFn

xX(Quot? ) = > [Gal - x(¥5') Hx o)

akFn

By (4.48), Xx( Quotgz/) = (=1)k. X(Quotg/ ). By (4.50) and Propo-
sition 4.14,

(4.51) S OMLY em)g™ = (=1)F - (k+1) - M(¢?)*XY).

meZ
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