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It is well known that geometric genus p, and irregularity g are two
important invariants for isolated singularities. In this paper, we
give a formula relating p, and ¢ for isolated singularities with C*-
action in any dimension. We also give a simple characterization of
the quasi-homogeneous isolated complete intersection singularities
using py and ¢. As a corollary, we prove that ¢ is an invariant of
topological type for two-dimensional weighted homogeneous hyper-
surface singularities.

1. Introduction

Let (V,0) be a Stein germ of an analytic space with an isolated singularity
at 0. (V,0) is a singularity with a (good) C*-action if the complete local
ring of V' at 0 is the completion of a (positively) graded ring. (V,0) is a
quasi-homogeneous singularity if there exists an analytic isomorphism type
of (V,0) which is defined by weighted homogeneous polynomials.

Let f € C{z0,21,...,2n} be a holomorphic function germ with an iso-
lated singularity at the origin. It is well known that

w = dimC{zg, z1,...,2,}/(0f/0z0,...,0f/0z)

and
7 =dimC{z0, 21,...,2n}/(f,0f /0z0,...,0f/0z)

are two very important invariants for hypersurface singularities. Clearly, u >
7, and the equality holds if and only if f is quasi-homogeneous singularity
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by a well-known theorem of Saito [13]. Both y and 7 can also be defined for
n-dimensional isolated complete intersection singularity (ICIS) with n > 1
in the following manner:

w=rkH,(F)
and
T= dimT‘}v’o,

where F' is the Milnor fiber of a Milnor fibration of (V,0) (see [7]), and
7 is the dimension of the base space of a semi-universal deformation of
(V,0). From the defining equations of (V,0), one can give formulas for u
and 7 as dimensions of certain finite length modules, but it is no longer
clear what the relation between these invariants is. This problem was first
considered by Greuel [2], who conjectured p > 7, and proved the inequality
in two cases: n =1 or the link of V is a rational homotopy sphere. Greuel
also proved that (in every dimension) p = 7 if (V,0) is quasi-homogeneous.
Looijenga [6] proved that for ICIS of dimension n = 2, yt > 7+ b where b =
number of loops in the resolution dual graph of (V;0). Then Looijenga and
Steenbrink [7] generalized this result for all n > 2. In [23], Wahl proved that
for two-dimensional ICIS (V,0), u > 7 + b and p = 7 + b if and only if (V,0)
is quasi-homogeneous (for b =0) or (V,0) is cusp (b= 1). More recently,
Vosegaard [20] generalized this result for general n. If (V,0) is an ICIS of
any dimension, he proved that (V,0) is quasi-homogeneous if and only if
h=T.

Let (V,0) be a normal surface singularity. Wagreich [22] first defined
an invariant geometric genus p, for the singularity (V,0). It turns out that
this is an important invariant for the theory of normal surface singulari-
ties. In [29], Yau introduced another invariant called irregularity ¢ of the
singularity (V,0). This invariant is interesting for the following reason. It
is a long-term conjecture that normal surface singularities are not rigid,
i.e., dim T‘l/0 > 1 where T‘l/0 is the set of isomorphism classes of first order
infinitesimal deformations of V. In the case of Gorenstein surface singulari-
ties this irregularity actually gives a lower bound for dim T‘l/p. In fact, both
geometric genus and irregularity can also be defined for general
n-dimensional isolated singularities. Let (V,0) be a normal isolated singu-
larity of dimension n(> 2). Let 7 : V — V be a resolution of the singularity
of V with exceptional set E = 771(0);eq. Then p, := dimR”flmﬁ‘;, and
g = dimHO Q") /HO(QL).

In [29], Yau gave a formula for the irregularity in case (V, 0) is a hypersur-
face singularity or a two-dimensional singularity with C*-action. Moreover,
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for an n-dimensional singularity with C*-action, Yau gave a lower estimate
for irregularity in terms of geometric genus. He proved

q=> DPg — hn—l(ﬁE)'

In this paper, one of our main results is to prove that the above inequality
is actually an equality.

Main Theorem A. Let (V, O)Nbe a normal isolated singularity of dimension
n(> 2) with C*-action. Let w: V. — V be a good resolution of the singularity
(V,0) with E = f~Y(V)yeqa. Then q = py — " (OF).

A natural question is how to use p, and ¢ to characterize quasi-
homogeneous singularities. We prove that the converse of the above the-
orem is also correct for non-Du Bois ICISs.

Remark 1.1. If (V,0) is a two-dimensional isolated Gorenstein singularity,
then (V,0) is a Du Bois singularity if and only if (V,0) is either rational,
simple elliptic or cusp (see [3]).

Main Theorem B. Let (V,0) be a normal ICIS of dimension n(> 2), and
7:V — V be a good resolution of the singularity (V,0) with E = f~(0)req.
If g =py — h""Y(OR), then either (V,0) has a C*-action or (V,0) is a Du
Bois singularity.

Theorem B is a generalization of Wahl’s well-known theorem in two-
dimensional case (Theorem 1.9 [23]). Let (V,0) be a normal surface singu-
larity, 7 : V — V a good resolution, and E C V the (reduced) exceptional
fibre F is a union of smooth curves E;, 1 = 1,...,k. Let g; be genus of E;,
g= Zle gi- Also define b = first Betti number of the dual graph of F(=
number of loops). Then h!(0g) = g + b, dimH'(E, C) = 2g + b. Denote the
geometric genus by p, = hl(ﬁ(/) and irregularity by g = dimHO(Q%/_ E) /
HO(QF).

Steenbrink introduced three other invariants «, (3, that are non-
negative integers (see (1.8) [23]).

Theorem 1.1 (Steenbrink). Let ECV — V be a good resolution of a
normal surface singularity, with py,g,b and o, 3,7 > 0 as above. Then the
irregularity q is given by

q=pg—9g—b—a—-35-7.
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Theorem 1.2 (Wahl). Let (V,0) be a two-dimensional Gorenstein surface
singularity. Then o = 3 =~ = 0 iff either (V,0) is quasi-homogeneous (so
b=0), or (V,0) is a cusp (so b=1).

Our Theorem B is a generalization of Theorem 1.2 to ICIS in arbitrary
dimension.

In Section 2, we recall the basic propositions of geometric genus and
irregularity. Theorem A and Theorem B are proved in Sections 3 and 4,
respectively. In Section 5, we give a formula of irregularity in terms of weights
for weighted homogeneous polynomial in three variables. In particular, the
irregularity is an invariant of topological type in this case.

2. Geometric genus and irregularity

We first recall the concept of the geometric genus of normal isolated singular-
ities; for more details the reader is referred to Laufer [4] and Yau [26, 27, 29].

Let (V,0) be a normal isolated singularity of dimension n(> 2). Let
7 :V — V be a resolution of the singularity of V with exceptional set E =
771(0)rea- We define s, 1 < i <n, of singularity (V,0) to be dimI'(V —
E, Q%/) / F(YN/,Q%/) where Q%/ is the sheaf of germs of holomorphic i-forms
on V.

Let Qﬁ/ be the Oth direct i_mage sheaf W*Q"l/ of QZV By Grauert’s direct
image theorem ([1], P.207), Qi is a coherent sheaf. Let +:V — {0} =V
be the inclusion map. Then the 0-th direﬁct image sheaf Qﬁ/ = L*Q"l/_ (0} is
coherent [15]. Hence, the quotient sheaf Q¢ /Qi, is coherent and supported
on 0. s is exactly dile"/ / Q@ Therefore the invariants sV, 1 < i < n, are
indeed invariants of isolated singularities. Wagreich defined geometric genus
pg of the singularity to be dimR”flmﬁ‘;. It is proved in [4, 5, 26] that
Py = 5" Trregularity ¢ of singularity (V,0) is defined to be s(*~1),

The geometric genus of the singularity (V,0) can also be calculated using
square integrable forms.

Definition 2.1. w € I'(V — {0}, 0(K)) is called square integrable if

/ wAw < oo
w—{0}

where W is any sufficiently small relatively compact neighborhood of 0 in V.
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Let L2(V — {0},9Q") be the subspace of I'(V — {0}, ¢(K) consisting of
holomorphic n-form on V — {0}, which are square integrable near the ori-
gin. Then T'(V — {0}, 0(K))/L*(V — {0},Q") is a finite-dimensional vec-
tor space. It can be shown that this integer dimI'(V — {0}, 0(K))/L*(V —
{0}, Q") is independent of the choice of the Stein neighborhoods [5].

Theorem 2.1 (Laufer [5],Yau [26, 27]). The geometric genus of a nor-
mal isolated singularity (V,0) is

pg = dimD(V — {0}, 6(K))/LA(V — {0}, "),
3. Proof of Theorem A

Let E be a reduced divisor on a smooth manifold V, and let Q%/ (E) stand
for the sheaf of differential j-forms on V with at most simple poles along E.

Definition 3.1. A differential j-form with logarithmic poles along E on an
open subset U C V' is a meromorphic j-form w regular on V' \ E and such
that both w and dw have at most simple poles along F.

Differential j-forms with logarithmic poles along E form a sheaf denoted
by Q%/(log E). For any open subset U C V' we have

T(U, 9 (log E)) = {w € T(U, 2, (E)) : dw € T(U, 2L (E))}.

A normal crossing divisor E in V, is a reduced divisor which is locally
defined by an equation of the form f = x1...x,, where x1,...,z, are local
coordinates for V, p < n. ‘

If E is a normal crossing divisor then Q%/(log E) is locally-free sheaf. In

this case a form w € Q%/ (log E') can be written locally in the following way:

w= Z Ay ..k, Ok, N+ A Og,,
1§k1<<k7§n
where
dx; ., .
L, ifi <p,
(51' = €Ty
dx;, ifi>p.

In particular, we have

Q{?(log E)= /\jQ%/(log E).
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Definition 3.2. Let m:V — V be a resolution of (V,0) is called a good
resolution if V is non-singular, E = 771(0),eq is a divisor with normal cross-
ings, and 7 is a surjective and proper holomorphic map that restricts to an
isomorphism 7 : V \ E — V' \ {0}.

By Hironaka’s big theorem, there exists a good resolution for any singu-
larity (V,0).

Theorem 3.1 (Steenbrink [17]). Let (V,0) be a normal isolated singu-
larity of dimension n, where V is a contractible Stein space. Let w: V — V
be a good resolution of the singularity (V,0) with E = 771(0)eq. Then

H(V, 75(% (log E))) = 0, forp+q>n,
where Sg is the ideal sheaf of the divisor E.
Proof. See Theorem 2b [17]. O

Lemma 3.1 (Straten—Steenbrink [19]). Let (V,0) be a normal iso-
lated singularity of dimension n, where V is a contractible Stein space. Let
U=V —{0}. Let 7:V — V be a resolution of the singularity (V,0) with
E = 7' (0)rea- Then the map d: HO(Qf 1)/ HO(QL ) — HO(Qp)/HO(QL
(log E)) induced by differentiation is injective.

Proof. See Corollary 1.4 [19]. O

Proposition 3.1. Let (V,0) be a normal isolated singularity of dimension
n where V is a contractible Stein space. Let U=V — {0}, and 7 : V — V
be a good resolution of the singularity (V,0) with E = f~1(0)req. Then q <
pg — I (Op).

Proof. Since p, = dimH(U, Q%) /H(V, QF), we have

dimH*(Qf)/HO (% (log E))
= dimH°(Qf)/H(Q}) — dimH"(QF, (log E) /HO (%)
= py — dimH"(QF (log E)/H(2).

The exact sequence of sheaves

0— I @ QF(log E) — QE (log E) — Qf (log E) ® O — 0
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gives the long exact sequence
0— H (I © QL (log E)) — H(Q7 (log E)) — H°(Q? (log E) ® O)
— Hl(,ﬂE ® Q%(logE)) —

By Theorem 3.1, HY(%g ® Q% (log E)) = 0. Since (I ® O (log E)) =
hO(Q?/) and the dualing sheaf wg satisfies

wp = O (log £) ® OF

([16] page 523), we have HO(Q"E/(log E) ® Op) & H""1(0F) by Serre duality.
Thus we have dimHO(Q’é,(log E))/HO(Q"?/) = h""Y(0F). By Lemma 3.1, we
get ¢ < py — h""H(Op). O

Theorem 3.2 (Yau [28]). Let (V,0) be a n(> 2)-dimensional normal iso-
lated singularity with C*-action. Let w:V — V be a good resolution of the
singularity (V,0) with E = 77 1(0)eqa. Then q > py; — h""1(OF).

Proof. See [28]. O
Proof of Theorem A. It is a immediately corollary of Proposition 3.1 and

Theorem 3.2. O

4. Proof of Theorem B

We first recall the definition of Du Bois singularity.

Definition 4.1. A normal isolated singularity (V,0) is called a Du Bois
singularity if the canonical map (Rim, Oy)o— H {(E, OF) is an isomorphism
for each i > 0, where 7 : V — V is a good resolution and E = 77!(0),eq.

If (V,0) is an isolated complete intersection, then we have more simple
equivalent definition as follows.

Definition 4.2. Let (V,0) be an ICIS of dimension n > 2. We can assume
that V' is contractible. Put U = V' \ 0. Let 7 : V' — V be a good resolution
of (V,0), and E = 771(0),eq. The ICIS (V,0) is said to be

(1) rational if R ', (0 ) = 0;
(2) Du Bois if R" 7. (0p(—E)) = 0;
(3) purely elliptic if it is Du Bois and not rational.
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Remark 4.1. These definitions 4.2 do not apply to more general situations
in the given formulation. For instance, the definition 4.1 amounts to saying
that an arbitrary normal singularity is Du Bois if the natural map 7* :
my,y — (O (—E)) is an isomorphism and R, (0 (—E))o = 0 for j > 0.
In the setup above for ICIS, this is equivalent to (2) (see 4.2 [20]).

Looijenga and Steenbrink [7] gave the formula

n—2
(4.1) p—71=> B +a+ay+as
§=0

expressing the difference between the Milnor number and the Tjurina num-
ber of (V,0) as a sum of non-negative integers.

In the formula, h* denotes the (i,j)-th Hodge number of the mixed
Hodge structure on (n — 1)-cohomology of the link of (V,0).

The term aq is the dimension of the vector space

no1y d HO(Q)
o= 100 i)

We will not define ag and ag explicitly here. According to Lemma 2.7 [21]
we have the following equality:

1
az + az = ey + bV,
where 6;’0 and bél) are the dimensions of the vector spaces

Ey° = Coker(H*(Q (log E)(—E)) & HO(Q2%)), and
BYY = Coker(H*(Q (log E)) — H*(Q}(log E) ® O))
respectively.
Set x = Z;";OQ hOJ + bgl). By equation (4.1), we have pu—7 =e)" +
X +ar.

The following theorem that is crucial ingredient in our proof is due to
Vosegaard.

Theorem 4.1 (Vosegaard [20]). Let (V,0) be an ICIS of dimension
n > 2. Then (V,0) is quasi-homogeneous if and only if

(1) eg’o =0, in case (V,0) is rational;
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(2) x =0 in case (V,0) is purely elliptic;
(3) a1 =0, in case (V,0) is non-Du Bois.
In particular, (V,0) is quasi-homogeneous if and only if pn = 7.
Proof of Theorem B. Let w:V — V be a good resolution of (V,0), and E =

7 H0)rea. We claim that a; = py — h"'(0g) —q. Since py = dimH(U,
QF)/H(V, Q%) and by Lemma 3.1, the map

d: HO(Qp )/ HO QL) — HO(Qp)/HO(QF (log )
induced by differentiation is injective. Hence,

o w1y 4 HOQF)
a; = dlmCoker(HO(QU hs Wléﬂf)))
HOQp ) 0 HOQp) )
HO(Q2™)  HO(Qp (log E))

= dimH"(Qp)/HO (Y (log E)) — q.

= dimCoker(

By proposition 3.1 dimH°(Qf,)/HO(QL (log E)) = py — h"~(Op). 1t fol-
lows that a; = p, — h""1(OF) — q. By assumption we have a; =0 and if
(V,0) is non-Du Bois, then (V,0) is quasi-homogeneous by Theorem 4.1
(3). O

5. Applications
In this section, we shall give two ways of applications of Theorem A.
5.1. Singularities with ¢ =0

Proposition 5.1. Let (V,0) be an n-dimensional normal isolated Du Bois
singularity with a C*-action. Let m : V — V be a good resolution of the sin-
gularity (V,0) with E = 7=(0)eq. Then g =0

Proof. Since a singularity is Du Bois, then by definition 4.1 the canonical
map R'r, Oy — H {(E, OF) is an isomorphism for each i, in particular p, =
dim(R"'7,.0;)o = k"' (0k). By Theorem A, we have ¢ = 0. O

The converse of the above proposition is also correct.
We recall the following lemma.
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Lemma 5.1 (Steenbrink [16]). Let (V,0) be a normal isolated singularity
of dimension n, where V is a contractible Stein space, with C*-action. Let
7:V =V be a good resolution of the singularity (V,0) with E = 7(0)yeq.
Then for all i > 0 the natural map

18 surjective.

Proposition 5.2. Let (V,0) be a normal isolated Cohen—Macaulay singu-
larity of dimension n > 2, with C*-action. Let w: V — V be a good resolu-
tion of the singularity (V,0) with E = 7 1(0)eq. Then (V,0) is a Du Bois
singularity if and only if ¢ = 0.

Proof. Let hP9 := dimH(V, QF (log E)(—E)). Since (V,0) is Cohen-
Macaulay, i.e., has depth n, then by Proposition 1 [18] the only possible
non-zero h%4 is h%"~1. Therefore, (V,0) is Du Bois singularity if and only if
ROl =0 (see [18]), i.e., H" L(V, O7(—FE)) = 0. We have the short exact
sequence

0— 0y(—-FE)— Oy — O — 0,

which give a long exact sequence

o= H"2(V,05) — H" (B, 0p) — H" ' (V, 0y(—E))
— H""Y(V,0y) — H"\(E,0) — H"(V,0y(=E)) — -
Since by Lemma 5.1, H(V, Oy) — HY(E, OF) for i >0 are surjective, in
particular, H""%(V, ;) — H"*(E, OF) is surjective. Hence, we get a long
exact sequence
0— H"Y(V,0p(-E)) = H" \(V,0p) — H" '(E, Op)
— H"(V,05(—E)) — -+
By Siu’s theorem [14], we have H™(V,0y(—E)) =0, thus H" YV, 0y

(—E)) = 0ifand only if k"~ 1(V, O5) = k"~ (B, O), i.e., p, = h" 1 (E, Op)
which is equivalent to ¢ = 0 by Theorem A. O

5.2. Topological invariants of singularities
In this section, we will give a formula of ¢ in terms of weights for iso-

lated weighted homogeneous hypersurface singularities of dimension 2. As a
byproduct we prove ¢ is a invariant of topological type for those singularities.
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A polynomial f(zg,z21,-..,2,) is a weighted homogenous of type (wp,
w1, ..., wy), where (wo, w1, ..., wy) are fixed positive rational numbers, if it
can be expressed as a linear combination of monomials 227" - - - 2 for which
;—00 +d+ =1 (wg, w1, ...,wy) are called weights of f. In [30] the
first author and Xu proved the following theorem.

Theorem 5.1 [30]. Let (V,0) be an isolated quasi-homogeneous surface
singularity defined by a weighted homogenous polynomial in C3 with weights
(wg, w1, ws). Then the topological type of (V,0) determines and is determined
by its weights (wo, wy, ws).

Let f(zo, 21, 22) be weighted homogeneous with weights w; = 7,7 = 0,
1,2 in reduced form. For integers a1, as, as, let (a1, ag, as) denote their great-
est common divisor. Define

¢ = (up,u1,uz); co = (u1,uz)/c; c1 = (uo, u2)/c; ca = (up,uz)/c.

Then for some positive integers g, 71, v2, we have

Ug = €C1C270; U1 = CCYC27Y1; U2 = CCOC17Y2-

Note that ¢, c1, c2 are pairwise relatively prime, yo, v1, 2 likewise and (¢;, ;) =

for ¢ = 0,1, 2. Thus we have
d =< wo, wi, wy >= cCHC1C2Y0V1Y2

and
qo = V0C0oY17Y2; 91 = V1C17072; 2 = V2C27Y071-

The link Ky = f~(0) N S%, where S° is a sphere with center at origin,
is a Seifert fibered 3-manifold. Orlik and Wagreich [11] have calculated the
Seifert invariants of K,

{=b;g;n1(a1, B1),n2(a2, B2), n3(as3, £3), na(ay, B4)},

where ¢ is the genus of the central curve in the minimal good resolution
of the singularity (V,0) which is defined by f and b is the self intersection
number of the central curve. Since here we are only interested in g , hence
we do not give the definitions of n;, a; and ;, which can be found in [11].
Explicitly, g is given by the following formula.

L
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Proposition 5.3 [11]. With the notation above

_ Pegereg — c(covo + 1v1 + ¢av2) + Vov1 4 V1V + V2t — Vo1 V2

21)0’01 () ’

where ¢, ¢;, v;,0 < i < 2 depend only on wq, wi, wo.

In fact p, can also be calculated with respect to weights for non-
degenerate weighted homogeneous hypersurface singularities. Let f(xo,...,
zn) be a germ of an analytic function at the origin such that f(0) = 0.
Suppose that f has an isolated critical point at the origin. f can be devel-
oped in a convergent Taylor series f(zg,...,x,) = Za)\xk, where 2} =
2" - - - ). Recall that the Newton boundary T'(f) is the union of the com-
pact faces of I'(f), where I'{ (f) is the convex hull of the union of the
subsets {\ + (RT)"*1} for A such that ay # 0. Finally, let I'_(f), the New-
ton polyhedron of f, be the cone over I'(f) with cone point at 0. To any
closed face A of I'(f), we associate the polynomial fa(z) = >, x axz. We
say that f is non-degenerate if fa has no critical point in (C*)"*! for any
A € I'(f) where C* = C — {0}. We say that a point p of the integral lattice
Z"+1 in R**1 i positive if all the coordinates of p are positive. The following
beautiful theorem is due to Merle-Teissier.

Theorem 5.2 (Merle—Teissier [8]). Let (V,0) be an isolated hypersurface
singularity defined by a non-degenerate holomorphic function f : (C"*1,0) —
(C,0). Then the geometric genus p, = #{p € Z"* L NT_(f) : pis positive}.

A polynomial f(xg,x1,...,2,) is a non-degenerate weighted homoge-
neous singularity of type (wg, ws,...,wy,). As a consequence of the theorem
of Merle—Teissier, we know that in case of isolated singularity defined by a
weighted homogeneous polynomial, computing the geometric genus is equiv-
alent to counting the number of positive integral points in a tetrahedron,
i.e., we have

X X X
Py = t{(z0, 21, ..y 20) €ZL 0 4 o 2 <Y,
wop W1 n

where Z is the set of positive integers.

Theorem 5.3. With the notation as above, let (V,0) be an isolated sin-
gularity defined by a weighted homogeneous polynomial f(xg,x1,x2) of type
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(wo, wy,we). Then

= , L1, ezd: 2442 <
q = #H{(wo, x1, 22) + wo+w1+w2 <1}

02000102 — c(coug + c1v1 + c2v2) + vov1 + V1V + Vavy — VYUV

21)01)1’1)2

Proof. By Theorem A, ¢ = p, — h'(OF). It is well known that the dual res-
olution graph of a weighted homogeneous singularity is a star-shaped dual
graph, and all components of the star-shaped dual graph are rational except
for the central curve. Thus, h'(0F) = g, where g is the genus of the curve
correspond to the central curve of the dual graph of resolution. By Proposi-
tion 5.3, we get

c*epcrcy — c(eoug + c1v1 + cav2) + vou1 + V1V + V2V — VYU1V2
2’[)0’1)11}2 .

W (Op) =

By Theorem 5.2 we have

Dy = #{ (w0, 71, 72) EZi: — 4+ =+ =<1}

wo 1 w9
Therefore,
3 . %o  T1 T2
q:ﬁ{($0,$1,$2) €Z+ — 4+ — 4+ —= S 1}
wo w1 w9
c2egeien — c(coup + c1v1 + cav2) + vou1 + V1ve + Vavg — VeV V2
2000102 O

Corollary 5.1. Let (V,0) be an isolated singularity defined by a weighted
homogeneous polynomial f(xo,x1,22) of type (wo, w1, ws). Then the irregu-
larity q is a topological invariant.

Proof. By Theorem 5.3 the formula for ¢ only depends on the weights of
the weighted homogeneous polynomial and by Theorem 5.1 the weights
are topological invariant of weighted homogeneous surface singularities. We
then obtain that the irregularity ¢ of weighted homogeneous isolated sur-
face singularity f is also a topological invariant. This means that if f, f’ are
two weighted homogeneous isolated surface singularities and (C3, V(f),0) is
homeomorphic to (C3, V(f’),0), then ¢ = ¢’ where ¢ and ¢’ are irregularities
of f and f’ respectively. O

Recall that p; can be bounded by Milnor number for weighted homoge-
nous singularities.
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Theorem 5.4 (Yau—Zhang [25]). Let (V,0) be an isolated singularity
defined by a weighted homogeneous polynomial f(z9,21,.-.,2n). Then (n+
1)!pg < p and equality holds if and only if p = 0.

In general, it is difficult to compute q. However, there is an upper bound
for q using the weights for weighted homogenous surface singularities.

Corollary 5.2. Let (V,0) be an isolated singularity defined by a weighted
homogeneous polynomial f(xo,x1,x2) of type (wo, w1, ws2). Then

, c2egerey — c(cug + c1vy + cavg)
1 +vov1 + v1V2 + V2Ug — VU1V2
qg< 6 H(wz - 1) - .

pal 2vgv1 V2
Proof. Milnor and Orlik (see [9]) proved that p = ngo(wi —1). Then the
above inequality follows from Theorems 5.4 and 5.2. g

Example 5.1. Consider f = 2% + 2+ 2120 with weights (105,09,
63/4). Thus ¢=3,c0=3,c1 =7,ca=1,99=v1 =1,v9 =4, and by
Proposition (5.3) we get g =19. Since p = (105—-1)(9 —1)(63/4—1) =
12272; therefore by Corollary5.2 we get ¢ < 2026.

Example 5.2. Consider f = 2] + 23 + 22 with weights (7,3, 2). Obviously
f is non-degenerate. By Proposition 5.3, we have g = 0, and it is easy to see
only one positive point (1,1,1) lying in the Newton polyhedron of f. Thus,
pg = 1. Since the dual graph of the resolution of singularity defined by f is
star-shaped, then there is no loop. By Theorem A, we get ¢ = 1. We have
q = pg for this example. In fact, the singularity is very special, and we know
that its dual resolution graph is

Note that a surface singularity has a rational homology sphere (QHS)
link if and only if the dual minimal resolution (not necessarily good) graph
is tree and each irreducible component is rational. It is easy to check that
the singularity in Example 2 has a QHS link. In fact, it has an integral
homology sphere link (i.e., QHS and det(E; - E;) = %1 ). For those special
surface singularities with QHS links, we have the following theorem.

Theorem 5.5. Let (V,0) be an isolated weighted homogeneous surface sin-
gularity with a QHS link, then q = py is a topological invariant.

Proof. Since (V,0) has a QHS link, the dual graph of the resolution is a tree
and has rational components, therefore h'(0g) = 0, hence by Theorem A
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we have ¢ = p,. Observe that weighted homogenous singularities with QHS
are splice quotient singularities (see [10]), and it is known that p, can be
calculated from the dual graph of the resolution for splice quotient singular-
ities [12]. Therefore both p, and ¢ are topological invariants. O

The following beautiful result is due to Wahl.

Proposition 5.4 (Wahl [23]). Let (V,0) be defined by f(zo,z21,22) that
is a weighted homogeneous singularity with weights (wo, w1, ws). Let w; =
w0 =0,1,2 in reduced form. Let d = (ug, u1,u2) (i.c., least common mul-
t{ple of ug,u1,us). Define ¢; = d/w; and l =d— (qo + q¢1 + q2). Then 1 <0
iff (V,0) is an rational double point, | =0 iff (V,0) is simple elliptic. The
Milnor algebra

of orf of
J:(C[ZO,Zl,ZQ]/<820,821,aZ2>

s graded with J = EB(])VJ,;, where N = 2l + d. Moreover,

pg = dim $i<; J;,
g = dimJ;.

Proof. See Lemma 4.3 in [23]. O
Remark 5.1. Proposition 5.4 is true not only for hypersurface surface
singularities, but for Gorenstein surface singularities with C*-action (see
[24]).
We get the following useful corollary.
Corollary 5.3. With the same assumption as in Proposition 5.4. We have
q = dim @@'<l JZ

Proof. Tt is immediately corollary by Theorem A and Proposition 5.4. [

An immediately application of above Corollary 5.3 is that we can reprove
the following Theorem 5.6 of Yau (i.e., Theorem A in [28]) easily.

Theorem 5.6 (Yau [28]). Let (V,0) be a Gorenstein surface singularity
with a C*-action. Then ¢ = 0 if and only if (V,0) is either a rational double
point or a simple elliptic singularity.
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Proof. Case 1. 1f (V,0) is a hypersurface singularity, then by Corollary 5.3,
q = 0 if and only if I < 0. It follows from Proposition 5.4 that (V,0) is either
a rational double point or a simple elliptic singularity.

Case 2. If (V,0) is not hypersurface singularities, by Remark 5.1, the
result can be derived using the same arguments given in Case 1. O
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