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On a conformal quotient equation. II

YUXIN GE AND GUOFANG WANG

In this paper, we show that two conformal invariants Y5 ; and }72’1
defined in (1) and (2) resp. coincide and are achieved by a con-
formal metric g € I'y (n > 4), which satisfies a conformal quotient
equation. The paper is a continuation of our paper [13].

1. Introduction

Let (M,go) be a compact Riemannian manifold with metric gy and [go]
the conformal class of go. Let S, be the Schouten tensor of the metric g
defined by
1 R
Sy=——|(Ric,— =—2—.g].
A < 97 o —1) g>

Here Ricy, and R, are the Ricci tensor and scalar curvature of a metric g,
respectively. The importance of the Schouten tensor in conformal geometry
can be viewed in the following decomposition of the Riemann curvature
tensor:

Riemy = W, 4+ S, @ g,

where (@ is the Kulkani-Nomizu product. Note that g~ - W, is the invariant
in a given conformal class.
Define oy (g) be the og-scalar curvature or k-scalar curvature by

o1(9) == ok(g™" - Sy),

where g1 - S is locally defined by (g~ - Sg)é» =1 9%(Sy)kj and oy, is the
kth elementary symmetric function. Here for an n x n symmetric matrix A,
we define o (A) = or(A), where A = (A1,...,\,) is the set of eigenvalues of
A. It is clear that o1 (g) is a constant multiple of the scalar curvature R,. The
k-scalar curvature oy (g), which was first considered by Viaclovsky [33], is a
natural generalization of the scalar curvature. There are many interesting
works related to the k-scalar curvatures, see for example [5-8, 18, 19, 22-24,
27, 28, 34, 35].
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Let
I ={A= (1, 22,...,\) €R"|0j(A) > 0,Vj <k}

be Garding’s cone. A metric g is said to be k-positive or simply g € FZ‘ if
g t-S, € I‘; for every point € M. We call u is k-admissible if e=?%gy €
I Set Ci([go]) = T N [90]-

As in [11], we define a Yamabe-type constant

- [ o2(g)d vol( )

in if n >4,
9€C1([g0]) fal dVOl ))
(1.1) Y2,1([go]) = fag )dvol(g), if n =4,
sup /Jg(g)dvol(g) X /Jl(g)dvol(g), if n=3.
9€C1([g0])

In [11], we prove the following proposition.

Proposition 1. Let (M™, go) be a compact Riemannian manifold with gy €
Ff andn > 3. Then the conformal invariant Ys1([go]) is positive if and only
if there is a conformal metric g € [go]) N T3 .

As in [21], we also define another Yamabe invariant in the other cone
C2([go]) when it is not empty, that is,

inf J 72(g)dvol( ) = if n >4,
9€C2(l9o)) ([ 1 (g)d vol( ))
(1.2) Ya21([go]) := fag )dvol(g), if n =4,
sup /Ug(g)dvol(g) X /Jl(g)dvol(g), if n=3.
9€C2([g0])

By the definition, when the dimension n = 4, we have Y3 1([g0]) = Y2.1([90])-
In this paper, we consider n # 4. Since C2([go]) C C1([go]), it is clear that
Y21([90]) < Y21([90]) when n >4 and Y2:1([g0]) > Y2,1([g0]) when n = 3.
Hence, a natural question is to know if these two invariants are same. Here,
we will give an affirmative answer under the suitable assumptions. One of
our main results in this paper is
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Theorem 1. Let (M™,go) be a compact Riemannian manifold with go € 'y
and n > 3. Assume that 0 < Y3 1([go]) < +00. Then we have

(1.3) Y2,1([g0]) = Y2,1([90])

Moreover, if n > 4, then Y2 1([go]) can be achieved by some conformal metric
9 €T3 Nlgol.

In the case n > 4, the invariant Y5 1 ([go]) is finite real number. Moreover,
in the case n > 5, we have always Ya1(M, [go]) < Ya.1(S™), where Y51(S™)
is defined for the conformal class of the standard sphere. The equality
holds if and only if M = S™ is the standard sphere. Hence, the assumption
Y2.1([go]) < 400 is need just for the case n = 3. Till now we do not know if it
is bounded, although we believe it is true. This is a Sobolev-type inequality.
Recently, we obtained in [15] another (optimal) Sobolev-type inequality for
three-dimensional (3D) manifolds. This is related to a geometric inequal-
ity, which was recently obtained by (3D) Andrews [9] and De Lellis and
Topping [10]. See also [14, 16].

Following the definition of the sigma invariant of Schoen [30] (see also
[26]), one can define a differential invariant by using Y1 (n > 4)

(M) = sup Ya1([g])-
Cu(lg)#0

Previously, we wanted to use 17271 to define it. The advantage to use Ys 1 is

that it might be easier to study. With Theorem 1 we know that both are
the same, provided 72(M) > 0. One can show that

(M) < 19(S") = 7 (S"! x Sh).
We hope to use it to study the classification of 5D manifolds, as Bray and

Neves [3] and Akutagawa and Neves [2] did for 3D manifolds by using the
sigma invariant.

2. Yamabe-type flows

Set

Falg) = /M o2(g)dvol(g).
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For any small € € (0,1), consider the following perturbed functional:

Ficlg) = /M ey (g)d vol(g)

for g = e=2%gy. The variation of F1,e is given
d 25 Eu
ﬁfl,e(g) = / 2 01(9)9 7 gdvol(g)

d
= A 2eu 1
2/ (@5~ L g dvol(g),

where A, is the Laplacian operator with respect to g = e 2go. It is easy to
see that

Ag(e®™) = 26?1 (Au+ (26 — (n — 2))[Vul?) .
Set for g = e 24gq
(2.1)

ncl0) = Po3 o {oala) — e (Bt (26— (- 2)IVuP) |

2
— 2u 2 .
— ol {[VaP 4 2o |
From the computation given above, we have

Lemma 1. We have

d n—2—4e [ o, ., d
dthE(Q) 5 /e o1(9)9 7t (g)dvol(g)

Now we introduce a flow, which non-increases (resp. non-decreases) Fa
when n > 4 (resp. n = 3) and preserves Fi ..

du 1 -1 d —92 02(9)
2.2 - - u
(22) i~ Y @t <e o1(9)

e (v (14 Uf@) D) 4 scfe)




On a conformal quotient equation. II 5

where 7.(g) and s.(g) are space constants, given by

_ fM aa(g)dvol(g) _n- 2 — 4¢ fM a2(g)dvol(g)
[yre¥uore(g)dvol(g)  n—2—2¢ [, e*%o1(g)dvol(g)

20 [ oo e (D) i (i) (10 S o)

+ sa(g)} dvol(g) =0

and
2
(25) v=e (9P 4 g o).

Here, h. : Ry — R is smooth concave function satisfying

t, ift <1,
(2'6) h6<t> = 1_= .
et T2 4 B, ift>2

(2.7) RL(t) + RI(t)t >0, Vt>0,

where the constants a. > 0, (. are bounded as ¢ — 0 and o, — 1 as ¢ — 0.
From the definition, we infer

(2.8) RL(t) = a. (1 — 7> t75if t > 2.

Lemma 2. Assume flow (2.2) stays always in the cone C1([go]), namely,
for allt, g(t) € T'{. Then, flow preserves Fi . and non-increases (resp. non-
decreases) Fay when n > 4 (resp. n = 3). Hence, 1. is non-increasing (resp.
non-decreasing) along the flow when n >4 (resp. n = 3).
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Proof. By the definition of s.(g) and Lemma 1, flow (2.2) preserves Fi .. By
the definition of s. and r., we can compute as follows:

(2.9)
2 d
o —4dt
— /M 02(9)971 . %gdvol(g)
= [(0:0) - 0¥ o1a)g ™+ Spadvollo)

dt
=2 /(O‘Q(g) —re(g9)e*o1:(g))

Fa(g)

O

Lemma 3 (see [11]). For 1<k <mn set F'= ;7. We have

k—

(1) the matriz (FY)(W) is semi-positive definite for W € I} | and is
positive-definite for W € F;_I\Rl, where Ry is the set of symmetric
matrices of rank 1.

2) The function F is concave in the cone T} . When k =2, for all W €
k-1
Iy and for all R = (r;;) € Sy, we have

0 (oa(W)\ Xy (W)ri — o1 (R)wy)?
= o5 OwijOwy <01(W)> R ot (W) ‘
Set
(2.11) Foclg) = (Fio) 7w /M a2(g) dvol(g)
and

Y. (M, = inf Fo.(g),
(M, lgol) = il | F2e(9)

Y.(M, [go]) = gecifgg ) Foelg).
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In the case n > 4 and under the assumptions as in Theorem 1, the above
discussion shows that (2.2) decreases the functional Fy . (g). If g is a station-
ary point of the flow, then the metric g satisfies the following perturbed
equation:

(2.12) — ce®u = ce®",
o1(9) o1(9)
or equivalently
(2.13) 72(9) _ 2en
01,:(9)

where ¢ > ( is some positive constant. This is the perturbed equation that
we use to approximate the following equation:

o2(9)

(2.14) 1 (9)

=1.

We will show that Y; is achieved at u. € Ca2([go]) for any small € > 0, which
is clearly a solution of (2.12). Hence, we can conclude

V2,1([g0]) = Y2,1([90]),

since e~2% gy converges to the extremal metric when ¢ — 0. Similarly, we

have the same result in the case n = 3.
3. Local estimates

In this section, we will study local estimates for flow (2.2) and Equation
(2.12). In this paper, C' and C’ denote positive constants, which in general
are independent of e. They vary from line to line. Recall
v=c(|Vul*+ 3:127(531)5) Note that v > 0 and 01 .(g) = 01(g) + €*“v. By the
standard implicit function theorem, we have the following short-time exis-
tence result. Let T* € (0, oo] be the maximum of the existence of the flow.

Theorem 2. Assume n > 3. Let u be a solution of (2.2) in a geodesic
ball By x [0, T] for T < T* and r < rq, the injectivity radius of M. We sup-
pose that the function r-(g(t)) is positive and bounded on [0,T*) and for
all t € [0, T*) we have g(t) = e~ >*® gy € TT. Then there are constant g9 > 0
depending only on (By, go), and constant C' depending only on (By, go) (inde-
pendent of €) and the upper bound of re(g(t)) on [0,T] such that for any
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€ (0,e9) and (x,t) € B, )3 x [0,T]

(3.1) Vaul? + [V2u| < O(1 + ¢ 1o/ Memoesnsomul@t))
Proof. Let W = (wij) be an n x n matrix with w;; = V SU T+ uiu — W2"|2
(90)ij + (Sg,)ij. Here u; and w;; are the first and second derivatives of u
with respect to the background metric go. Set K = r.(g(t))e*~2* and
K =K (1 n W) Let F.: T} x R* x R x R* — R be regular function
defined by

(3.2)

o1 (W)
Set
(3.3)
Fi9(W,v,u,t) := (;95” (W, v,u,t)
g UQ(W) Ul(W)Tij — O‘Q(W)(Sij ’ KI/(SZ]
- (Zm) P )

where (T%) = (o1(W)§¥ — w') is the first Newton transformation associ-
ated with W, and 8% is the Kronecker symbol. As W' € Ff and h. is positive
n (0,+00), we see that (F27) is positive definite. O

Lemma 4. F. is concave in Ff.

Proof. To show this, we compute

32:;1@1 B hg( Egb 32n (;%) 33kz (Z%D

+he < j%;) awfawkz (Z%)
)

Kv . Kv ..
51j5kl _ 2hl K 5zj5kl
(w0 <w>> < (B o)

— h! (K,

=141,
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where
s () s () o (50)
+ R (Zj g ) Ow; ;0w (ng%o
and . (01]((;/)>25¢j5kl 20 (Ky) 1(W) 51 gkl

Recall that h. is concave and by lemma 3, Zig%; is concave in W in the

cone I' . Thus (1), as a matrix, is non-positive definite. On the other hand,
it follows from (2.7) we have

<[—hlg’(K1)Ulf({;/) — h’g(Kl)] a;((l/ylf)éijékl> <0

since K >0, v > 0, hL(t) + hZ(t)t > 0 for all t > 0 and o1(W) > 0. There-
fore, we prove the lemma. Il

From the proof of Lemma 4, we in fact have

2
O%F. . Kuv y

3.4 Y te  aj kl<_h/ K)o i )
(34 Zawz’jawklr s e 1)Ui)’(W) (Z:r)

ijkl

For the simplicity of notations, we now drop the index e, if there is no
confusion. We try to show the local estimates for first- and second-order
derivatives together. Let S(T'M) denote the unit tangent bundle of M with
respect to the background metric go. We define a function G : S (TM) x
0,7] — R

(3.5) Gle,t) = (V2u + [Vul?g0) (e, e).

Without loss of generality, we assume r = 1. Let p € C3°(B1) be a cut-off
function defined as in [19] such that

p=>0, in B,
p=1, in By,

Vp(a)| < 2b0p"/2(x), in By,

\V2p| < bo, in Bl.

(3.6)
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Here, by > 1 is a constant. Since e 2“gg € I'{, to bound |Vu| and |V?ul, we
only need to bound (V2u + |[Vul?go)(e, e) from above for all e € S(TM) and
for all t € [0,T]. To see this, denote G(e,t) = p(z)G(e,t). Assume o € M
and (e1,t0) € S(Ty, M) x [0,T] such that

3.7 Glei,tg) = Gle,t
( ) (617 0) S(T%)a;{[[),T] (6, )7
(3.8) to > 0,
(3.9) G(e1,to) > ntaxal(go).
Let (e1,...,e,) be a orthonormal basis at point (zg, tg). It follows from the
fact W € I'}
nG(ey,tg) > p(Au +n|Vu?) > p <n|Vu\2 |Vu\ — 01(g0)>
3n
> |V 2 - *G(elato)
so that
3n—2
25 2
G(er,to) > ntl 1p|Vu\ > 20 p|Vul®.
Consequently, we obtain
2 1 2
(3.10) Viiu(xo,to) > %\VM (o, to).
Set for any i # j € {1,...,n}
1
e =—(e; ej).
\/5( J)
We have
1
(311) G(G/, to) = i(G(e“ to) + G(ej, to)) + pV U(:Eo, to)
Thus, there holds
1
(3.12) p’v u(xo, to)] < Gler, to) — =(G(ei, to) + G(ej, to)).

2
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On the other hand, we have Vi =1,...,n

(3.13) (n—1)G(ey,to) + G(ei, to) > p(Au+ n!Vu|2)

3n —2
> o (P20 - ).

which implies

3n —
2

(314)  Glento) > p ( 2|Vuf2 - Ul(go)) ~(n— 1)Gex, o).

Together with (3.12), we deduce

(3.15)

3n —2
p|Vu(wo, to)| < nG(ex, to) —

PVl + po1(g0) < (n+ 1)Gler, to).

(indeed, at all point (z,t), the estimate p[V?ju| < (n+1)G(e,tp) holds).
Now choose the normal coordinates around xg such that at point zg

0

8.%'1

and consider the function on M x [0, 7]
G, t) = pl) (uny + [Vuf?) (1)

(without the confusion, we denotes also this function by G). Clearly, (z, to)
is a maximum point of G(z,t) on M x [0,T]. At (xo,tp), we have

(3.16) 0 < Gr=plure+2)  uuy),
l

(3.17) 0=G; = %G + p(u11; + QZululj), for any j,
>1

(3.18) 02> (Gyy) = WCJ + plurnij + Y (ugiury + 2uuy;))
1>1
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Recall that (F%) is definite positive. Hence, we have

(3.19)
0> ) FIG; -G,
i,j>1

i — 200 g
> Z FUMG +p Z v U1145 + Z(2uliulj + 2ululij)
=1 p ij>1 1>1

—p | v+ 2 Z upugy
1>1

First, from the definition of p, we have

i — 20ip 1
(3.20) N puPPET PG > o N P —a
2,5>1

P ig>1

and

(3.21) > F] > ZF >C Y|P,

7,7>1 2,51

since F' is positive definite. Using the facts that

(3.22) Ukij = Uijk + > Rmikjttm,
m
(3.23) Ukkij = Uijkk + Z(2Rmikjumk — Ricmjumg
m

— Ricmitumj — Ricpy; jum + Rmikj,kum)

and

(3.24) <Z ) Z uinug + uf) + O(|Vul?),
l 11 l
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> F9 | wijn — (uan)iuy — wi(uan); + > (ud) + winw) (90)ig

i.j>1 =1
-2 Z Fijuilujl — C(1 4 |[V%u| + |[Vul?) Z |Fid|
1,521 ij>1
and
(3.26)
Z Fij“l“lij 2 Z Fijulwijl - Z Fij(umuuj + UlUiUﬂ)
1,5, 1,9, Y
1 0] 2 ..
+ 5 2 FUTu V(Vul))(g0)i; — O+ [Vul?) Zl |Fi).
J 4,j2>

Combining (3.25) and (3.26), we deduce
(3.27)

E F9 [ upif + 2 § (ursugj + urugsy)
g1 I>1

> Z F | wijnn + Qsz‘jlul +2 Z F Zuliulj + Z wi F (go)is
i1 1>1 > 1>2 ij1>1
— ZFU [(uu + ’VU‘Z)Z"LLJ' + ui(uu + ’Vu‘z)j
Z'7j
— (Vu, V(u11 + [Vul*))(g0)i]
= C(1+ |V?ul +|Vul?) Y [FY]
3,521

> Z F (Wijll +2 Z wl'le[) +uiy Z FY (90)ij
i,j l 4,7
i G
+ > FY (pyuj + pjui — (Vp, Vu)(90)is) 2
ij
— C(1+ |Vl + [Vul?) Y [F7].
i1
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Now, we want to estimate »_.

gl
For the first term Zij | F9wijiuy, we have

Fw;ju; and Z - Fw;j11, respectively.

(3.28) ZFijwijlul ZFlul + K1 Zl/lul
i7j7l
+ W (K1) K, (26 —2) Z u%.
l

For the second term ) . . Fijwijll, we have

2,550
(3.29)
0’F
Fu —F y
; Wij11 = £11 — 27§m 8wijawkm Wi j1WEm1
O*F O*F
—9 Wiy — 2 T

Z dwou T z]: dwg v I

O*F , _0°F 0*F , OF oF

2N Tovon MM T 9wz T o T au
It follows from (3.4) that

0’F ’
3.30 — —— W W > p/ (K1) w .
( ) i’j’;m awwawkm 171 Wkml 1 Z i1l

(3.31)
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0*F Kv K
3.33 -2 > —2h/ (K 2 _9KW(K 2
( ) 8V8uylu1 > =2 l)Ul(W)ul i 1)1/<71(W) gk
O2F K2 K
3.34 —— 2 =W(K))——1? > N (K 2
( ) P 2 71 ( 1)0_%(W)V1 - ( 1)0_%(W)y1’
O*F
(3.35) ~ 502 u? >0
and
K K [|Vv)?
3.36 oW (Ky)———— Y vy > —h/ (K [ —|—VVu2].
(3.36) (1)01(W);zz_ (1)01(W) > [Vul
These estimates, together with (3.28) and (3.29), imply
ZFij <wij11 + QZwijlul)
2,7 !
> | Fu+ ) 2Fu | — 11K/ (K)) Kv Vu|?
= 11 l [u] 1 Ul(W)
K K
— 50 (K Vv — (K Yk
( 1)01(W)V| vl ( 1)0%(W)| V|
) K
(3 37) — 4h/(K1)K1’VU|2 + h/(Kl)il/n — (2 — QE)h/(Kl)Klull
Ul(W)
> P+ 3 2B — 150 (Ky) s |2
= l [l 1 Ul(W)
— 51 (Ky) |Vv|? — b/ (K)) K |V |?
o (W)v o (W)
G K Kv
—C(+ e 4 p(K))———1y — 2K (K .
( +e )p + ( 1)01(W)V11 ( 1)01(W)U11

Here, we the fact that w31 > 0 at the point (zg, tp). Remark

| 2

Vu
Z (wil — ujuy + | 5 (90)i — (Sgo)il> g

l

E Uz U
l

(3.38)

v 3
< \JoR W) — 205(W) V] + 05 |, 17,
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so that together with (3.17) and (3.24), there holds

(3.39)

h’(Kl)aj{W)un
e e (R )
= gh’(Kl)Ufm 2 zl: (i’;’“’ —2 zj:UjUlel - u?l) + O(|Vul|? + 1)]
> eh’(Kl)UfW) {_QGWf’ VU _ ol 9] — OVl + 1)} .

Finally, we deduce that

(3.40)
Z Fi (wijll +2 Z wijl“l)
i !

> i+ QZFlUl — 15h'(K1)
I

— oW/ (K

Kv

o1 (W)

K
Vu|? — 5h'(K1)7y|Vu|2

o1 (W)

14
Uil — h/(Kl)

v 2
o V) |Vv|

ot (W)
K [G|Vu|
o1(W) | p*2

—-C(1+ 6(25_2)“)f — Cel (K1) + fu + \WF)} .

Now, we claim that there is a constant C' > 0 independent of € such that

i

(341) G<C [1 +Vp <Z F“) h (1 + e(2€*2)“) +ep (1 + e(2€2)“>] .

We divide the proof of the claim into two cases.

Case 1. > 1.

o1 (W)

It is clear that

(3.42) C'e(1+|Vul?) < v < Ce(1 + |Vul?)
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and

G2
(3.43) Vy|? < Csuﬁ,

for some positive constants C’ and C' with C’ < C. Recall

i a0 [ 02(W) " _ noy(W) , nKv
a2 (o2 (n= 1= ) o s

Thus, we can obtain that

1

7

W) IVl < <Z F) ) 1 < (Z F) Y \vul?

(3.45)
N\ o2
<ce[SFi ) 2
()5
Kv -\ G?
4 W(K < ) —
(3 6) ( 1)0_1(W)u11 >~ Ce (; ) p2 y

K K -\ G?
A4 "(K 2 < WK —= 2 <« P
(3.47)  R/( l)wl( >|vy| < K( 1)0%( )|V1/| _&-(; ),;2

and
(3.48)
K [GVu| G +|Vul?) G\ | G2 G?
h (K < J 2 T
Ceh'( 1)01(W) { 2 + p <Ce XZ: 2 + 2

Combining (3.40) and (3.45)—(3.48), we obtain
(349) Z Fij (’(Uijll +2 Z wijlul)
i !

2
> Fi1 42 ZFlul —Ce (Z F”) <G> —O(1+ 6(2572)U)§7
I

i
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so that it follows from (3.19) to (3.21) and (3.27)

sl <)o
- C (Z Fu) G- Ce (Z Fu) CZQ _ C(l + 6(26_2)U)G.

% 7

(3.50)

Therefore, we prove (3.41), provided ¢ is sufficiently small.

v
Case 2. ——— < 1.
o1 (W)
We distinguish two cases.
(a) o2(W) > 0.
Then from (3.38), we have
(3.51) |Vv| < Ce(oy(W)|Vu| + |Vul> + |[Vu| +1).

In view of (3.42), we have

, Kv 9 , K 9 , K 9
. h(K h(K
(3.52) H(K1) s Dl 4 0 () i 9+ () Ly 91
Kv G
/ < (25—2)u ~
+ W' (K1) o (W )|U11| C( ) P
and
(3.53)
K [GIVyl (2e—2
/ < 5 )u .
Cel' (K1) [ o+ p(1+|Vu| )] _C(1+e )p3/2
Hence, we also infer (3.41), provided ¢ is sufficiently small.
(b) o2(W) < 0.
We also have (3.53) and
Kv Kv G
(3.54) W (K1)~ |Vl + B (K7 — s |upy] < c( +e<2€*2>") =
o (W) a1 (W) P

Thanks of (3.38), we have

(3.55) V0] < Ce(y/o2(W) — 205(W)| V| + [Vul + [Vu] +1),
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so that together with (3.42) and (3.44) we obtain

(3.56)
/ / K
h (Kl)U%(W) |V1/|2 <h (K1)0_1(W)V|VI/|2
, a2(W) — 209(W) |Vul6 +1
< Ch (Kl)K52 < L O'l(W)y ]Vu|2 + ]/2)

<O+ e<26—2>“)f + CeKoy (W) <Z F>

<C(1+ 6(25_2)“)€ (1 +ey, F) .
P 7

Finally, we imply that the claim (3.41) holds in this case, provided ¢ is
sufficiently small. It is easy to see from (2.6) that hL(2) is uniformly bounded
from below by a positive constant for all € € [0,1/2]. Hence, we have

—1 C, if 72(W)
N WV
e ez

P o1

<2

f— Y

which, together with (3.41), implies that

C (14 e==2u) | if ‘72%; <2,
(3.58) G< (ac—1) Zl(W)
Cll4e = ), ifF2_"2>2
( te ) > Ul(W) -
Therefore, we have finished the proof of the theorem. ([l

The same proof gives the local estimates for the elliptic Equation (2.13).

Theorem 3. Assumen > 3 and e € [0,e9). Let u be a solution of (2.13) in
a geodesic ball B, forr < rg, the injectivity radius of M. There is a constant

C' depending only on (By, go) (independent of €) such that for any € € [0, )
and x € B, /o

(3.59) (Vul? 4 |V2u| < C(1 + e~ @7 2%)nfecn, u(@))
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4. A Sobolev inequality

The Sobolev inequality is a very important analytic tool in many problems
arising from analysis and geometry. It plays a crucial role in the resolu-
tion of the Yamabe problem, which was solved completely by Yamabe [36],
Trudinger [32], Aubin [1] and Schoen [29]. See various optimal Sobolev
inequalities in [25]. In this section, we are interested in a similar type inequal-
ity for the class of a fully non-linear conformal quotient operators. In [12, 17,
20, 21], the Sobolev inequality was generalized to the various fully non-linear
operators.

In this section, we establish the Sobolev inequality relating [, o2(g)d
vol(g) and [,,01(g)dvol(g) for a general manifold, which will be used in
the next section.

Theorem 4. Let (M, go) be a compact Riemannian manifold with gy € Fg‘
and the dimension n > 4. Assume ¢ € [0,1/2]. Then there exists a positive
constant C > 0 depending only on (M, go) (and independent of €) such that
for any C? function u with e2“gy € C1([go]) we have

(4.1)

/ oa(e”*gg)dvol(e 2 gy) > C </ 625“01(62“go)dvol(62“go))
M M

n—4
n—2—2¢e

Equivalently, for such a function u we have
(4.2)

/ ed—nlug, <V2u + du ® du — [Vu
M 2

| 2

go + 5g0> dvol(go)

n—4

go + Sgo> dvol(go)> .

‘ 2

> C(/ e(2t2e—nju <V2u +du® du — |v§
M

Proof. Let g = e 2“gg. We have shown in [11] the invariant Y21 ([go]) > 0
and for any e~ 2“gg € C1([g0])

(4.3) / oo (e go)dvol(e 2 gg) > Cl/ [Vul*e™=™"dvol(go)
M M

—C/ U= dvol(go)
M

(4.4) / oo (e go)dvol(e 2 gg) 201/ e dvol(go),
M M
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for some positive constants C; > 0 and C' > 0. Hence, we deduce

(4.5) / oa(e” 2 gg)dvol(e " gy) > C/ |Vu|*e™=™"d vol (gp).
M M

It is easy to say that

/ e25“01(e*Q“go)dvol(e*%go)
M

:/(A

n—2—4e
a = [(PEER i) ) e dvol(n)
_9_4 1/2
< % </ |Vaulte=™%dvol(go) /e(45_")“dvol(go)>

+ (Supal(gg))/e(2+2€")“dvol(go).

+o (90)> e 2= gyol (o)

Recall the definition of the conformal invariants [11]

[ o1(g)dvol(g)

(4'7) Y1([90]) - gecil([gfl]) (VO]( ))17_2

and

n—4

(4.8) (/Mdvol(e2“90)>

< (Y2,1([g0]) Y1 ([g0]) "

= / oa(e~ 2 go)d vol (e~ 2 o).
M

By the Hélder inequality, we get for any « € [0,n/2]

(4.9) ( /Meo‘“dvol(e_ngo ) <C / o2(e”*"gg)d vol(e *"gp),
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where C' is a positive constant independent of .. Equations (4.5), (4.6) and
(4.9) imply

(4.10) / e®Uoi (e go)d vol(e 2 go)
M

(/M aa(e™*"go)d Vol(e—ngo))> "

n—4e
2(n—4)

<C

X </ oa(e* go)d vol(e *“go))

M

)
+ (/M 02(e2ugo)dvol(e2ugo))> ”242]
)

<o ([ ol amvotte )
M
We finish the proof of theorem. O

Remark 1. In [153], we proved the Sobolev inequality (4.1) in the cone
Ca([go0]) when the conformal invariant Ya1([go]) > 0.

5. Proof of Theorem 1 in the case n > 5

Now we can prove that Y; is achieved for any small € > 0.

Proposition 2. Foreg > ¢ > 0, flow (2.2) globally converges to a solution
of (2.12). As a direct application, Y is achieved by a function u. satisfying
(2.12).

Proof. We divide the proof into three steps.

Step 1. For a fixed small number £ > 0, the solution u of flow (2.2) has a
uniform C° bound, which is independent of .

The proof use the optimality of the local estimate (3.1). First all, since
flow (2.2) does not increase Fa, F2(g) is bounded from above along the flow.
By (4.8), we know that [, dvol(g) is bounded from above. From the Hélder
inequality, Vz(g) = [}, e**“dvol(g) is also bounded.

Let T* € (0, 00] be the maximum of the existence of the flow. For any
T €[0,T%), set

T) = i .
m(T) (x,s)é%}g[o,T]U(x’S)
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We show that there is a constant Cy > 0 independent of T' (depending
on ¢) such that

5.1 inf T) > —Cy.
(5.1) rend. m(T) 0
We assume by contradiction that inf,c(g -y m(t) = —oo. Let T; be a

sequence tending to T* with m(7;) — —oco as ¢ — oco. Let (z;,t;) € M x
[0,T;] with u(z;,t;) =m(T;). Fix § € (2,3), we consider r; = §|m(T;)|
e(1=0)m(T3) " Clearly, we have r; — 0. It follows from Theorem 2 that for

sufficiently large i and for any = € By, (x;)

u(w,t;) <m(Ty) + ( sup [Vul)r;
B, (x:)

<m(T;) + Ce<i—1)mm)g,mm”e(lf&)mm)
= m(T) + Cofm(Ty)|e" G~
<(1-r)m(Ty)

for some « € (0, (6 — 2)e). Note that § — 2 > 0, for n > 5. Therefore, we
obtain

/ eQSudvol(g) > / e(2sfn)m(Ti)(1fn)dVol(go)
B(l‘i,’l"i) B(xizri)

> Ce(26—n)m(Ti)(1—n)r;(L

o (ImDey

where we have used n > 5. Hence, this fact contradicts the boundedness of
Ve. This proves the claim. This claim, together with the local estimates and
the fact Fi . is preserved along the flow, implies that ||u(t)||c> has a unform
bound.

Step 2. We prove a crucial fact that the flow preserves Ff metrics. More
precisely, we have the following result:

Lemma 5. There is a constant Cy > 0, independent of T € [0,T*) such
that o1(g(x,t)) > Coy for any t € [0,T] and x € M.
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Proof of Lemma 5. From the Sobolev inequality and Lemma 2, the func-
tion r.(g(t)) is bounded from below and from above by the positive con-
stants. Recall

v =e(|Vul]? +201(g0)/ (n — 2 — 4e)),
2 [Vul®
W = (wi;) = | Viju + uiu; — T(go)ij + (Sgo)ij ) »

K =r:(g(t)e® 2", K1 =K (1 i Ul(VW)>

and
F.(W,v,u,t) = h, (Zjé%i) — he (K7y).

Let us consider a function H, : M x [0,T] defined by

H. . =F —e™™
= up — se(g) —e ",
where u; denotes the derivative of u with respect to ¢. Without loss of

generality, we assume that the minimum of H, is achieved at (xg,t9) € M x
(0,T) and at (xq,to)

W) .
a1(W)
Recall that h.(t) =t for t < 1. Hence, in a small neighborhood of (x, to)
a2(W) _
= — he(Ky) —e v
Let us use O(1) denote terms with a uniform bound (perhaps depending on
g). Using drjlig’» < 0, we have near (zg, to)

2€<Vgou7 Vo (He + e_u)>go

(5.2) iﬂa > tr (AV2(H: + ¢ %)) — hL(K1)K

dt a (W)
+ ke(z, t)uy,
where (G2W) — oW — o1 (W)
(W) —oa(W) — o1 (W)W , Kvl
A= o2 Rl

is positive definite and

ke(z,t) i= e " + (2 — 26)hL (K1) K}
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is a positive function and I denotes the identity matrix. To simplify the
notations, we drop the index ¢ as before. We prove first, there is a con-

stant Cy > 0, independent of T € [0, T*) such that o1(g(xo,to)) > Ca. Since

(z0,t0) is the minimum of H in M x [0,T], at this point, we have 22 <0,

dt
H; =0Vl and (H;;) is non-negative definite. Note that

(Vg)UH = Hz'j -+ uiHj + UjHZ‘ — ZulHléij = Hij
l

at (o, to), where H; and H;; are the first and second derivatives with respect
to the back-ground metric gg. From the positivity of A and (5.2), we have

(5.3)
0>H, - > AYH;
ij

> ZA” { 1] +U’L( ) +U] ZUZ 15”} +k(x’t)ut
=e Z AY {_wij + S(g0)i; + 2!Vu|25ij} + k(z, t)ug

> ey AT (—wij + S(g0)ij) + k(w, tus
2

Here we have

) W K
ZA”WZZ( N s

]

On the other hand, we have

g 0'2 — O ..
ZAijS(QO)ij _ 1(90)( 1(W) Q(W)) _ 0.1(1W) ZwZ]S<g0)i]’

ot (W)
ey Bro(go)
(5.4) I at (W)
_M + h’(Kl)KLl(go)
T%(W) o2(W)
= iy 2= w80+ on(go).
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As W is bounded, we deduce that

(5.5) > AY(—wij + S(go)ij)

7]_ 10 EKvoi(go) — a2(W)oi(go) 1
= (w0 "5 = ™ 0 () +ow).
(5.6) klanoto) = (2= 26 (K) =t +0(1),

w0, to) = H(xo,to) + se(g(to)) + e @) > H(xq, t0) + O(1)

= 200~ ) +00).

We divide the proof into two cases.

Case 1: o2(W) > 0.

It is clear
1
0<oy(W) < iaf(W)
Thus,
_ Kvoi(go) Kv
5.8 0>e “h (K1) ——5—o> — (2 —2e)h(K1)W (K
(5.8) > (K1) 2V ( Jh(K1)R( 1)01(W)
1
+0(1)+ 0 .
® <01(W)>
Assume that W is sufficiently large. Then
KV(Tl(go) C3
(5.9) W (KL >
ad(W) = 2w
and
K
(5.10) (2 — 26) (K )W (K1) —m Ca

(W) = o2 ()

for some positive constants Cs and Cy independent of T'. This implies bound-
ness of o1(W) at the point (z,?p) from below by some positive constant
independent of T'.
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Case 2: o2(W) < 0.
In this case, (5.8) holds also since —% + k(z0, to) ng%g > 0, pro-

vided W is sufficiently large. Hence, the desired result yields.

Now for any (x,t) € M x [0,T] we have
(5.11) H(x,t) > H(wo,t()) = 0(1),

so that

(5.12) h (Z%;) (z,t) — h(K1)(z,t) > O(1).

Therefore, we infer

313 (rlalne 2 (14 ) ) 0 = 00,

since we have always

h (“2(W)) @)= 2 0 20 i (W) (@ t) < 0,

(5.14) o) 7
' o2 (W) (1) < 1, (W) (z,t) <0(), if o2(W)(z,t) >0
UI(W) , <3 1 , < y 2 y = U.

Finally, Ki(x,t) is bounded from above and yields that there exists Cp > 0
independent of 7" such that o1(W)(x,t) > Cy. Therefore, lemma is proved.

Proof of Proposition 2 (continued). Step 3: Now we can finish the proof of
Proposition 2. From Step 2, we know that the flow is uniformly parabolic.
In view of Step 1, Krylov’s theory implies u(¢) has a uniform C?“ bound.
Hence, T* = co. One can also show that u(t) globally converges to u(c0),
which clearly is a solution of (2.12) for eg > & > 0 (see [31]). From the local
estimates, the set of solutions of (2.12) for ¢ = 1 with the uniform bounded
energy functional F; is bounded in C? norm. Since (2.13) is concave in W,
from the Evans-Krylov theory, this set is compact in C*“ norm. Now it is
easy to show that Y; is achieved. O

Proof of Theorem 1 in the case n > 5. By Proposition 2, for small € > 0, we
have a solution u. of (2.12) that has Fo . (u:) = Yz. It is easy to show that

ImY, =1limY, =Y5.
e—0 e—0 ’
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If lim._,o mingeps ue(x) > —o0, then local estimates imply that u. (taking
a subsequence) converges in C>® to u, which is a solution of (1.3). We are
done.

If lim._,0 mingeps ue(z) = —00, we can use the local estimates and the
classification of solutions of (2.14) in the standard sphere to get a contradic-
tion to the facts Y51([go]) < Y2.1(S™) and equality holds if only if (M, [go])
is the standard sphere. This so-called the blow-up analysis for this class of
fully non-linear conformal equations becomes more or less standard. Here,
we leave the proof to the interested reader.

Now Y51([go]) is achieved by some g € Ci([go]), which solves (2.14).

Hence, g € C2([go]) and yields that Y2 1([go]) = Y2,1([g0])- O

6. Proof of Theorem 1 in the case n = 3

Now we want to consider the existence of the following equation:
oa(g) — eett

= constant
a1(g)

(6.1) Fi(g) =

with g = e~ 2%gy for € > 0 a positive number. In this paper, we will choose
¢ as a small positive constant. Following [12, 13, 20], we will introduce a
suitable Yamabe-type flow to study Equation (6.1).

For any ¢ € (0, +00) and for g = e 2%gq, consider the following perturbed
functional:

2

/ (02(g) — ee™)dvol(g), if n # 4,

n—4 M
gs(g) = 1
—/ / (02(g) — 2ee™)udvol(g,)dt, if n =4,
0o Jm

2t

where g, = e7*""gy. When € = 0, the functional was considered in [4, 5, 33].

Recall

Filg) = /Mm(g)dvol(g) ad - Falg) = [ oalg)dvol(g).

M

From the variational formula given in [4, 5, 33], we have

d

(6.2) =

&l9) = [(oalg) — ze)g - Sdvolly)
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and

d n— 2

(6.3) a7 = — / Ul(g)g‘l-%gdvol(g)-

Now we introduce a Yamabe-type flow, which non-increases &£, and
preserves Fj.

du 1 _,d 0, 02(g) — eet® _

( ) dt 2g dtg € Jl(g) Ts(g)e +S€(g)7
where 7r.(g) and s.(g) are space constants, given by

Falg) — fM cetid vol,
6.5 r =
and

—24,02(9) — eett -2
©6) [ ailg) {e LS g)e b sulg) | dvol(g) = .
M o1(g)

We collect some basic facts proved in [11].

Lemma 6. Assume flow (6.4) stays in the cone Ff. Then the flow preserves
F1 and non-increases E.. Hence when n > 4, then r. is non-increasing along
the flow, and when n = 3, then r. is non-decreasing along the flow.

Given € > 0, assume gy € C1([go]). By Lemma 3, (6.4) is parabolic. By
the standard implicit function theorem we have the short-time existence
result. Let 7% € (0, 00|, so that [0,7™*) is the maximum interval for the exis-
tence of the flow g(t) € T}

Proposition 3. Assume thatn > 3, > 0 and gg € Ff. Let u be a solution

of (6.4) in a geodesic ball B x [0,T] for T < T* and R < 719, the injectivity
radius of M.

(1) Assume that Vt € [0,T], there holds
re(t) < 0.

Then there is a constant C depending only on (Bg, go) (independent
of € and T') such that for any (x,t) € Br/y % [0,T]

(6.7) |Vul? + |V2u| < C.
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(2) Assume that ¥t € [0,T], there holds
re(t) > 0.

Then there is a constant C' depending only on (Bgr,go) (independent
of € and T') such that for any (z,t) € Bg/y x [0,T]

(6.8) |Vu|2 + |V2u\ <C (1 + sup 7.(t) x e 2inf@.nenpxio) “(”)> )
t€[0,T)

Now we define

(6.9) a: :== inf £(9)

4,1fn754
9€Cilgo) ([, o1(g)d vol( ()2

If a. is achieved by a metric g = e2%gq, the g satisfies
o2(g) — ee*v B

(6.10) o1(9)

for some constant x. Equivalently, we will consider the energy functional &
on the normalized cone C1([go])

61) Gl = {g <o) [ gl - 1} |

Using the same arguments as in Proposition 3, we have the following
local estimate.

Proposition 4. Assume thatn > 3, >0 and gy € Ff. Let u be a solution
of (6.10) in a geodesic ball B x [0,T] forT < T* and R < 79, the injectivity
radius of M.

(1) Assume

k <0.

Then there is a constant C depending only on (Bg,go) (independent
of € and T') such that for any (x,t) € Br/y x [0,T]

(6.12) IVul? 4+ |V2u| < C.
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(2) Assume

k> 0.

Then there is a constant C depending only on (Bgr,go) (independent
of € and T') such that for any (x,t) € Br/y % [0,T]

(6.13) (Vul? + | V2u| < C(1 4 k x e 2Mfeoespxom u@t)y

Now we consider n = 3 and can prove that a. is achieved for any small
e > 0.

Proposition 5. Assume go €I and n=3. For §>¢>0, flow (6.4)
globally converges to a solution of (6.10). As a direct application, a. is
achieved by a function u. satisfying (6.10) for k >0, provided ¢ is suffi-
ciently small.

Proof. We divide the proof into three steps.

Step 1. There is a constant Cp > 0, independent of T € [0,7*) such that
(6.14) u(®)le < Co.

Claim. There is a constant C' > 0, independent of T' € [0,7*) such that
(6.15) / e dvol(g(t)) < C.

M
Without loss of generality, we can suppose Fi(g(t)) = 1. Thus, we obtain
(6.16) 5/M " vol(g(t)) = Falg(t)) — r=(g(t)) < Falg(t)) < Yau([g0))-
Thus, we prove the claim. As in [11], we have for all g € C1([go])

1

(6.17) /Ug(g)dvol(g) < _16/|Vu|§ge4ud"01(g)+C/e4“dvol(g),

for some positive constant ¢ > 0. Recall that Y 1 ([go]) is finite and [ o2(g(t))
dvol(g(t)) > 0, provided r-(g(0)) > 0, since r-(g(t)) is non-decreasing. Thus,
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we infer V¢ € [0,T%)

(6.18) 256/|V€Z|30dV01(g(]) :/\Vu|30e4“dvol(g) < c/e4udvol(g)
< c/(e“/4)4dvol(go)

which implies by the Sobolev’s embedding theorem for all z,y € M

(6.19)
1/4

e/t = 0 < o ([ etavol(s)) (do (o) < el )

where dg,(z,y) is the distance between = and y with respect to the metric
go- Set

(6.20) /B(t) — omina u(st) eu(xt,t)
and
(6.21) B(t) — pMaXa u(5t) eu(i,,,t)

for some ¢,y € M. Tt follows from (6.19) that for any y € M
(6.22) T WO > (B(6) + e(dy, (2, y)) /)
which implies
(6.23)
Vol(g(t)) = / &340 dvol(go) > / (B + e(dyy (2, 9))/*)2d vol(go)

R
> c/ (BOY* + erV/H72:24r > —cIn B(1),
0

provided 5(t) < 1/2. On the other hand, we have always Vol(g(t)) < (Y1([g0])
Fi(g(t)))®. Thus the lower boundness of u(z,t) yields. Together with the
local estimates and the fact Fj is preserved along the flow, this implies that
|lu(t)||c= has a uniform bound.

Step 2. The flow preserves the positivity of the scalar curvature.

Proposition 6. There is a constant Cy > 0, independent of T € [0,T*)
such that o1(g(t)) > Co for any t € [0,T].
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Proof. Recall

Set

where o = 2Y51([go]). Thus, F: = u + (re(g(t)) — a)e 2% — s:(g(t)). With-
out loss of generality, we assume that the minimum of F; is achieved at
(xo,t0) € M x (0,T]. Let us use O(1) denote terms with a uniform bound
with respect to ¢ (perhaps depending on ¢). It is clear that s.(g(¢)) and
re(g(t)) are bounded. Near (xg, o), we have

(6:20) LF = 3 A9 [(VA(E) — (rlg) — ) (V2 ™)) + 20e

where
(03(W) — 02(W) + )69 — o1 (W)W

AV =
ot (W)

is positive definite. To simplify the notations, we drop the index ¢ as before.
Since (xg,tp) is the minimum of F' in M x [0,7], at this point, we have
% <0, F; =0Vl and (F};) is non-negative definite. Note that

(V)i F = Fij + uiFy + uiFy, = > wFdij = Fy,
!

at (zo,t0), where F;j and Fj; are the first and second derivatives with respect
to the back-ground metric gg. From the positivity of A and (6.24), we have

(6.25) — 20y

oy 02(W) —¢
= Qa2 L~ + O(1
> F,— Y AYF; — 20e "y,
]

> (0= 12(9)) D AT (€72 + ui(e™™);

(%
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+uj(e ) = Uz(e_2“)15ij}
l

= (@ —ro(g))e Y A9{—2wij + 2usu; + 25(g0)i; + |Vul*di;}
ij
> (o= refg)e | (200

ZAhj

+ ZAU(QU@'UJ' +25(g0)ij + VU25ij)] :

Here we have used }_, ; A, = UZ?EVM),J)FE. On the other hand, we have

ij o (U%(W) —02(W))o1(g0)
(626) %A S(QO)’L] = O'%(W)

1
Ul(W)

i 80’1(90)
W*S(go)ij + :
2 W)

Going back to (6.25), we have

_ O'Q(W) — &
— Qe 2L~ L O(1
> F — Z AijFij — 2ae Py,
2%

(6.27) —205(W) —2e | 2(0F (W) — 02(W))o1(g0)

a(Wy 72(W)

> (o= rilg)e |

2 ij 2e01(go)
- O'1(W) %:WJS(QO)U—’_ O'%(W)

)

since (A%) is positive definite and o — r.(g) > Ya2,1([go]) is positive. One can
check o2(g) = O(1) for [Juf|c2 is uniformly bounded and }_; ;, WS (go)ij =
O(1). Also the term o2(W) — o9(W) is always non-negative. From (6.27),
we conclude that there is a positive constant Cy > 0 (independent of T") such
that

(6.28) o1(W)(zo,tg) > Co > 0.
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Now for any (z,t) € M x [0,T], we have

oo(W)(z,t) — €
W)@y =W

so that there is a positive constant C' > 0, independent of T', such that
o1 (W)(z,t) = C,

since we have o2(W) < 307(W) provided o2(W) > 0. This finishes the proof
of the proposition. O

Step 3. Now we can prove equation (6.10) admits a solution. From Steps
1 and 2, we know that the flow is uniformly parabolic. Krylov’s theory
implies u(¢) has a uniform C%“ bound. Hence, T* = co. One can also show
that u(t) globally converges to u(oco), which clearly is a solution of (6.10)
for k =r.(g(c0)). (Note that r.(g(t)) is monotone and bounded, so that
re(g(00)) exists) (see [20]). So u. = u(o0) — & log [r-(g(c0))| solves (6.10) for
k=1 (resp. 0,1) if r-(g(c0)) > 0 (resp. = 0,< 0). Now, if € is sufficiently
small, we have r-(g(0)) > 0. Thus, there exists a minimizing solution to
(6.10), that is, a. is achieved.

Proof of Theorem 1 in the case n = 3. Now let u. be a minimizing solution to
(6.10) for k= 1. It is clear e~ 24 go € C2([go]) and Ya1([go]) > ac. As a: —
Yg,l([gg]), we infer }/271([90]) 2 }/2,1([90]). OIl the other hand, Y271([g0]) S

Yg,l([gg]) since CQ([go]) C Cl([go]). Finally, }7271([g0]) = }/271([.90]). This fin-
ishes the proof of theorem. O
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