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Stability of coassociative conical singularities

JASON D. LorAay

We study the stability of coassociative 4-folds with conical singu-
larities under perturbations of the ambient Gy structure by defin-
ing an integer invariant of a coassociative cone which we call the
stability index. The stability index of a coassociative cone is deter-
mined by the spectrum of the curl operator acting on its link. We
explicitly calculate the stability index for cones on group orbits. We
also describe the stability index for cones fibred by 2-planes over
algebraic curves using the degree and genus of the curve and the
spectrum of the Laplacian on the link. Finally, we apply our results
to construct the first known examples of coassociative 4-folds with
conical singularities in compact manifolds with Gy holonomy.

1. Introduction

Coassociative 4-folds are calibrated, hence minimal, submanifolds of
7-manifolds with Gy structures, first defined in [10]. Of particular inter-
est are coassociative 4-folds in manifolds with Gy holonomy, of which few
examples are known. Coassociative submanifolds with conical singularities
have been previously studied by the author in [25, 26], building upon the
work on special Lagrangian submanifolds with conical singularities by Joyce
in [14-18].

We continue to generalize the work of Joyce to the coassociative setting
by defining the notion of stability index for coassociative cones. The sta-
bility index is a non-negative integer invariant for a coassociative cone, the
vanishing of which guarantees that coassociative 4-folds with a singularity
modelled on that cone will have a smooth moduli space of deformations: in
particular, they are stable under small perturbations of the Go structure on
the 7-manifold.

We calculate the stability index for certain types of coassociative cones
and use our results to construct the first examples of coassociative 4-folds
with conical singularities in compact manifolds with Gy holonomy. This is
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an essential step in the proposed construction given in [21] of coassociative
fibrations of compact G2 manifolds.

1.1. Motivation

Even though there has been a wealth of research devoted to calibrated sub-
manifolds with conical singularities in manifolds with special holonomy, par-
ticularly in [14-18] and [25, 26], there were no known examples of such sub-
manifolds. Given this well-developed theory, we were motivated to construct
coassociative examples. As far as the author is aware, it is unknown whether
there are special Lagrangian m-folds with conical singularities in Calabi—Yau
m-folds for m > 3.

The stability index of a special Lagrangian cone is defined in [15] in terms
of the spectrum of the Laplacian on the link, and is calculated for cones over
flat tori originally given in [10, Section III]. The stability index for special
Lagrangian cones over certain homogeneous spaces is calculated in [34] and
Haskins [11] shows that the only stable special Lagrangian T2-cone is the
cone over the flat torus.

In contrast, the stability index for a coassociative cone is determined by
the spectrum of the curl operator acting on 1-forms on the 3-dimensional
link of the cone. Although still a natural geometric object, there is relatively
little material on the spectrum of the curl operator in the literature, and it is
certainly less straightforward to analyse than the spectrum of the Laplacian
which has received so much attention. We are thus required to undertake
fundamental elementary calculations to describe the stability index even in
simple cases.

Eigenforms for the curl operator naturally define contact structures and
are dual to certain Beltrami fields, which are important in hydrodynamics.
Beltrami fields are also equivalent to Reeb vector fields by the work in [§],
so are of particular interest in contact geometry. We hope therefore that our
spectral calculations may be of wider benefit.

Motivated by the SYZ conjecture (see [38]), one would hope to construct
coassociative fibrations of compact manifolds with Go holonomy. An elemen-
tary argument shows that some of the fibres must necessarily be singular,
so it is natural to assume that they have the simplest type of singularity,
namely conical singularities. As already mentioned, the stability results in
this paper are essential for the proposed construction of a coassociative K3
fibration in [21]. Moreover, our results will almost certainly be useful for any
other construction of a coassociative fibration with conically singular fibres.
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1.2. Summary

We begin in Section 2 with the basic definitions we need, including concepts
from calibrated geometry and Geometric Measure Theory. We also discuss
the relationship between complex and coassociative geometry.

In Section 3 we mainly review the material in [25], defining coassociative
4-folds with conical singularities and describing their deformation theory.
Our definition of coassociative conical singularities (Definition 3.2) on the
face of it looks rather strong. However, we prove the following regularity
result, generalizing results in [15, 37], which shows that the definition is
more applicable than it appears.

Theorem 1.1. If a coassociative integral current has a multiplicity one,
Jacobi integrable tangent cone with isolated singularity at an interior point
p, then it has a conical singularity at p.

Remarks. The link of a coassociative cone is a Lagrangian (or totally real)
submanifold of the nearly Kéhler 6-sphere S%. A coassociative cone is Jacobi
integrable if every infinitesimal variation of its link as a Lagrangian in S is
integrable.

In Section 4, we begin by briefly reviewing the known examples of coas-
sociative cones. Then, by refining some of the results in [25], we define the
notion of C-stability index for a coassociative cone C' in a family C. We sim-
ply call the C-stability index of C' the stability index when C is the family
of cones generated by Go transformations and translations of C.

Sections 5 and 6 are devoted to calculating the stability index for certain
coassociative cones. In Section 5, we analyse the curl operator acting on
Berger 3-spheres and their quotients by finite groups, and thus determine
the stability index for all homogeneous coassociative cones. We deduce the
following.

Theorem 1.2. The only stable homogeneous coassociative cones are coas-
sociative 4-planes and the Sp(l)-invariant coassociative cone given in
Example 4.2.

Remark. The cone in Example 4.2 was originally constructed in
[22, Section 7] and identified as coassociative in [10, Section IV].
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In Section 6 we study coassociative cones which are fibred by 2-planes
over algebraic curves: either holomorphic curves in CP?, where the corre-
sponding coassociative cone is complex, or null-torsion pseudoholomorphic
curves in 88, In both cases, we express the stability index in terms of the
spectrum of the Laplacian acting on functions on the link and algebro-
geometric data from the curve. These results allow us to examine the
behaviour of the stability index under deformations of these types of coas-
sociative cones.

Finally, in Section 7, after discussing the construction in [20] of compact
manifolds with Gy holonomy, we apply the results of Sections 5 and 6 to
prove the following.

Theorem 1.3. Given a pair of maximal deformation families of Fano 3-
folds, one can construct a one-parameter family of compact manifolds with
Go holonomy, which contain coassociative K3 surfaces with conical singu-
larities.

Remark. The key ingredients in the proof are Theorem 1.1, the C-stability
index for a homogeneous complex cone C' in a deformation family C and the
invariance of the C-stability index under deformations of C' in C.

Given the proof of Theorem 1.3, it is clear that this result will naturally
extend to give coassociative 4-folds with conical singularities in the compact
holonomy Gg manifolds constructed by Corti et al. [6], where one replaces
Fano 3-folds by a more general class of complex 3-folds.

Notes.

(a) Manifolds are taken to be non-singular and submanifolds to be embed-
ded, for convenience, unless stated otherwise.

(b) We use the convention that N = {0,1,2,...} and ZT = N\ {0}.
2. Coassociative 4-folds
In this section, we cover all of the basic definitions and theory we need.
2.1. Calibrated geometry and Geometric Measure Theory

We will need some general theory from calibrated geometry later, so we start
with the following definition.



Stability of coassociative conical singularities 807

Definition 2.1. Let (M, g) be a Riemannian manifold. An oriented tangent
m-plane W on M is an oriented m-dimensional vector subspace W of T, M,
for some z in M. Given an oriented tangent m-plane W on M, g|w is a
Euclidean metric on W and hence, using gl and the orientation on W,
there is a natural volume form, voly,, which is an m-form on W.

A closed m-form ¢ on M is a calibration on M if ¢|w < voly for all
oriented tangent m-planes W on M, where ¢| = & - voly for some k € R,
so ¢|lw < voly if k < 1. An oriented m-dimensional submanifold S of M is
a calibrated submanifold or ¢-submanifold if ¢|s = volg.

We shall need some ideas from Geometric Measure Theory. A good intro-
duction to this theory, which we only need in a superficial way, is given
in [32].

Definition 2.2. Let (M, g) be a complete Riemannian manifold and let
H™ be m-dimensional Hausdorff measure on M. By [32, Proposition 3.11],
one can define an H""-measurable subset S of M to be an m-dimensional
rectifiable set if S has finite H"™-measure and H"-almost all of S is covered
by the disjoint union of a countable number of compact C'-submanifolds
of M. Let vol(S) be the H™-measure of S. By [32, Proposition 3.12], an
m-dimensional rectifiable set S in M has a well-defined m-dimensional tan-
gent plane H™-almost everywhere, and so is orientable almost everywhere.
If S is an oriented rectifiable set, let s(z) be the unit m-vector to S at x
given by the choice of orientation, when this is well-defined.

Let D™ (M) be the space of smooth compactly supported m-forms on M.
An m-dimensional current on M is an element of the dual space C"™(M) =
D™ (M)* and we define the support of ' € C"™ (M), supp 7', to be the smallest
closed set in M such that, for any £ € D™ (M), supp & Nsupp T = ) implies
that T'(¢) = 0. We define the boundary 0T € C™~Y(M) of T € C™(M) via
the formula 9T(&) = T(d€) for £ € D™ (M). We also define the interior
T° of T to be the set supp T\ supp 97

Given an m-dimensional oriented rectifiable set S and a function v :
S — Z7 such that |, g V(x) dH™ < oo, we define an associated element Ts of
C™(M) via

Ts(¢) = /S s(z) - €(x) v(z) dH™

If supp Ts is compact, we say that T's (or simply S, since T is defined by S) is
an m-dimensional rectifiable current and we denote the set of m-dimensional
rectifiable currents by R™(M). We also let Z"(M) = {S € R™(M) : 9S €
R™~L(M)} be the set of m-dimensional integral currents.
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Finally, we define the set of m-dimensional locally integral currents by

L

ocC

(M)={T e€C™(M) : Ve € M3IS € T™(M) with = ¢ supp(T — S)}

and similarly define R{”.(M).

loc

The idea behind a rectifiable current is to generalize the notion of a com-
pact C'l-submanifold with boundary to include multiplicities (given by the
function v) and to allow for singular behaviour. Since the boundary of a
rectifiable current may be very badly behaved, we often require that the
rectifiable current be integral. As we shall need to deal with planes and
cones which are definitely not compact, we expand our notation to include
the “local” versions of the integral and rectifiable currents.

The majority of this paper will be dedicated to the study of cones, so
we make some formal definitions for convenience.

Definition 2.3. Recall the notation of Definition 2.2, let W be a normed
vector space and let S(W) be the unit sphere in W with respect to the norm.
An element C € R (W) is a cone in W if tC' = C for all t > 0, and we call

loc

CNS(W) the link of C.
We formally define convergence in the space of currents as follows.

Definition 2.4. Recall the notation of Definition 2.2. We say that a
sequence (S;) in R{I.(M) converges to S € R{l'.(M) if S; — S in the weak
topology in C™(M); that is,

S; — S if and only if /5%/5 as j — 0o,
s, s

for all £ € D™(M), where integration is carried out with respect to H" and
includes multiplicities.

In the seminal work on calibrated geometry [10], the relationship between
calibrated geometry and Geometric Measure Theory is discussed at length.
We note some of the observations originally presented there.

Definition 2.5. Let (M, g) be a complete Riemannian manifold, let ¢ be an
m-form which is a calibration on M and recall the notation of Definition 2.2.
By the work in [10], we can define S € ™ (M) to be an integral ¢-current
if S is calibrated with respect to ¢; that is, [¢ ¢ = vol(S). Then integral
¢-currents are volume-minimizing in their homology class. We can also define
a locally integral ¢-current in M in the obvious manner.
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One of the key ideas in Geometric Measure Theory is the concept of a
tangent cone, which we now define.

Definition 2.6. Let (M,g) be a complete Riemannian n-manifold and
recall the notation of Definition 2.2. Let S € R, (M) and let x € S°. Choose
a diffeomorphism v : V' — B, where B is an open neighbourhood of the ori-
gin in R™ and V is an open neighbourhood of x in M. Let U = V N .S and let
T = dvl,, which is an isomorphism between T, M and R™. A tangent cone
for S at x is a cone C in T, M such that there exists a strictly decreasing
positive sequence (r;), converging to zero as j — oo, such that

r]-_lv(U\ {z}) = Y(C) asj—
in the sense of Definition 2.4.

In Geometric Measure Theory there are two notions of “tangent cone”: one
is a set and the other is a current. We have defined a current in Definition 2.6
and so it is, strictly speaking, an oriented tangent cone in the sense of Geo-
metric Measure Theory. Oriented tangent cones can be defined for more
general currents than locally rectifiable ones, but then one only requires a
weaker form of convergence in the definition.

We conclude with an important result that follows from [19, Theorem
4.4.4].

Proposition 2.7. Let ¢ be a calibration on a complete Riemannian mani-
fold M and let S be an integral ¢-current in M. There exists a tangent cone
to S at each x € S°, and it is a locally integral ¢|,-current in T, M.

2.2. Calibrated geometry in R7

We define coassociative 4-folds in R” by introducing a distinguished 3-form.

Definition 2.8. Let (z1,...,27) be coordinates on R” and write dx;;. j, for
the form dz; A dx; A -+ A dog. Define a 3-form ¢ on R” by:

(2.1) 0o = dxq193 + dxy45 + dx167 + dxos6 — dxo57 — dx347 — dx356.

The Hodge dual of g is a 4-form given by:

(2.2)
xpo = dxys67 + dXose7 + dXos45 + dX1357 — dX1346 — dX 1256 — dX1247.
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The forms ¢ and *¢q are calibrations by [10, Theorems IV.1.4 and IV.1.16].
Submanifolds calibrated with respect to ¢g and *¢q are called associative
3-folds and coassociative 4-folds respectively. We can also characterize the
coassociative 4-folds as the oriented 4-dimensional submanifolds N in R”
satisfying o|n = 0, oriented such that x¢g|x > 0, by [10, Proposition IV.4.5
and Theorem IV .4.6].

Remark. The form ¢q is sometimes called the “Gy 3-form” because the
exceptional Lie group Go is the stabilizer of ¢y in GL(7,R).

A straightforward calculation yields the following lemma.

Lemma 2.9. Identify R” with R ® C? so that x1 is the coordinate on R
and z1 = xo +ix3, 20 = x4 + ixs5 and 23 = xg + ixy are coordinates on C3.
If wg and Qg are the standard Kdhler and holomorphic forms on C3, then:

(2.3) o = dz1 A wy + ReQy,

1
(2.4) *p = 5 Wo A wp — dzy AImQ,
where @o and xpg are given in (2.1) and (2.2).

Since Re Qg and Im € are both calibrations on C? we have the following
definition, again due to Harvey and Lawson [10].

Definition 2.10. Let (z1,..., zy) be coordinates on C™ and let wy and Qg
be the Kéhler and holomorphic volume forms on C™. Then cosf Re Qg +
sinf1Im )y is a calibration on C™ for all real constants €, and its corre-
sponding calibrated submanifolds are real m-dimensional submanifolds of
C™ called special Lagrangian m-folds (with phase ew). Moreover, special
Lagrangian m-folds with phase e? are the oriented real m-dimensional sub-
manifolds L of C™ such that wy|r, = 0 and (sind Re Qp — cos# Im Q)| = 0,
up to a choice of orientation.

Examination of (2.3) and (2.4) immediately yields the following elemen-
tary result.

Corollary 2.11. In the notation of Lemma 2.9, R x L CR @ C? and N C
C? are coassociative in R7 if and only if L is a special Lagrangian 3-fold
with phase —i and N is a complex surface in C® respectively.
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Since we will be concerned with coassociative cones, we make the fol-
lowing convenient definition.

Definition 2.12. The 6-sphere S% inherits a nearly Kdhler structure from
the standard Go structure on R7. In particular, if r is the radial coordinate
and e, is the radial vector field on R”, w = (e, - ¢g)|r=1 is a non-degenerate
2-form on 8% which is not closed. Using this 2-form and the round metric
g on 8% we can define an almost complex structure J by w(x,y) = g(Jz,y)
for tangent vectors x,y. The almost complex structure J is not integrable.

An oriented 3-dimensional submanifold I C S% is the link of a coassocia-
tive cone if and only if w|;, = 0. Thus, we say that the link of a coassociative
cone in R7 is a Lagrangian submanifold of SS.

An oriented surface ¥ C S is a pseudoholomorphic curve if and only if
w|x = voly or, equivalently, if J(7,X) = T,X for all 0 € X. Note that ¥ is
the link of an associative cone if and only if ¥ is a pseudoholomorphic curve.

By Corollary 2.11, any complex 2-dimensional cone in C? is coassociative
in R@® C? 2 R". Thus, the Hopf lift of any holomorphic curve in CP? to
a totally geodesic S° in S% is Lagrangian. Since special Lagrangian 3-folds
in C3 are associative in R @ C3 = R”, minimal Legendrian surfaces in S°,
which are the links of special Lagrangian cones in C3, give examples of
pseudoholomorphic curves in S°.

2.3. Go structures

So that we may define coassociative submanifolds of more general
7-manifolds, we make the following definition.

Definition 2.13. Let M be an oriented 7-manifold and recall the 3-form
¢o on R given in (2.1). For each x € M there exists an orientation preserv-
ing isomorphism ¢, : T, M — R". Since dim Gy = 14, dim GL, (T,M) = 49
and dim AT} M = 35, the GL (T, M) orbit of 1%(¢p) in A3TF M, denoted
A3TFM, is open. A 3-form ¢ on M is positive if |, € A3 T M forallz € M.
Denote the bundle of positive 3-forms by AiT*M .

A positive 3-form is identified with the Go 3-form ¢g on R” at each point in
M. Therefore, to each positive 3-form ¢ we can uniquely associate a 4-form
*, and a metric g, on M such that the triple (¢, *,¢, g,) corresponds to
(0, *®0, go) at each point. Note that since the metric g, depends on ¢, the
Hodge star *, depends on ¢ also. This leads us to our next definition.
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Definition 2.14. Let M be an oriented 7-manifold and ¢ € C*®(A3T*M).
If g, is the metric associated with ¢, we call (¢, g,) a Go structure on M.
If ¢ is closed (or *,¢ is closed) then (¢,g,) is a closed (or coclosed) Ga
structure. A closed and coclosed Go structure is called torsion-free.

Our choice of notation here agrees with [5].

Remark. By [35, Lemma 11.5], (¢, g,) is a torsion-free Gy structure on M
if and only if the holonomy of g, is contained in Go.

Definition 2.15. Let M be an oriented 7-manifold with a Gg structure
(¢, 9,), denoted (M, p,g,). If (¢,g,) is closed, we say that (M, ¢, g,) is
an almost Go manifold. If (p,g,) is torsion-free, we call (M, ¢, g,) a Go
manifold.

Note. By [19, Proposition 11.2.1}, the metric g, on a compact G2 manifold
M has Gg holonomy if and only if the fundamental group w1 (M) is finite.

We are now able to complete our definitions regarding coassociative
4-folds.

Definition 2.16. A 4-dimensional submanifold N of (M, ¢, g,) is coasso-
ciative if and only if ¢|y = 0 and *,p|n > 0.

Note. Though we may define coassociative 4-folds with respect to any Go
structure, for deformation theory and related results to hold we need it to
be closed. Therefore, we shall work with almost Go manifolds for greatest
useful generality.

The next result, [31, cf. Proposition 4.2], is invaluable in describing
the deformation theory of coassociative 4-folds.

Proposition 2.17. Let N be a coassociative 4-fold in an almost Go
manifold (M, @, g,). There is an isometric isomorphism between the nor-
mal bundle v(N) of N in M and (A%), | T*N given by jn : v — (vap)|7N.
Thus, infinitesimal coassociative deformations of N are governed by closed
self-dual 2-forms on N.

Remarks. From Proposition 2.17 and some further analysis, one may
deduce as in [19, Theorem 12.3.4], by following [31, Theorem 4.5, that
the moduli space of deformations of a compact coassociative 4-fold N in
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an almost G2 manifold is a manifold of dimension b2 (N). The author in [25]
adapted this deformation theory result to the situation where N has coni-
cal singularities, which will be invaluable for the study in this article. The
relevant material in [25] will be the focus of Section 3.

We shall also be briefly concerned with SU(3) structures, so they form
the subject of the next definition.

Definition 2.18. On C3, let g, wo and €y denote the standard Euclidean
metric, Kéahler form and holomorphic volume form respectively. Let
(Y, J,g,w) be an almost Hermitian 6-manifold; that is, ¢ is a Riemannian
metric on the almost complex 6-manifold Y, J is an almost complex struc-
ture preserved by g and w is the associated (non-degenerate) (1, 1)-form on
M. An SU(3) structure on Y is a choice of nowhere vanishing (3, 0)-form 2
on Y such that, for all y € Y, there exists an orientation preserving isomor-
phism ¢, : T,Y — C3 satisfying ty(90) = gly, ty(wo) = wly and 15 (Qo) = Q.

If (V,J,9,w,9Q) is an almost Hermitian 6-manifold endowed with an
SU(3) structure, the product 7-manifold M =R xY (or S! x Y) has a
“product” G structure given by ¢ =dr Aw+ ReQ and g, = dz? + g,
where x is the coordinate on R or S', by [19, Proposition 11.1.9]. More-
over, *,p = %w Aw—dx AlmQQ.

Notes. If (Y, g, J,w) is a compact Kéhler 3-manifold and €2 is a nowhere
vanishing holomorphic (3,0)-form on Y, then (Y,g,J,w,Q) is called an
almost Calabi-Yau 3-fold. If, in addition, w? = %Q A Q then the SU(3) struc-
ture is torsion-free and (Y, J, g, w, ) is called a Calabi—Yau 3-fold. These are
the natural “SU(3) analogues” of the manifolds defined in Definition 2.15.
In particular, the Calabi—Yau condition is equivalent to saying that the com-
pact Kéhler manifold has metric g with holonomy contained in SU(3).

3. Conical singularities

In this section, we review some of the theory of conical singularities of coas-
sociative 4-folds as described in [25]. We also prove an important new result
that shows that singular coassociative integral currents with particularly
“nice” tangent cones have conical singularities.

3.1. Coassociative 4-folds with conical singularities

We first define a preferred choice of local coordinates on an almost Go man-
ifold near a finite set of points, which is an analogue of one given for almost
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Calabi-Yau manifolds in [15, Definition 3.6]. We let B(0;5) C R” denote the
open ball about 0 with radius § > 0.

Definition 3.1. Let (M, ¢, g,) be an almost G2 manifold and let zq,...,
zs € M be distinct points. There exist a constant eps € (0,1), an open set
Vi 3 z;in M with V; N V; = (0 for j # ¢ and a diffeomorphism x; : B(0; ear) —
V; with x;(0) = z;, for i = 1,...,s, such that ¢; = dy;|o : R” — T,,M is an
isomorphism identifying the standard Go structure (g, go) on R” with the

pair (¢|z,, 9plz). We call the set {x; : B(0jenr) = Vi:i=1,...,s} a Ga
coordinate system near z1, ..., Zs.

We say that two Go coordinate systems near zi,...,zs, with maps x;
and x; for i =1,...,s, respectively, are equivalent if dy;|o = dxilo = ¢ for
all 4.

Definition 3.2. Let (M,¢p,g,) be an almost Go manifold, let N C M
be compact and connected and let z1,...,2; € N be distinct. We also let
{xi: B(0;epr) = Vi:i=1,...,s} beaGg coordinate system near z1, ..., zs,
as in Definition 3.1. We say that N is a 4-fold in M with conical singularities
at z1,...,zs with rate p, denoted a CS 4-fold, if N = N\{z1,...,25} is a
(non-singular) 4-dimensional submanifold of M and there exist constants
0<e<epy and p € (1,2), a compact 3-dimensional Riemannian subman-
ifold (L;, h;) of S® C R”, where h; is the restriction of the round metric
on S% to L;, an open set U; 3 z; in N with U; C V; and a smooth map
®; : (0,¢) x L; — B(0;ep) CR7, for i =1,...,s, such that ¥; = x; o ®; :
(0,€) x Ly — U; \ {#} is a diffeomorphism, and ®; satisfies

(3.1)  ®i(ri,xi) — ti(ri, 25) € (Tpp,ti(Cy))E for all (ry, x;) € (0,€) x L;
and

(3.2) V(@ (1, 25) — ti(riy )| = O(rk ™) for j e Nasr; — 0,
where ¢;(r;,z;) = riz; € B(0;€pr), V; is the Levi-Civita connection of the
cone metric g; = dr? + r?hi on C; = (0,00) x L; coupled with partial differ-
entiation on R”, and |.| is calculated with respect to g;.

We call C; the cone at the singularity z; and L; the link of the cone
C;. We may write N as the disjoint union N = Ky U| |, U;, where Ky is
compact.

If N is coassociative in M , we say that N is a CS coassociative 4-fold.

Remark. If N is a CS 4-fold, N is non-compact.
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Suppose N is a CS 4-fold at 21, ..., z, with rate p in (M, ¢, g,) and use
the notation of Definition 3.2. The induced metric on N, 9ol 5, makes N
into a Riemannian manifold. Moreover, it is clear from (3.2) that, as long
as [ < 2, the maps ¥; satisfy

(33)  |VI(Wi(gyl ) — 90)| = O~ 79) for j € Nasr; — 0.

Consequently, the condition p > 1 guarantees that the induced metric on N
genuinely converges to the conical metric on Cj.

Note. As shown on [25, p. 6], since p € (1,2), Definition 3.2 is indepen-
dent of the choice of Go coordinate system near the singularities, up to
equivalence.

Definition 3.3. Let N be a CS coassociative 4-fold in an almost Go man-
ifold and use the notation of Definition 3.2. A radius function on N is a
smooth map p : N — (0,1] such that there exist positive constants ¢; < 1
and ¢z > 1 with ¢1r; < ¥ (p) < carj on (0,¢) X L fori =1,...,s.

It is clear how we may construct such a function.
We now make a definition that also depends only on equivalence classes
of Go coordinate systems near the singularities.

Definition 3.4. Let N be a CS coassociative 4-fold at zj,...,zs in an
almost Go manifold. Use the notation of Definitions 3.1 and 3.2. For ¢ =
1,...,s, define a cone C; in T..M by C; = (Gi 0 1;)(Cy). We call C; the tangent
cone at z;.

Using (3.2), one sees that C; is a tangent cone at z; in the sense of Defi-
nition 2.6. Since the tangent cone has multiplicity one, [37, Theorem 5.7]
implies that C; is the unique tangent cone to N at z;. It is still an open
question whether a general calibrated integral current has a unique tangent
cone at each point.

We conclude with a straightforward result that follows from Proposi-
tion 2.7 or, by more elementary means, from [25, Proposition 3.6].

Proposition 3.5. Let N be a CS coassociative 4-fold at z1,...,2s in an
almost Go manifold. The tangent cones at z1, ..., zs are coassociative.
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3.2. Weighted Banach spaces

For this subsection we let (P, g) denote the non-singular part of a CS coas-
sociative 4-fold in an almost G2 manifold with the induced metric and let p
be a radius function on P, as given in Definitions 3.2 and 3.3. We also let V
denote the Levi-Civita connection of g. We define weighted Banach spaces
of forms on P as in [2, Section 1] so as to implement the analytic framework
of [25].

We shall use the notation and definition of the usual “unweighted”
Banach spaces of forms as in [13, Section 1.2]; that is, Sobolev and Hélder
spaces are denoted by Li and C* @, respectively, where p > 1, k € N and

€ (0,1). Recall that, by the Sobolev Embedding Theorem, Li embeds
continuously in Lj if I < k and [ — % <k- ﬁ, and LY embeds continuously
in Che if k — % > 1+ a. We also introduce the notation C{gc for the space
of forms ¢ such that f¢ lies in C* for every smooth compactly supported
function f, and similarly define spaces LZ loe and C{Z’Ca.
Definition 3.6. Let p> 1, k € N and A € R. The weighted Sobolev space
L%)\(AWT*P) of m-forms £ on P is the subspace of L% loc(AT* P) such
that the norm

k 1
leluz, =3 ([ W wiepstan, )
j=0 P
is finite. Then L}, ,(A™T™*P) is a Banach space.
We now define the dual weighted Sobolev space that shall be useful later.
Definition 3.7. Use the notation from Definition 3.6. Let p, ¢ > 1 be such

that L +1=1, let kl€N and let A€R. We then define (.,.):
Ly \(A™T*P) x L] _, \(A™T*P) — R by

<§,n>—/P§A*n.

We shall refer to this as the dual pairing. For our purposes, we take the
dual space of L} \(A™T*P) to be L] _, ,(A™T*P), with linear functionals
represented by dual pairings.



Stability of coassociative conical singularities 817

Definition 3.8. Let A € R and k € N. The weighted C*-space C¥(A™T*P)
of m-forms & on P is the subspace of CF_(A™T*P) such that the norm

loc
k . .
l€ller = ZSIIlDP Vvt
j=0

is finite. We define C3°(A™T* P) = (5o CX(A™T*P). Then C§(A™T*P) is
a Banach space, but C{°(A™T*P) is not in general.

Definition 3.9. Let F be a vector bundle on P endowed with Euclidean
metrics on its fibres and a connection preserving these metrics. Let d(z,y)
be the geodesic distance between points z,y € P, let a € (0,1), let k € N
and let A € R. Let

H={(z,y) € Px P :x#y, cip(x) <p(y) < czp(z) and
there exists a geodesic in P of length d(z,y) from z to y},

where 0 < ¢; < 1 < ¢9 are constant. A section s of E is Hélder continuous
(with ezponent a) if

[S]a: sup |S(x)_8(y)‘E<OO.

(z,y)eH d(CC, y)a

We understand the quantity |s(xz) — s(y)|g as follows. Given (x,y) € H,
there exists a geodesic v of length d(z,y) connecting = and y. Parallel trans-
lation along v using the connection on F identifies the fibres over x and
y and the metrics on them. Thus, with this identification, |s(z) — s(y)|g is
well-defined.

The weighted Holder space C”;’a(AmT*P) is defined to be the subspace
of C*(A™T*P) such that the norm

loc

€l = lIE s + €3
is finite, where

(€I = [pFreAvige.
Then C’f’a(AmT *P) is a Banach space. It is clear that we have embeddings
Clj’a(AmT*P) — C4 (A™T*P) and C§+1(AmT*P) — Cf\’“(AmT*P) ifl <k.

Remark. The set H in Definition 3.9 is introduced so that [5]’;’“ is
well-defined.
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Finally, we shall need the analogue of the Sobolev Embedding Theorem
for weighted spaces, which is adapted from [23, Lemma 7.2] and [2, Theo-
rem 1.2].

Theorem 3.10 (Weighted Sobolev Embedding Theorem). Let
p,q>1,a€(0,1), \,v € R and k,l € N.

(a) Ifk:zl,k—%zl—%, and either p < q and A\ > v, orp > q and A >
v, there is a continuous embedding L, \(A™T*P) — L] (A™T*P).

(b) If k— % > 1+ a, there is a continuous embedding LZA(AmT*P) —
CLe(A™T*P).

3.3. Deformation theory

We now review and discuss the key deformation theory results for CS coasso-
ciative 4-folds from [25]. We begin by recalling the linear differential operator
governing infinitesimal deformations of CS coassociative 4-folds.

Definition 3.11. Let N be a CS coassociative 4-fold in an almost Go
manifold. Let p > 4, k > 2 and let A € R. Define

(3.4) (dy +d): L, \(AAT*N @ A'T*N) — L}, | (A*T*N)
by (dy + d*)r(a, B) = da + d*p.

Notes. We use the operator (3.4) rather than simply the exterior derivative
on self-dual 2-forms since the former operator is elliptic, whereas the latter
is not. The choice of p > 4 and k > 2 ensures that Li 41, y-solutions to the
(non-linear) deformation problem are in fact smooth.

Definition 3.12. Let N be a CS coassociative 4-fold in an almost Go
manifold and use the notation of Definition 3.2. Let

D(\i) = {(cy, B;) € C®°(A’T*L; ® A3T*L;) : dijei = —\Gi,
dixjop +di B = — (A + 2) i},

where *;, d; and d are the Hodge star, the exterior derivative and its formal
adjoint on L;. By [25, Propositions 5.1 and 5.2], the set D of real numbers



Stability of coassociative conical singularities 819

such that (3.4) is not Fredholm is countable and discrete and given by

D= J{): D(\i) #0}.

i=1
We also set d(A\) =Y 7, dim D(\, 7).

Note. The forms (a4, 3;) € D(A,i) correspond to homogeneous forms
(o, B) € C®(A2T*C; ® A'T*C;) of order A which satisfy da+d*8 =0 on
the cone C;.

In [25] the author studied deformations of CS coassociative 4-folds, allow-
ing the singularities and tangent cones to vary, and permitting changes in
the ambient Gg structure. However, for our purposes, we require a slightly
more general theory, where we allow the underlying cones on which the sin-
gularities are modelled to vary as well. We now define the moduli space of
deformations.

Definition 3.13. Let N be a CS coassociative 4-fold in an almost Go
manifold (M, ¢, g,) and let D be given by Definition 3.12. Suppose further
that NV has singularities at z1,...,zs with rate p € (1,2) \ D, having cone
C; and tangent cone C; at z; for all i. Let € = [1;_, C; where C; is a smooth,
connected family of coassociative cones in R7, closed under the natural action
of Go xR7, such that C; € C; for all 1.

The moduli space of deformations M(N, u, €) is the set of CS coasso-
ciative 4-folds N" in M such that:

(a) N’ has a singularity at z, with rate ¢ and cone in C; for 1 =1,...,s;
and

(b) there exists a diffeomorphism h: M — M, isotopic to the identity,
such that h(z;) = 2| for all 4, h|y : N — N’ is a homeomorphism and
hlg: N — N'"\ {z1,...,2} is a diffeomorphism.

We state the deformation theory result we require.

Theorem 3.14. Use the notation of Definition 3.13, let p > 4 and k > 2.
There ezist finite-dimensional vector spaces Z(N,u, €) and O(N, i, €), with
O(N, p1,€) contained in LY, Mfl(Ag’T*N), and there exist

(a) a smooth manifold M(N,,u, &), which is an open neighbourhood of 0
in Z(N,u, &), and



820 Jason D. Lotay

(b) a smooth map 7 : M(N, i, €) — O(N, p, €), with 7(0) =0,

such that an open neighbourhood of zero in Kerw is homeomorphic to an
open neighbourhood of N in M(N, u, €).

Furthermore, if O(N, u, €) = {0}, then M(N, u, €) is a smooth manifold
of dimension equal to that of Z(N, u, €).

We can actually say more about the spaces Z(N, u, €) and O(N, u, €).

Proposition 3.15. Use the mnotation of Definitions 3.11-3.18 and
Theorem 3.14.

(a) Z(N, 1, €) contains a subspace isomorphic to Ker(dy + d*),.

(b) O(N, i, €) is transverse to the space Image(d4 + d*),, it is contained

in d(L£+17#(A2T*N)) C L H—1<A3T*N) and satisfies
(3.5) dmO(N,p, &) < > dA) =) dimC;.
AE(=2,1)ND i=1

These results essentially follow from [25, Theorem 7.9 and Proposition
8.10], the only difference being that we allow the cones C; on which the
singularities are modelled to deform in the families C;, which may be larger
than the families given simply by translations and G transformations of Cj.
Rather than repeating the entire analysis in [25] with this change, we appeal
to the similar discussion in [16, Section 8.3]; that is, the infinitesimal defor-
mation space (N, u,€) is unchanged but the dimension of the obstruction
space O(N, p,€) is reduced by the dimension of the families in which the
cones vary.

Notes. In (3.5), the sum is over (—2,u) N D, rather than (—1,u) ND as
in [25, Proposition 8.10]. This ability to improve to the latter smaller set was
based on the claim in [25, Proposition 5.3|, which followed from applying
[23, Theorem 10.2], that (—2,—1]ND = ). Although (—-2,—1)ND =0 for
almost all examples of interest, often —1 € D so the claim is erroneous.
However, we shall show in Proposition 4.11 that not only is [25, Proposition
8.10] valid, but the estimate in (3.5) can be improved even further.

In [25, Theorem 7.13] we proved a result for deformations of N where
the ambient Gy structure on M also varies. We see that we have to restrict
our choice of perturbations of the Go structure as follows.
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Definition 3.16. Use the notation of Definition 3.13. By [25, Proposition
6.19] there exists a neighbourhood T of N in M, which retracts onto N
and H3; (Tn) & HZ, (N ), the third compactly supported cohomology group
of N. Thus, any closed positive 3-form ¢’ on M defines a cohomology
class [¢'| 5] € H3(N) and, moreover, if [¢'| ] # 0 in H3.(N) there are no
nearby coassociative deformations of N. Therefore, we let F = {(¢/, g,r) :
f € B(0;9) CR"} be a smooth r-dimensional family of closed Ga structures
on M, with ¢° = ¢ and [pf|g] = 0 for all f € B(0;0).

The obstruction space for the deformation problem where the ambi-
ent Go structure deforms in the family JF, suitably generalized to include
the possibility that the cones at the singularities vary in the family €, is
contained in O(N, p, €). Therefore, if O(N, u, €) = {0}, for any sufficiently
small perturbation of the Gy structure (¢, g,,) in F we obtain a correspond-
ing CS deformation of N which is coassociative with respect to the new Go
structure. Thus, we have the following result using [25, Theorem 7.13].

Theorem 3.17. Use the notation of Definitions 3.13 and 3.16 and The-
orem 3.14. If O(N,u,€) = {0}, there exists on € (0,0) such that, if f €
B(0;0y), then there exists a CS deformation N7 of N in Ty with s sin-
gularities with rate p, modelled on cones in &, which is coassociative with
respect to apf .

Note. By the method of proof of [25, Theorem 7.13], a “sufficiently small”
perturbation (¢', g,) of (¢, g,) is one for which ||¢' — ¢|lc1 < €cr and || —
2l 1z < err for some p >4, where the norms are calculated in Ty with
respect to gy, and €c1 and €pr are small constants determined by the geom-
etry of (M, ¢, g,) near N (i.e., in Ty). Thus dx is chosen so that these C*
and LY norms are smaller than the appropriate constants.

3.4. Multiplicity one tangent cones

In this subsection, we study coassociative integral currents with multiplicity
one tangent cones, motivated by the work on special Lagrangian integral
currents in [15, Section 6]. The key condition is that the underlying cone
is Jacobi integrable, which we define for a coassociative cone following [15,
Definition 6.7].

Definition 3.18. Let C be a coassociative cone in R? with compact link
L in 8% such that C\ {0} is non-singular. We say that v € C*(vss(L))
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is a Lagrangian Jacobi field if a, = *(vapo)|rr € C°°(T*L) satisfies da, =
—3 * i, where * is the Hodge star on L. Notice that v is a Lagrangian
Jacobi field if and only if 73 % a, + 20, A dr is a closed self-dual 2-form
on C of order O(r), and so defines an infinitesimal deformation of C as a
coassociative cone; i.e., an infinitesimal deformation of L as a Lagrangian
in 8% in the sense of Definition 2.12. Since Lagrangians in S are minimal,
Lagrangian Jacobi fields are Jacobi fields in the usual sense.

We say that C' is Jacobi integrable if every Lagrangian Jacobi field v on L
defines a smooth one-parameter family {L; = exp,,(L) C S%:t ¢ (—7,7)},
for some 7 > 0, of Lagrangian submanifolds of SS.

Our next result proves Theorem 1.1; namely, that interior singular points
of coassociative integral currents, with multiplicity one tangent cones mod-
elled on Jacobi integrable cones, are conical singularities in the sense of
Definition 3.2.

Theorem 3.19. Let N be a coassociative integral current in an almost Gg
manifold M and let z € N° be a singular point of N. Let {x : B(0;ep) —
V'} be a Go coordinate system mear z in the sense of Definition 3.1, with
¢ = dx|o. Suppose that C is a cone in R” with compact link L such that
C\ {0} is non-singular and C' = ¢(C) C T.M is a multiplicity one tangent
cone for N at z. Then C is coassociative and C is the unique tangent cone
for N at z.

Suppose further that C' is Jacobi integrable in the sense of Definition 3.18
and letU = N NV. Then there exist € € (0, eprr) and an embedding @ : (0, €) x
L — B(0;epr) such that U\ {z} = x o ®((0,¢€) x L) as an embedded subman-
ifold of M and ® satisfies (3.1) and (3.2) for some pu € (1,2).

Proof. The fact that C' is coassociative follows from Proposition 2.7. By [37,
Theorem 5.7, the tangent cone C' is unique and U \ {z} can be realized as
a C%-embedding ¥ of (0,¢) x L, for some € > 0. Moreover, ¥ = y o ® where
® is a C%-embedding of (0,¢) x L into B(0;eys) which satisfies (3.1). This
last point is not explicit in the statement of the theorem, but does follow
from the proof. Moreover, if 1 : C'\ {0} = (0,00) x L — R is the inclusion
map, ¢ also satisfies:

(3.6) |®(r,z) — o(r,z)| = o(r),
IV(@(r,z) — u(r,z))| = o(1),
|V2(<I)(T, x) —u(r,x))| =0(1)
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as r — 0. Equation (3.8) again is not stated explicitly in [37, Theorem 5.7]
but follows from the minimality of C' and N as discussed in the proof of [1,
Theorem 1]. The aforementioned theorem [1, Theorem 1] and its proof imply
that there exists p € (1,2) such that the estimates (3.6) and (3.7) can be
improved to:

(3.9) |D(r,x) — o(r,x)| = O(rH),
(3.10) IV(®(r,x) — u(r,x))| = O(T“_l)

as r — 0, since C is Jacobi integrable. We now only need a regularity
argument to complete the proof, similar to [27, Proposition 4.17], which
we now detail.

Let P =1((0,¢) x L) C R” and recall that, since P is coassociative, we
have an isomorphism jp : v(P) — A2T*P by Proposition 2.17. For «a €
CE.(A2T*P) and v = 55" (a), define

F(a) = expy(@olexp,(P)) € ClL.(A3T*P)

and
G(a) = mpz (A" F(a)) € CRo(ALT*P),

where mp2 s the projection from 2-forms to self-dual 2-forms on P. Clearly,
if F(a) =0, the deformation exp,(P) of P is coassociative and G(«) = 0.
Moreover, dF|o(a) = da by [31, p. 731] and thus dG|o(«) = d’ da, where
d} =72 od” acting on 3-forms on P. We deduce that G(a) = 0 is a non-
linear elliptic equation for « at 0; that is, its linearization at 0 is elliptic.

Since ® is a C%-coassociative embedding satisfying (3.1), it defines a C?-
normal vector field vy on P and hence a C?-self-dual 2-form ag = Jp(ve)
on P which satisfies F/(ag) = 0. Moreover, ag € C(A7T*P) by (3.9)-(3.10)
and (3.8), since u — 2 < 0. Thus, ag € Cﬁ’a(AiT*P) for any a € (0,1).

Let V be the Levi-Civita connection of the conical metric on P. We can
write, for o € C@C(AiT*P) and p € P,

G()(p) = R(p, (p), Va(p)) VZa(p) + E(p, a(p), Va(p)),

where R and E are smooth functions of their arguments, since G(«) is linear
in V2o and a smooth function of o. This leads us to define a new operator
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on 3 € CL (A2T*P) by
So(8)(p) = R(p, as(p), Vas (p)) V5(p).

Note that Sg is not the linearization of G of 0, but it is a linear second-order
elliptic operator on § with coefficients in Cloo’ca.

Since G(ag) =0, So(as) = —E(as), where we set

E(B3)(p) = E(p,B(p), VB(p))

forp € Pand 3 € C} .(A2T*P). As argued in [27, Proposition 4.17], E(3) €
C’S’_al if 8 € C,’f“’a since E is no worse than quadratic in 8 and V3. Thus,
using the Schauder regularity estimates as given in [30] and the fact that
agp € Cy*, we deduce that ag € Co'“(A2T*P). A standard inductive argu-
ment leads us to the conclusion that ag € C,]f’a for all £ € N. Thus the
corresponding map & satisfies (3.2) as claimed. O

From Definition 3.2, we have an immediate corollary to Theorem 3.19.

Corollary 3.20. Let N be a connected coassociative integral current in an
almost Go manifold with ON = (. If N has multiplicity one tangent cones
at its singular points modelled on Jacobi integrable coassociative cones, then
N is a CS coassociative 4-fold in the sense of Definition 3.2.

4. Coassociative cones and stability index

In this section, we define the notion of stability of conical singularities of
coassociative 4-folds using a numerical invariant for a coassociative cone
which we call the stability index. This stability index is calculated using the
spectrum of the curl operator acting on 1-forms on the link of the cone. We
begin by giving a brief survey of the known examples of coassociative cones.

4.1. Examples

For this subsection it is convenient to identify R” with the imaginary octo-
nions Im @. Let {e1,...,e7} be a basis for Im O satisfying the multiplication
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law below.

€1 €92 €3 €4 €5 €6 E7
€1 -1 €3 —&9 €5 —&4 €7 —€g
€9 —e3 -1 €1 €6 —E€7 —E&4 €5
€3 gg —€1 —1 —e7 —¢4 €5 €4
€4 —€5 —€g er  —1 €1 €9 —€3
€5 €4 e7 cg —€1 —1 —e3 —e9
€6 —Ee7 €4 —E5 —E9 e —1 €1
€7 €6 —€5 —&4 €3 €g —e1  —1

If we identify Im O = R” so that {ey,...,e7} corresponds to the standard
oriented orthonormal basis in R”, then the multiplication law we have chosen
is consistent with the Gy structure on R7 given by ¢q in (2.1).

The coassociative cones invariant under a closed 3-dimensional Lie sub-
group of Gg were classified in [29]. We now review these examples starting
with the degenerate example of a coassociative cone, namely a coassociative
4-plane.

Example 4.1 (Planes). By [19, Proposition 12.1.2], Gy acts transitively
on the set of coassociative 4-planes with isotropy SO(4). Therefore, any
coassociative 4-plane is equivalent up to Go transformation to

Cy= {ZEO€1 + x1e3 + 1965 + 367 € ImO : (l’o,l’l,l’g, IL‘3) € R4}.

The link Lo of Cj is trivially a totally geodesic SO(4)-invariant S in S°.

Our next example was first introduced in [22, Section 7] and shown to
be coassociative in [10, Theorem IV.3.2].

Example 4.2 (U(2) symmetry). The cone C; in Im O, with link

NG 2 .
L= {3q51q+ §q55 :q € (l,e1,e9,e3)r with |¢g| =15,

is coassociative and invariant under a U(2) subgroup of Gg. The Lagrangian
Ly is realized as an Sp(1)-orbit in S°.

Recall that, by Corollary 2.11, any complex 2-dimensional cone in C3
embedded in R” is coassociative.
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Example 4.3 (Complex SO(3) symmetry). Identify R" =R @ C? as
in Lemma 2.9. The cone

CQ:{(OathQ,Z?,) ER@C?’ : Z%—FZ%—{—Z’?Q):O}

is coassociative and invariant under the standard SO(3) action on C3. The
real link Ly of Oy in 8% is diffeomorphic to SO(3) and is the Hopf lift of the
constant curvature degree 2 CP! in CP?.

Our final symmetric examples are most easily described using homoge-
neous harmonic cubics on R3.

Example 4.4 (SO(3) symmetry). Identify Im QO with the homogeneous
harmonic cubics H?(R3) on R? by:

1
£1 \/j z(22% — 3y* — 327%);

10
6
gy — —V6ayz; £3 — \2[ z(y* — 2%);
€4 — —ﬁy(4x2 —y? = 22); €5 — — 2(4x? — % — 2%)
10 ’ 10 ’
1 1
g6 5 y(y’ — 327); e7 = =5 2(2 = 3y%).

The standard SO(3) action on R3 induces an action on H3(R3), hence on
Im O.

Let L3 be the orbit through €¢ of this SO(3) action on Im O and let L4 be
the orbit through 2. By [29, Theorem 4.3] and observations in [28, Examples
6.6 and 6.15], Lz = SO(3)/Ss and Ly = SO(3)/ A4 are Lagrangian. Thus the
cones C3 and C4 on L3 and Ly respectively are coassociative and SO(3)-
invariant.

Note. The SO(3)-orbit through €; is a constant curvature % pseudoholo-
morphic curve in 8% often called the Borivka sphere in SS.

All of the coassociative cones introduced so far have links which are
fibred by oriented circles of constant radius over a surface. Lagrangians in
S% with this property were classified in [28]. This classification describes all
of the known links of coassociative cones and it turns out that the circles have

2

radius either £ or 1. To describe these examples we make two definitions.
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Definition 4.5. Let u: ¥ — SO be a surface, let I be a 2-plane subbundle
of u*(T8%) and let U(II) = {v € II : |v| = 1}. For v € (0, 5] we define x, :
U(TT) — 85 by x,(v) = cosyu + sinyv. We say that the image of x, is a

tube of radius vy (in IT) about X.

Definition 4.6. If u: Y — S%is a non-totally geodesic pseudoholomorphic
curve in the sense of Definition 2.12, there is an orthogonal decomposition
u*(T108%) = TS @ N1X @ NoX, where N1¥ and NoX are holomorphic
line bundles such that the second fundamental form of u takes values in N1 2.
We call N1¥ and Ny the first and second normal bundles, respectively.

If (f1, fo, f3) is a moving orthonormal frame for 7YY @ N1 ¥ @ NoX and
0; is the (1,0)-form dual to f;, then the structure equations for X are:

du = —2if, 60, + 22?151; df; = —iuél + fik11 + f2/£21;
dfy = —fiRo1 + faran + f3rge — 301 dfs = —foRgo + f3ras + f201;
dby = —k11 A by dk11 = —ko1 A a1 + 201 A by

dkog = ko1 A a1 — Kag A Rsa — 01 A 013 drgs = Kk3a A Raa — 601 A0y

dro1 = (K11 — K22) A Kar; drsa = (K22 — K33) A K32,

for some imaginary-valued 1-forms k11, K22, k33 such that k11 + Koo + K33 =
0 and complex-valued 1-forms kg9; and ks2. Moreover, by the work in [4,
Section 4], there exist holomorphic functions K and 7" such that ko1 = K6
and k3o = T0,. We identify K with the second fundamental form of 3,
so K # 0, and we call T the torsion of ¥. Of particular interest are the
pseudoholomorphic curves with null-torsion, i.e., with T = 0, since they may
be viewed as certain algebraic curves in the 5-quadric in CP® and every
compact Riemann surface can be realized as such a curve in 8% by the work
in [4, Section 4].

Remark. The Boriivka sphere ¥ in S® has null-torsion.

The coassociative cones with links which are fibred by circles of radius
% are locally cones over tubes of radius sin_l(%) in N2 about null-torsion
pseudoholomorphic curves ¥ C S8, This includes C given in Example 4.2,
where Y is a totally geodesic S2 (which is the degenerate case of a null-torsion
curve), and Cy given in Example 4.4, where ¥ is the Boruvka sphere.

We shall be more concerned with the case where the link is fibred by

oriented geodesic circles so we make the following definition as in [24].
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Definition 4.7. A 4-dimensional submanifold N of R" is 2-ruled if there
is a surface ¥ and a smooth fibration 7 : N — X whose fibres are affine
2-planes in R™. In addition, we say that N is r-framed if there is a choice of
oriented frame for each 2-plane 7~!(o) which varies smoothly with o € X.

The 2-ruled coassociative 4-folds in R” were studied in [24], and there
was a further focus on the conical case in [9]. By [28, Theorems 1.1-1.2] we
can extend the work in [9] and describe all r-framed 2-ruled coassociative
cones. We refer the reader to [28] for full details but give a brief description
here.

Example 4.8 (The 2-ruled family). Complex 2-dimensional cones in C3
embedded in R” are 2-ruled coassociative cones by Corollary 2.11.

Recall Definition 4.5. The general r-framed 2-ruled coassociative cone
C has link L such that, for all p in an open dense subset L* of L, there
exist an open set U 3 p, a non-totally geodesic pseudoholomorphic curve
u:Y — 8% and a holomorphic line subbundle IT of u*(T*°S%) such that
UNL*is a tube of radius § in II about ¥. There are restrictions on the
choice of line subbundle II (see [28, Example 7.4]), however, in particular,

we may always choose IT = Ny,

We conclude this subsection with the following important examples of
2-ruled coassociative cones.

Example 4.9. Let C be a coassociative cone with link L admitting a
Killing vector field whose integral curves are geodesic circles in S¢. By [41,
Theorem 2], either C' is a complex 2-dimensional cone in C? or L is locally
a tube of radius § in N1X or No¥ about a null-torsion pseudoholomorphic
curve ¥ in SS.

Cones as in Example 4.9 are given trivially by Cs in Example 4.3 but also by
Cs in Example 4.4, since L3 is a tube of radius 5 in No¥ about the Bortivka
sphere 3.

4.2. Stability index and the curl operator

For this subsection, use the notation of Definitions 3.2 and 3.13 and The-
orem 3.14. In particular, N is a CS coassociative 4-fold where the s singu-
larities have rate p € (1,2) \ D, where D is given in Definition 3.12, and the
s-tuple of cones at the singularities (C1,...,Cs) lies in € = [[7_; C;.
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To get an effective notion of stability for the conical singularities of N
we need to improve the estimate (3.5) for the dimension of the obstruction
space O(N, u, €) for the deformation problem for N. To understand this we
need to compare the maps (dy + d*), given by (3.4) and

(4.1) (d+d*): L, \(A°T*N @ A'T*N) — L}, (A*T*N)
(@, f) = dar+d°3

for A € (=2, p]. From Theorem 3.14, we see that O(N, u, €) is a subspace of
the cokernel of (d4 + d*), which is transverse to the cokernel of (d + d*),.
Moreover, from the work in [25, Section 8], the sum over A € (=2, ) N D in
(3.5) is the upper bound of the dimension of the space of forms which adds
to the cokernel of (dy 4+ d*), as the rate A increases from —2 to u. Hence,
we can improve the upper bound by considering the forms which add to the
cokernel of (d4 + d*)y but not the cokernel of (d + d*)y. These cokernels
are isomorphic to the annihilators of the images of (d4 + d*)y and (d + d*),
under the dual pairing given in Definition 3.7. Thus, by comparing these
annihilators we may obtain our estimate.
We begin with the following.

Proposition 4.10. Let A (\) and A()) denote the annihilators of the
images of (3.4) and (4.1) via the dual pairing given in Definition 3.7. For
A< =1, AL(\) = A(N).

Proof. As observed in the proof of [25, Proposition 8.6], if A ¢ D, there exist
finite-dimensional spaces C1 () and C(A) of smooth compactly supported
3-forms on N such that

L} (A*T*N) = Image(dy + d*), & C4 (A) = Tmage(d + d*), & C())

and the dual pairings between C4 () and A4 ()), and between C()\) and
A(N), are non-degenerate. Let C'(\) be such that C4(\) = C(A) & C'(N).

Notice by Definition 3.7 that if ¢ > 1 is such that % + % =landleN
then, for any A € R,

Ar(N) ={ve Ll 5 ,(\’T*N) : (da+d*8,7) =0
for all (o, 8) € L}, \(AZT*N & A'T*N)}
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={y e L, ;5 \(A’T*N) : {a,d*y) =0, (3,dy) =0
for all (a, 8) € LY, | \(AZT"N @ A*T*N)}
={ye qu+17_3_A(A3T*N) tdy=0,d"ye L] A (AZTNY,

where the integration by parts is justified by the choice of weight for the
dual weighted Sobolev space. Similarly,

AN ={ye L], ; \(\’T*N) : dy =d*y =0}.

If A < —1, then —3 — A > X\ — 1 so, by Theorem 3.10, L?+1’_3_/\ — Lg,)\—1
for sufficiently large I. Since Ay () consists of smooth forms, as it is the
kernel of an elliptic operator, we can choose [ arbitrarily large and see that
Ap(N) C Liy/\_l(A?’T*N) and the same is clearly true for A(\). Moreover, if
additionally A ¢ D, since A4 (A) and A()) are of equal dimension to C4(\)
and C()), and the annihilators are by construction orthogonal to the clo-
sures of the images of (3.4) and (4.1), we deduce that A4 (\) = C4(\) and
A(N) =C(N).

Suppose that v € C’'(A). Then ~ is compactly supported and lies in
A4 (N). Therefore, since d*y is anti-self-dual,

Hd*PyHQLQ = / —d*y Ad*y = / —dxy Adxy = / —d(xy Adxy) =0,
N N N

where the integration by parts is valid since 7 is compactly supported.
Thus, v € A(X) = C(N), so v = 0. We deduce that C(A\) = C1(\) = A(\) =
AL (A) for A < —1, A ¢ D. The annihilators are well-defined for A € D and

hence, since the dimension of A4 () is lower semi-continuous at A = —1, as
remarked in the proof of [25, Proposition 8.4], we see that A(\) = A4 (\)
for all A < —1. O

Proposition 4.11. Recall the notation of Definition 3.12. Let
D(X\i) = {7 € C®(T*Ly) : dfyi =0, dii = —(A +2) %%}

and let d(\) = Y5, dim D(),i). Then

(4.2) dmO(N,p, &) < > d(A) =) dimC;.
Ae(—1,u)ND i=1
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Proof. By Proposition 4.10, there are no forms which add to the cokernel
of (3.4) but not the cokernel of (4.1) for A < —1. Therefore, we can first
improve the estimate (3.5) by restricting to the range of rates (—1, ) N D.

The map (d + d*),, given in (4.1), is not elliptic, but forms part of the
map

d+ d* k+1 )\(AevenT*N) _ L]]; — 1(A0ddT*N),

which is elliptic. Therefore, we can apply the theory of [23] and deduce that
there is a countable discrete set of rates £ O D for which d 4+ d* is Fredholm
and, moreover, we can calculate which forms on L; correspond to forms on
N which subtract from the kernel or add to the cokernel as ) increases.

The cokernel of d 4+ d* is isomorphic to the annihilator of the image of
d + d*, using the dual pairing given in Definition 3.7. The work in [23] iden-
tifies the forms which add to this annihilator as the rate crosses elements
A € &£. To calculate the changes in the annihilator, we need to consider homo-
geneous forms on the cone C; of the following type:

(’}/1,’}/3):(7“_>\_2041+ ) 0/\d7“’l“ 053—|-7">\1 2/\dT)

for (o, at, a?,a?) € O (@3, _ A™T*L;), which satisfy d*y! = dy! + d*3 =
dvy? =0, Where d* is calculated using the cone metric. We therefore have the
following conditions which define £ and the changes to the kernel or cokernel
of d + d* acting on even forms, using the notation of Definition 3.12:

(4.3) dia' = -, di® +dfe? = -\ +2)a!,
(4.4) dio? = =Xa?, dio! +dfa® = —(A +2)a’.

Thus, by (4.3) and (4.4), forms (a, 3) € D(A, ) giving rise to cokernel
forms for (dJr +d*)a, A € D, which can lie in O(N, u, €) must be transverse
to forms (o/, ') € COO(AQT*L ® A3T* L;) satisfying:

(4.5) did' = -\F, diff =-(A+2)d, dia' =0.

For A\ # —2,0, solutions to (4.5) are equivalent to giving exact forms
B € C®(A3T*L;) with A;B = A\ +2)3, where A; is the Laplacian on
L;, and setting o/ = —(A+2)71d!B’. For A =0, @' is locally constant and
o/ =0. Since [ is also an exact eigenform of A; with eigenvalue A(\ + 2)
for A #0 and is constant if A =0, we quickly deduce that 8 = 0. Note
that for the case A\ = —2, # must be zero since it is harmonic and exact.
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Observe that « is automatically orthogonal to coexact forms since d;a =0
and —(\ + 2)a = d;*;«. Setting ~; = x;a, we see that we can replace the
quantities d(\) by d()\) in our estimate (4.2) for the dimension of O(N, u, €)
as claimed. O

Theorem 3.14 and Proposition 4.11 invite us to define the stability index
of a coassociative cone in a similar manner to [16, Definition 3.6].

Definition 4.12. Let C be a coassociative cone in R” with compact link
L C 8% such that C'\ {0} is non-singular. Let C be a smooth, connected
family of coassociative cones in R” which contains C' and is closed under the
natural action of Gy xR”. Finally, for A € R, let

(4.6) DA\ ={yeC®(T"L) : d*y=0, dy = —(A+2) xv}.
We define the C-stability index of C' by

(4.7) inde(C) = Y dimD()) - dimC.
Ae(—1,1]

If the family C consists solely of the Go xR transformations of C, we simply
write ind¢(C') = ind(C) and call ind(C) the stability index of C.

Note that the sum in (4.7) is well-defined because the set of A for
which dim D(\) # 0 is countable and discrete by the observations in Defini-
tion 3.12. Moreover, dim D(1) is the dimension of the space of Lagrangian
Jacobi fields on L by Definition 3.18, so the space of all infinitesimal defor-
mations of C' as a coassociative cone, and D(0) corresponds to the O(1)
closed self-dual 2-forms on C, so dim D(0) is at least as large as the space
of translations of C. Thus, ind¢(C) > 0.

We say that the cone C is C-stable if ind¢(C) = 0. If ind(C) =0 we
say that the cone C is stable. We also say that C' is rigid if dim D(1) =
14 — dim G, where G is the Lie subgroup of Gy preserving C.

Notes.

(a) It is clear that stability of C' implies rigidity. It is also clear that if
C is rigid then it is Jacobi integrable, since then every Lagrangian
deformation of L in 8% comes from Go transformations. However, we
shall see that one may have cones which are Jacobi integrable but
neither stable nor rigid.

(b) By Theorem 3.14 and Proposition 4.11, if all the cones C; at the sin-
gularities of a CS coassociative 4-fold N are C;-stable and p € (1,2) is
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such that (1, u] N D = ), then the obstruction space O(N, u, €) = {0}
and so the moduli space of deformations M(N, u, €) is a smooth man-
ifold near N. Moreover, IV is “stable” under deformations of the ambi-
ent closed Gg structure by Theorem 3.17.

We see from (4.6) that to determine the stability index for a coassociative
cone we need to study the equation

*dy = —(A +2)7,

for 1-forms v on a compact Riemannian 3-manifold L for A € (—1,1]. The
operator *d : C*°(T*L) — C*°(T*L) is a natural self-adjoint operator on L
which we call the curl operator. Thus, our problem is to calculate the nega-
tive eigenvalues of the curl operator and their multiplicities. For convenience
we make the following definition.

Definition 4.13. Let (L, gr.) be a compact Riemannian 3-manifold and let
cp =—*d: C®(T*L) — C*°(T*L). Denote by or(v) the multiplicity of a
non-zero eigenvalue v of c¢z. Note that dim D()\) = op(\ +2) for A # —2.

Finding the positive spectrum of ¢y, and the multiplicities is an extremely
complicated problem and in general there is no hope to solve it. However,
since we need only consider eigenvalues in (1,3), the problem is tractable in
special cases. For possible further applications to coassociative geometry it
is of greatest practical use to study eigenvalues in the range (0,4).

5. Homogeneous cones

In this section, we explicitly determine the stability index for coassociative
cones whose links are orbits of closed 3-dimensional subgroups of Go. We
achieve this by calculating the small eigenvalues of the curl operator on
Berger 3-spheres and their quotients using elementary methods.

5.1. Berger 3-spheres

Definition 5.1. Let H denote the quaternions with standard basis
{1,i,j,k}. Identify 8% =2 Sp(1) and let x : Sp(1) — H denote the inclusion
map of Sp(1) as unit quaternions. Then dx = xw for a 1-form w taking val-
ues in the Lie algebra of Sp(1), which here is represented by Im H. Therefore,
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we can write
X =29l + T11+ xgj + .’L‘3k and w=wil+ w2j + wgk.

Since the Maurer—Cartan form w satisfies the equations dw + w A w = 0 and
dx = xw, we have that

(5.1) drg = —r1W1 — Tows — T3Ws3, dr1 = zow1 — T3ws + Tows,
(5.2) dzo = x3w1 + Tows — T1W3, dxs = —xow1 + 1w + Tows3
and

(53) dwi = 2wy ANws, dwy = 2wz Awy, dws=—2wi Aws.

We define a 1-parameter family of metrics on 8 by gro = 72w} + w3 + w3
for 7 > 0. The Riemannian manifolds (S3, g,2) are the Berger 3-spheres.

It is immediately clear that finding the eigenvalues of *d on a Berger
3-sphere will involve the Laplacian acting on S, thus homogeneous harmonic
polynomials on R*. We are thus lead to make the following definitions.

Definition 5.2. Use the notation of Definition 5.1. For m =1,2,3, we
define operators 0, on f € C*°(S3) by the expression: df = 9 fw; + dafws
+ 03 fws. For a unit imaginary quaternion q = ¢1i + ¢2j + ¢sk we define 04 =
q101 + @202 + q303. We say that f € C*(S3) has q-weight w > 0 if Bgf =
—w?f.

Observe that the Laplacian A2 on (83, g,2) acting on functions is given
by A = — 16?2 - 62 — 62,

Of course, Oy, is just Lie derivative along the vector field dual to wy,.

Definition 5.3. Use the notation of Definition 5.1. For k € N, let Py, be the
space of homogeneous polynomials in xq, €1, Z2, 3 of degree k on S3. Let Qy,
be the subspace of Py, consisting of polynomials which are eigenfunctions of
the standard Laplacian Aqp; that is, restrictions of homogeneous harmonic
polynomials in 4 real variables to S3. We let Ay = {p1w; + paws + p3ws :
p1,P2, 03 € Pr} and By, = {p1w1 + powa + p3w3 : p1,p2,p3 € Ok}

It is often clearer to work with the representation of Sp(1) = SU(2) on
C? rather than H, so we make the following useful definition.
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Definition 5.4. Recall the notation of Definition 5.1. We define complex
coordinates on H =2 C? by z; = x¢ + 421 and 2y = xo + ix3. For q = ¢l +
q1i + q2j + gzk € Sp(1), its action on C? is given by

q: <Z1> . ( ) +i6_11 q2 +ZIQ3) <Z1) .
22 —q2+1q3 qo —1q1) \22
For k € N, let 73,(5 denote the space of homogeneous polynomials in z1, 29, Z1,
Zy of degree k restricted to S? and let QE be the subspace of P,(CC consisting
of polynomials which are harmonic on C2. We also let an, for m € Z, be the
space of homogeneous polynomials p in zi, 22, 21, Z2, restricted to S, such

that under the action of cos 61 + sin i, p maps to ep. Note that p € Rgn
if and only if p € RC,,.

We now recall the following well-known facts concerning eigenfunctions
of the Laplacian on S3.

Theorem 5.5. Use the notation of Definitions 5.1-5.5.

(a) Foreach k € N, there is a direct sum decomposition Qj = EBEIL/OQ} Ok k—21
such that the elements of Qy p—2 have i-weight k — 21. Moreover,

k
dim Qk,k72l =2k+2if I < |:2:| , dim QQZ,O =2[+1

and dim Qy, = (k + 1)2.

(b) The eigenvalues of A2 are of the form k(k + 2) + (@)2(1 —72) for
keNandl < [%], and the corresponding eigenspace is Qy r—o;.

Proof. The results of [39, Lemmas 3.1 and 4.1] give the decomposition in (a)
and all of (b). We can determine the dimensions of the Q, 2 by explicitly
identifying the functions as the real and imaginary parts of elements in
QE HRE_QZ, in the notation of Definition 5.4. Clearly Qg is the space
of lifts of eigenfunctions of the Laplacian on CP! with eigenvalue 41(] + 1),
which has dimension 2 + 1. For the remaining spaces, it is straightforward to
see that each Qy, 1 _9; has the same dimension for fixed £, and since dim Qj, =
(k +1)2, as it is the multiplicity of the eigenvalue k(k + 2) for A; on S3, it
is an elementary calculation to find that dim Qo = 2k +2if | # [g] O

The proofs of the quoted results from [39] rest on the fact that 9; commutes
with A2 for any 7 > 0. This is certainly not true of d2 and 95 if 7 # 1.
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Proposition 5.6. Use the notation of Definitions 4.183 and 5.1 and
Theorem 5.5. The positive eigenvalues of cr, on (L, gr) = (S3, g-2) are

k—2l

T

k+2
T

2
Vk7k_gl:7'+\/7'2+k(k+2)+< > (1—72) and v, =

for k,l e N with | < [%] Moreover,
O'L(Vng_QZ) = dim Qk,k—Ql and O'L(I/k) =2k + 2.

Note. For the multiplicity count here we regard the vy j,_9; and v}, as dis-
tinct. If they agree then we add the multiplicities.

Proof. From (5.1)—(5.3) we see that ¢, = —+d sends Ay, given in Defini-
tion 5.3, to itself. Since UgenAy is dense in C°°(T* L) we need only consider
cra = va for a € Ag to determine the eigenvalues v of cy,.

The equation cpa = va for a = prwy + pows + p3ws and v > 0 is equiv-
alent to the following system, using the notation of Definition 5.2:

v
(5.4) (2 - ;) p1 = Oaps — O3pa,
(5.5) (2 = vT)p2 = O3p1 — O1p3,
(5.6) (2 = vT)p3 = O1p2 — Dap1.
Moreover, since *da = —va for v # 0, we have that d*« = 0, which is equiv-

alent to the condition:
(5.7) %81171 + 709ps + TO3p3 = 0.
From (5.1)—(5.2) we see that, if €4 is the standard permutation symbol,
(5.8) [0a, O] = 2€qbc0e-
Using (5.4)—(5.8) we calculate:

1
(5.9) Apzp = — (Tﬁf + 03 + 6§> 2

= ([01,02] — (2 = v7)03)p2 + ([01, 03] + (2 — vT)02)p3
= —vT(02p3 — O3p2)
=v(v—27)p1.
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Thus p; is a v(v — 27)-eigenfunction of Az if p; # 0 and hence

(5.10) v(v —27) =k(k+2)+ <k_21)2(1_72),

T

from which the formula for v, j_o; follows.
If p; = 0 then (5.4)—(5.8) imply that

(5.11) —dpj = (vr —2)%p; and —(95 +05)p; = 2(vT — 2)p;,

for j=2,3. Thus, Aip; =vr(vT —2)p;, so vr(vt —2) =k(k+2) from
which the formula for v} follows.

To determine the multiplicity of v, ;2 we make the following observa-
tions. First, using (5.5)—(5.6) we see that

(5.12) (8% + (vr — 2)2)p2 = (0102 — (v1 — 2)03)p1,
(5.13) (02 + (v — 2)})p3 = (0105 + (v7 — 2)D)p1.

Second, from (5.4)—(5.7), we calculate

1
(5.14) (02 + 02+ 2(vr —2))ps = — <26281 + (4 - 5) 63> 1,
T T
9 9 1 v
(5:15) (B3 + 83 +2vm = D)ps = — (001 — (1-2) &) pr.

Combining (5.12)—(5.15) we see that p; determines py and p3 unless they
satisfy (5.11), which happens if and only if vy ,_9 = v4. Thus, the mul-
tiplicity of o (v k—2) is determined by the number of choices for pq, so
oL (Vi k—21) = dim Qg x—o;.

For the multiplicity of vk, we may take p; = 0 and see that (5.6) deter-
mines ps given po unless k =0. If k # 0, o1, () is the number of choices
for ps. By (5.11), we see that py € Qp i, so o (vg) = dim Qp p, = 2k + 2 by
Theorem 5.5. For k = 0, py and p3 are arbitrary constants so o, (vp) = 2. 0O

Notes. We have some important elementary observations from the proof
of Proposition 5.6, which will be important later.

(a) There is a basis for the vy j_g-eigenforms on (83, gr2) consisting of
forms piwi + pows + p3ws with p1 € Qp x—21 and po,p3 € Q) deter-
mined by pi.

(b) There is a basis for the vj-eigenforms on (83, g,2) consisting of forms
paw2 + p3ws such that p2, p3 € Qi 1, and p3 is determined by po if & > 0.
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We have an immediate corollary to Proposition 5.6 which builds on an
already well-known result.

Corollary 5.7. Use the notation of Definitions 4.13 and 5.1. The positive
eigenvalues of cr, on (Lo, gr,) = (S%,g1) are k+2 for k € N and we have
or,(k+2) = (k+2)2 —1. Hence, a coassociative 4-plane in R is stable.

Proof. Clearly if 7 =1 then vpp_o =1+ (k+1)2=k+2=1. If k=
2n, then the multiplicity of the eigenvalue 2n + 2 is

n—1
> or,(vang) + oLy (Vanm) + oL, (V2n)
=0
=n(dAn+2)+2n+1+4n+2= (2n+2)? — 1.

Similarly, if K = 2n + 1 the multiplicity of the eigenvalue 2n + 3 is

n
Z OLo (V2n+17l) + 0L, <V2n+1) = (n + 1)(4n + 4) +4n+4 = (27’L + 3)2 -1
=0

The multiplicities follow.
For a coassociative 4-plane Cy,

> dim D(A) = dim D(0) + dim D(1) = 01, (2) + 0,(3) =3 + 8 = 11.
A€(—1,1]

The number of non-trivial translations of Cj is 3, and the stabilizer of Cj in
Go is isomorphic to SO(4) as observed in Example 4.1. Thus, the dimension
of the space of Gy xR” transformations of Cy is 3 4+ 14 — 6 = 11. Therefore

By [7, Example 5.1 and Theorem 5.1], the Lagrangian L; given in Exam-
ple 4.2 is isometric to S with the metric %g;. We may thus calculate the
stability index of C'; as follows.

Corollary 5.8. Use the notation of Definitions 4.138 and 5.1 and Example
4.2. The eigenvalues of cr, on (L1,gr1,) = (S3, %g;) which lie in (0,4) are
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given by {%,2,3, 1+vi145 ”4145, %} Moreover,

o, @) —1, o) =7, o0n(3)=10,
1+ VII5 7
oL, f =95, oL, 5 = 6.

Hence, the coassociative cone Ci is stable.

Proof. Let A\ p—21 = \/%Vk,k—Zl and let \p = \/guk, using Proposition 5.6
with 7 = %. Then Ag —2; and A are the eigenvalues of cy, .

We notice that A5 = %(1 +1v/241) > 4, so we need only consider Ay ;o
for k < 4 for eigenvalues in (0,4). We may calculate:

1 7
/\0,0=§, A1 =2, )\22=§7 A20 =2, A33=05, A31=3,

13 1 1
IV bR A2 = Z(1 +V265) >4, Mg = 1(1 +V145) < 4.

Since A\ = % + 3, only A\ = 3 is relevant here. By Proposition 5.6,

1
oL, <2> = dim Q0,0a
0r,(2) =dim Q; 1 +dim Q29, o07,(3) =dim Q3 + 2,

14 /145 . 7 .
or, <4> =dim Qu9, o1, <2> = dim Qs 5.

The multiplicities now follow from Theorem 5.5.

Since (1 is non-planar and the stabilizer of C; under Gy transformations
is U(2), the dimension of the family of Go xR transformations of Cj is
74 14 — 4 = 17. Further,

> dim D(A) = dim D(0) + dim D(1) = 07, (2) + 07, (3) = T+ 10 =17,
Ae(—1,1]

so ind(C1) = 0. O

Remark. We may observe, as in [40, Theorem 5], that 72 = % is the critical
value at which the multiplicity of the first eigenvalue of A> on 8% “jumps”.



840 Jason D. Lotay

5.2. Quotients of the 3-sphere

We now wish to consider quotients of S® by finite groups. The possible
finite groups are the cyclic groups Z,, the binary dihedral groups D}, the
binary tetrahedral group Aj}, the binary octahedral group S} and the binary
icosahedral group A:. We know, from Section 4.1, that the only groups
we must consider are Zg, D3 and Aj). We describe the actions of the finite
subgroups we need explicitly.

Definition 5.9. Let unit quaternions act on H by left-multiplication.
(a) The cyclic group of order n > 2 acts as Z,, = {cos(%T”)l + sin(
k=0,1,...,n—1}.
(b) The binary dihedral group of order 4n, for n > 1, acts as D}, = Zg, U
jZZn-

(c) The binary tetrahedral group acts as A = D5 U{3(+1+i+j+k)},
where any combination of signs is permissible.

)i

To understand the spectrum of ¢;, on quotients of S* we need the fol-
lowing.

Proposition 5.10. Use the notation of Definitions 4.13 and 5.1. Let &,
be the vector field on (L,g1) = (83, g,2) dual to wy,. Then cp and the Lie
derivative L¢, commute for all 7 > 0, and c, commutes with L¢, for all m
ift=1.

Proof. Using Cartan’s formula, we see that
ler, Le,)a = & odsda + d(& oxda) — *d (&1 ada)

for 1-forms a. Let o = piw1 + pawe + p3ws and let 9; be the operator given
in Definition 5.2 for j = 1,2, 3. We calculate:

*da = 7(0ap3 — O3p2 — 2p1)wi

1 1
+ ;(33271 — 01p3 — 2p2)wa + ;(31]?2 — Oap1 — 2p3)ws,
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hence

&1 odxda = << 0103 + 2 < 1> 82) p1+ (7'5253 - 431) P2
T T T
+ (= — 70y | p3 | w2
T
1 4 1. 2
+ ——0109 + 2 O3 | p1+ —*4—*81 ‘|‘7'83 D2
T T T

and

d(§1oxda)) = 7(—201p1 — 0103p2 + 0102p3)w1
7(—202p1 — 0203p2 + 03p3)wo
7(—203p1 — 93p2 + O302p3)ws3

Since
§1uda = (O1p2 — O2p1 — 2p3)w2 — (O3p1 — O1p3 — 2p2)ws,
we have that:
*d(§10da) = 7([03, Oa]p1 + (—0301 + 202)p2 + (0201 + 203)p3)wi
+ %((3133 + 205)p1 — 401pa + (4 — 07 )p3)ws

1
+ ;((—3152 +203)p1 — (4 — 07 )py — 401p3)wy

Combining these formulae and using (5.8) shows that [cr, L¢, ] = 0. Clearly
this argument will extend to L¢, and L, in the case 7 = 1. O

Proposition 5.11. Use the notation of Definitions 4.13 and 5.9 and Propo-
sition 5.6. Let n € Z™ \ {1}. The positive eigenvalues of ¢, on (L,gr) =
(S3/Zy, gr2) are

™\ 2

Vppt2lyn = T + \/7'2 + (Tn + 2[)(7’71 + 21 + 2) + (—) (1 — 7-2) and

-
(s+1)n
T

Vsn4+n—2 =
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for l,r,s € N. Moreover,

or(Vrntaim) =2rn+4l+2  (r > 0), or(va0) =20+ 1,
0L (Vsntn—2) = 2sn + 2n — 2.

Proof. Let & be the vector field dual to wy. By Proposition 5.10, ¢y, and
Le¢, commute. Thus, using the notation of Definition 5.3, we may restrict
attention to o € B ® C such that

*da = —va and L¢oa=ima

for v >0 and m € Z. For a to descend to the quotient S%/Z,, we must
have that m =0 (mod n). If we write @ = pjw; + pows + p3ws then using
Cartan’s formula and the notation of Definition 5.2 we find that

imao

& ada + d(&lJa)
= —v& ik a+d(§1a(prwr + paws + p3ws))

1
= —v&1 <Tp1w2 N ws + Tpows A w1 + Tp3wi A CU2> + dpq

= O1p1w1 + (02p1 — v7p3)wa + (O3p1 + vTP2)ws.

For p; # 0 we see that —8%])1 =m?py, so a is a vy k—oi-eigenform for ¢, by
Proposition 5.6, where k — 2] = rn for some r € N. For p; = 0, we observe
that

—m?2py = im(impy) = im(—v7p3) = —1>72ps.

Since v7 = k + 2 by Proposition 5.6, we have that k = (s + 1)n — 2 for some
s € N, since k£ > 0. Thus « has eigenvalue v, 4,2 in these cases. The eigen-

values and multiplicities now follow from Theorem 5.5 and Proposition 5.6.
O

From the observations in [28, Example 6.14] we see that Lo given in
Example 4.3 is isometric to 8%/Zy = SO(3) with metric 2g2. We therefore
calculate the spectrum of ¢z, in (0,4) using Proposition 5.11 as follows.

Corollary 5.12. Use the notation of Definitions 4.13, 5.1 and 5.9 and
Ezample 4.3. The eigenvalues of cp, on (Ls2,gr,) = (S%/Z2,2g2) in (0,4)
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are: {1,2,3,1 ++/5}. Moreover,
or,(1) =2, 05,(2)=7, 01,(3)=16, oz,(1+V5)=3.

Let Co be the family of cones generated by Go xR” transformations of
cones

Ca = {(07 Z17Z27Z3) eER® C3 = R7 : alz% =+ G,QZ% -+ CLSZ% = 0}7

where a €T ={(a1,as,a3) €R® : a; >0 for all i and a3 + az +az = 1},
Then Cy = Ca 1 1y, ind(C2) =5 and indc¢, (C2) =0, so Cy is Co-stable and

Jacobi integrable but not stable or rigid.

Proof. Using the notation of Proposition 5.6, let Aoj499, = %VQT_’_QLQT and

Aos = %1/25, calculated using 7 = v/2. Then A2ry21,2- and Ao are the eigen-
values of ¢y, by Proposition 5.11.
Since Mg 4 = 4, we need only consider Ay, 4972, for r,l < 1. We also see

that A\os = s + 1. We therefore calculate

M00=2, M2=3, Ao=1+5,
MNo=1, =2 A=3

The eigenvalues and multiplicities follow from Proposition 5.11.

Since (5 is non-planar and the stabilizer of Cy under Go transformations
is SO(3), the dimension of the family of Go xR” transformations of Cy is
7+ 14 — 3 = 18. Further,

Y~ dim D(\) = dim D(0) + dim D(1) = 01, (2) + 01,(3) = 7+ 16 = 23,
Ae(—1,1]

so ind(C2) = 5. Now, Cy = C(%,%,é) € Co. Moreover, if a # (%, %, %), Ca has
trivial stabilizer in Go xR” and has a two-parameter family of deformations
up to rigid motion given by varying a. Therefore, dimCo =7+ 14 4+ 2 =
23 and Cjy is Co-stable. Finally note that dim D(1) = 16, so the space of
Lagrangian Jacobi fields on L is equal to the space of genuine deformations
of Lo in the family of links of cones in C,, which also shows that C, is a

maximal deformation family for Cs. U
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We now consider the binary dihedral group.

Proposition 5.13. Use the notation of Definitions 4.13, 5.1 and 5.9 and
Proposition 5.6. For n € Z*, the positive eigenvalues of ¢ on (L,gr) =
(S3/ D%, gr2) are:

Vorn+2n+21,2rn+2n

2
:r+\/72+4(rn+n+l)(m+n+l+1)+4<m+n> (1 - 72);

T
2(s+1)n
Vg o =T + T2 + 8[(2[ + 1), and Vosnton—2 = (7_)

for l,r,s € N. Moreover,

o (Varntont2i,2rnton) = 2rn+2n + 20+ 1, or(vap) =41+ 1,
or(Vasntan—2) = 4sn + 4n — 2.

Proof. Let a = piw1 + paws + p3ws be an eigenform of ¢y, of positive eigen-
value v. From Definition 5.9(b), Zg, C D). Hence, by Proposition 5.11, the
possible v are of the form vy o where k — 2] =0 (mod 2n) or vog42n—2,
using the notation of Proposition 5.6.

Recalling Definition 5.4, we see that j sends (z1,22) € C? to (22, —21)
and hence j maps RE to RC, for each m € Z. By note (a) after Proposi-
tion 5.6 and Definition 5.9(b), the multiplicity of v, 9127, is the number
of choices of p1 € Qorpi212rn Which are j-invariant. By Theorem 5.5, py is
the sum of real and imaginary parts of polynomials in O Lo N RS, Since
j? clearly acts as the identity on Q(Qcm o1, We can decompose Qo 421,20 intO
+1-eigenspaces for j. Thus, for » > 0, the subspace of Qg,y4212,, Which is
Jj-invariant is half the total dimension. For r = 0, it is straightforward to see
that j acts as (—1)! on Q(QCZ NRS, sopy € Qa0 is j-invariant if and only if {
is even.

By note (b) after Proposition 5.6, the multiplicity of vy, if k # 0, is
determined by the number of choices for ps. Now, since ps is only well-
defined up to sign on the quotient of S* by D, we need to calculate the
number of polynomials in Qy; on which j acts as +1. However, since k =
2sn+2n—2> 0 is even, we can find a basis for Qp; consisting of £1-
eigenfunctions for j by the previous paragraph. For vy the multiplicity is 2
because po and ps are constant.

The result follows from Theorem 5.5 and Proposition 5.6. 0
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By [28, Example 6.15], L3 given in Example 4.4 is isometric to SO(3)/
S3 = 83/ D% with metric 6gs. We may thus apply Proposition 5.13 as follows.

Corollary 5.14. Use the notation of Definitions 4.13, 5.1 and 5.9 and
Ezample 4.4. The eigenvalues of cr, on (L3, gr,) = (S3/ D%, 6g6) in (0,4)
are: {1,2,3,1 ++/5}. Moreover,

or,(1)=10, o07,(2) =23, o07,(3) =41, o7,(1+V5) =5.

Hence, the cone Cs is not stable and ind(C3) = 46. Moreover, Cs is not
rigid.

Proof. By Proposition 5.13 applied with 7 = v/6, the eigenvalues of cr, are

1 1 1
A6r+6+21,6r+6 = /G V6r+6+21,6r+6 Aao = JgVAL0 and Agsyq = JgVost for

l,r,s € N. Since )\8,0 =1+ %\/ 129 > 4, >\8,6 =14 %\/ 84 > 4 and )\12712 =4,
we need only calculate:

)\0,0 =2, /\4,0 =1+ \/5, )\6,6 =3, Mdgsta=5+1.

The multiplicities now follow from Proposition 5.13.
Since C3 is non-planar and has SO(3) stabilizer in Go,

ind(Cy) = Y dimD(\) - 7 - (14 - 3) = dim D(0) + dim D(1) — 18
Ae(—1,1]
= 01,(2) + 07,(3) — 18 = 23 + 41 — 18 = 46

as claimed. We also see that dim D(1) = 41 > 11 = dim Gy — dim SO(3), so
(35 is not rigid. O

Lastly, we study the constant curvature 1 metric on S3/ Aj.

Proposition 5.15. Use the notation of Definitions 4.18 and 5.9. Let
(L,g1) = (S3/ A}, g1). The positive eigenvalues of cy, are

Vor = 2r +2 and V6s+4,6s+4 = 6s+ 6

for r;s € N. Moreowver,

or(v) = 2r+1) (142 [g] + [g] —r) and oL (Vesragera) = 125+ 10,

where [q] denotes the integer part of a non-negative rational number q.
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Proof. From Definition 5.9(c), we observe that A} is generated by i and j,
which are elements of order 4, and

1 1 V3 [i+j+k
1+i4+j+k)=-1+-——( ———
+i+j+k) 51+ 2( 73 ),

5
which has order 6. By Proposition 5.6 and Corollary 5.7, we know that the
possible positive eigenvalues of ¢y, are k + 2 for k € N with corresponding
eigenforms « € By, in the notation of Definition 5.3.

Suppose a = piwi + paws + psws € Br ® C is an eigenform of c¢y. We
may write o = P11 + P»Qo + P3Q3 where

Ql:w1+w2+w3 Q2zw1—w3 93:—w1+2w2—w3
\/g ) \/i b \/6 )
_P1—p3 _ ~P1+2p2—ps3

:P1+p2+293 j
V3 V2 V6

Let &, be the vector field dual to w,, and set & = (&1 + & + &3)/V/3.
Since £ commutes with ¢z, by Proposition 5.10, we may look for « satisfying

P Py

cra=(k+2)a and Lea=ima

for m € Z. For « to be well-defined on L we must have that m = 0 (mod 6).
Using (5.3) we calculate:

1
Leh = o (Lespe,wn + Loy wa + Lo 1e,03)

1
= (=23 + 2wp — 21 + 2w — 2wy + 2w1) = 0;

LSy = 2Q3;
LeQy = —20,.

Recall the notation of Definitions 5.2 and 5.4. By similar methods to
the proof of Proposition 5.11, P; has g-weight 6/ for some [ € N, where
q= i+\j/;fk. Moreover, P, must be invariant under i and j, so P is Aj}-
invariant. The Aj-invariant eigenfunctions of the Laplacian on 8 are effec-
tively determined in [12, Theorem 4.4], so we deduce that k = 2r and Pj lies
in a subspace of QS of dimension (2r + 1)(1 + 2[%] 4 [5] — ). The formulae
for vo, and or,(vo,) follow.

Again following the proof of Proposition 5.11, we observe that P; deter-

mines P> and P3 unless P», P53 € Q(gs 14 have g-weight 6s + 4 for some s € N.
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Thus, we also have eigenvalues of the form 6s + 6 with multiplicity equal
to the number of choices for P». As in the proof of Proposition 5.13, P; is
only well-defined up to sign on the quotient of S2. Since P, is a polynomial
of even degree it has even i-weight and j-weight, so P, maps to =P, under
the action of i and j. Since we may decompose the harmonic polynomials
on S by q-weight rather than i-weight as in Theorem 5.5, and the metric
on L has constant curvature, we deduce that o, (6s 4 6) = dim Qgs14 6544 =
12s 4 10. [l

As observed in [28, Example 6.6], the link L4 of Cy, given in Example 4.4,
is isometric to SO(3)/ A4 = 83/ A} with constant curvature 1. We may
therefore deduce the following.

Proposition 5.16. Use the notation of Definitions 4.13, 5.1 and 5.9 and
Ezample 4.4. The eigenvalues of cp, on (L4, gr,) = (S3/ A%, 16g1) in (0,4)

are: {%, %,2, %,3, %} Moreover,

1

oL, <2> =1, oL, <;> =10, or,(2) =17,
5 7

or, <2> =9, JL4(3) = 22, oL, <2> = 26.

Hence, the cone Cy is not stable and ind(Cy) = 30. Moreover, Cy is not
rigid.

Proof. By Proposition 5.15, the positive eigenvalues of ¢y, are Ao, = %(T +1)

and Aes44,65+4 = %(s +1). We are restricted to r = 0,3,4,6 and s = 0,1 for

eigenvalues in (0,4) since the multiplicity of Ao, for r = 1,2,5 is zero.
Hence, on Cy,

> dimD()) = dim D (—i) + dim D(0) + dim D <;> + dim D(1)
Ae(—1,1]
3 5
=0L, <2> + 0L, (2) + 0L, <2> + 0L, (3)
=10+ 7+9+ 22 =48.
Since Cjy is non-planar and SO(3)-invariant, the dimension of the fam-
ily of Go xR7 transformations of C4 has dimension 7 + 14 — 3 = 18. Thus

ind(Cy4) = 30. Observe that dim D(1) = 22 > 11 = dim Gy — dim SO(3), so
Cy is not rigid. O
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The stability index is a measure of the geometry complexity of the coas-
sociative cone. We might therefore expect homogeneous cones to have the
greatest chance of being stable. Since we find that the only stable homo-
geneous coassociative cones are 4-planes and the cone in Example 4.2, we
might naively expect that these are the only stable coassociative cones.

In Geometric Measure Theory one defines the m-dimensional density of
a set S C R™ at a point p by

_H™(S N Bu(p;r))
OWp) =l = B0

where H™ is m-dimensional Hausdorff measure and B,,(p; ) is the ball in R"
of radius r about p. If S is an m-dimensional submanifold then ©(S,p) =1
for all p € S. For coassociative cones C' in R” with isolated singularities
at the origin and compact links L it is straightforward to calculate the
4-dimensional density as ©(C,0) = vol(L)/vol(S83). We may therefore eas-
ily calculate the density for the homogeneous coassociative cones given in
Examples 4.1-4.4 as follows:

1
O(Cy,0) = 1, O(Ch,0) = §6 O(Ch,0) = 4, O(Cs,0) = 36, O(Cy,0) = 64.

The fact that Cy and C; are the homogeneous cones with the lowest density
and are also the only stable ones is suggestive.

6. Algebraic curves and 2-ruled cones

Since Example 4.8 gives the largest known family of coassociative cones, we
are motivated to analyse the stability index for 2-ruled cones. We there-
fore need to understand the curl operator on geodesic S'-bundles over sur-
faces. We are particularly interested in the case where the surface is an
algebraic curve.

We start with some definitions from the theory of Riemannian
submersions.

Definition 6.1. Let (L, gr) be a compact Riemannian 3-manifold which is
an S'-bundle 7 : L — ¥ over a compact Riemannian surface (X, gs). Sup-
pose further that « is a Riemannian submersion. Let £ be a unit vector field
spanning the vertical distribution of 7 and let 6 be the 1-form dual to &.
We define a form « on L to be horizontal if £&.a =0 and we denote
the bundle of horizontal m-forms by A7*T™ L. Trivially all functions are hor-
izontal. We can identify the horizontal m-forms with m-forms on ¥. We
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define the horizontal Hodge star %, on horizontal forms « via the equation:
xo = *pa A 6.
By [33, Equation (2.1.2)],

AT L = AT L @ (APT*L A 9),

so we can define a horizontal derivative dp, : C*°(A™T*L) — COO(A;L”'HT*L)
by sending « to the horizontal part of da. Since dj sends any section of
APT*L NG to zero, dp, : C*(AYT*L) — COO(AZ‘HT*L) is an antideriva-
tion. We can therefore define the formal adjoint dj of d;, and the horizontal
Laplacian A} = dpd; + djdy,. The horizontal Laplacian is not necessarily
elliptic.

If Ay is the ordinary Laplacian on L, we call A, = A; — Ay, the vertical
Laplacian. Note in the case of functions that A, = —Lg.

The situation above includes the Berger 3-spheres, tubes over pseudoholo-
morphic curves in S® and real links of complex 2-dimensional cones.

The key result for understanding the Laplacian on functions in the sit-
uation of Definition 6.1 is the following [3, Theorem 1.5].

Proposition 6.2. Use the notation of Definition 6.1. If m: L — 3 has
totally geodesic fibres then, on functions, Ay, Ay and A, commute.

For convenience we make the following definition.

Definition 6.3. Let L be a compact Riemannian 3-manifold. Let mp (v)
denote the multiplicity of the eigenvalue v of the Laplacian A, on functions.
Let &, = {v € R : mp(v) # 0}, which is a countable discrete set.

Remarks. Use the notation of Definition 6.1 and suppose that 7 : L —
Y has totally geodesic fibres. Let mp (v, v,,) denote the dimension of the
space of functions f such that Apf = v, f and A, f = v, f. Note that, since
Ay, and A, are non-negative operators, we must have v, > 0 and v, > 0.
Moreover, by one of the main results in [42], mr,(vp,0) is the multiplicity of
the eigenvalue v}, of the Laplacian Ay, acting on functions on X. Finally, by
Proposition 6.2, every eigenvalue of Ay, is of the form vy, + v, so mp(v) <

Zuh—l—uuzu mL(Vh’ VU)'

We now have the following result that is similar to Proposition 5.10.
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Proposition 6.4. Use the notation of Definitions 4.13 and 6.1. If the fibres
of m: L — X are totally geodesic and & is a Killing vector field for g, then
cr, and the Lie deriwative L¢ commute.

Proof. Recall Definition 6.1. By the work in [33, Section 2.1], since V¢£ = 0,
df is horizontal. Moreover, if we write a 1-form v on L as v = a + f6 with
« horizontal and f a function, then

wdy = #p(Lea — dpf) + ()pdpa + fx,d0)0 and  Ley = Lea+ (Lef)0.
Thus, since € is Killing and df is horizontal, it is straightforward to compute:
«d(Ley) = (spLia — spdn(Lef)) + (+pdn(Lea) + (Le f)*,d0)O
and
Le(xdy) = (snLia —#pLe(dnf)) + (+pLe(dpa) + (Lef)*nd6)o.

Note that, since the fibres of 7 are totally geodesic, [dj, L¢] = 0 on horizontal
forms by [33, Equation (2.1.6)]. We conclude that [cr,, £¢] = 0 as claimed. [0

Observe that, by Example 4.9, we have two types of links of coassociative
cones where Definition 6.1 and Propositions 6.2 and 6.4 apply: namely, Hopf
lifts of holomorphic curves in CP? and tubes of radius 5 in the first or second
normal bundle about a null-torsion pseudoholomorphic curve in S¢. We may
therefore try to describe the spectrum of the curl operator in these cases.

We begin with the links of complex 2-dimensional cones.

Theorem 6.5. Let ¥ be a compact, connected, holomorphic curve in CP?
with degree ds,. Let L be the Hopf lift of ¥ in S°. Use the notation of
Definitions 4.13 and 6.3. The eigenvalues of ¢ in (0,4) are 1, 2, 3 and
A+2¢€(2,4)\ {3} such that A\(\+ 2) € E. Moreover,

or(1) = d} — dy, or(2) = d% +dx + 1,
UL(3)=mL(3)+d%+3dz, or(A+2) =mp(A(A+2)).

Furthermore, mp(3) > 6 if dy > 2.

Proof. Notice that L is a U(1)-bundle over X, and that the projection 7 :
L — ¥ is a Riemannian submersion with totally geodesic fibres when L and
¥ are given the induced metrics from the standard metrics on S® and CP?.
Therefore, Definition 6.1 and Proposition 6.2 apply. If we let £ be the vector
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field given by the U(1) action then, as observed in Example 4.9, £ is a
Killing vector field for the metric on L, so Proposition 6.4 applies. Hence,
to understand the positive eigenvalues v of ¢y, it is enough to study the
equations

(6.1) dy=-vx*vy and
Ley = imry

for y € C*(T*L ® C) and m € Z.

Let wp be the standard Kihler form on C3. Since ¥ is holomorphic,
wo|y = voly and thus w = wy|r is a nowhere vanishing 2-form on L. More-
over, *w is the 1-form on L dual to the U(1) vector field &, where x is the
Hodge star on L, so 8 = %w in the notation of Definition 6.1.

By (2.3), if 21 is the coordinate on R in the decomposition R7 = R & C?
and C is the cone on L embedded in R?, then 3 = 8%1—‘90‘0 = wolc is a self-
dual 2-form which corresponds to the deformation of C by translation in
the x1 direction. By Corollary 2.11 and Proposition 2.17, 8 must be closed.
Notice that wg|c = 7%w + r+w A dr, where 7 is the radial coordinate, and so
dg =0 if and only if dxw = —2w.

By Definition 6.1, given v € C*°(T*L @ C), there exist f € C*°(L) and
a € C®(TyL ® C) such that v = f+w + a. Thus,

dy =d(f+w) +da=dpf A*w —2fw+da and vy = fw+ *xpa A *w
We deduce from looking at the horizontal components of (6.1) that
(6.3) dpa=—(v —2)fw.

For convenience we set d, = d — dj,. Hence, using Cartan’s formula and the
facts that { o = £aw = 0 and & kw = 1, (6.2) becomes:

imy =d(§xy) + Eudy = df + Eud(frw) + £oda
=df + &a(dpf N *w) + Eadya = dy f + Eadya.

We can also use (6.1) in (6.2) to see that:

imy=df —véixy=df —vfliw — v{i(xpa A xw) = df + vipa.
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Together, we deduce that

(6.4 dpf = ima — vxpa,
(6.5) do f = imfxw,
6.6) dya = imxw A a.

Since v > 0, (6.1) forces d*y = 0 and thus
(6.7) dpxpa = —imfw.

As in [33, Section 2.2], the complex structure J on 3 defines a complex
structure map J on horizontal forms, which agrees with J on horizontal
1-forms (viewed as lifts of 1-forms on X). This allows us to define AP/T*L ®
C, where p,q € N, to be the bundle of horizontal (p 4 ¢)-forms which have
eigenvalue i(p — ¢) under Jp,, and thus give the decomposition A7*T*L @ C =
Bptq=m Ay IT*L @ C. We may therefore define operators

O : C°(APIT*L @ C) — C¥(AP"MT* L@ C)  and
5h : COO(A%(]T*L ® C) N COO(A]Z’q+1T*L ® (C)

by taking appropriate components of dj,.

Since « is a horizontal complex 1-form on L, it can be decomposed into
(1,0) and (0, 1) components. Thus, ¥, = #5(a'¥ + %) = ia®? — ia®! and
so (6.4) becomes:

(6.8) onf =i(m—v)a*®,
(6.9) onf =i(m+v)a®.

We notice that f =0 forces m? = v? otherwise a = 0 by (6.8) and (6.9).
Furthermore, (6.3) for f = 0 becomes

(6.10) 5ha1’0 + 8ha0*1 =0.

Thus, f =0 =m — v is equivalent to Opa'? =0=a% and f=0=m +v
is equivalent to 9ot =0 = 0.

The hyperplane bundle over CP? defines a complex line bundle H over
>} which is also a real line bundle over L. We can, of course, identify H
over L with the cone C', and so H has a global section s over L given
simply by s(x) = x. It is clear that L¢s =is and a® s™™, by (6.6), is a
U(1)-invariant section of 7*L ® C ® H~™, and so pushes down to be a well-
defined section of T*¥. ® H~™ over X. The condition dpa’? = 0 given by
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(6.10), when m = v, is then equivalent to saying that a’® ® s~ is a holo-
morphic section of P, = T*19% @ H~". Since H is the bundle Ox(—1) and
T*0% = Og(ds, — 3), we see that P, = Ox(v + ds, — 3). Thus, by Riemann—
Roch, the dimension of the vector space of holomorphic sections of P, is

(P, =ds(v+ds —3)+1—gs.

(Notice that P3 is isomorphic to the normal bundle of ¥ in CP? and so its
holomorphic sections correspond precisely to the infinitesimal deformations
of ¥ as a holomorphic curve.) Similarly, for m = —v, we have that a%! ®
s is an anti-holomorphic section of P,. Hence, for f =0, we get integer
eigenvalues v € {1,2,3} for ¢, in (0,4) (since m? = v?) and contributions of
2h°(P,) to or(v). Using the degree-genus formula, we calculate

(6.11) 2h°(P,) = ds(ds — 3 + 2v).
It follows from (6.3)—(6.7) that

(6.12) Apf =x*dx (imf *xw +ima — v x, @)
= —xd(imfw + im xp @ A xw + va A xw)
= —x(im(imf) voly +im(—imf)voly —v(v — 2) f volp)

=v(v—2)f.

Since L¢f = imf by (6.4), (6.5), we deduce from Definition 6.1 and Propo-
sition 6.2 that

(6.13) Anf = (Vv —2) —m?)f.

Recall that the eigenvalues of Ay, and Aj have to be non-negative.

If v € (0,2) then the only solution of (6.12) is f = 0. Thus, m? = v? by
(6.8) and (6.9), so v =1 and o1(1) = ds(ds — 1) from (6.11) as claimed.

If v=2 and f#0 then m =0 by (6.13) and the solutions of (6.12)
consist of constant (non-zero) functions. Since f # 0 is constant, we see from
(6.8)—(6.9) that o = 0. Thus, we have a 1-dimensional space of solutions to
(6.1), (6.2) for v = 2 and f # 0. We deduce the formula for o, (2) from (6.11).

If v € (2,4) and f # 0 then the non-negativity of v? — 2v — m? by (6.13)
forces |m| < 2. Moreover, solutions to (6.12) define « via (6.8) and (6.9) since
m? # v2. We deduce the remaining eigenvalues of ¢z, and multiplicities from
(6.11) as claimed.

Now suppose dy > 1 so that the cone C' is non-planar. We can view
the Lie algebra of SU(3) as a subalgebra of go and decompose go = su(3) @
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su(3)L. If v € su(3)" is identified with a tangent vector on R, v|¢ defines a
normal vector w which in turn defines an infinitesimal deformation of C' as
a coassociative cone. Moreover, since v € su(3)+ and C is non-planar, w is
a non-trivial infinitesimal deformation which is not complex. Thus (wip)|c
will be an order O(r) self-dual 2-form, which does not arise purely from a
horizontal 1-form on L, and will define a 3-eigenform of ¢y, with f # 0 (since,
for f =0, the 3-eigenforms correspond to the infinitesimal deformations of
3 as a holomorphic curve). Since dim su(3)* = 6, we deduce that mz(3) > 6
as claimed. g

It is easy to check that Theorem 6.5 applied to a totally geodesic CP!
in CP? implies the stability of complex 2-planes as coassociative 4-planes
as we already knew from Corollary 5.7. However, we can in fact prove the
following.

Proposition 6.6. The only complex 2-dimensional cones in C3, with com-
pact non-singular complex links in CP2, which are stable as coassociative
cones in R7 are complex 2-planes.

Proof. Suppose C' is a counterexample to the statement of the proposition
and suppose, for simplicity, that the complex link ¥ of C is connected.
Embed C as a coassociative cone in R” and let G be the Lie subgroup
of Gy preserving C. Since C' is non-planar and supposed to be stable, in
the notation of Proposition 4.12 we should have dim D(0) = 7, since every
translation of C' will define an order O(1) coassociative deformation, and
dim D(1) = 14 — dim G. By Theorem 6.5, this occurs if and only if

d%+ds =6 and d&+3ds =14 —dim G —mz(3).

Subtracting these equations and using the fact that mp(3) > 6 shows that
2dy; < 2 — dim G, but this contradicts dy; > 1 as C' is non-planar. O

We now wish to mimic our result for holomorphic curves in CP? for the
case of null-torsion pseudoholomorphic curves in S°.

Theorem 6.7. Recall Definitions 4.5, 4.6, 4.13 and 6.3. Let ¥ C S% be
a compact, connected, null-torsion pseudoholomorphic curve of genus gs
and let ¢1(NoX) be the first Chern number of NoX.. Let L be the tube of

™

radius 5 in No¥ about ¥. The eigenvalues of cy in (0,4) are 1, 2, 3 and



Stability of coassociative conical singularities 855

A+2€(2,4)\ {3} such that A\(X\ + 2) € €. Moreover,

O’L(l) = 292 — 201(N22) — 2, O'L(Q) = 292 — 401(]\722) — 1,
or(3) =mp(3) + 292 — 6¢1(NoX) — 2, op,(A+2) = mp(A\ + 2)).

Proof. 1t is straightforward to see that Definition 6.1 applies to the natural
projection 7w : L — ¥ and that the fibres of 7 are totally geodesic since L is
a tube of radius 5. Moreover, by Example 4.9, if £ is the unit vector field
given by the S'-fibration of L over ¥ then ¢ is Killing. By Proposition 6.4
it is therefore enough to study (6.1)—(6.2) for v € C*(T*L ® C) and m € Z
to find the positive eigenvalues v of cy,.

If we let 6 be the 1-form on L dual to £ then, since ¥ has null-torsion, the
structure equations for L given in [28, Section 6.4] imply that df = —2x0.
This formula, together with the fact that X is endowed with a complex struc-
ture, enables us to follow the proof of Theorem 6.5 and see that we essentially
have two possible contributions to eigenvalues of c¢y: either eigenfunctions
of the Laplacian on L or holomorphic sections of P, = T*'Y @ H~ for
v € Z*, where H = NyX since we can identify the cone over L with NoX
over 2.

Recall the structure equations for ¥ given in Definition 4.6. Since k3o =
0, the curvature form of NyX is

dr3z = —01 A 51,

so ¢1(N2X) < 0 (in fact, it is proportional to — vol(3)). Thus, by Riemann—
Roch, we have that

h(P,) = ¢ (T*O8) — vey (NoX) +1 — gs = gs — 1 — vey (NoX).
The result now follows from the proof of Theorem 6.5. O

Remarks.

(a) The first Chern number ¢;(N2X) is the negative of the degree of 3 as
a holomorphic curve in the 5-quadric in CP®; so is just —ﬁ vol(X).

(b) Theorem 6.7 will not immediately generalize to the other possible case
given by Example 4.9, namely tubes L of radius § in N1¥. First, the
relationship between the derivative of the vertical 1-form 6 and its dual
0 is not as straightforward. Second, ¢ (V1Y) is often positive, so it is
not as easy to calculate o, (v).
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One can apply Theorem 6.7 to the Boruvka sphere X, for which ¢;(N9X) =
—6, and recover the result of Corollary 5.14. Theorem 6.7 can also be applied
to a totally geodesic 2-sphere, which is the degenerate case of a null-torsion
curve, to prove Corollary 5.7.

We now prove the analogue of Proposition 6.6.

Proposition 6.8. Recall Definitions 4.5 and 4.6. Let C' be a coassocia-
tive cone whose link is a tube of radius 5 in N2X about a compact (non-
totally geodesic) null-torsion pseudoholomorphic curve ¥ in S8. Then C is
not stable.

Proof. Suppose for simplicity that 3 is connected and let G be the subgroup
of Gg preserving C. By Theorem 6.7, C' is stable only if

295 —4c1(N2X) =8 and mp(3) + 2gx — 6¢1(N2X) —2 =14 — dim G,
since C' is non-planar. These equations force
g =mr(3)+dimG—4 and 2¢;(N2X) =mp(3) + dim G —8.

Therefore, mp,(3) + dim G > 4 as g», > 0. Hence, ¢1(N2X) > —2 so the degree
of ¥ as a holomorphic curve in CP% must be 1 or 2. We deduce that ¥ must
have genus zero and lie in some CP? in CPS. We now show that ¥ cannot
be a plane curve by the structure equations in Definition 4.6, giving our
required contradiction.

The embedding of ¥ as a holomorphic curve in CPY is given by f3. Since
3} is non-totally geodesic, dfs depends on fs and dfs depends on f;. However,
df; has a non-zero component in the direction of u, which is independent of
f1, £, f3, since 0 is nowhere vanishing on the curve. It therefore follows that
¥ cannot lie in some CP? in CPS. O

Theorems 6.5 and 6.7 invite us to make the following definition.

Definition 6.9. For a compact Riemannian 3-manifold L let

n(L)= Y mL(A(\+2),

Ae(0,1]
using the notation of Definition 6.3.

Remark. By Theorems 6.5 and 6.7, the stability index of certain 2-ruled
cones with link L fibred over an algebraic curve ¥ will be the sum of a
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topological term determined by the degree and genus of ¥, and an analytic
piece given by 7(L). We can therefore think of (L) as a sort of “n-invariant”.

We now make an elementary observation, which we state for complex
cones although it is equally valid for cones whose links are as in Theorem 6.7.

Proposition 6.10. Let C be a complex 2-dimensional cone in C* with com-
pact real link L such that C'\ {0} is non-singular. Let C consist of Go xR”
transformations of a deformation family for C' as a complex cone and recall
Definitions 4.12 and 6.9. Let L' be the link of C' € C. Then

ind¢(C) — inde(C") = n(L) — n(L)

for all C" € C. Moreover, there exists an open neighbourhood C' of C in C
such that, for all C" € C', n(L) —n(L') > 0. Thus, if C is C-stable then C'
is C-stable for all C" € C'.

Proof. By Definitions 4.12 and 4.13 and Theorem 6.5, the difference in the
C-stability indices of C' and C’ is determined by the spectra of L and L as
claimed because the degree of the complex link is the same for C and C’.

Deformations of L will change the spectrum, but the only way in which
n(L) # n(L'), for a sufficiently small perturbation L’ of L, is if a new element
of the spectrum is created strictly above 3 under the deformation and the
number of the elements of the spectrum in (0, 3] decreases. Thus, n(L) >
n(L') for all L' in some open neighbourhood of L, proving the existence
of C'.

If C is C-stable then ind¢(C”) < inde(C) = 0 for all ¢’ € C'. We deduce
that ind¢(C’) = 0 from the non-negativity of the stability index. O

We conclude this section with an application of Proposition 6.10.

Corollary 6.11. Recall Cy, Co and T defined in Corollary 5.12. The cone
Cy is Jacobi integrable and C,-stable for all a € T.

Proof. Recall that Cy, with link Lo, given by Example 4.3 satisfies Cy =
C(ééé) and ind¢, (C2) = 0 by Corollary 5.12. Let L, be the link of C,.

Let
T.={a €T : inde, (Ca) = 0},

which is non-empty since (%, %, %) € 7,. By Proposition 6.10 75 is open. Our
aim is to show that 75 is also closed in 7, since then 7, = 7 by connected-

ness.
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Recall that dimC, = 23 and that m_(3) > 6 by Theorem 6.5. Thus

inde, (Ca) = > mr,(AA+2)) + (mr,(3) — 6)
A€(0,1)

by Theorem 6.5. We deduce that a € 7; if and only if mz_(3) =6 and
mr, (A(AN+2)) =0 for all A € (0,1).

Suppose, for a contradiction, that 75 is not closed, so there exists a €
T, NT \ T,. Therefore my_(3) > 6 or mr_ (A(A+2)) > 0 for some \ € (0,1).
However, since the spectrum of the Laplacian varies continuously under
deformations of the metric, the latter can occur if and only if there exists
a’ € 7, for which mr,, (3) > 6. Since this cannot happen for a’ € 7, we may
suppose therefore that mr_(3) > 6.

Hence, there is a Lagrangian Jacobi field v on L, which is independent
of the Lagrangian Jacobi fields corresponding to deformations of Cjp in Co,.
For all a’ close to a we have that L, = exp, (La) for some Lagrangian
Jacobi field v'. Moreover, since Ly is Lagrangian and v + v’ is a Lagrangian
Jacobi field on L,, we may view v as a Lagrangian Jacobi field on Ly for
a’ sufficiently close to a. However, any open neighbourhood of a meets 7,
as a € 7., so there exists a’ € 7 such that L, has a Lagrangian Jacobi
field independent of those corresponding to deformations of Cy in C,. Thus
mr,, (3) > 6 for some a’ € 7, which is our required contradiction. O

7. Examples of coassociative 4-folds with conical singularities

In this section we produce our examples of coassociative 4-folds with con-
ical singularities. We describe the construction of compact Go manifolds
we require and the singular 4-dimensional submanifolds which arise follow-
ing [20] and [21]. Initially we will have a singular coassociative 4-fold NV in a
compact almost Gg manifold M, but the ambient Go structure will have tor-
sion. We then show that N has conical singularities which are stable under
deformations of the Go structure. Finally, we deform the Go structure on M
so that it has no torsion and simultaneously deform N to produce our CS
coassociative 4-fold.

7.1. Examples of compact G2 manifolds

Here we review the relevant material from [20]. The key ingredients will be
Fano 3-folds and K3 surfaces, which we now define.
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Definition 7.1. A compact complex 3-dimensional manifold X is a Fano
3-fold if its first Chern class is positive. Equivalently, X has ample anti-
canonical bundle. Fano 3-folds are simply connected and projective.

A K3 surface P is a simply connected, compact, complex surface with
c1(P) = 0. A generic divisor in the anticanonical linear system of a Fano
3-fold is a smooth K3 surface by the work of Shokurov [36].

Remark. One definition of a Calabi—Yau 3-fold is a compact Kéhler 3-fold
with vanishing first Chern class or, equivalently, with trivial canonical bun-
dle.

The construction of compact Go manifolds in [20] proceeds via the con-
struction of certain non-compact Calabi-Yau 3-folds. These non-compact
Riemannian manifolds are asymptotically cylindrical. We define these man-
ifolds formally.

Definition 7.2. Let (Y, g) be a Riemannian n-manifold. We say that Y is
asymptotically cylindrical (with rate ) if there exist constants A < 0 and
R >0, a compact subset K of Y, a compact Riemannian (n—1)-manifold
(S, gs) and a diffeomorphism ¥ : (R, 00) x S — Y \ K satisfying

VI (U*(g) — gey1)] = O(e™), ast — oo for all j €N,

where gey1 = dt? + gg is the cylindrical metric on (0,00) x S, V is the
Levi-Civita connection of gy and |.| is calculated with respect to geyi.

We now introduce some important notation.

Definition 7.3. Let X be a maximal deformation family of Fano 3-folds,
let X € X and let P,Q be K3 surfaces in the anticanonical linear system
of X such that PN Q is a non-singular curve in X. Let X (P, Q) denote the
blow-up of X along PN Q and let P denote the proper transform of P in
X(P,Q). Finally, let Y(X,P,Q) = X(P,Q)\ P.

Since X(P,Q) is the blow-up of X along PN Q, we have a smooth map
w: X (P, Q) — CP! whose fibres are the proper transforms of the divisors in
the pencil defined by P and ). We may introduce a holomorphic coordinate ¢
on CP' such that @~'(0) = P and see that, for some open neighbourhood U
of 0 in the ¢ coordinate, w=1(U \ {0}) is diffeomorphic to (0,00) x P x S*.
Thus we may view Y (X, P,Q) as a manifold with a cylindrical “end” with
cross-section P x St. This motivates the next result which follows from [20,
Corollary 6.43].
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Theorem 7.4. Use the notation of Definition 7.3. There is a smooth com-
plete metric gy on'Y =Y (X, P,Q) such that (Y, gy) is asymptotically cylin-
drical and the holonomy of gy is SU(3).

Suppose we have a pair of maximal deformation families A7 and s
of Fano 3-folds. Using the notation of Definition 7.3, we have a pair of
asymptotically cylindrical complex 3-folds Y7 = Y1(Xy, P;,Q1) and Ys =
Y2(X2, P2,(Q2) with holonomy SU(3) by Theorem 7.4. We thus have
7-manifolds Z; = Y; x S', for i = 1,2, which are asymptotically cylindrical
to (0,00) x P; x St x S'. In [20, Section 4] it is explained that if P, and
P, satisfy a certain “matching condition”, then one can apply a “twisted
connected sum” construction to Z; and Z, to get a one-parameter family
of compact almost G manifolds {(Mr, o1, 9s,) : T > Ty} for some Ty > 0.
Moreover, (@71, gy, ) is simply the product Gg structure on Z;, as described
in Definition 2.18, away from the “interpolation region” where Z; and Zs are
“glued”. The only question is whether this “matching condition” holds for
Py and Ps. The answer [20, Theorem 6.44] is that there always exist X; € X;
such that P; and P» can be chosen which satisfy the “matching condition”.
Finally, [20, Proposition 5.32 and Theorem 5.34] imply that one can always
perturb the closed Ga structure on Mr to a torsion-free one for sufficiently
large T'. We can summarize these observations as a theorem.

Theorem 7.5. Let X1 and Xy be mazimal deformation families of Fano
3-folds and recall the notation of Definitions 2.13, 2.14, 2.15 and 7.3. There
exist constants Ty > 0 and A < 0 and, fori =1,2, X; € X; and a K3 surface
P; in the anticanonical linear system of X; such that, for all T > Ty and
suitable Q1, Q2 as in Definition 7.8, the following hold.

(a) There is a compact almost Go manifold (M, o, 9,,) which, out-
side some compact set Ir, is diffeomorphic to the disjoint union of
Y1(X1, P, Q1) x St and Ya(Xa, P2, Q2) x S' endowed with the product
Ga structure induced from the asymptotically cylindrical SU(3) struc-
ture given by Theorem 7.4.

(b) Let p > 4. There is a smooth 2-form nr on Mr, satisfying |||z <
cpe and ||nr||cr < cpe*t for some constant ¢, > 0, such that pr +
dnr € C°(A3T*Mr) and the metric gy, iy, on My has holonomy
Go.

The compact set I is the interpolation region between Z; and Zs.
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Note. Of course, the M7 are topologically the same for all T', so we can
view (¢71,9,,) as a one-parameter family of closed Gg structures on a
7-manifold M.

We now have the following important result.

Proposition 7.6. Use the notation of Theorem 7.5. Outside I, Mrp is
fibred by K3 surfaces which are coassociative with respect to . Moreover,
for generic Q1 and Q2, there exist coassociative K3 surfaces in (Mr, o1, ger.)
whose singularities are isolated and are ordinary double points.

Proof. After Definition 7.3 we noted that we have a fibration @ : X (P, Q) —
CP! whose fibres are K3 surfaces. Necessarily some of these fibres will be
singular and the generic singularity is an ordinary double point. Recall that
we have the freedom to choose any smooth K3 surface () in the anticanon-
ical linear system of X which meets P in a non-singular curve. Therefore,
through generic choice of ) we can be assured that there are fibres other
than the exceptional divisor whose only singularities are ordinary double
points. Thus, for generic @1 and @2, we have a fibration

wr s My \ I = (Yy x SY) U (Yo x S1) — (CP* U CP!) x St

with fibres that are K3 surfaces in Y; x {x} for some i and some x € S*.
Moreover, there are some fibres of @ which only have ordinary double point
singularities. Since Y7 and Y5 are Calabi—Yau manifolds and the almost Go
structure on My \ I agrees with the product Go structure on Y7 x S L and
Y> x S, a simple generalization of Corollary 2.11 leads us to deduce that
the fibres of wr are coassociative with respect to @r. O

Remark. By studying the Gg structure on I, it is shown in [21] that one
can extend the coassociative fibration wy through I.

For convenience we introduce the following notation.

Definition 7.7. Use the notation of Theorem 7.5 and let Q1 and Q)2 be
generic so that Proposition 7.6 applies. Let I'r denote the set of coassociative
K3 surfaces in (Mr, @7, gy, ), which have isolated ordinary double point
singularities. By Proposition 7.6, there exist N € I'r such that N C My \ Ir.

Our aim now is to show that some of the singular coassociative 4-folds
in I'p are “stable” under the deformation from the closed Go structure
to the torsion-free Go structure @7 + dnr given in Theorem 7.5(b).
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7.2. Stable coassociative conical singularities

We begin with a crucial result that allows us to implement our stability
theory.

Proposition 7.8. Use the notation of Theorem 7.5 and Definition 7.7. If
N € T'r, then N is a CS coassociative 4-fold in (M, o1, gs,) in the sense
of Definition 3.2. Moreover, the singularities of N have cones in the family
Co given in Corollary 5.12.

Proof. First observe that N is clearly a connected coassociative integral
current with N = (). Second, if z is a singular point of N then it is an
ordinary double point of a complex surface, so the tangent cone at z has
multiplicity one and is modelled on a cone in C, by definition. Since cones
in C, are Jacobi integrable by Corollary 6.11, we may apply Corollary 3.20
to deduce the result. O

Proposition 7.9. Let N be a CS coassociative 4-fold in an almost Ga
manifold. Suppose that the singularities of N are z1,...,zs with rate p and
cones C1,...,Cs such that:

(i) C; is in the family Cs given in Corollary 5.12 for all i; and
(ii) (1,u] "D =0, where D is given in Definition 3.12.
If € =C§, then O(N, pu, €) = {0}, in the notation of Theorem 3.14.

Proof. This follows immediately from Definition 4.12 and Corollary 6.11. [

Theorem 1.3 now follows from our final result.

Theorem 7.10. Use the notation of Theorem 7.5 and Definition 7.7. Let
T > Ty and let N € I'r be such that N C My \ Ip. Making Ty larger if nec-
essary, there exists a CS deformation N' of N which is coassociative with
respect to o7 + dnp.

Proof. Note that there are N € I'r which do not lie in I7 and that we are
free to make the rate p at the singularities of N lower if necessary to satisfy
(1, u) "D = . Hence, Propositions 7.8 and 7.9 imply N is a CS coassociative
4-fold with respect to ¢ and that O(N, u, €) = {0}.

Recall that M7 is diffeomorphic to some 7-manifold M for all TV >
To. Let F = {(¢t + sdne, gp,4sdn,) : s €R, ¢t >Tp}. Then F is a smooth
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2-dimensional family of closed Gg structures on M. Moreover, for each
T > Ty we may parameterize F by (u,v) € B(0;1) via

(uv ’U) € B(07 1) - R? (p(u,v) = Ptr(u,v) + ST(U7 U) dntT(u,v)a

where

(T —To)v

B T

and

To(1 — u)? + Tov? + (T — Tp)(1 — u)
(1 —u)?+ 02 '

tr(u,v) =

With this parameterization of F we see that o9 = o7,

Notice that, since N NIy = () there exists 7 > 0 such that T'> Ty + 7
and NN Ip =@ forall 7" € (T — 7,T + 7). As the Gy structure outside Iy
is the same for all 77 € (T — 7,7 + 7) by Theorem 7.5(a), N is coassocia-
tive with respect to o7 for all such T". We therefore see that [p(*¥)] =0
in H3(N) for all (u,v) sufficiently near (0,0). Hence, by Theorem 3.17,
there exists some d > 0 such that for all (u,v) € B(0;0y) there exists a CS
deformation N () of N which is coassociative with respect to (%),

To complete the proof, we need to show that ¢(*?) = ¢p + dnp for some
(u,v) € B(0;dn). As discussed after Theorem 3.17, this occurs if ||dnr||cr <
e and ||dnr||rz < € for some p > 4, where € > 0 is determined by the geometry
near N with respect to g,,. By Theorem 7.5(b), |[dnr|/c: and [[dnr|[zs are
of order O(e*) for some A < 0. Moreover, by Theorem 7.5(a), the geometry
near N is not changing as T varies, so the constant € can be chosen to be
independent of 1. Thus, we can ensure that the relevant norms of dnp are
sufficiently small by making T larger. O
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