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The Seiberg-Witten equations on manifolds with

boundary I: the space of monopoles and their
boundary values

TiMOTHY NGUYEN

In this paper, we study the Seiberg-Witten equations on a com-
pact 3-manifold with boundary. Solutions to these equations are
called monopoles. Under some simple topological assumptions, we
show that the solution space of all monopoles is a Banach mani-
fold in suitable function space topologies. We then prove that the
restriction of the space of monopoles to the boundary is a sub-
mersion onto a Lagrangian submanifold of the space of connec-
tions and spinors on the boundary. Both these spaces are infinite
dimensional, even modulo gauge, since no boundary conditions are
specified for the Seiberg—Witten equations on the 3-manifold. We
study the analytic properties of these monopole spaces with an eye
towards developing a monopole Floer theory for three-manifolds
with boundary, which we pursue in [10].
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Nomenclature

A(X) the space of spin® connections on the manifold X

B a typical spin® connection, usually on a 3-manifold

B%P a Besov space. Used as a prefix, it denotes closure with respect to

said topology

C a Coulomb slice in 7'

¢(X) the smooth configuration space of spin® connections and spinors

on the manifold X
¢*P(X) the B®P(X) configuration space on X
d, the operator associated to the infinitesimal action of the gauge

group at e € €(X)
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the formal adjoint of d,

abbreviation for the restriction of a bundle E on
X to 0X

a chart map for ¢ € M, M, or L

the nonlinear part of the chart map F,

a local straightening map for 9 at (B, V)

a local straightening map for £ at rx(B, V)

the gauge group of transformations on X

the gauge group of transformations that are the
identity on 0.X

a Bessel potential space (otherwise known as frac-
tional Sobolev spaces). Used as a prefix, it denotes
closure with respect to said topology
abbreviation for H*?

the Hessian of a configuration (B, ¥) € €(Y).

the augmented Hessian of a configuration (B, V)
the subspace of 7 given by the infinitesimal action
of G(Y) and Gy(Y'), respectively

the compatible complex structure on 7x,

the compatible complex structure on ’fg

the orthogonal complement of 7 v) and J(p v);
in 7(p y), respectively

the bundle over €(Y) whose fiber over (B, V¥) is
K(B,w)

the tangential boundary values of the space of
monopoles M and M*P on Y, respectively

the space of all monopoles in €(Y) and €*P(Y),
respectively

the space of all monopoles on Y in €(Y) and
¢5P(Y), respectively, that are in global Coulomb
gauge

the outward unit normal vector field to Y

the symplectic form on 7y,

the symplectic form on T

the “Calderon projection” of the Hessian Hp )

the Calderon projection of the augmented Hessian
M5,

the “Poisson operator” of the Hessian H p v

the Poisson operator of the augmented Hessian

7:2(37‘1,)
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H;C(B,q,) the projection onto K¢ through 7, ;

v a spinor

p Clifford multiplication on Y

q the quadratic map associated to the Seiberg—

Witten map SW3

ry the tangential restriction map

r the full restriction map

# some pointwise bilinear multiplication operation

* the Hodge star operator on Y

* the Hodge star operator on ¥ = 0Y

5 a spin® structure

S the spinor bundle on Y

SWj the Seiberg—Witten map in three dimensions

Te the tangent space To€(X) for a configuration e €
¢(X)

T, TP the space Q! (Y;iR) @ I'(S) and its B*P(Y) closure,

isomorphic to any tangent space of €(Y) and
¢9P(Y'), respectively

Ts, T3P the space Q}(3;iR) @ T(Sx) and its B*P()
closure, isomorphic to any tangent space of €(X)
and €%P(X), respectively

T the augmented space 7 ® Q°(Y;iR)

Ts, the augmented space 7y, @ Q°(%;iR) @ Q°(%;iR)
Y a 3-manifold

X a manifold or a Banach space

X(qu,), X(sgq,) subspaces of 7°? and T5P on which 7-7(37\1,) and
H(B,w) are invertible, respectively

0. Introduction

The Seiberg—Witten equations, introduced by Witten in [21], yield interest-
ing topological invariants of closed three- and four-dimensional manifolds
and have led to many important developments in low-dimensional topol-
ogy during the last two decades. On a closed 4-manifold X, the Seiberg—
Witten equations are a system of nonlinear partial differential equations for
a connection and spinor on X. When X is of the form R x Y with Y a
closed 3-manifold, a dimensional reduction leads to the three-dimensional
Seiberg—Witten equations on Y. These latter equations are referred to as
the monopole equations. Solutions to these equations are called monopoles.
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For both three- and four-dimensional manifolds, the topological invariants
one obtains require an understanding of the moduli space of solutions to the
Seiberg-Witten equations. On a closed 4-manifold X, the Seiberg—Witten
invariant for X is computed by integrating a cohomology class over the mod-
uli space of solutions. On a closed 3-manifold Y, one obtains the monopole
invariants for Y from studying the monopole Floer homology of Y. This
involves taking the homology of a chain complex whose differential counts
solutions of the Seiberg—Witten equations on R x Y that connect two
monopoles on Y. For further background and applications, see, e.g.,
6, 8, 11].

In this paper and its sequel [10], we study the Seiberg-Witten equations
on manifolds with boundary. In this first paper, we study the monopole
equations on 3-manifolds with boundary, where no boundary conditions are
specified for the equations. Specifically, as is done in the case of a closed 3-
manifold, we study the geometry of the space of solutions to the monopole
equations. However, unlike in the closed case, where one hopes to achieve
a finite-dimensional (in fact zero-dimensional) space of monopoles modulo
gauge, the space of monopoles on a 3-manifold with boundary, even mod-
ulo gauge, is infinite dimensional, since no boundary conditions are imposed.
Moreover, we study the space obtained by restricting the space of monopoles
to the boundary. Under the appropriate assumptions (see the main theorem),
we show that the space of monopoles and their boundary values are each
Banach manifolds in suitable function space topologies. We should empha-
size that studying the monopole equations on a 3-manifold with boundary
poses some rather unusual problems. This is because the linearization of the
three-dimensional Seiberg—Witten equations are not elliptic, even modulo
gauge. This is in contrast to the four-dimensional Seiberg—Witten equa-
tions, whose moduli space of solutions on 4-manifolds with boundary has
been studied in [6]. What we therefore have in our situation is a nonelliptic,
nonlinear system of equations with unspecified boundary conditions. We will
address the nonellipticity of these equations and other issues in the outline
at the end of this introduction.

The primary motivation for studying the space of boundary values of
monopoles is that the resulting space, which is a smooth Banach manifold
under the appropriate hypotheses, provides natural boundary conditions for
the Seiberg—Witten equations on 4-manifolds with boundary. More precisely,
consider the Seiberg—Witten equations on a cylindrical 4-manifold R x Y,
where Y = X, and let Y’ be any manifold such that Y’ = —Y and Y/ Us Y
is a smooth closed oriented Riemannian 3-manifold. We impose as boundary
condition for the Seiberg—Witten equations on R x Y the following: at every
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time ¢t € R, the configuration restricted to the boundary slice {t} x ¥ lies in
the space of restrictions of monopoles on Y, i.e., the configuration extends to
a monopole on Y’. This boundary condition has its geometric origins in the
construction of a monopole Floer theory for the 3-manifold with boundary
Y. We discuss these issues and the analysis behind the associated boundary
value problem in the sequel [10].

In order to state our main results, let us introduce some notation (see
Section 1 for a more detailed setup). So that we may work within the frame-
work of Banach spaces, we need to consider the completions of smooth con-
figuration spaces in the appropriate function space topologies. The function
spaces one usually considers are the standard Sobolev spaces H*P of func-
tions with k£ derivatives lying in LP. However, working with these spaces
alone is inadequate because the space of boundary values of a Sobolev space
is not a Sobolev space (unless p = 2). Instead, the space of boundary values
of a Sobolev space is a Besov space, and so working with these spaces will
be inevitable when we consider the space of boundary values of monopoles.
Thus, while we may work with Sobolev spaces on Y, we are forced to work
with Besov spaces on X. However, to keep the analysis and notation more
uniform, we will mainly work with Besov spaces on Y instead of Sobolev
spaces (although nearly all of our results adapt to Sobolev spaces on Y),
which we are free to do since the space of boundary values of a Besov space
is again a Besov space. Moreover, since Besov spaces on 3-manifolds will be
necessary for the analysis in [10], as 3-manifolds will arise as boundaries of
4-manifolds, it is essential that we state results here for Besov spaces and
not just for Sobolev spaces. On the other hand, there will be places where we
want to explicitly restate! our results on Besov spaces in terms of Sobolev
spaces (we will need both the Besov and Sobolev space versions of the anal-
ysis done in this paper in [10]), so that the separation of Besov spaces from
Sobolev spaces on Y is not completely rigid, see Remark 3.2. With these con-
siderations then, if Y is a 3-manifold with boundary ¥, consider the Besov
spaces B*P(Y) and B%P(¥), for s € R and p > 2. The definition of these
spaces along with their basic properties are summarized in Appendix C.
When p = 2, we have B%2 = H*2, the usual fractional order Sobolev space
of functions with s derivatives belonging to L? (usually denoted just H®).
For p # 2, the Besov spaces are never Sobolev spaces of functions with s
derivatives in LP. The reader unfamiliar with Besov spaces can comfortably

!Besov spaces and Sobolev spaces are “nearly identical” in the sense of
Remark C.1, so that having proven results for one of these types of spaces, one
automatically obtains them for the other type.
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set p = 2 on a first reading of this paper. Moreover, since we will be working
with low fractional regularity, the reader may also set s equal to a sufficiently
large integer to make a first reading simpler.

Let Y be endowed with a spin® structure s. The spin® structure yields
for us the configuration space

CP(Y) = €P(Y,5) := BYP(A(Y) x I(S))

on which the monopole equations are defined. Here T'(S) is the space of
smooth sections of the spinor bundle S = S(s) on Y determined by s, A(Y) =
A(Y,s) is the space of smooth spin® connections on S, and the prefix B*P
denotes that we have taken the B*P(Y) completions of these spaces. The
monopole equations are defined by the equations

(0.1) SW3(B,¥) =0,

where SW3 is the Seiberg-Witten map given by (1.2). Here, s and p are
chosen sufficiently large so that these equations are well defined (in the
sense of distributions). Define

(0.2) MP (Y, 5) = {(B, V) :€ €P(Y,s) : SW3(B, T) = 0}

to be space of all solutions to the monopole equations in €*P(Y'). Fixing a
smooth reference connection Byt € A(Y), let
(0.3)

MPP(Y s) ={(B,¥) € €P(Y,s) : SW3(B,¥) =0, d*(B — Byer) = 0}

denote the space of B*P(Y") monopoles in Coulomb gauge with respect to
Bref-

On the boundary 3., we can define the boundary configuration space in
the B%P(X) topology,

CP(S) = €P(D,5) == BP(A(X) x I(Sx)),

where Sy, is the bundle S restricted to X, and A(X) is the space of spin®
connections on Sy. For s > 1/p, we have a restriction map

rsy s CSP(Y) — ¢s7UPp(:),

(0.4)
(B,¥) = (Bls, ¥[z),

which restricts a connection B € A(Y') and spinor ¥ € I'(S) to X. Observe
that when p = 2, this is the usual trace theorem on H? spaces, whereby the
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trace of an element of H*(Y") belongs to H*~1/2(X). Thus, we can define the
space of boundary values of the space of monopoles

(0.5) LVPP(Y, 8) 1= 1 (IMSP(Y, 5)) € € 1/PP ().

We will refer to all the spaces >, M, and L5~1/PP as monopole spaces.

The boundary configuration space €(X) carries a natural symplectic
structure. Indeed, the space €(X) is an affine space modeled on Q!(2;iR) &
I'(Sy), and we can endow €(X) with the constant symplectic form

w((a,8), (b)) = /Z anb+ /Z Re (6, p(0)1).
(a,9), (b,y) € Q' (3;1R) @ I'(Sy).

(0.6)

Here, p(v) is Clifford multiplication by the outward unit normal v to
and the inner product on spinors is induced from the Hermitian metric on
Ss. The symplectic form (0.6) extends to a symplectic form on €%2(X),
the L? configuration space on the boundary. Since €*P(X) C €%2(%) when
s > 0 and p > 2, these latter spaces are also symplectic Banach configuration
spaces (in the sense of Appendix A.2).

Let det(s) = A2S(s) denote the determinant line bundle of the spinor
bundle and let ¢i(s) = c;(det(s)) denote its first Chern class. Then under
suitable restrictions on s and Y, our main theorem gives us the following

relations among our Besov monopole spaces:?

Main Theorem. Let Y be a smooth compact oriented Riemannian 3-
manifold with boundary® ¥ and let s be a spin® structure on Y. Suppose
either c1(s) is montorsion or else HY(Y,X) =0. Let p>2 and s > max
(3/p,1/2). Then we have the following:

(i) The spaces M*P(Y,s) and M>P(Y,s) are closed* Banach submanifolds
of €5P(Y).

2The main theorem also holds with the Besov space B*P(Y) on Y replaced with
the function space H*?(Y'). The space H*P(Y) is a known as a Bessel-potential
space and for s a nonnegative integer, H*P(Y) = W*P(Y) is the usual Sobolev
space of functions having s derivatives in LP(Y), 1 < p < co. Thus, the H*P(Y)
can be regarded as fractional Sobolev spaces for s not an integer. See Appendix C
and Remark 3.2.

3We always assume the boundary ¥ to be nonempty. It need not be connected
however.

4For Banach submanifolds modeled on an infinite-dimensional Banach space (see
Definition B.1), we use the adjective closed only to denote that the submanifold is
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(ii) If furthermore, s > 1/2+4 1/p, then L3~Y/PP(Y,s) is a closed Lagran-
gian submanifold of €~ Y/PP(X). The restriction maps

(0.7) ry : MOP(Y,8) — L57YPP(Y, ),
st MEP(Y, ) — L37VPP(Y)s)

are a submersion and covering map, respectively. The fiber of (0.8) is
isomorphic to the lattice H'(Y, ). In particular, if H'(Y,X) = 0, then
(0.8) is a diffeomorphism.

(iii) Smooth configurations are dense in IMSP(Y,s), M®*P(Y,s), and
L5~1PP(Ys).

Thus, in particular, our main theorem tells us that our monopole spaces
are smooth Banach manifolds for a certain range of s and p. Let us make
some remarks on the condition s > max(3/p,1/2). We need s > 3/p because
then B*P(Y) embeds into the space C(Y) of continuous functions on Y.
This allows us to use the unique continuation results stated in the appendix.
Unfortunately, for p < 3, this means we need s > 1, which does not seem
optimal since the monopole equations only involve one derivative. For p > 3,
we can take s < 1, in which case, the monopole equations are defined only in
a weak sense (in the sense of distributions). We consider this low regularity
case because it arises in the boundary value problem studied in [10]. Specif-
ically, we will use the Lagrangian submanifold £5~1/7? as a boundary con-
dition for the four-dimensional Seiberg—Witten equations. Here, Lagrangian
means that every tangent space to £5~1/PP is a Lagrangian subspace of the
tangent space to €5~ /PP(X), i.e., the tangent space to £5~ /PP is isotropic
and has an isotropic complement with respect to the symplectic form (0.6).
The Lagrangian property is important because it arises in the context of self-
adjoint boundary conditions. These issues will be further pursued in [10]. We
should note that the analysis of the monopole equations needs to be done
rather carefully at low regularity, since managing the function space arith-
metic that arises from multiplying low regularity configurations becomes
an important issue. In fact, the low regularity analysis is unavoidable if
one wishes to prove the Lagrangian property for £571/PP ) gince we need
to understand the family of symplectic configuration spaces €5~1/PP(%) as

closed as a topological subspace. For finite-dimensional manifolds, closed in addi-
tion means that the manifold is compact and has no boundary. As an infinite-
dimensional Banach manifold is never even locally compact, this distinction in
terminology should cause no confusion.
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lying inside the strongly symplectic configuration space €%2(X), the space
of L? configurations on ¥ (see Appendix A.2 and also Remark 1.1). If one
does not care about the Lagrangian property, then the main theorem with
s large can be proven without having to deal with low regularity issues. At
low regularity, the requirements s > 1/2 and s > 1/2+ 1/p in the theorem
are other technicalities that have to do with achieving transversality and
obtaining suitable a priori estimates for monopoles (see Section 3). Let us
also note that statement (iii) in the main theorem, which establishes the
density of smooth monopoles in the monopole spaces, is not at all obvi-
ous. Indeed, our monopole spaces are not defined to be Besov closures of
smooth monopoles, but as seen in (0.2), they arise from the zero set of the
map SW3 defined on a Banach space of configurations. This way of defining
our monopole spaces is absolutely necessary if we are to use the essential
techniques from Banach space theory, such as the inverse function theorem.
However, since our monopole spaces are not linear Banach spaces, and since
they are infinite-dimensional modulo gauge, some work must be done to
show that a Besov monopole can be approximated by a smooth monopole.

Let us make the simple remark that our theorem is nonvacuous due to
the following example:

Example 0.1. Suppose c¢q(s) is torsion. Then every flat connection on
det(s) yields a solution of the monopole equations (where the spinor com-
ponent is identically zero). If H'(Y,X) = 0, the main theorem implies that
the monopole spaces are smooth nonempty Banach manifolds. In fact, using
Theorem 3.2, one can describe a neighborhood of any configuration in the
space of monopoles on Y, in particular, a neighborhood of a flat connection.

Our main theorem will be proved in Theorems 3.1 and 3.3. In addition to
these, we have Theorems 3.2 and 3.4, which describe for us certain analytic
properties of the local chart maps of our monopole spaces. These properties
are not only of interest in their own right, since our monopole spaces are
infinite-dimensional Banach manifolds, but they will play an essential role
in [10].

Finally, let us also remark that our methods, and hence our theorems,
carry over straightforwardly if we perturb the Seiberg—Witten equations by
a smooth coclosed 1-form 7. That is, we consider the equations
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We have the following result:

Corollary 0.1. Suppose either c1(s) # L[xn] or else H'(Y,%) =0. Then
all the conclusions of the main theorem remain true for the monopole spaces
associated to the perturbed monopole equations (0.9).

Thus, for any s, the corresponding perturbed spaces of monopoles will be
smooth for generic coclosed perturbations. Moreover, these monopole spaces
will be nonempty for many choices of 7, since given any smooth configuration
(B, ¥) such that ¥ lies in the kernel of Dp, the Dirac operator determined
by B (see Section 1), we can simply define 1 to be the value of SW3(B, V),
in which case (B, ¥) automatically solves (0.9).

Outline of paper: This paper is organized as follows. In Section 1, we define
the basic setup for the monopole equations on Y. In Section 2, we establish
the foundational analysis to handle the linearization of the monopole equa-
tions. This primarily involves understanding the various gauge-fixing issues
involved as well as understanding how elliptic operators behave on mani-
folds with boundary. The presence of a boundary makes this latter issue
much more difficult than the case when there is no boundary. Indeed, on a
closed manifold, elliptic operators are automatically Fredholm when acting
between standard function spaces (e.g., Sobolev spaces and Besov spaces).
On the other hand, on a manifold with boundary, the kernel of an elliptic
operator is always infinite dimensional. To fully understand the situation, we
need to use the pseudodifferential tools summarized in Appendix D, which
allows us to handle elliptic boundary value problems on a variety of function
spaces, in particular, Besov spaces of low regularity. From this, what we will
find is that the tangent spaces to our monopole spaces are given essentially
by the range of pseudodifferential projections. Having established the linear
theory, we use it in Section 3 to study the nonlinear monopole equations
and prove our main results concerning the monopole spaces. The appendix
summarizes and synthesizes many of the analytic results needed in the main
body of the paper, including the basic definitions and properties of the func-
tion spaces we use.

As we pointed out earlier, the linearization of the three-dimensional
Seiberg—Witten equations is unfortunately not elliptic, even modulo gauge.
To work around this, we embed these equations into an elliptic system
and use tools from elliptic theory to derive results for the original equa-
tions from the enlarged system. This procedure is described in Section 2.3,
where issues regarding ellipticity and gauge-fixing intertwine. Furthermore,
when we restrict to the boundary, passing from the enlarged elliptic system
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back to the original nonelliptic system involves a symplectic reduction, and
so there is also an important interplay of symplectic functional analysis
in what we do.

1. The basic setup

We give a quick overview of the setup for the Seiberg—Witten equations on
a 3-manifold. For a more detailed setup, see [6]. Let Y be a smooth compact
oriented Riemannian 3-manifold with boundary ¥. A spin® structure s on Y’
is a choice of U(2) principal bundle over Y that lifts the SO(3) frame bundle
of Y. The space of all spin® structures on Y is a torsor over H'(Y;Z). Any
given spin® structure s determines for us a spinor bundle § = S(s) over Y/,
which is the two-dimensional complex vector bundle over Y associated to
the U(2) bundle corresponding to s. Endow S with a Hermitian metric.
From this, we obtain Clifford multiplication bundle maps p : TY — End(S)
and p: T*Y — End(S), where the two are intertwined by the fact that the
Riemannian metric gives a canonical isomorphism TY = T*Y. The map p
extends complex linearly to a map on the complexified exterior algebra of
T*Y and we choose p so that p maps the volume form on Y to the identity
automorphism on S. This determines the spinor bundle § = (S, p) uniquely
up to isomorphism.

Fix a spin® structure s for the time being on Y. Only later in Section 3
will we impose restrictions on s. A spin® connection on S is a Hermitian
connection V on § for which Clifford multiplication is parallel, i.e., for all
¥ € I'(S) and e € T(TY), we have V(p(e)¥) = p(VECe)W + p(e) V¥, where
VL€ denotes the Levi-Civita connection. Let .A(Y") denote the space of spin®
connections A(Y) on Y. The difference of any two spin® connections acts on
a spinor via Clifford multiplication by an imaginary-valued 1-form. Thus,
given any fixed spin® connection By € A(Y'), we can identify

A(Y)={By+b:bec Q(Y;iR)},

so that A(Y) is an affine space over Q(Y;iR).
Let

e(Y) = €(Y,5) = AY) x I(S)

denote the configuration space of all smooth spin® connections and smooth
sections of the spinor bundle S. It is an affine space modeled on Q!(Y;iR) &
I'(S). By abuse of notation we let the inner product (-,-) denote the fol-
lowing items: the Hermitian inner product on &, linear in the first factor,
the Hermitian inner product on complex differential forms induced from the
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Riemannian metric on Y, and finally the real inner product on Q!(Y;iR) @
I'(S) induced from the real part of the inner products on each factor.
The Seiberg—Witten equations on Y are given by the pair of equations

1 — *
1) 5 *F+p Lww*), =0,
DpV¥ =0,

where (B,¥) € €(Y). Here B! is the connection induced from B on the
determinant line bundle det(s) = A%(S) of S, the element Fp: € Q?(Y,iR)
is its curvature, and * is the Hodge star operator on Y. For any spinor W,
the term (¥¥*)y € End(S) is the trace-free Hermitian endomorphism of S
given by the trace-free part of the map ¢ — (¢, ¥)W. Since p maps Q! (Y;iR)
isomorphically onto the space of trace-free Hermitian endomorphisms of S,
then p~H(WU*) € Q(Y;iR) is well defined. Finally, Dp : I'(S) — I'(S) is
the spin® Dirac operator associated to the spin® connection B, i.e., in local
coordinates, we have Dg = Z?:l p(€i)V B, where Vg is the spin® covariant
derivative associated to B and the e; form a local orthonormal frame of
tangent vectors.

Altogether, the left-hand side of (1.1) defines for us a Seiberg—Witten
map

SW3: ¢(Y) — QYY;iR) x T'(S),

(12 (B,¥) — (; + Fp: +p‘1(W*>o7DB‘P) :

Thus, solutions to the Seiberg—Witten equations are precisely the zero set of
the map SW3. We will refer to a solution of the Seiberg—Witten equations
as a monopole. Let

(1.3) M(Y,s) = {(B, V) € (V) : SW3(B, ¥) = 0}

denote the solution space of all monopoles on Y. Fixing a smooth reference
connection Byer € A(Y') once and for all, let

(14) M(Y,ﬁ) = {(B7 \I/) € Q:(Y) : SW3(Bv \I/) = 07 d*(B - Bref) = O}

denote the space of all smooth monopoles that are in Coulomb gauge with
respect to Brer. Without any assumptions, the spaces M(Y,s) and M(Y,s)
are just sets, but we will see later, by transversality arguments, that these
spaces of monopoles are indeed manifolds under suitable assumptions on Y
and s. Since Y = X is nonempty and no boundary conditions have been
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specified for the equations defining M (Y,s) and M(Y,s), these spaces will
be infinite dimensional, even modulo the full gauge group. Note that the
space M(Y,s) is obtained from 9(Y,s) through a partial gauge fixing,
see Section 2.1.

Let the boundary X be given the usual orientation induced from that of
Y, i.e., if v is the outward normal vector field along > and dV is the oriented
volume form on Y, then vLdV yields the oriented volume form on . On the
boundary ¥, we have the configuration space

E(S) = A(Z) x D(Sy),

where Sy, is the bundle S restricted to X, and A(X) is the space of spin®
connections on Sy. We have a restriction map

(15) rs: EY) — €(%),
‘ (B,V) — (B, ¥|x).

From this, we can define the space of (tangential) boundary values of the

space of monopoles

(1.6) L(Y,s) =rs(M(Y,s)).

Observe that the space L£(Y,s) is nonlocal in the sense that its elements,
which belong to €(X), are not defined by equations on X. Indeed, L(Y,s)
is determined by the full Seiberg—Witten equations in the interior of the
manifold. This makes the analysis concerning the manifold £(Y,s) rather
delicate, since one has to control both the space M(Y,s) and the behavior
of the map ry.

Ultimately, we want our manifolds to be Banach manifolds, and so we
must complete our smooth configuration spaces in the appropriate func-
tion space topologies. As explained in the introduction, the topologies most
suitable for us are the Besov spaces BSP(Y) and B*P(X) on Y and X, respec-
tively, where s € R and p > 2. These are the familiar H® spaces when p = 2
and for p # 2, the Besov spaces are never Sobolev spaces, i.e., spaces of
functions with a specified number of derivatives lying in LP. Nevertheless,
much of the analysis we will do applies to Sobolev spaces as well, since
the analysis of elliptic boundary value problems is flexible and applies to
a wide variety of function spaces. To keep the notation minimal, we work
mainly with Besov spaces and make a general remark at the end about how
statements generalize to Sobolev spaces and other spaces (see Remark 3.2).
The Besov spaces, other relevant function spaces, and their properties are
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summarized in the appendix. On a first reading, one may set p =2 and s a
large number, say a large integer, wherever applicable, so that the function
spaces are as familiar as desired.

Thus, for p > 2 and s € R, we consider the Besov spaces B*P(Y') and
B#%P(X) of scalar-valued functions on Y and ¥, respectively. These topologies
induce topologies on vector bundles over Y and X in the natural way, and
so we may define the Besov completions of the configuration spaces

(1.7) CP(Y) = B*P(Y) closure of €(Y),
¢HP(X) = B¥P(X) closure of €(X).

Of course, when defining Besov norms on the space of connections in the
above, we have to first choose a (smooth) reference connection, which then
identifies the Besov space of connections with the Besov space of 1-forms.

For s, p such that the Seiberg—Witten equations make sense on €5P(Y")
(in the sense of distributions), we have the monopole spaces

(1.9) MP(V,s) = {(B,T) € €P(Y) : SW3(B, ¥) = 0},
(1.10)
MEP(Y,s) = {(B,¥) € €P(Y) : SW3(B, ) = 0,d*(B — Byet) = 0}

in €*P(Y’). Observe that for the range of s and p that are relevant for us,
namely p > 2 and s > max(3/p, 1/2), the Seiberg—Witten equations are well

defined on €*P(Y"). This follows from Corollary C.1 and Theorem C.7.
For s > 1/p, the restriction map (1.5) extends to a map

(1.11) s €P(Y) — €57 UPP (D),
and so we can define
L57VPP(Y 5) i= sy (ISP (Y, 5)).

Having defined our monopole spaces in the relevant topologies, we now begin
the study of their properties as Banach manifolds. With s and Y fixed, we
will often write M(Y") or simply 9 instead of M(Y, s). Likewise for the other
monopole spaces.

Remark 1.1. In the remainder of this paper, we will be stating results for
various values of s and p. Unless stated otherwise, we will always assume

(1.12) 2 <p<oo.
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Many of the statements of this paper are phrased in such a way that the
range of permissible s and p is quite large and moreover, several topologies
are often simultaneously involved (e.g., Lemma 2.3). This is not merely an
exercise in function space arithmetic and there are several important reasons
for stating our results this generally.

First, we will need to work in the low regularity regime with s < 1 for
applications in [10]. In particular, when a first-order operator acts on a
configuration with regularity s < 1, we obtain a configuration with nega-
tive regularity and hence our results must be stated in enough generality to
account for this. Second, as mentioned in the introduction, the Lagrangian
property of L£571/PP even at high regularity (i.e., large s), requires an
analysis of the £571/PP at low regularity. Indeed, among all the spaces
¢5P(3), only €%2(X) is modeled on a strongly symplectic Hilbert space (see
Appendix A.2), and we will need to study all the symplectic spaces €5P(3),
s > 0, as subspaces of the space €%2(X). Thus, in a fundamental way, we
will generally be considering multiple topologies simultaneously. Observe
that from these considerations, it is necessary to have the pseudodifferential
tools summarized in Appendix D. Indeed, we need to understand elliptic
boundary value problems at low (even negative) regularity, and further-
more, we have to deal with the fact that there is no trace map ¢%/22(Y") —
¢02(x).

Hence, it is natural to state our results for a range of s and p that
are as flexible as possible. In fact, based on the function space arithmetic
alone, many of the proofs involved are natural for the range s > 3/p say
(since then B®P(Y') is an algebra), and it would be unnatural to restrict the
range of s based on the particular applications we have in mind. Finally,
it may be desirable to sharpen the range of s and p considered in this
paper and so we try to state our results in a sufficiently general way at the
outset.

Notation 1.1. Given any space X of configurations over a manifold X =Y
or ¥, we write B¥PX to denote the closure of X with respect to the B*P(X)
topology. We define LPX, C°X and H*PX similarly. For brevity, we may
refer to just the function space which defines the topology of a configuration,
e.g., if X is a space of configurations on'Y , we may say an element u € B5PX
belongs to B¥P(Y') or just BSP for short. If E is a vector bundle over a space
X, we write BSP(E) as shorthand for B*PI'(E), the closure of the space
I'(E) of smooth sections of E in the topology B*P(X). If X has bound-
ary, we write Egx to denote Elgx, the restriction of the bundle E to the
boundary 0.X .
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From now on, we will make free use of the basic properties of the function
spaces employed in this paper (multiplication and embedding theorems in
particular), all of which can be found in the appendix.

2. Linear theory

To study our monopole spaces, we first study their linearization, that is,
their formal tangent spaces. This involves studying the linearization of the
Seiberg—Witten map. Furthermore, since we have an action of a gauge group,
we must take account of this action in our framework. This section therefore
splits into three subsections. In the first section, we study the gauge group
and how it acts on the space of configurations. Next, we study how this
action decomposes the tangent space to the configuration space into natu-
ral subspaces. Finally, we apply these decompositions to the study of the
linearized Seiberg—Witten equations, where modulo gauge and other modi-
fications, we can place ourselves in an elliptic situation.

2.1. The gauge group

The gauge group G = G(Y) = Maps(Y, S') is the space of smooth maps
g:Y — S', where we regard S' = {¢! € C:0 < 0 < 2r}. Elements of the
gauge group act on €(Y) via

(2.1) (B,¥) — ¢*(B,¥) = (B — g 'dg, g¥).

It is straightforward to check that the Seiberg—Witten map SWj is gauge
equivariant (where gauge transformations act trivially on Q!(Y;iR)). In par-
ticular, the space of solutions to the Seiberg—Witten equations is gauge
invariant.

The gauge group decomposes into a variety of important subgroups,
which will be important for the various kinds of gauge fixing we will be
doing. First, observe that my(G), the number of connected components of G,
satisfies

(2.2) m0(G) = HY(Y; 27iZ).
The correspondence (2.2) is given by

(2.3) g~ lg~'dgl,
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where the latter denotes the cohomology class of the closed 1-form ¢g~'dg.
Among subgroups of the gauge group, one usually considers the group
of harmonic gauge transformations, i.e., gauge transformations such that
g~ 'dg € ker d*. However, on a manifold with boundary, ker(d + d*) is infi-
nite dimensional and we need to impose some boundary conditions.

On a manifold with boundary, Hodge theory tells us that we can make
the following identifications between cohomology classes and harmonic forms

with the appropriate boundary conditions®
(2.4) HYY;R) = {a c QYY) : da = d*a = 0, *als = 0},
(2.5) HYY,%:R) = {a € QYY) : da = d*a = 0,a|sx = 0.}.

In fact, we have two different Hodge decompositions, given by

(2.6) QNY) =imd ®im *d, ® H'(Y;R)
=imd; ®im *+d ® H (Y, Z;R).

(2.8) dp: {a € QYY) : xaly = 0} — Q*(Y),
di - {a € QYY) : aly =0} — QL(Y).

Any gauge transformation ¢ in the identity component of the gauge group
Gia(Y) lifts to the universal cover of S' and so it can be expressed as g = e¢
for some ¢ € Q°(Y;iR). For such g, we have g~ 'dg = d¢, and thus we see that
G/Giq is isomorphic to the integer lattice inside ker d/im d, which establishes
the correspondence (2.2). Corresponding to the two cohomology groups (2.4)
and (2.5), we can consider the following two subgroups of the harmonic gauge
transformations

(2.10) Gnn(Y) ={g€G:g 'dg € kerd*, *dg|s, = 0},
(2.11) Gro(Y)={9€G:g 'dg € kerd*, g|s; = 1}.

SFor a differential form a over a manifold X with boundary, a|px always denotes
the differential form on X obtained via the restriction of those components tan-
gential to 0X. Otherwise, given a section u of a general vector bundle over X,
u|x denotes the restriction of u to the boundary, which therefore has values in the
bundle restricted to the boundary. This clash of notation should not cause confu-
sion since it will always be clear which restriction map we are using based on the
context.
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The group (2.10) is isomorphic to S x HY(Y;Z), where the S! factor
accounts for constant gauge transformations, and the group (2.11) is iso-
morphic to the integer lattice H'(Y,¥;Z) inside (2.5).

Next, we have the subgroup

9L<Y>={efegid:/yg:o}.

Thus, identifying constant gauge transformations with S!, we have the
decompositions

Ga(Y)=5S'x G (Y),
G(Y) =Gpn(Y) x GL(Y).

We have the following additional subgroups of the gauge group consisting
of gauge transformations whose restriction to the boundary is the identity:

(2.12) Go(Y) ={g€G(Y):glz =1},
(2.13) Gia,o(Y) = Gia(Y) N Ga(Y).

Thus, we have

(2.14) Go(Y) =Gro(Y) x Giap(Y)
and
(2.15) TaGiap(Y) = {€ € Q°(Y;iR) : {|x = 0}

Since we consider the completion of our configuration spaces in Besov
topologies, we must do so for the gauge groups as well. Thus, let GP(Y")
denote the completion of G(Y') in B*P(Y') and similarly for the other gauge
groups.

Lemma 2.1. For s > 3/p, the B>P(Y) completions of G(Y) and its sub-
groups are Banach Lie groups. If in addition s > 1/2, these groups act
smoothly on €5~1P(Y).

Proof. For s > 3/p, the multiplication theorem, Theorem C.7, implies
B%P(Y) is a Banach algebra. Thus, G*P(Y") is closed under multiplication
and has a smooth exponential map. The second statement follows from (2.1),
Theorem C.7 and the fact that d : BSP(Y) — B*~1PQL(Y) for all s € R by
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Corollary C.1. Here the requirement s > 1/2 comes from the fact that we
need s+ (s — 1) > 0 in Theorem C.7. O

Fix a smooth reference connection B,.. From this, we obtain the
Coulomb slice and Coulomb-Neumann slice through B™f, given by

(2.16)  €ZP(Y) = {(B,¥) € €P(Y) : d*(B — B™") = 0},
(2.17)  €FP(Y) ={(B,¥) € €7 : d*(B — B™) = 0,%(B — B™!)|y = 0},
(s >1/p),

respectively. The next lemma tells us that we can find gauge transformations
which place any configuration into either of the above slices.

Lemma 2.2. Let s+ 1> max(3/p,1/2). The action of the gauge group
gives us the following decompositions of the configuration space:

(i) We have®
(2.18) CP(Y) = Gl (V) x € (Y).
(ii) Suppose in addition s > 1/p. Then we have
(2.19) CP(Y) = G (Y) x € (Y).

Proof. (i) Since s + 1 > max(3/p, 1/2), the previous lemma implies G55 (V)
is a Banach Lie group and it acts on €5P(Y). If u = €f € Gf;é’p puts a con-
figuration (Byer + b, V) into the Coulomb slice through Bief, then £ satisfies

— ¥ s—1,p o
(2.20) {Ag d*b € B~ LP(Y;iR),

€l =0.

The Dirichlet Laplacian is an elliptic boundary value problem and since
s+1>1/p, we may apply Corollary D.1, which shows that we have an
elliptic estimate

1€l Bo+r < CUIAE] 5w + (€]

for ¢ satisfying (2.20). A standard computation shows that the kernel and
cokernel of the Dirichlet Laplacian is zero, and so we have existence and
uniqueness for the Dirichlet problem. This implies the decomposition.

Ber)

5The direct products appearing in (2.18) and (2.19) mean that the gauge group
factor acts freely on the subspace appearing in the second factor so that the space
on the left is equal to the resulting orbit space obtained from the right-hand side.
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(ii) The analysis is the same, only now we have a homogeneous Neumann
Laplacian problem for &:

2.21
(2.21) xd|y, = *b|y € B~YPPQ2(%;4R).

{Ag = d*b € BS~LP(Y;iR),
Since the Neumann Laplacian is an elliptic boundary value problem, we can
apply Corollary D.1 again. The inhomogeneous Neumann problem A = f
and d, = g has a solution if and only if fy f+ fz: g = 0, and this solution
is unique up to constant functions. Since we always have fy d*b + fE xb =0,
then (2.21) has a unique solution & € BST1P(Y) subject to [, &€ = 0. The
decomposition now follows. O
In light of Lemma 2.2, we can regard the quotient of €*P(Y) by the
gauge groups gfdfg P and gj“’p as subspaces of €5P(Y), namely, those con-
figurations in Coulomb and Coulomb—Neumann gauge with respect to Biet.

Remark 2.1. In gauge theory, one usually also considers the quotient of the
configuration space by the entire gauge group. In our case (which is typical)
the quotient space is singular since different elements of the configuration
space have different stabilizers. Namely, if (B, ¥) € €(Y") is such that ¥ # 0,
then it has trivial stabilizer, whereas if ¥ = 0, then it has stabilizer S, the
constant gauge transformations. In the former case, such a configuration is
said to be irreducible, otherwise it is reducible. We will not need to consider
the quotient space by the entire gauge group in this paper, and we will only
need to consider the decompositions in Lemma 2.2.

2.2. Decompositions of the tangent space

The action of the gauge group on the configuration space induces a decom-
position of the tangent space to a configuration (B, ¥) into the subspace
tangent to the gauge orbit through (B, ¥) and its orthogonal complement.
More precisely, let

(2.22) T5w) = T(pu)eY) = Q(V;iR) & T(S)

be the smooth tangent space to a smooth configuration (B, V). Define the
operator

dipw) : Q(YV;iR) — T w),

(229 § = (—dg,8v)
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and let

(224) j(B,\I/) :=1m d(B,\IJ) - 7'(37\1;)

be its image. Then observe that J(p y) is the tangent space to the gauge
orbit at (B, ¥). Indeed, this follows from differentiating the action (2.1) at
the identity. We also have the adjoint operator

(2.25) dipy : TBw) — Q°(Y;iR),
' (b)) > —d*b + iRe (i¥, ¢))

and we define the subspace
(226) IC(B,\I/) = ker d?B,\Il) C 7237\1,).

On a closed manifold, K(p y) is the L? orthogonal complement of im d(pv)
In this case, the orthogonal decomposition of 7(p y) into the spaces J(p w)
and K(p v) plays a fundamental role in the analysis of [6]. In our case, since
we have a boundary, we will impose various boundary conditions on these
spaces, and the resulting spaces will play a very important role for us too.
Moreover, we will take the appropriate Besov completions of these spaces.

Thus, let (B,¥) € €%9(Y) be any configuration of regularity B%(Y),
where t € R and ¢ > 2. For s € R and p > 2, let

(2.27) Ty = B*P(Q(YiR) @ I(S))

be the Besov closure of 7(g y). It is independent of (B, ¥) and is equal to the
tangent space T{ g ¢)€*?P(Y') when (s,p) = (¢, q). So long as we have bounded
multiplication maps

(2.28) BY(Y) x BT (Y) — B*P(Y),
(2.29) BY(Y) x B¥P(Y) — Bsfl’p(Y),
then we can define maps
d(pv) : BS+1’pQO(Y; iR) — 75871,)\11)7
£ (—d€,E0),
dipu) : Ty — BTPQ(YR)
(ba 111) = —d*b +iRe (1\11’ sz))v
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respectively. In particular, if (¢, q) = (s, p) and s > 3/p, then by Theorem C.7,
the multiplications (2.28) and (2.29) are bounded.
Thus, when (2.28) and (2.29) hold, define the following subspaces of

5wy

(2.30) Ty =m (dp ) : BPOYSR) = Ty ).
(2.31) T = {( d, V) € T / g_o}

(2.32) Ty = ((~d6,€0) € j(B ot Els =0},

(2.33) Ko gy = ler (dipw) : Ty — BV R)))
(2.34) /cfgmm ={(b,¢) € /cfgm : by = 0}.

Observe that when (B, ¥) € €%P(Y), then jB ) TP, jsj_’g ), are the tan-
gent spaces to the gauge orbit of (B, V) in ¢s’p determmed by the gauge
groups G*TLP(Y), GTTHP(Y) and G5T'P(Y), respectively. Note that the
subscript ¢ appearing in \7(‘3’5]? )t is a label to denote that the (tangential)
restriction of ¢ to the boundary vanishes; it is not to be confused with a
real parameter. This is consistent with the notation used in (2.9). Like-
wise, the subscript n appearing in IC( B.U)n and (2.8) denotes that the ele-
ments belonging to these spaces have normal components for their 1-form
parts equal to zero on the boundary. We also have the linear Coulomb and
Coulomb—Neumann slices:

2.35) Cop gy = {(0,9) € Ty : d*b =0},
(2.36) CoF gy = {(b,00) € Ty - db = 0,5b]s, = 0}

The following lemma is essentially the linear version of Lemma 2.2. The
statement is only mildly more technical in that one may consider the base-
point (B, ¥) and the tangent space 7 B,v) in different topologies. We do
this because we will need to consider topologies on 7(p y) that are weaker
than the regularity of (B, ¥), which occurs, for example, when we apply
differential operators to elements of ’]E 5 when (B, V) € €*P(Y), thereby
obtaining spaces such as 7, %7&/’5 . These spaces and their decompositions will
become important for us in the next section, when we study the linearized
Seiberg—Witten equations and try to recast them in a form in which they
become elliptic.
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Lemma 2.3. Lets+ 1> 1/p and let (B,¥) € €44(Y), where t > 3/q, q¢ >
2 are such that (2.28) and (2.29) hold. In particular, if ¢ = p, then we need
t > s and t > max(—s,3/p).

(i) We have the following decompositions:

(2.37) T(sép ~7(B o), P Kfé’ o)
(2.38) T5wy = I Bwys ®ClBw)

(ii) If in addition s > 1/p, then
(2.39) T3 = I Bw 1 ©CHwn
If U #£ 0, then furthermore

P
(2:40) T = I B & KB

Proof. We first prove (2.37). Given (b,v) € ’T(sép )’ consider the boundary
value problem

(2.41) Apw)é = f € BSTLP(Y3iR),
£l =0,

where f = d{p b and

(242) A =dpydne) =A+ | T2,

We have d*B’\I,)b € B*~LP(Y;iR) since we have a bounded multiplication
B'P(Y) x B$P(Y) — B*~LP(Y) by the hypotheses. Likewise, since we have
a bounded map B'P(Y) x BSTLP(Y) — B*P(Y), we see that multiplication
by |¥|? € BtP(Y) is a compact perturbation of A : BST1P(Y) — Bs=1P(Y).
Thus, the Dirichlet boundary value problem (2.41) is Fredholm for s + 1 >
1/p (where the requirement on s is so that Dirichlet boundary conditions
make sense, cf. Corollary D.1). Moreover, since |¥|? is a positive multiplica-
tion operator, a simple computation shows the existence and uniqueness of
(2.41). Indeed, if Aa = —|¥|2a and oy, = 0, then repeated elliptic boostrap-
ping for the inhomogeneous Dirichlet Laplacian shows that o € Bt*24(Y) C
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B2?*2(Y) since t > 0 and ¢ > 2. Then

0= /Y (A a) = IValZay, + [Tl

which implies « is constant. Hence, o = 0 since a|sx; = 0. Thus, the operator
appearing on the left-hand side of (2.41) has trivial kernel and since the
adjoint problem of (2.41) is itself, we see that (2.41) has trivial cokernel
as well. Thus, the existence and uniqueness of (2.41) is established. Let
A( ! p), denote the solution map of (2.41). We have shown that A(_Bl,\ll),t :
Bl P(Y) — B*tLP(Y) is bounded. The projection onto \7(%1?\11)7): through

ICfg y) Is now seen to be given by

(2.43) HJ('}%” d(z, ‘I’)A(B )t d(B,\I!)
and it is bounded on T(ép\p) since d(p ) : BSTHPQO(Y;iR) — B*PQ' (Y} iR)

is bounded. This gives us the decomposition (2.37). Similarly, we get the
decomposition (2.38) if we replace A (g y) with A in the above.

For (ii), if we consider the inhomogeneous Neumann problem for A g g
instead of the Dirichlet problem, proceeding as above yields (2.40), when
U #£ 0, a similar computation shows that we get existence and uniqueness.
Here, we need s > 1/p so that s+ 1> 1+ 1/p and the relevant Neumann
boundary condition makes sense. Similarly, considering the inhomogeneous
Neumann problem for A yields (2.39). O

For any s,t € R, we can define the Banach bundle
(2.44) T5P(Y) — €P(Y)

whose fiber over every (B,V¥) € ¢“?(Y) is the Banach space T(‘E’\I,). Of
course, all the 73", are identical, so the bundle (2.44) is trivial. If s = ¢,
then (2.44) is the tangent bundle of €4 (Y. If s, satisfy the hypotheses of
the previous lemma, decomposing each fiber ’T o) according to the decom-
position (2.37) defines us Banach subbundles Of Ts7p (Y'). This is the content
of the below proposition, where we specialize to a range of parameters rele-
vant to the situations we will encounter later, e.g., see Lemma 3.1.

Proposition 2.1. Let s > 3/p. If max(—s,—1+1/p) < s’ < s, then the
Banach bundles

TE(Y) = €R(Y),

KSP(Y) — €P(Y),
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whose fibers over (B, V) € €5P(Y') are ‘7(%71111)1: and Kfép\l,), respectively, are

complementary subbundles of T P(Y).

Proof. The restrictions on s and s’ ensure that we can apply Lemma 2.3.
From this, one has to check that the resulting decomposition
S,7pl o S/,p, S/,p,
T = I X5
varies continuously with (B, V) € €*P(Y). For this, it suffices to show that
.. ) . . s',p s',p
the projection HJ(SB,YI;N given by (2.43), with range j(B,\I/),t and kernel K(B,\I/)?

varies continuously with (B, ¥) € ¢P(Y). Once we prove that 7 P(Y) is
a subbundle, it automatically follows that K*?(Y) is a (complementary)
subbundle, since then the complementary projection

(2.45) M., =1-1

Sl,
(B,¥) ‘7(3,131’)%

onto leg,p o) varies continuously with (B, ¥).
From the multiplication theorem, Theorem C.7, since

Ay {€ € BT (VSR) : ¢y = 0} — B M2(Y;iR)

varies continuously with (B, ¥) € B¥P(Y) and is an isomorphism for all

(B, W), its inverse A(_Bl,\ll),t also varies continuously. Likewise, dz‘B’\I,):

7?27,1\)1/) — BS'—LPQO(Y; IR) and d(B7\I/) : Bs’—l—l,PQO(K IR) — /Zd(%fll) vary con-
tinuously with (B, V) € €%P(Y"). This establishes the required continuity of

—1 * .
Hj(s,];:%) = d(B,\P)A(B,\I/),t (B.w) with respect to (B, V). O

The Banach bundle K% P(Y), with s’ = s — 1 will be used to establish
transversality properties of the Seiberg—Witten map SW3, see Theorem 3.1.

2.3. The linearized Seiberg—Witten equations

In this section, we study the linearization of the Seiberg—Witten map SW3 to
prove basic properties concerning the (formal) tangent space to our monopole
spaces on Y and their behavior under restriction to the boundary. If the lin-
earization of the Seiberg—Witten equations was elliptic, this would be quite
straightforward from the analysis of elliptic boundary value problems, the
relevant results of which are summarized in the appendix. However, because
the Seiberg—Witten equations are gauge invariant, its linearization is not
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elliptic and we have to do some finessing to account for the gauge invariance.
To do this, we make fundamental use of the subspaces and decompositions
of the previous section.

Before we get started, let us note that our main theorem of this section,
Theorem 2.1, proves a bit more than what is needed to prove our main the-
orems. Indeed, it is mostly phrased in such a way that the results of this
section can be tied into the general framework of the pseudodifferential anal-
ysis of elliptic boundary value problems in Appendix D.1 (see the discussion
preceding Theorem 2.1). Moreover, some of the consequences of Theorem
2.1 will only be put to full use in [10]. Thus, the reader should regard this
section as a general framework for studying the Hessian and augmented
Hessian operators, (2.50) and (2.54), whose kernels are equal to the tan-
gent spaces to M and M, respectively, via (2.51) and (2.55). Much of this
framework consists in the construction of pseudodifferential-type operators
associated with the Hessian and augmented operators, namely the Calderon
projection and Poisson operators, see Lemma 2.8 and Definition 2.2. For the
augmented Hessian, an elliptic operator, these operators are defined as in
Definition D.3, and for the nonelliptic Hessian, they are defined by analogy
in Definition 2.2. In a few words, the significance of these operators is that
they relate the kernel of the (augmented) Hessian with the kernel’s bound-
ary values in a simple and uniform way across multiple topologies. This is
what allows us to relate the tangent spaces to 9t and M with the tangent
spaces to L, the latter being the boundary values of the kernels of the Hes-
sian operators via (2.52). Unfortunately, the infinite-dimensional nature of
all spaces involved and the presence of multiple topologies makes the work
we do quite technical. As a suggestion to the reader, it would be best to first
absorb the main ideas of Appendix D.1 and to understand the statements
of Lemma 2.8 and Theorem 2.1 before plunging into the details.

Let

(2.46) T = QYY;iR) @ I(S)

be a fixed copy of the tangent space 75 v) = T(5,v)&(Y) to any smooth con-
figuration (B, ¥) € ¢(Y).” Thus, all the subspaces of T B,v), namely J(p v),
K(B,») and their associated subspaces defined in the previous section, may

"There is no real distinction between 7 and a particular tangent space T(B,w) to
a configuration, since €(Y) is an affine space. However, when we study the spaces
M and M as subsets of €(Y) in Section 3, we will reintroduce base points when we
have a particular tangent space in mind. For now, we drop basepoints to minimize
notation.
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be regarded as subspaces of 7 that depend on a configuration (B, ¥) € €(Y).
We let

(2.47) C={b,¢)eT:db=0}
denote the Coulomb-slice in 7. Likewise, let
(2.48) Tz = QY(3;iR) @ T(Sx)

denote a fixed copy of the tangent space to any smooth configuration of €(X).
The restriction map (1.5) on configuration spaces induces a restriction map
on the tangent spaces
ry T — Ty,

(b,9) = (bls, ¢[5).

From (1.2), the linearization of the Seiberg-Witten map SW3 at a con-
figuration (B, V) € €(Y) yields an operator

(2.49)

H(B,\I/) 2T — T,
" o xd  2ilmp (0%
B0 = \p()w D

which acts on the tangent space 7 to (B, ¥). We call the operator H g ) the
Hessian.® The Hessian operator is a formally self-adjoint first-order operator.
For any monopole (B, ¥) € SW3'(0), we (formally) have that the tangent
spaces to our monopole spaces 9t and L are given by

(2.50)

(2.51) Tp,w)M = ker H(p,w),
(2.52) T Bw)L = re(ker Hip v))-

Indeed, this is just the linearization of (1.3) and (1.6). Thus, understanding
M and L at the linear level is the same as understanding the kernel of
H(B,w)-

Unfortunately, H p v) is not elliptic, which follows from a simple exam-
ination of its symbol. In fact, this nonellipticity follows a priori from the
equivariance of the Seiberg—Witten map under gauge transformations. In
particular, since the zero set of SW3 is gauge invariant, then the lineariza-
tion H(p y) at a monopole (B, V) annihilates the entire tangent space to

80n a closed manifold, H(B,w) would in fact be the Hessian of the Chern—Simons—
Dirac functional, see [6].
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the gauge orbit at (B, V), i.e., the subspace J(p ) C 7. Furthermore, even
if we were to account for this gauge invariance by say, placing configura-
tions in Coulomb-gauge, i.e., if we were instead to consider the operator
Hpw ®d :T —>T® Q°(Y;iR), we still would not have an elliptic opera-
tor in the usual sense.

However, there is a simple remedy for this predicament. Following [6],
the operator Hp ) naturally embeds as a summand of an elliptic operator.
Namely, if we enlarge the space 7 to the augmented tangent space

(2.53) T :=T ¢ QY;iR),

then we can consider the augmented Hessian®
Hpay :T —T,

250 Hpw) = <H(@? ) _0d> '

The augmented Hessian is a formally self-adjoint first-order elliptic operator,
as one can easily verify. This operator takes into account Coulomb gauge
fixing via the operator d* : Q1(Y;iR) — Q°(Y;iR), while ensuring ellipticity
by adding in the adjoint operator d : Q°(Y 1R) — QY(Y;iR). The advantage
of studying the operator Hp y) is that we may apply the pseudodifferen-
tial tools from Appendix D.1 to understand the kernel of ﬁ( B,w) and its
boundary values. Moreover, we have (formally) that

(255) T(B,\II)M = ker(?fl(B7\1,)|T).
The space of boundary values for T is the space

(2.56) Ty = Ts & Q°(%;1R) & QO(;R).

°In [6], the operators d(p,v) and d’(kB"I,) are used in the definition of 7?((37\1,)
instead of —d and —d*, respectively. Our definition reflects the fact that we will
work with Coulomb slices Cp ) instead of the slices K(p,y) inside 7. The presence
of the minus signs on —d and —d* in H (B,w) lies in the relationship between ’H( B,¥)
and the linearization of the four- dlmensmnal Seiberg-Witten equations, see [10].
Thus, the augmented Hessian operator is not an ad hoc extension of the Hessian
operator but is tied to the underlying geometry of the problem.
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Indeed, one can see that %|g ~ ’j—g via the full restriction map r : T %2
given by

r: QYY;IR) @ T(S) @ QU(Y;iR)
(2.57) — QL(Z;R) @ T(Sy) @ Q°(%;iR) @ QY(Z;1R),
(b?wa a) = (b‘277p|23 —b(l/)7 a|2)a

where in (2.57), the term b(v) denotes contraction of the 1-form b with the
outward normal v to . Thus, the two copies of Q°(¥;iR) in 7y, are meant to
capture the normal component of Q!(Y;iR) and the trace of Q°(Y;iR) along
boundary. The map ry, : 7 — 7x. appears as the first factor of the map 7,
and it is the tangential part of the full restriction map. Since we can regard
T C ’T then by restriction, the map r also maps 7 to Ts.

As usual, we can consider the Besov completions of all the spaces involved.
Thus, we have the spaces

s, s$,p TS, S,p TSP
Cp,Tp,Tp,TE ’TZ

which we use to denote the B®P completions of their corresponding smooth
counterparts. The restriction maps ry and r extend to Besov completions in
the usual way. We also have the spaces J (Bw) ‘Z’g vy and their subspaces
from the previous section, which we may all regard as subspaces of 7P,
The plan for the rest of this section is as follows. First, we investigate the
kernel of the elliptic operator H g g). We do this first for smooth (B, ¥),
in which case the tools from Appendix D.1 apply, and then we consider
nonsmooth (B, V), in which case modifications must be made. Here, one
has to keep track of the function space arithmetic rather carefully. Next, we
will relate the kernel of Hp y) to the kernel of Hp y) and see how these
spaces behave under the restriction maps r and ry, respectively. For this,
we place these results under the conceptual framework of Appendix D.1 by
way of using the Calderon projection and Poisson operator associated to
an elliptic operator. For the Hessian H(p g), the main technical issue here
is its nonellipticity (i.e., gauge invariance). The results of our analysis are
summarized in the main theorem of this section, Theorem 2.1.1°

10The complexity of the function space arithmetic in this section can minimized
if one does not care about the symplectic properties of the spaces involved, namely,
the Lagrangian properties in Lemma 2.7 and Theorem 2.1(i). See Remark 2.2.
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We organize the preceding notation into the below diagram, since it will
be used consistently for the rest of this paper:

~ ﬁ(B,‘I’) ~ 0 .
T T =T (Y;iR)
J ICR) 1/ s
T 7T =Q4Y;iR) & T'(S)
(2.58)
T - Ty, = Ts ® QO(3;1R) @ QO(3;1R)
T = T, = QY(2;1R) & T'(Sy)

In studying the augmented Hessian operators ﬁ( B,w) for smooth (B, ¥) €
€(Y), observe that they all differ by bounded zeroth-order operators. Indeed,
if we write (b,v) = (B1, V1) — (By, Vo), then

Hp,,w,) — H(By,wo) = (b,0)#,

where (b, 9)# is the multiplication operator given by

(b, )#:T — T,
(¥, ") = (2im p~ ("9 )o, p(b)Y).

In general, we will use # to denote any kind of pointwise multiplication
map. Let B.o be our fixed smooth reference connection. Define

(2.59)

7:20 = H(Brefyo)
(2.60) = Dggc ® Dp

ref ?
where Dp ., : I'(S) — I'(S) is the Dirac operator on spinors determined by

Bief and Dygg is the div-grad curl operator

(2.61) Dyge = C‘fl _g > :QLY;iR) @ QY(Y3iR) O .
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The operator Dy, is also a Dirac operator. Thus, the operator H, is a Dirac
operator and every other ﬁ( B,w) is a zeroth-order perturbation of ﬁo. Our
first objective therefore is to understand the operator ﬁo.

Let us quickly review some basic properties about general Dirac oper-
ators (a more detailed treatment can be found in [2]). Let D be any Dirac
operator acting on sections I'(E) of a Clifford bundle E over Y endowed
with a connection compatible with the Clifford multiplication. Here, by a
Dirac operator, we mean any operator equal to “the” Dirac operator on
E (the operator determined by the Clifford multiplication and compatible
connection) plus any zeroth-order symmetric operator. Let (-,-) denote the
(real or Hermitian) inner product on E. Working in a collar neighborhood of
[0, €] x ¥ of the boundary, where ¢ € [0, €] is the inward normal coordinate,
we can identify T'(E|j qxx) with T'([0,¢€],T'(Ex)), the space of t-dependent
sections with values in I'(Ey). Under this identification, we can write any
Dirac operator D as

d
(2.62) D=J (dt + B+ Ct) ;

where J;, By, and C; are t-dependent operators acting on I'(Ey;). The opera-
tor J; (which is Clifford multiplication by d/dt) is a skew-symmetric bundle
automorphism satisfying J? = —id, the operator By is a first-order elliptic
self-adjoint operator, and C; is a zeroth-order bundle endomorphism.

Definition 2.1. We call By : I'(Ex) — I'(Ey) the tangential boundary oper-
ator associated to D.

Observe that the above definition is only well defined up to a symmetric
zeroth-order term. By abuse of terminology, we may also refer to the family
of operators By in (2.62) as tangential boundary operators as well.

The significance of the decomposition (2.62) is that the space of bound-
ary values of the kernel of D is, up to a compact error, determined by the
operator By. More precisely, we have the following picture. Since By is a first
order self-adjoint elliptic operator, the space I'(Ex;) decomposes as

(2.63) ['(Ex) = 25 & 25 @ 23,
the positive, negative and zero spectral subspaces of By, respectively. More-

over, since the projections onto these subspaces are given by pseudodif-
ferential operators, we get a corresponding decomposition on the Besov
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space completion:
(2.64) B*?(Ex) = B*PZ3 @ B*PZ5 @ B Zg |

foralls € Rand 1 < p < co. If we let D : BSP(E) — B*~1P(E), then we can
consider the boundary values of its kernel 7(ker D) ¢ B*~1/PP(Eyx). Then
what we have is that the spaces 7(ker D) and B*~/ p’ngo are commensu-
rate, that is, they differ by a compact perturbation!'! (see Definition A.1).
Furthermore, from Proposition D.1, we have that r(ker D) is a Lagrangian
subspace of the boundary data space Bs_l/p’p(Eg), where the symplectic
form on the Banach space Bs_l/p’p(Eg) is given by Green’s formula'? for D:

(2.66) / Re (u, —Jov) = Re (v, Dv)2(y) — Re (Du, v) p2(vy.
by
Summarizing, we have

Lemma 2.4. The Cauchy data space r(ker D) C B*~Y/PP(Ex,) is a Lagran-
gian subspace commensurate with Bs_l/m’Zgo. Furthermore, for s > 1/p,
the space ker D is complemented in B¥P(E).

The last statement follows from Corollary D.2. Thus, while r(ker D) is a
space determined by the entire operator D on Y, it is “close” to the subspace
Bs—1/ p’pZéro, which is completely determined on the boundary.

Let us now apply the above general framework to our Hessian operators.
Let B denote the tangential boundary operator for Hy. By (2.60), B splits

UMore precisely, the range of r(kerD) and Z;O is given by the range of
pseudodifferential projections, and these projections have the same principal sym-
bol. See, e.g.,[2, 14, 15].

12For a general first-order differential operator A acting on sections I'(E) over a
manifold X, Green’s formula for A is the adjunction formula

(2.65) (1 A0)120) — (A", 0)z20) = [ (@), —Ir(w),

0X

where A* is the formal adjoint of A. The map J : Egx — FEgsx is a bundle endomor-
phism on the boundary and it is determined by A. Hence, (2.66) is an “integration
by parts” formula for A. If E is a Hermitian vector bundle, we will always take the
real part of (2.65) in order to get a real valued pairing on the boundary.
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as a direct sum of the tangential boundary operators

Bage : Q1(Z;1R) @ Q°(Z;iR) @ Q°(Z;iR) ©
BS . F(SE) O,

for Dggc and Dp ., respectively. For the div-grad-curl operator Dgg., we can
compute the tangential boundary operator and its spectrum rather explic-
itly. As before, we work inside a collar neighborhood [0, €] x ¥ of the bound-
ary of Y, with the inward normal coordinate given by t € [0,¢], and we
choose coordinates so that the metric is of the form dt? + g2, where g; is a
family of Riemannian metrics on ¥. We can write b € Q1(Y) as b = a + 3dt,
where a € T'([0,¢€), 2}(X)) and 3 € T'([0,¢),Q°(X)). Let % denote the Hodge
star on ¥ with respect to gg, and let dx; be the exterior derivative on X.

So with the above notation, we have the following lemma concerning
Dgge (where for notational simplicity, we state the result for real-valued
forms):

Lemma 2.5. Let Y be a 3-manifold with boundary 3 oriented by the out-
ward normal. Then with respect to (a,f3,a) € T'([0,¢€), QH(X) & Q) @ Q°
(X)) near the boundary, the div-grad-curl operator can be written as Dyge =
Jdgc(% + Bage,t + Cage,t) as in (2.62), where'3

—% 0 0
(2.67) Jage = 0o 0 -11,
0O 1 0
0 ds, *dx,
(2.68) Byge = Byge,0 = ds, 0 0
—xds. 0 0

The positive, negative and zero eigenspace decompositions for Bge. are
given by

(2.69) 2L =ztgzt

dgc e c
‘)\lildzf)\z ‘)\lil%dgf)\z
(2.70) := span +fie @ span 0 ,
0 +fy

(271) 23, =H'(%R) e HO(S;R) © H(S;R),

I3Note the signs, since ¢ is the nward normal coordinate.
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where the fx> span the nonzero eigenfunctions of A =dsds and Afy =
A2 fye.

Let Q9(2) ={a € Q°(X): [a =0} be the span of the nonzero eigen-
functions of A. Then for every s € R, and 1 < p < oo, BSPZF is the graph of
the isomorphism +ds A~Y2 B5PQ0 () — B*Pimdy. Similarly, the spaces
B*PZE are graphs of the isomorphisms +xds AT/2 BS’pQ(i(Z) —
B®Pim *dsy..

Proof. The proof is by direct computation. O

Altogether, we have the following spectral decompositions:

(2.72) Ts=Z2te 2z o 2°,
(2.73) QN R) @ Q(%iR) @ Q= 21 @ 23 ® Zg,,
(2.74) I'(Sy) =2 @ Z5 @ 22,

corresponding to the positive, negative and zero spectral subspaces of B,
Bage and Bg, respectively. Since B = By, ® Bs, we obviously have

(2.75) 2= 23, @28 ec{+ -0}

In particular, we have

(2.76) Zt =2z ®Zz¢
(2.77) =Zfezl o zd,

by Lemma 2.5. All the above decompositions hold when we take Besov
closures. In light of Lemma 2.4, the explicit decomposition (2.77) will be
important for us in the analysis to come. B

Next, we work out the associated symplectic data for Hy on the bound-
ary, following the general picture described previously. Namely, Green’s for-
mula (2.66) for the Dirac operator Hy induces a symplectic form on the
boundary data space 7x. Moreover, because Hy is a Dirac operator, the
endomorphism —Jy is a compatible complex structure for the symplectic
form. Explicitly, the symplectic form is

w: %E D %E — R,
(278) (-:)((aa ¢7 0417040)) (bawvﬂlyﬁO))
= [Lanv+ [ Re(pl)) = [ (s —ao).
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and the compatible complex structure is

(2.79) Jy Ty, — TE,V

(aa ¢7 aq, Oéo) = (—*CL, —p(y)gf), —Qo, al)'
Observe that since Hy = H(B,...0) © —(d + d*), the symplectic form and com-
patible complex structure above are a direct sum of those corresponding
to the operators Hp, 0y and (d+ d*). In particular, Green’s formula for
H(B,.:,0) = *d ® Dp,,, yields the symplectic form

w:Ts ® Ty, — R,

(2.80) w((a,qb),(b,w)):/Ea/\b+/ERe(¢’p(y)w)

and compatible complex structure

Iy Ty — Ty,

(281) (a,6) — (—Fa, ~p(1)9).

Since the tangent space to €(X) at any configuration is a copy of Tx, we
see that w gives us a constant symplectic form on €(X). This symplectic
form extends to €%2(X), the L? closure of the configuration space, and since
B*P(X) C B%2(X) = L?(X) for all s >0 and p > 2, we also get a constant
symplectic form on the Besov configuration spaces €% (X). From now on, we
will always regard €*P (%) as being endowed with this symplectic structure.
Likewise, we always regard T;’p as being endowed with the symplectic form
(2.78). Indeed, the symplectic forms w and @ are the appropriate ones to
consider, since they are the symplectic forms induced by the Hessian and
augmented Hessian operators, respectively.

Having studied the particular augmented Hessian operator 7'~(0 = ﬁ( Birer,0)5
we now study general augmented Hessian operators ﬁ( B,v)- Here, (B,¥) €
¢€$P(Y') is an arbitrary possibly nonsmooth configuration. Suppose we have a
bounded multiplication B*?(Y) x B%4(Y) — B!=14(Y), for some ¢t € R and
q > 2. It follows that 7?{(37\1,) . Th1 — Tt=14 and Hp,w) : Thi — T149 are
bounded maps. To keep the topologies clear, we will often use the notation

t _
Hod T b

(B,Y)
~t7 . T 9 T _1,
Hyp gy T — T,
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so that the superscripts on the operators spec1fy the regularlty of the domains.
The next two lemmas tell us that ker H( 5.y and r(ker H( B \I!)) are compact

perturbations of ker Ho’q and r(ker Ho’q), respectively, for (¢,q) in a certain
range. We also give a more concrete description of this perturbation using
Lemma A.1.

Lemma 2.6. Lets > 3/p. Let (B,¥) € €5P(Y) and supposet € R and q >
2 are such that we have a bounded multiplication map B$P(Y) x B4X4(Y) —
BY=L9(Y), where t' > 1/q and t <t <t +1.

. . ~¢ .
is commensurate with ker Ho’q and the restric-

(i) We have that ker H(B )

tion map r : ker H( v) — Ix 18 bounded. More precisely, we have
the decomposition
—{z+Tz:zeX)}aF,

(2.82) kerH(B )

where X, C ker Ho’q has finite codimension, T: X — T'9 and F C
T4 s a finite-dimensional subspace Moreover, one can choose as

a complement for X|, C kerH a space that is spanned by smooth
elements.

(ii) The space ker 7—71(5’; p) varies continuously'® with (B, ¥) € €P(Y).

Proof. (i) Let (b,%) = (B — Bie, ¥). The multiplication map (b,)# =
H(p,w)y — Ho given by (2.59) yields a bounded map

(2.83) (b, )¢ : T — TV 14

by hypothesis. This map is a compact operator since it is the norm limit of
(bi, ¥i)#, with (b, 1;) smooth. Each of the operators (b;,1;)# is compact,
since it is a bounded operator on T%4 and the inclusion 7t < Tt ~14 ig
compact by Theorem C.6. Since the space of compact operators is norm
closed, this proves (2.83) is compact

Since t' > 1/q, then ker ’HO ! is complemented in Tt by Corollary D.2.
Let X; C 717 be any such complement. Thus,

(2.84) Ho: X) — TV 14

14Gee Definition A.3.
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is injective. It is also surjective by unique continuation, Theorem E.2. Hence
(2.84) is an isomorphism and the map

(2.85) 7‘7(37\1,) X1 — %tl_l’q,

being a compact perturbation of an isomorphism, is Fredholm. This allows
us to write the kernel of Hlég ) perturbatively as follows.

Let x € ker ﬁl(t}g’ )" Then Hoz = (b)) #x € TV ~19 and we can define

m=—(Hy'lx,)  (b)#te e Xi T,
Then if we define xg =z — 21 € ’]~'t’q, we have

7‘7().730 = 7:20(.% — 1’1)
= (ﬁ(B,\p) - (bﬂﬁ)#) z — Ho

=0.

Hence, zg € ker ﬁg’q. Thus, we have decomposted x € ker ﬁzﬁ’ﬂf) asx =xg9 +

x1, where xg € ker ﬁé’q is in the kernel of a smooth operator and z1 € Tt
is more regular (for ¢’ > t). We also have

= M) (1 + Z0)
= H,wz1 + (b,¥)#xo.

By the above, we know that 77((3’@) : X1 — T4 i Fredholm. Thus, from
(2.86), we see that there exists a subspace X{, C ker ﬁé’q of finite codimension
such that for all zgp € X{), there exists a solution z; € X; to (2.86). This
solution is unique up to some finite-dimensional subspace F' C X7i; in fact
F' is just the kernel of (2.85). This proves the decomposition (2.82), where
the map T is given by
T: X — X1,
(2.87) _
zo — —(H(p,w)lx;) " (b, ¥)#x0,

where X7 is any complement of F' C X;. The map T is compact since the
map (b,1)# is compact. The rest of the statement now follows, since the



The Seiberg—Witten equations on manifolds with boundary I ~ 603

restriction map T kerﬁ 4 ’Z~'t_1/ ?9 is bounded by Theorem D.2(i), and
re T ’T e - Tt /49 i5 bounded since ¢ > 1/q. Moreover, since
smooth elements are dense in kerH La by Corollary D.2, any finite-
dimensional complement for X{ C ker HO can be replaced by a complement

that is spanned by smooth elements if necessary.
(ii) Let (B, ¥p) € €*P(Y). By Definition A.3, we have to show that

ker ﬁfﬁ ) is a graph over ker ﬁfﬁ o) for (B, ¥) close to (By, ¥p). We do the

same thing as in (i ) Let X2 be any complement of ker H( ) I 714, which

exists since ker H' ( is commensurate with ker 'HO “ by (i), and the latter

B 0)
space is complemented. Then H(p, g,) : X2 — Tt=14 5 an isomorphism. For
(B, V) sufficiently close to (Bp, ¥q), the map 77((37\1,) . Xy — TV=14 is injec-
tive, hence surjective (the index is invariant under compact perturbations),
and therefore an isomorphism. Then from the above analysis,

(2.88) kerﬁf’g ={r+ TB )T T € ker H'4 (Bo,w )}
where

(2.89) T(B&,) : ker ﬁégo’%) — Xo,

(2.90) @ = —(Hpulx,) 7 (0, 0)#e

and (b,7) = (B — By, ¥ — ¥y). The map f(B’\I,) varies continuously with
(B,¥) € €5P(Y') near (By, Vo). O

Remark 2.2. In applications of the above lemma, instead of (¢, q) satisfy-
ing the very general hypothesis,
(2.91)

(i) teR, ¢>2

(ii) the multiplication BSP(Y) x BY(Y') — BY ~14(Y) is bounded,
where ' > 1/gand t <t <t+1,

we will primarily only need the cases

(2.92) (t,q) € {(s+1,p), (s,p), (1/2,2)},

with corresponding values

(2.93) (t,q) € {(s+1,p), (s+1,p), (1/2+¢€2)}, €e>0.
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The last case of (2.92) arises because we want to consider the space of
boundary values in the L? topology, i.e., the spaces ’Tzo 2 and ’2;0 2. In this
particular case, the above lemma allows us to conclude that for (B, V) €

¢5P(Y'), we still get bounded restriction maps r : kerH 1 22 702 just
like in the case where (B, ¥) is smooth via Theorem D.2. The boundedness
of this map will be important when we perform symplectic reduction on
Banach spaces in the proof of Theorem 2.1. The case (t,q) = (s + 1,p) will
be important for Proposition 2.2 and its applications in Section 3. In what
follows, we will consider the operators H?}gqj) but they equally well apply

to Hb4 = in light of the analysis in Lemma 2.6, for ¢, ¢ satisfying (2.91).

(B,¥)

Lemma 2.7. Lets > 3/p. For any (B, V) € €5P(Y"), we have the following:

i) The Cauchy data space r ker H:P is a Lagrangian subspace of
(B,¥)

1 . . .
’TZS PP commensurate with BS~YPPZ+ and it varies continuously

with (B, ¥).
(i) We have a direct sum decomposition Ts Vpp r(ker ﬁfg \I,)) ®
Jsr(ker H(B 7))
Proof. (i) For any (B, ¥) € €%P(Y'), the space r(ker H(B \I/)) is isotropic since
HEP s formally self-adjoint. Since s > 3/p, then (B, ¥) € L®(Y) and we

(B,Y)
can apply the unique continuation theorem, Theorem E.1, which implies that

r : ker H(’p v) ’TZS pp 4 injective. In fact, it is an isomorphism onto its
image, since this is true for r : ker ﬁg’p — ’j:;*l/p’p (by Theorem D.2(i) and
unique continuation applied to the smooth operator Hg?) and ker Hfg )

is a compact perturbation of ker ﬁg’p by Lemma 2.6. Hence, we get that

L?qu/f;’p = r(kerH(g \I,)) varies continuously with (B, ¥), since ker ﬁfg’@)
varies continuously by Lemma 2.6 and r : ker H( Bv) ’j’;_l/ PP g an iso-
morphism onto its image. For (B, V) smooth, we know that Efg}q{?’p -
’f; BRI Lagrangian subspace by Proposition D.1. By continuity then,
Ef;l\{lg’ P is a Lagrangian for all (B, ¥) € ¢5P(Y). Moreover, all the LfBl\I/lg’ P
are commensurate with one another, in particular, with r(ker HS pe ), and

this latter space is commensurate with B5~Y/P?Z+ by Lemma 2.4.

(ii) When (B, V) is smooth, this follows from Proposition D.1. Now we
use the continuity of the Lagrangians with respect to (B, V) € €%P(Y") for
the general case. O



The Seiberg—Witten equations on manifolds with boundary I ~ 605

We want to apply the previous results concerning the augmented Hessian
ﬁ( B,w) to deduce properties about the Hessian Hp ¢). To place these results
in a context similar to the pseudodifferential picture in Appendix D.1, let
us recall some more basic properties concerning the smooth operator 7—70
By Theorem D.2, the operator Hy, by virtue of it being a smooth elliptic
operator, has a Calderon projection P+ and a Poisson operator Po These
operators satlsfy the following properties. The map POJr is a projection of the
boundary data ’T PP onto r(ker Ho’p ), the boundary values of ker 'HO ,
and the map ﬁo is a map from the > boundary data T VPP into ker('HO’p ) C
7%, Moreover, the maps 7 : kerH o — r(kerH P ) and P : r(kerH Py —
ker H >P are inverse to one another, and rPy = P+ This implies that the map
o= Por: TSP — ker(’HO’p) is a projection. We also have that
im POJr = r(ker Ho’p) is a Lagrangian subspace of Bs—1/ppTs, by
Proposition D.1.

For a general nonsmooth (B, ¥) € €% we have ﬁf’p v) is a compact per-
turbation of the smooth elliptic operator H >P_ The previous lemmas imply
that ker H(g ) and r(ker ’H( )) are compact perturbations of ker Hy?
and r(ker Ho’p ), respectlvely, and moreover, we still have unique continu-
ation, i.e., r: ker H(B v) TS PP ig an isomorphism onto its image. It
follows that there exists a Calderon projection P( B.)
( v for H( Bw) a8 well, which satisfy the same corresponding proper-

and Poisson operator

ties (see Lemma A.1). We also have a projection 7(p ) = ﬁ(B,\I,)r STSP
ker Hf}g v) We summarize this in the following lemma and diagram:

Lemma 2.8. Let s>3/p and (B,V) € €P(Y). Then there ezists a

Calderon projection P ’T PP r(ker H( )) and a Poisson opera-

(B w)
S s—1
tor P(B,\Il) TZ} /p,p — ker H(B \I/) B \I/))

The maps 7 : ker H(B vy — 7(ker H(
and ﬁ(B,\I/) (kerH(B \I!)) err'H(B v) are inverse to one another, and

_ p+
TP(B,\I!) = P(B,\I/)'
K H T(B,v) ~ ﬁ;;w) ~. 1
er (B,V) TSP Ts—Lp
(294) T\L TP(B"P) lT
r(ker ’H(B \I,)) = f’]‘;—l/l),p

(B,¥)
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In studying the Hessian H we want to establish similar results as in
Lemmas 2.7 and 2.8. These results are summarized in the main theorem of
this section.

Theorem 2.1. Let s > max(3/p,1/2) and let (B, ¥) € MSP(Y). Suppose

Hpw) : 757 — IC‘(SB ) is surjective.'® Then we have the following:

—1/p,p

(i) The space rs(ker Hfg \P)) 1s a Lagrangian subspace of TZS com-

mensurate with B~ YPP(im d @ Z;) Moreover, we have the direct sum

decomposition
(2.95) T PP = ry;(ker Hipw) @ Jrs(ker Hig ).
(ii) Define
s—1/p, S,
(2.96) Pl T /PP — ra(ker 1 )

to be the projection onto ry(ker Hfg \I,)) through Jxrs (ker H(B ‘1,))
given by (2.95). Let 7 : Ts, — imd & Z; denote the orthogonal pro-
jection onto imd@Zér through the complementary space kerd* ®

(25 @ ZO) Then T, being a pseudodifferential projection, extends to

a bounded map on TS L/pp

by an operator

, and it differs from the projection P(B W)

(2.97) (p&-? - — oty Tzsfl/p,p . Tzsfl/pﬂ,p

which smooths by one derivative.

(iii) There exists a unique operator

(298) P(B ) ¢ : Ts 1/pwp — ker(H(B,\II) cs,p)

that satisfies rsPpw) = P(E v) The maps rs. : ker(Hp w)lcs») —
rs(ker Hfqu,)) and Py : rs(ker Hfg,\p)) — ker(H(p,w)lcs») are
inverse to one another. Furthermore, let (B(t),V(t)) be a continuous
(resp. smooth) path in OM*P(Y) such that Hpu)we) TP —

IC? (1) () B8 surjective for allt.

15This holds under the assumption (3.1). See Lemma 3.1.
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(iv) Then ker H;E
smoothly) varying families of subspaces
sponding operators P(B(t) ) and P p(),w)) vary continuously (resp.

(B(1),%(1)) and TE(kerH gg) are continuously (resp.
Consequently, the corre-

smoothly) in the operator norm topologies.

Keeping M*>P(Y) fized, the statements in (i), (i1i) and (iv) remain true if
we replace the BSP(Y') and B*~1/PP(X) topologies on all vector spaces with
the Bb4(Y') and B*~Y%9(X) topologies, respectively, where t,q satisfy (2.92)
or more generally (2.91). If we do the same for (ii), everything also holds
except that the map (2.97) smooths by t' — t derivatives.

The theorem implies we have the following corresponding diagram for the
Hessian Hp g):

T(B,¥) H(S}Bp,\ll)

ker(H(pw)lcsv) <———— TP ———— Ts-1p

(2.99) TE\L TP(B,\IJ) rs

rs.(ker H}’

8—1/p,p
(B ‘ll)) P(+B . TE

Here, m(p w) := P(p,w)rs is a projection of 7° onto ker(H g w)|cs»)-
Definition 2.2. By abuse of language, we call the operators P(E ¥) and
P(p,y) defined in Theorem 2.1 the Calderon projection and Poisson opera-
tor associated to H( Bw) respectively (even though Hfg,‘l’) is not an elliptic
operator), due to their formal resemblance to Calderon and Poisson opera-
tors for elliptic operators (as seen in the diagrams (2.94) and (2.99)).

Note that the Calderon projection P( v) and Poisson operator Pp )
we define above are unique, since we spemﬁed their kernels. In the general
situation of an elliptic operator (such as H( ]5\1/) above) one usually only
specifies the range of the Calderon projection, in which case, the projection
is not unique (see also Remark D.3). Our particular choice of kernel for
P(E\I,) is made so that PB,\I/) is nearly pseudodifferential, in the sense of
the smoothing property (2.97). This property will be used in [10], where
analytic properties of the tangent spaces to the Lagrangian £°~1/PP and the
projections onto them become crucial.

16See Definition A.3.
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Remark 2.3. The continuous (resp. smooth) dependence of P\ and
P(p,w) in Theorem 2.1(iii) with respect to (B, ¥), as well as all other con-
tinuous dependence statements appearing in the rest of this paper, will only
attain their true significance in [10]. There, we will consider paths of con-
figurations, and so naturally, we will have to consider time-varying objects.
For brevity, we will only make statements regarding continuous dependence
from now on, though they can all be adapted to smooth dependence with
no change in argument.

Proving Theorem 2.1 is essentially deducing diagram (2.99) from dia-
gram (2.94). Let us first make sense of the hypotheses of the theorem. From
Lemma 2.3, in order for ICfgl\I’g to be well defined when (B,¥) € €5P(Y),
we need s > max(1 —s,3/p), which means we need s > max(3/p, 1/2). This
explains the first hypothesis. Next, observe that for (B, ¥) € M(Y') a smooth

monopole, we have

(2.100) J(B,w) € ker H(p ),
(2.101) mHpwv) € KBw)-

One can verify this directly by a computation or reason as follows. As
previously discussed, the Seiberg—Witten map (1.2) is gauge equivariant
and hence its set of zeros is gauge invariant. Thus, the derivative of SW3
along the gauge orbit of a monopole vanishes. This is precisely (2.100). For
(2.101), observe that the range of H g y) annihilates Jp ) by (2.100)
and since H(p y) is formally self-adjoint. From the orthogonal decomposi-
tion 7 = J(pw), ® K(B,w), we conclude that imHp ) C K(p,¢). We want
to establish similar properties on Besov spaces. Namely, we want

(2.102) Ty S ker Hig o,
(2.103) imHE ) C Kipi-

However, this follows formally from (2.100) and (2.101) as long as we can
establish on Besov spaces the appropriate mapping properties of the dif-
ferentiation and multiplication involved in verifying (2.102) and (2.103)
directly. Thus, (2.102) holds because the map Hp ) : 7 — TP s
bounded when s > 3/p. Likewise, (2.101) holds because dip g : 75 br
B*=2PQ0(Y;iR) is bounded when s > max(3/p,1/2). In drawing these con-
clusions, as done everywhere else in this paper, we make essential use of
Corollary C.1 and Theorem C.7.
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Thus, from (2.103), we see that the hypotheses of Theorem 2.1 make
sense. In fact, for (B, V) € M*P(Y'), we have the following result concerning

the range of H(B v)'

Lemma 2.9. Let (B,V) € M>P(Y). Then im 'H(g v) c ’Cfil’]; and Hfg o) *

TP — IC? 1’7; has closed range and finite-dimensional cokernel.

Proof. It remains to prove the final statement. Pick any elliptic boundary
condition for the operator H?g ) such that one of the boundary condi-
tions for (b, 1, ) € TP is a|y = 0. Such a boundary condition is possible,
since the subspace B*~VPP(Ty @ QO(%;iR) © 0) of T;fl/p’p with vanish-
ing 0606 Bs_l/pu”QO(E) component contains subspaces Fredholm!” with
r(keerg ‘1,)) by Lemmas 2.4, 2.5 and (2.77). For such a boundary con-
dition, observe that im (H( )) ﬂle Lp v S 1mep ) This is because if
da € IC‘;_L’; with aly =0, then do = 0. Since we chose elliptic boundary
conditions for H( B this means im H( B,0) C T(S v) is closed and has finite
codimension, which implies im (H( )) N IC( 5 \I,) is also closed and has finite

Lp Hence, the same is true for im H;?? O

codimension in IC( BY)

(B,¥)”

Next, we relate the kernel of Hfg ) to the kernel of ﬁfg v) along with
their respective boundary values.

Lemma 2.10. Let s > max(3/p,1/2) and (B,V) € M>P(Y").

(i) We have a decomposition

(2.104) ker H(}g ¥ = = ker(H(p,w)lcsr) © \7(5;\1,) .
(2.105) ker H(B’\I,) = ker(Hp,w)lc:») ® T57,

where T C TSP js the graph of a partially defined map O¢ : ker A --»
TP, where A is the Laplacian on B3PQY(Y;iR), and the domain of
Og has finite codimension.

17See Definition A.2.
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(ii) We have

(2.106) s (ker Hfﬁ,\p)) = ry(ker(H(p.w)lco»)),
(2.107) r(ker ﬁfﬁm) = r(ker(H(p.plcor)) @ In(s)—l/p,p7

where fgfl/p’p =r(Tg?) is the graph of a partially defined map Oy :
0® 0@ B> 1/PPQO(3:iR) --» Tzsfl/p’p and the domain of ©g has finite
codimension.

(iii) We have r(ker Hfﬁw)) is commensurate with B¥~Y/PP(Z+ @ Z¥) and
ry(ker Hfg \I,)) is commensurate with BS~YPP(imd & Z1).

Proof. (i) The first decomposition (2.104) follows from (2.38) and jfép vt C

ker’]—(fg’\l,). For (2.105), observe that ker(H(pw)lcsyr, ) :kerﬁ(37\p)"]'&p.

Thus, the elements of ker 7?(?"5 v) that do not lie in ker 77((37\1,)
nonzero B*PQ°(Y;iR) components. To find them, we need to solve the

equation

T s:p have

(2.108) Hp.w)(b, ) — da =0,

with o nonzero. Since im Hfg ) - ngl\l’f; by the previous lemma, we need

do € ngil’f;, whence a € ker A. Since im Hfﬁ\p)

ICfgl\I’fg by Lemma 2.9, then (2.108) has a solution (b,%) for all a in some

subspace of ker A of finite codimension. The (b, 1) is unique up to an element
of ker 'Hf}g"y). Thus, picking a complement!® of ker H?gq,) in ’Z'(‘jg’lj v) specifies

has finite codimension in

for us a map O : ker A --» T75P whose graph I')* is a complementary sub-
space of ker(ﬁ( B, W) Tfé’,’m) in ker ﬁfﬁ‘y), and which parametrizes solutions
to (2.108).

1(}1) This follows from applying s, and r to (i). The graph property of
p-l/ep

comes from noting that any element of I'y” is uniquely determined
by the 0 ® 0 @ B*~1/PPQ0(%;iR) component of its image under 7. This fol-
lows from considering the homogeneous Dirichlet problem for A, namely

Aa =0,
aly = 6.

"®The reasoning used in the proof of Lemma 2.9 shows that Hp g : 7" —

ngl\I’,’; has a right parametrix. This implies that keerg\p) C T%P is comple-

mented.
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This problem has a unique solution for every .
(iii) By Lemma 2.4, we have r(ker Hf}g \I,)) is commensurate with

Bs=1/pPZ+ Let
70 Ty PP 0@ 0 @ BYPPQO(S:HR)

denote the coordinate projection onto the last O-form factor in ,}:5—1/ P By
Lemma 2.5 and (ii), we have

mo: BSTYPPZE L 0@ 0@ BSTYPPQO (S5 R),
mo : BSTYPPTy — 0@ 0@ BS~/PPQO(S;R)

are Fredholm. We now apply Lemma A.3 with X = ’2;571/ PP and comple-
mentary subspaces

X, = T3 VPP @ BP0 (3 4R) @ 0,

Xo =06 06 BV/PPQO (3 1R).
Let U = r(ker ﬁfg yy) and V' = Bs~1/PPZ+ in the lemma. Then from that
lemma and (ii), we conclude that r(ker(H g w)lc-»)) = U N X7 is commen-
surate with B*~1/PP(Z+ @ Z1) = V N X;. This proves the first part of (iii).
For the second part, consider the coordinate projection of X; onto Tzs_l/ PP
This restricts to an isomorphism of ¥V N X onto its image B*~'/PP(imd ®
Z;), by Lemma 2.5. It follows that this projection maps U N X7 onto a space
commensurate with V' N X7, and this space is precisely 7y (ker H‘Eg lI,)). O

Corollary 2.1. Let (B,V) € M*P(Y) and suppose H(pw) : TV — ng’lq’,p)
s surjective. Then
(i) the maps O and ég_l/p’p are defined everywhere;

s—1/p,p . . . ..
cow) — Ty, is an isomorphism onto its image.

(ii) ry ker(H(By)

Proof. (i) This follows from the constructions of ©g and ©g in the previous
p
lemma. B ~
(ii) By unique continuation, the map r : ker(H‘Eg’\P)) — T;fl/p’p is an
isomorphism onto its range. By restriction, it follows that

(2.109) T ker(ﬁ(B7\I/)‘Cs,p) — ’]t;*l/p’p



612 Timothy Nguyen
is injective. To prove (ii), it suffices to show that

(2.110) Ty ker(’l—N[(B,\I,) Ca) — T;fl/p’p

is injective, since 771(3,‘1,) csr = H(p,w)lcs». So suppose (2.110) is not injec-
tive. Since (2.109) is injective, this means there is an element of the form
((0,0),,0) € r(ker('H( Bwlcsr)) with a € B>~ 1/PPQ0() nonzero. On the

other hand r(ker H(B \I,)) ~i/pp by

This contradicts (i), since if @s_l/ PP is defined everywhere, then (0,0, c, 0)
cannnot symplectically annihilate Fs L/pp . Indeed, the spaces 0 ® Q°(X) © 0

and 0 @ 0 @ Q°(X) are symplectic conjugates with respect to the symplectic
form (2.78). O

is a Lagrangian subspace of ’jv'; Lemma 2.7.

Proof of Theorem 2.1: (i) We will apply the method of symplectic reduction,
via Theorem A 1 and Corollary A.2. By Lemma 2.6, we may consider the
operators H(/ B,w) and Hl/ 2 their kernels and the restrictions of these latter
spaces to the boundary In(ieed let us verify the hypotheses of Lemma 2.6.
Since p > 2, we have the embedding B5P(X) C B*~%%(X) for any ¢ > 0 by
Theorem C.6. Choose € small enough so that s —e > 1/2 + €. Then (t,q) =
(1/2,2) and t’ = } + € satisfies the hypotheses of Lemma 2.6 since we have
Bs—e,Z(y) % B1/272(Y) N Bt,_l’Q(Y).

Let U= L*(Tx ® Q°(%;iR) @ 0). It is a coisotropic subspace of the
strongly symplectic Hilbert space LTy, = %2?’2. If we apply Theorem A.1l

to the Lagrangian L = r(ker Hz/ 22) the symplectic reduction of L with

5 qj)) by Lemma 2.10(ii). It follows that

rs(ker H(/ 2)) is a Lagrangian inside U N JxU = L?T5. We would like to
make the corresponding statement in the Besov topologies. By
Lemma 2.10(iii), we know that rs(ker Hf’p )) is commensurate with B~ /PP
(imd ® Z¢). On the other hand, we have that B*~'/PP(imd @ Z{) and
JsB*~V/PP(imd @ Z¥) are Fredholm in Ty Lpp . Indeed, the Hodge decom-
position implies imd and im * d are Fredholm in B~ l/p’pﬁl( ;iR), and
since p(v) interchanges the positive and negative eigenspaces Z; and Zg of
the tangential boundary operator Bs associated to the spinor Dirac opera-
tor D, we have that the B*~'/P?(%) closures of Z& and p(v) 2 = 25
are Fredholm in B*~1/PPT'(S). That these decompositions are Fredholm in
Besov topologies follow from the fact these spaces are given by the range of
pseudodifferential projections whose principal symbols are complementary
projections, and pseudodifferential operators are bounded on Besov spaces.

respect to U is precisely ry(ker H(
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We now apply Corollary A.2, with X = ,]-20,2 and Y = ’Z'Es_l/p’p, to conclude
that ry(ker Hfg,w)) is a Lagrangian subspace of BS~1/PP Ty,

(ii) By Lemma 2.7 and (i), r(ker Hi?) is commensurate with Bs~1/P»Z+
and rs(ker HyP) is commensurate with BS~1/PP(imd @ Z¥), respectively.
Since ﬁo is smooth, then we can even say more: there exist pseudodifferential
projections onto r(ker Hy¥) and B*~'/PPZF that have the same principal
symbol, which means that their difference is a pseudodifferential operator of
order —1. It follows that the projection of r(ker Hy?) onto any complement
of B5~1/PP Z+ is smoothing of order one. Consequently, letting Us—1/vp =
Bs~YPP(Ty @ Q°(%;iR) @ 0), then the projection of r(ker Hy?) N U onto
any complement of B5~1/PPZ+ N U is smoothing of order one. (Here, we
use the fact that U~ /PP 4 Bs=1/PP Z+ has finite codimension in %571/19,]3')
Applying symplectic reduction with respect to US~1/PP it follows that the
projection of rx(ker Hy") onto any complement of B*~1/PP(imd & Z¥) is
smoothing of order one.

For a nonsmooth configuration (B, ¥), we also want to show that the
projection of ry(ker H?g},\y)) onto any complement of B*~Y/PP(imd @& ZT)
is smoothing of order one. Then this will imply the corresponding property
with respect to the pair of spaces Jx (s (ker H‘Eg’m))) and B*~1/PP Jg(imd @
Z%), the latter being of finite codimension in Bs=1/PP(ker d* & (Z& @ Z2)).
We can then apply Lemma A.4(ii) while noting Remark A.1, to conclude
that the projection P(TBM%) differs from 7+ by a operator that is smoothing
of order one.

Thus, by our first step, it suffices to show that the projection of
ry (ker H?}g,q/)) onto any complement of ry,(ker Hg?) smooths by one deriva-
tive. This follows however from Lemma 2.6. Indeed, we can take (¢, q) = (s, p)

and ¢’ = s + 1 in Lemma 2.6, and since there exists a projection of ker ﬁf}g v)

onto a complement of ker ﬁg’p that smooths by one derivative, the corre-
sponding statement is true for the spaces ry(ker Hfg,\l’)) and ry(ker Hg?).
Here, it is important that all finite-dimensional errors involved are spanned
by elements that are smoother by one derivative (so that the finite rank
projection onto the space spanned by these elements smooths by one deriva-
tive), which is guaranteed by Lemma 2.6. From these properties, one can

9 More precisely, in what follows, when we speak of some unspecified comple-
mentary subspace, we mean one defined by a pseudodifferential projection. This is
convenient because pseudodifferential operators preserve regularity, i.e., they map
B%4(X) to itself for all ¢,q € R, and so we never lose any smoothness once we have
gained it.
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now apply Lemma A.4(ii), with

X = T;—l/p,p7

Uy = B*V/P? (imd @ 27),

Uy = B*VPP (kerd* @ (25 © 22)),
V1 = ry(ker H?ﬁ,q:))v

Vo = Jxn(rs(ker Hfg:‘l’)))'
In our case, we know that X = Uy @ U; = Vy ® V1, and that the U; and V;
are commensurate, ¢ = 0, 1, where the compact error is smoothing of order
one. Thus, by Remark A.1, P(J];O’%) =7y, v, and 77 = 7y, y, differ by an
operator that smooths of order one.
(iii) Let
msr : 7(ker Hfg’q,)) — ry(ker Hfg&,))

be the symplectic reduction as in (i), i.e., mggr is the map which projects

r(kerH?ﬁ\Ij)) C ’ig_l/p’p onto rg(keerﬁqj)), induced by the projection

%571/ PP _, T;fl/ PP onto the first factor. This map is an isomorphism by

Corollary 2.1(ii). Hence, mgy exists and is bounded. Define

(2.111) Py = Pa.wy(msr) " Pl ),

where ﬁ( B,w) is the Poisson operator of ﬁfﬁm- By construction, P(E\I,) :

’T;_l/p’p — ry(ker H*P) and ]5(37\1,) (msr) ™! : re(ker H¥P) — ker(H(p w)lcs»)-
Thus, P ) : Tg_l/p’p — ker(Hpw)lcs») and rs Pp gy = P('B’\I,). Moreover,
from Corollary 2.1(ii), it follows that Pg g : Tg_l/p’p — ker(Hp,w)lc-»)
and 7y : ker(H (g w)lce») — T;fl/p’p are inverse to each other.

(iv) We establish the smooth case, with the continuous case being exactly
the same. It is easy to check that all the subspaces and operators involved in
the construction of the maps in (ii) and (iii) vary smoothly with (B(t), ¥(¢)).
Indeed, since K*~1P(Y) is a bundle, by Proposition 2.1, we can locally iden-
tify its fibers, i.e., the maps

| P K:S_l’p — ,CS_I’p
Kisywg = (B(1),¥(1)) (Bo, Vo)
are all isomorphisms for all (B(t), ¥(t)) sufficiently B*P(Y") close to a fixed
(Bo, ¥p). Then restricting to ¢ on a small interval for which this is the
case, then we have ker H (g ) (1)) = ker (H’Csfl,p H(B(t)7\p(t))), and Is-1.p

(Bo,¥0) (Bg,¥g)
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S,p S— 17p 3 3 1 3

7?1( B(tl){’ ()’ :T5P — IC( Bo.Wg) A€ fﬁl surJectrve for Sag t. From l1';hls, rgtpfollows
that erH(B(t‘),\P(t)') varies smoothly, and since '~7(B(t),\11(t)) € erH(B(tm,(t))
for all ¢, this implies ker(H () w(1)lcs» vary smoothly. Indeed, one argues
as in Lemma 2.6 for the continuity of ker Hf}g\p with respect to (B, V),
only now we have in addition that all objects vary smoothly. Since ry; :
ker(H(p(t),w())lcsw) — Tg_l/p’p is an isomorphism onto its image for all ¢, it
follows that ry(ker Hfg( . \I,(t))) varies smoothly. Since this holds for all ¢ on
small intervals, it holds for all ¢ along the whole path.

To prove the final statement, we observe that all the above methods
apply to HA B) and H( B.) without modification in light of Lemma 2.6. See
also Remark 2.2. O

We conclude this section with some important results that will be used
later.

Lemma 2.11. Let (B, V) € M>P(Y), assume all the hypotheses of Theo-
rem 2.1, and suppose (t,q) satisfies (2.92) or more generally (2.91). Then
the space

(2.112) Lipot® = Jors(ker H{j ) @ B/990°() & 0

is a complementary Lagrangian for r(kerﬁz’g \I,)) in i'é_l/q’q. The space
Lglﬁ’q varies continuously with (B, V) € M>P(Y) (as long as Hfﬁlp):

T5P — IC( ’Z; is always surjective).

Proof. By Theorem 2.1(i), Jyry(ker H(B \I,)) and rg(kerH A ) are comple-

mentary Lagrangians in T ~1/aq . By Lemma 2.10(ii) and Corollary 2.1(1), it
is now easy to see that (2.112) is a complement of r(ker H"2

At
o ‘1/)) in 7o /94
Since 7y (ker H( B&)) depends continuously on (B, V) € E)ﬁs’p (Y) by Theo-
rem 2.1(iv), the last statement follows. O
For t > 1/q, define
(2.113) X(i g = {0, 0,0) € T : (b4, ) € Jors(ker Hip )

® B~ UMQO(E) @ 0},
the subspace of 7% whose boundary values lie in (2.112). Likewise, define

(2.114) X o =ctinxh o cThe

(B,¥) (B,¥)
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By the above lemma, the domains X(B gy and X(;B p) are such that their
boundary values under r and ry, are compfementary to the boundary values
of ker HE’; ) and ker Hf’g, v) respectively. Thus, we expect these domains
to be ones on which the operators 'H( B,0) and H( B.w) are invertible elliptic

operators. This is exactly what the followmg proposition tells us.

Proposition 2.2. Let (B,V) € M*P(Y) and assume all the hypotheses of
Theorem 2.1. Let t > 1/q and q > 2 satisfy (2.92) or more generally (2.91).
Then the maps

(2.115) Hipw) : Xy = T,
(2.116) Hw): X(t;é’,q,) - KEJ_B,l\i?)

are isomorphisms. Moreover, we have the commutative diagram

X{fay — T
(2.117) j j
, His,w) t—1,
X8 ) Kis,9)

In particular, we can take (t,q) = (s +1,p) in_ the above.

The previous statements all remain true zfX (B,0) and X(B ) are replaced
with X(B, gy and X(B, gy Tespectively, for (B’, ") € M*P in a sufficiently
small BSP(Y') neighborhood of (B, V).

Proof. The map H(B o) c T T g surjective, by unique continua-
tion, and by restricting to Xta (B,w)> We have eliminated the kernel. Indeed, r :

ker H - — ’Z'E V4.9 i an isomorphism onto its image and r(ker H(’q ))

= 0, whence ker H( gy NX" X'4 = (. This proves (2.115) is an isomor-
phism. For (2.116), the same argument shows that (2.116) is injective. Indeed,
s ker(H(pw)lcta) — ’Z'Et Yaa g injective by Corollary 2.1(ii) and
Remark 2.2, and

rs(ker H (g glcta) N re X5 = ry(ker HE’]_?),’\I,)) N Jyry (ker Hzg,\l/))) =0

by Theorem 2.1(i). It remains to show that (2.116) is surjective. We already
know that Hp v : D TH — IC( ) is surjective by assumption. So given any
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(a,¢) € T*P, we need to find a (b,v) € Xf}g ) such that Hp v)(b,) =
H(,w)(a,¢). Without loss of generality, we can suppose (a,¢) € Ch4 by
(2.38) and since ‘]fg,\l/),t C ker Hzg,‘l?' Since the condition (b,1)) € X&g"l’)
imposes no restriction on the normal component of b at the boundary, we
only need to make sure that rs(b,v) € Jrs(ker H'Z ). Since we have a

(B,¥)
decomposition

th_l/q’q = ry(ker 'HYE’E’\P)) @ Jyrs (ker Hfg,\p))v
we can write rx(a, @) = (ag, ¢o) + (a1, ¢1) with respect to the above decom-
position. Now let (b,v) = (a,¢) — Pp,w)(ao, ¢o), where P p ) is the Pois-
son operator of HYE’;,‘I’) with range equal to ker(H(B7\I;)’Ct,q) as given by

Theorem 2.1. It follows that (b, ) € ng\ll), since 5 (b, v) = (a1, ¢1) € Jurs
(ker Hg’%) and that (b,4)) € C"? since both (a, ) and P v)(ao, o) belong
to Cb4. Thus, (b,¢) € X(tg,q,) and we have HE’E,@)(’W) = H?Eg’q,) (a, ). So
(2.116) is surjective, hence an isomorphism.

The commutativity of the diagram (2.117) now readily follows since
(2.115) is an isomorphism which extends the isomorphism (2.116). Finally,

for the last statement, we know that the space ng ) varies continuously
with (B, W) since the space Lg}é,‘i’q varies continuously. Since \7(%1’\1}) C

it =
X (5. for all (B, W), it follows that

t, q . t—1/q,
X gy =Tera {w € T :r(x) € L 407,

. . . t, t7q .
where HCfg{@) is the projection of 7% onto C(B’\I/) given by (2.38). From
this, we see that X&ng) varies continuously since Ll(t’g’\p) and *7(%’1,\11),t vary

continuously. The continuity of X(tg y) and ng y) With respect to (B, ¥)
implies the last statement. O

The above proposition will be important when study the analytic prop-
erties of the spaces M*P(Y) and M*P(Y) in the next section, where we will
need to consider the inverse of the operator (2.116). The point is that by
restricting the domain of the Hessian operator H g ), it becomes invertible
and its inverse smooths by one derivative in a certain range of topologies
depending on the regularity of the configuration (B, V). Thus, the inverse of
H(p,w) behaves like a pseudodifferential operator of order —1 in this range,
which is what one would formally expect since H(p ) is a first-order oper-
ator. In particular, for (B, V) smooth, we have the following corollary:
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Corollary 2.2. If (B,V) € M is smooth, then for all ¢ > 2 and t > 1/q,
the maps

(2.118) Hpy : X(E gy — T,
(2.119) Hpw) : X(tng) - /cfg}g)

are isomorphisms.
3. The space of monopoles

Having studied the linear theory of the Hessian operators 7'~£( B,w) and H(p )
in the previous section, we now study the space of Besov monopoles MM*P (Y s)
and M*P(Y,s) on Y. Under suitable hypotheses, we show that these spaces
are Banach manifolds and their local coordinate charts obey important ana-
lytic properties. Moreover, we show that smooth monopoles are dense in
the spaces M*P(Y,s) and M*P(Y,s), so that these Banach manifolds are
Besov completions of the smooth monopole spaces M(Y,s) and M(Y,s),
respectively. These analytic properties are crucial for the analysis in [10].

Notation 3.1. Recall that T(‘ED\I,) = T(p,w)&P(Y) is the tangent space to a
configuration (B, V) € €¥P(Y'). Since all these tangent spaces are identical,
in the previous section we worked within one fixed copy and called it TP,
Now that we will work on the configuration space level, it is appropriate to
keep track of the basepoint at times and we reintroduce this into our notation,
though there really is no gain or loss of information by adding or dropping
the basepoint from our notation.

Recall that we have fixed a spin® structure s from the start, which up to
now, has not played any role in the analysis we have done. We now consider
the following assumption:

(3.1) c1(s) is nontorsion or H(Y, %) = 0.

The following lemma is the fundamental reason to make the above assump-
tion:

Lemma 3.1. Suppose (3.1) holds. Let s > max(3/p,1/2). Then for every
(B,¥) € MoP(Y,s), we have H(p v : ’]E%”?\I,) — K?A% is surjective.

Proof. There are two cases s > 1 and s < 1. We deal with the latter case,
with the more regular case s > 1 being similar. So for s < 1, there are two
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main steps. First, we proceed as in the proof of Theorem E.2 to show that any

element in the cokernel cl)f Hp,w) T(‘;’f v~ IC(S;’{I’IP) must be more regular,
s+

in fact, it must lie in IC( B;;. This follows because an element in the cokernel
of Hp,w) satisfies an overdetermined elliptic boundary value problem, and
thus we can bootstrap its regularity. Once we have enough regularity, we
can integrate by parts, which shows that any element (b, ) € ngﬁ,’; in the
cokernel of Hfg,\y) must satisfy H g v)(b, 1) = 0 and rs(b,¢) = 0. From here,
the second step is to apply the unique continuation theorem, Corollary E.1,

to deduce that the cokernel of Hf}g ) is zero.

For the first step, by Lemma 2.9, we know that Hp ¢) : T(jé],?\y) — {C‘(Sglq,’;
has closed range and finite-dimensional cokernel. Letl(b, V) € ’T(E\‘;)p ,p =
s—1,
(B,‘I’I;

im Hﬁ& . Indeed, we have that 7 }B_\‘;)p " is the dual space of ’]E‘jg_&,)p by The-
orem C.4. Next, we have the topological decomposition

p/(p—1), be an element in the dual space of K which annihilates

1-s,p" _ 71-s5p 1—s,p’
(3.2) 7’(37\1,{) = j(B,q/])D,t © IC(B,\I/]L), :

This follows from the decomposition (2.37), since one can check that the
map (2.43), by duality, is bounded on ’Za;\‘;j)p . More precisely, by our choice

of s, we have the multiplication maps

B*P(Y) x B*P(Y) — B*P(Y),
BSP(Y) x B VP(Y) — BSLP(Y),

which by duality means that the multiplications

(3.3) BSP(Y) x B™*P(Y) — B™*P'(Y),
B*P(Y) x BI™5P (V) — BI=5P (V)

are also bounded. Thus, repeating the proof of (2.37) shows that there

exists a bounded projection of ’T(g\ij” " onto j(l'gfp}; " through Kg];il’g, for
7p

(B,¥) € €5P(Y). This proves (3.2). Since \7(15;3,’% and ICEE},I,N ann%hilate
each other, we see can choose our annihilating element (b, ) € IC(lg \If; since

im (H?}g \I,)) - K?;l\l’f;. Moreover, the fact that (b,1) annihilates im (Hfg \I,))
also means that H(p ¢)(b, 1) = 0 (weakly, i.e., as a distribution). Altogether

then, we see that we have the weak equation

(3.5) Ho(b, 1)) = (B — Bre, U)#(b, ).
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Everything now proceeds as in the bootstrapping argument in Theorem E.2,
but with modifications since the multiplication term is not smooth. Because
of the multiplication (3.4), we have (B — Bieg, ¥)# (b, ) € T*~5#. By Theo-
rem D.1(i), ru(b, ) € ’T;_S_l/p/’p/ is well defined. Applying Green’s formula
to the symmetric operator H g y), we obtain for all (a,¢) € T that

(3.6) 0= (HBw)(a, ¢), (b:¥))r2vy — (@, 9), Hp,w) (b ¥)) L2(v)
= —w(rg(m ¢)7 Tg(b, ¢))

In the first line, we used that (b,%) annihilates im (H(py)) and Hp )

(b,9) = 0 (weakly). In the second line, we use that rx(b, ) € 721—5—1/p',p' is
well defined. Since (3.6) holds for all (a,¢) € 7, we have ry(b,1) = 0. This
boundary condition together with (3.5) implies that we have an overdeter-
mined elliptic boundary value problem (cf. Proposition 2.2, we have r(b, ) €
0@ B'=s~1/P"P'Q0(%;iR) @ 0). By Theorem D.1, this means we gain a deriva-
tive and so (b,v) € T(?;\i)p/ This implies (B — By, ¥)#(b, ) is more regular
than an element of 7175=2/7"?" and we can elliptic bootstrap again. We keep
on boostrapping until we obtain (b, ) € T(gré/’)p , which is one derivative more
regular than the maximum regularity of (3.5) since (B, V) € 9M*P(Y"). Thus,

(b,9) € ICfH’I; is now a strong solution to H g ¢)(b,?) = 0.

We can now use Corollary E.1, since ICSH’Z; C IC%B2 wy> @ p > 2. This
theorem implies the followmg Either (b,7) =0, in which case the coker-
nel of Hp v) :T(B v) IC( ’) is zero, or else (B,\I/) = (B,0) and 1/1 =0,
be HY(Y,%;iR). In the former case, our map Hp y) : T(B v~ IC(B \17/)
surjective and we are done. For the latter case, we apply assumption (3.1).
In case c1(s) is nontorsion, det(s) admits no flat connections, hence, we can-
not have a reducible configuration (B, ¥) = (B,0) to be a monopole, else
B! would be a flat connection on det(s). In case H'(Y,X) = 0, then we see

(b,1) = 0 and the Hessian is surjective. This proves the lemma. O
Assumption 3.1. For the rest of this paper, we assume (3.1) holds.

So let us fix Y and s satisfying (3.1), and write 9P = 9MP(Y,s) and
M®P = 9P (Y, s) for short. The conclusion of the lemma guarantees that
we have transversality for the monopole equations. This implies the following
theorem:

Theorem 3.1. For s > max(3/p,1/2), M>P and M>P are closed subman-
ifolds of €P(Y').
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Proof. For any smooth (B,¥) € €(Y), one can verify directly that SW3
(B,V) € K(pv).** Thus when (B,¥) e €¥P(Y), we have SW3(B,¥) e
K{ gy, since the map dij g T35 4 — B**PQ(Y;R) is still bounded by
our choice of s. Proceeding as in [6, Chapter 12|, we can therefore think of
SWj : €5P(Y) — K571P(Y) as a section of the Banach bundle K*~1P(Y) —
¢5P(Y") (see Proposition 2.1). The previous lemma shows that SW3 is trans-
verse to the zero section. More precisely, from Proposition 2.1, we have
that C*~1P(Y) — &*P(Y) is Banach bundle complementary to the bundle
JTP(Y) — €52(Y), which means that for any configuration (By, ¥g) €
¢5P(Y"), there exists a neighborhood U of (By, ¥) in €5P(Y) such that

1, 1,
(3.7) e orn  Kip ) = Kig, )

is an isomorphism for all (B, ¥) € il. Here, H}Cfgol:go) : T(‘;&lf — IC‘(S;;”SO) is

the projection through ‘7(“(’;9_01\’50) , given by (2.45). Thus, if SW3(Bo, ¥g) = 0,
we consider the map

— . 5717p
(38) f = H}C(S;Oljgo)swg . Ll — ’C(Bo,\lfo)'

Then f(B,V) =0 if and only if SW3(B, V) =0, and at such a monopole,
we have

S, . S, 571’
(3.9) Dy f =cerr H(g,xp) 'T(BI,)\I/) - K:(Bo,éo)'

(B, %p)

By Lemma 3.1, Hp y) : T(“jg’{’\p) — le];l\I’f; is surjective, and so since (3.7) is
an isomorphism, this means D(p y)f is surjective for all (B, ¥) € 4. Thus,
we can apply the implicit function theorem to conclude that f~1(0) is a sub-
manifold of €5P(Y). Since we can apply the preceding local model near every

monopole, it follows that 9> = SW51(0) C €*P(Y) is globally a smooth

20This is no coincidence. On a closed-manifold Y, the Seiberg-Witten
equations are the wvariational equations for the Chern—Simons-Dirac func-
tional, see [6]. In other words, SW3(B,¥) is the gradient of the Chern-
Simons-Dirac functional CSD, i.e., the differential of CSD at (B, V) satisfies
D p,5)CSD(b,v) = (SW3(B, V), (b,v)) so that SW3(B, ¥) vanishes precisely at the
critical points of CSD. When 9Y is nonempty, we still have D(p ¢)CSD(b, 1)) =
(SW3(B, %), (b,7)) =0 for (b,1)) vanishing on the boundary, in particular, for
(b,9) € T(B,w)¢- Since CSD is invariant under the gauge group Gigq,s(Y'), this
means (SW3(B,¥), (b,v)) = 0 for all (b,9) € J(,w)+- S0 SW3(B,¥) € K(p,v), the
orthogonal complement.
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Banach submanifold. Lemma 2.2 implies that we have the product decom-
position

(3.10) MP =GP (V) x MOP.,

Thus M*? is also a submanifold of €%P(Y"), since gfdfalvp (Y) is a smooth
Banach Lie group by Lemma 2.1. The closedness of 91%P and M?*P readily
follows from the fact that these two spaces are defined as the zero set of
equations. Il

Remark 3.1. Note that we can take the open neighborhood i C €$P(Y)
of (By, ¥) to contain a ball in the L?(Y) topology (so that il is a very large

open subset of €*P(Y)). Indeed, this is because IC‘E;}”@I) and j(‘gjlfo)i are

complementary for any (By, V1) in a sufficiently small L?(Y") neighborhood
of (B, ¥p), and so the map (3.7) is an isomorphism for (B, V) = (B, ¥q).
To show this, it suffices to show that

s—1,p s—=lp  _
(3.11) ’C(Bl,\pl) n ‘7(Bo,\Do),t =0

Indeed, this will show that (3.7) injective. However, it must also be an
?1;1\1’/13 varies continuously with (B, ¥) € €5P(Y) as a
consequence of Propositvion 2.1. Namely, since (3.7) is an isomorphism for
(B,V) = (Bo, ¥g), then if it is injective for all (B, ¥) = (B(t), ¥(t)) along
a path in €*P(Y) joining (Bop, ¥o) to (B, ¥1), then it must also be an iso-
morphism for all such (B, V).

We now show (3.11). Note that an element of K5, )ﬂj(‘gj\fo),t is

(B1,%4
determined by a ¢ € B¥PQY(Y;iR) that solves

isomorphism, since K

(312) A& + Re (\Ifl, \I’(])f =0,
(3.13) s = 0.
Using elliptic regularity for the Dirichlet Laplacian, we bootstrap the regu-
larity of £ to obtain & € B22Q%(Y;iR). Writing A + (U1, ¥g) = A + |¥g|2 +

Re (¥; — ¥g, ¥g), we see that the operator A + (¥, ¥y) is a perturbation
of the operator

A+ T : B22QY(Y;iR) — L2Q°(Y;iR),

whose domain B?2QY(Y;iR) consists of those a € B>2Q°(Y;iR) such that
aly = 0. We showed that this latter operator is invertible in the proof of
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Lemma 2.3. It follows that if the multiplication operator Re (¥; — Wq, ¥q)
has small enough norm, as a map from B?2(Y') to L?(Y), then the operator
A+ Re (¥, V() remains invertible and the only solution to (3.12) and (3.13)
is £ = 0. We have

(3.14)
[Re (U1 — Wo, Wo)al|2(vy < W1 = Wollp2(v) [ Woll e vy llll os (v
< C[|¥1 — Yol L2 vy [ Wol

o) llellB22y)

since both B®P(Y) and B*2?(Y) embed into L*°(Y). Hence, if ||[¥; —
Wol|z2(yy) is sufficiently small, we see that the only solution to (3.12) and
(3.13) is £ = 0, which establishes (3.11).

Theorem 3.1 proves the first part of our main theorem. However, to
better understand the analytic properties of these monopole spaces, we want
to construct explicit charts for our manifolds 99t%P and M*P. Furthermore,
we want to show that smooth monopoles are dense in these spaces. These
properties are not only of interest in their own right but will be essential
in [10].

In a neighborhood of (B, ¥) € M*P, the Banach manifolds 9t*? and
M?*P are modeled on their tangent spaces at (B, V), namely ker H( B
and ker(H g w)|cs») = ker(ﬁ(B’\I;)’Ts,P), respectively. Moreover, the tangent
space to our manifolds at (B, ¥) are the range of operators which are “nearly
pseudodifferential.” Indeed, in the previous section, we constructed a Pois-
son operator P y) whose range is ker(H g w)|7+»). Since this operator is
constructed from the Calderon projection P(Ey\y) and the Poisson operator

P( B for the augmented Hessian H( B,w), both of which differ from pseu-
dodifferential operators by a compact operator, it is in this sense that P(p y)
is close to being pseudodifferential.

Let (Bl, \Ifl), (B(), \I/()) € Q:S’p(Y) and write (b,'lﬂ) = (Bl — By, ¥y — \I/())

Then we have the difference equation

(3.15)
SWs(By, ¥1) — SWs(Bo, ¥o) = H(p,,w,) (b, 1) + (07 (1), p(b)1)),

which reflects the fact that SW3 is a quadratic map. The linear part, is
of course, given by the Hessian, and its quadratic part is just a pointwise
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multiplication map. Thus, we define the bilinear map
q:7xT—1T,

(3.16) Qb1 1), (b t52)) = <p_1(¢1¢§)07 %(,o(ln)?/)z + p(b2)¢1))

which as a quadratic function enters into the Seiberg—Witten map via (3.15).
The map q extends to function space completions as governed by the multi-
plication theorems. Observe that ¢ is a bounded map on 7P since B*P(Y")
is an algebra. This is key, because the Seiberg-Witten map SWj is the sum
of a first-order differential operator and a zeroth-order operator, and using
Proposition 2.2, we have elliptic regularity for the linear part of the operator
on suitable domains.

From these observations, we can prove the following important lemma
which we will need to show that smooth monopoles are dense in %2,

Lemma 3.2. Let s > max(3/p,1/2). Let (Bgy, Vo) € M*P. Then BtLP(Y)
configurations are dense in the affine space (Bo, Vo) + T(g,,w,) M*P.

Proof. Pick any smooth (B;1,V;) € €¢(Y) in Coulomb-gauge with respect
t0 Bhet. Let (b,9) = (B1 — By, ¥1 — ¥y). Then from (3.15) together with the
Coulomb-gauge condition, we have

(317) Hfgo,\po)(l% w) = SW3(Bl7 \Ill) - q((b7 ¢)7 (b7 1/}))7

where on the right-hand side the first term is smooth and the second term
is in 7°P. Applying Proposition 2.2 with (¢,q) = (s + 1,p), we see that

(b)) € (V,9') 4 ker(H (g, w,)l7:») for some (V',9) € ngié’o) C T5tLP, In

other words, if we invert 7?(?}507%) in (3.17), we find that (b, ) is equal to a

smoother element (V',4’), modulo an element of the kernel of ﬁfgm%) Tam. It
remains to show that B¥1?(Y) configurations are dense in the latter space.
First, we have B*T1P(Y) configurations are dense in ker’Hfgm%) C TP
by Corollary D.2 and Lemma 2.6. Similarly, B*1P(Y)) configurations are
dense in I'g, the subspace given by (2.105). This follows from the con-
struction of I'y. First, we have I'g is a graph of the map ©g, which is
defined over ker A C B*PQ°(Y;iR), and smooth configurations are dense
in ker A by Corollary D.2. We now apply Proposition 2.2 with (¢,q) =

(s +1,p), since the map Oy is defined by inverting the Hessian. Altogether,
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we see that B*T1P(Y)) configurations are dense in I'g. Because of the decom-
position (2.105), it now follows from the density of B*T1P(Y) configura-
tions in ker Hfgo W) and Ty that B*t1P(Y) configurations are dense in

ker(H(py,wy)|70) = T(By,u,) M.

Altogether, we have shown that (Bo, Vo) + T(p, v, M = (B1, ¥1) +
V', 4") + T g, wy) M*P, where (Bi,¥1) is smooth, (V,4') € T*t1P, and
B*+tLP(Y) configurations are dense in T(By,w,)M*P. This proves the lemma.

U

From Theorem 2.1, given (By,¥g) € M*P we have a projection
T(By,Wo) = P(By,w0)TS T(‘jg’i%) — T(By,w)M> onto the tangent space
T(By,w)MM*P for any (Bo,¥o) € M>P. Thus, locally M>P is the graph of
a map from T(p, ¢, \MM>P to any complementary subspace in T;’: vy We
wish to describe the analytic properties of this local graph model in more
detail. First, we record the following simple lemma which describes for us

natural complementary subspaces for (g, y,)9*".

Lemma 3.3. Let s > max(3/p,1/2). Given any (B, ¥o) € M*P, we have
the direct sum decomposition

(318> 7-(%1;,\1/0) - T(Boy‘lfo)mts,p b XF,B}),\I/)

for any (B, V) € M>P sufficiently BP(Y') close to (By, Vo), where Xis;\y)
is defined as in (2.114).

Proof. By Lemma 3.1, H(p, w,) :72‘27; w,) IC?;OI’SO) is surjective. Thus,

(3.18) follows readily from T(Bm%)mSvpzkeergo,%) and Hp, w,) :

xp o~ Kf];;’go) being an isomorphism by Proposition 2.2. Note also that

X(]’S,p’q,) is the kernel of the projection m(p g) : T°P — Tg g)M*P. O

Using any one of above complementary subspaces for T{g, ¢,)9MM*" (we
will always use X Sgo v, for simplicity), we can describe the Banach man-
ifold 9t%P locally as7foilows. In the proof of Theorem 3.1, we introduced
the local defining function f in (3.8) on a neighborhood 4 C €*P(Y") so that
MsP N = f~1(0). In other words, we used the implicit function theorem
for f to obtain 99t*P. On the other hand, we can describe 9®? in an equiva-
lent way using the inverse function theorem, as in the framework of Theorem
B.1, whereby 9P is given locally by the preimage of an open set under dif-
feormophism rather than the preimage of a regular value of a surjective map.
This means we need to construct a local straightening map as in Definition
B.2. Following the same ansatz in Theorem B.1, we have the following;:
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Lemma 3.4. Let (By, Vo) € M*P, and let X = T(‘Ej Wo)? Xo = Ty, w)MM*P
and X1 = X?

(;’3”0 Vo)’ We have X = Xo ® X1 and define the map

(3.19)
Fiywe) : Xo® X1 — X,

z = (20,21) = @0 + (H(pyw) %) Micez1e SWi((Bo, Yo) + ).
(i) Then F(p,w,)(0) =0, DoF(p, v, =0, and Fip, w,) is a local diffeo-
morphism in a B¥P(Y) neighborhood of 0.

(ii) There exists an open set V C X containing 0 such that for any x € V,
we have (Bo, Yo) +z € M¥P if and only if F(p, v, (r) € Xo. We can
choose V' to contain an L*(Y) ball, i.e., there exists a § > 0 such that

VO {reX: ||y <6}

Furthermore, we can choose 6 = §(Bo, ¥q) uniformly for all (By, Vg)
in a sufficiently small L>(Y) neighborhood of any configuration in
MSP.

(iii) If (Bo,¥g) € M*®P then for any x € V N C(ng%), we have (By, ¥o) +

x € M*P if and only if Fip, v, () € Xo N C(sgmq’o)'

Proof. (i) We have F(g, v,)(0) = 0 since SW3(Bo, ¥¢) = 0. Furthermore, the
differential of F(p, y,) at 0 is the identity map by construction; more explic-
itly,

(DoF(pyw,)) (@) = 20 + (H(p, we)lx:) =10 H(p, w,)(2)

(Bo,¥0)

= z0 + (H(B, w0)|x:) " H(Bo,we) () = 0 + 1.

So by the inverse function theorem, Fp, y,) is a local diffeomorphism in a
B#P(Y') neighborhood of 0.

(ii) Observe that F g, w,)(z) € Xo if and only if the second term of (3.19),
which lies in X7, vanishes. Let (B, ¥) = (By, ¥¢) + 2. Then for z in a small
L?(Y') neighborhood of 0 € X, call it V, we know by Remark 3.1 that (3.7)
is an isomorphism. Since SW3((Bo, ¥g) + z) € IC?;l\I’,p) and (H(p,w)lx,)
is an isomorphism, it follows that the second term of (3.19) vanishes if and
only if SW3((BO, Uy) + x) vanishes, i.e., if and only if (By, ¥g) + x € MSP.
Equation (3.14) shows that the size of this L?(Y) ball depends only on
[Wol[ £ (y), and this implies the continuity statement for 4.



The Seiberg—Witten equations on manifolds with boundary I~ 627

(iii) Since X1 C C( ) by (2.114), we have that Fp, v,)(z) € C(5 g,
if and only if z¢ € Cfbm%). Then (iii) now follows from the previous steps

. . . . S,p
via intersection with C( Bo,Wo)" O

Thus, the map Fip, y,) in the above lemma is a local straightening map
for MM*P (where we translate by the basepoint (By, ¥() so that we can regard
IM*P as living inside the Banach space ’]E‘Zlf; 7%)) such that its restriction
to C(sgm%) yields a local straightening map for M*? if (By, ¥g) € M*P.
In Theorem 3.2, we will show, in the precise sense of Definition B.2 that
F(B,,1,) is a local straightening map for M*? within a “large” neighborhood
of (By, V), where large means that the open set contains a ball in a topology
weaker than the ambient B*P(Y') topology. First, we need another important

lemma, which allows us to redefine Fp, g,) on weaker function spaces:

Lemma 3.5. Let (By, Vg) € M*P for s > max(3/p,1/2).

(i) Ifx € ’T(“jg’ﬁ w,) » then we can write Figywo)(z) as

(3.20) FiByw,)(7) = 2 + (H(BO,%)|X;;01;gg>)_lﬂlc;go,%ﬂ(% )
(3.21) =7 + Q(B,,w,) (T, T),

where q is the quadratic multiplication map given by (3.16).

(ii) The map (H(Bm\ljo)’X(erlyP ) Mgsr TSP — T5TLP entends to a

B, ¥o) (Bo.¥o)
bounded map

3.22 H(p, w s+1,p _IH;C&P LT — Hl’qT
(Bo,%o)l X

(Bg,¥q) (Bg,¥0)

for any 1 < q < o0.

(iii) Let 3 < q < oo. Forx € LY (g, w,), define F(p, w,)(v) by (3.21). Then
Figywo) : LT (By,wy) — LT, w,y) 15 a local diffeomorphism in a LY(Y')
neighborhood of 0.

Proof. (i) With = = (x0, 1) as in Lemma 3.4, we have

(3:23) F(z) =0+ Mipowylxsy ) e SWa((Bo, Wo) + )

(Bg,¥0)
=20+ (Hpowo)lxig o) T (Hio,wn) (@) + a(z, 7))

= x0 + 21 + (H(gy,0) | x ) M1 q(z, 2).

(Bg,¥0) (Bg,¥q)
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Next, since B¥P(Y) is an algebra, then q(z,z) € 75P. It follows that in
(3.23), we may replace H’Cigl,}? with H,C?,p - From Proposition 2.2, we
B, ¥

0,%0)

know that we have isomorphisms
. S’p s_l’p
H(Bo,‘lfo) . X o,‘I/o) — IC

(B (Bo,¥o)’

. +1, .
H(BO:‘IJO) : X(SBoy‘l’po) - ’Cfé)ov‘l’o)’

from which it follows that if y € ngo’%), then H(}lo’%)(y) € X(SEO{@O). The
decomposition (3.20) now follows.

(ii) First, we note that Lemma 2.3 extends to Sobolev spaces, since its
proof, which involves studying elliptic boundary value problems, carries over
verbatim to Sobolev spaces (see Appendix Appendix D) so long as the requi-
site function space multiplication works out. In this case, we want H/CE’O,%)
to yield a bounded map on L97, in which case, the bounded multiplications

that we want are the boundedness of

(3.24) B¥P(Y) x HM(Y) — LY(Y),
(3.25) B¥P(Y) x LY(Y) — H™Y9(Y),

cf. (2.28) and (2.29). However, these are straightforward, because we have the
embedding B*P(Y) — L*(Y’), and we have the obvious bounded multipli-
cation L>®(Y) x LY(Y) — L%(Y), which therefore trivially imply the above
multiplications.

From this, it remains to show that (H(Bo,\lfo)|ng;;go))_l extends to a

bounded map LI7T — HY“T. However, the exact same considerations show
that this is the case due to the boundedness of the above multiplication
maps.

(iii) We have a bounded multiplication map LI(Y) x L4(Y') — L9/%(Y),
and for ¢ > 3, we have the Sobolev embedding H'9/2(Y) < L9(Y). Hence
(ii) implies that the map F{(p,y,) is bounded on LT for g > 3. Since
F(By,w)(0) =0 and DoFp, w,) = id, the inverse function theorem implies
F(B,,w,) is a local diffeomorphism in a L(Y") neighborhood of 0. 0

Thus, from now on, we may work with the expression (3.21) for Fip, v,)
since it coincides with (3.19) when the latter is well defined.

Given the local straightening map F{p, y,) and the various properties
it obeys above, we now import the abstract point of view in Appendix
Appendix B into our particular situation to construct charts for 991%P. This
gives us the following picture for a neighborhood of the monopole space

M>P. At any (By, ¥g) € M*P, letting X = X(sgo’%) be a complement of
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MsP C Cs.p(y)

(Bo, ¥o)

Figure 1: A local chart map for 9P at (By, Po).

T(By,w,) P as in Lemma 3.3, then near (Bo, ¥p), the space IM>P(Y) is
locally the graph of a map, which we denote by E(IB()’%), from a neighbor-
hood of 0 in T, ) MM*P to X; (see Figure 1). The local chart map we
obtain in this way for 9*P(Y) is precisely the induced chart map of the
local straightening map F(p, v,) above, in the sense of Definition B.3. In
addition, we show that the map E(le%) is smoothing, due to the fact that
the lower order term Q(p, w,) occurring in Fp, ), as defined in (3.21),
is smoothing, i.e., it maps T(%’f,%) to ’T(‘;tlﬁ) Moreover, for any ¢q > 3,
we show that F(p, y,) is a local straightening map in some L7(Y’) neigh-
borhood of (By, ¥y). Consequently, the induced chart maps we obtain yield
charts for L4(Y') neighborhoods of 9t*P, which are large neighborhoods when
viewed within the ambient B*P(Y") topology. This latter property will be
very important in [10], and it is the analog of how the local Coulomb slice
theorems for nonabelian gauge theory allow for gauge fixing within large
neighborhoods (i.e., neighborhoods defined with respect to a weak norm) of
a reference connection (see, e.g.,[19, Theorem 8.1]).2!
We have the following theorem:

Theorem 3.2. Assume s > max(3/p,1/2).

(i) Let (By, Vo) € M*P and X; = ngm%) be a complement of T(p, w,)

MSP in T(;z; Vo) Then there exists a neighborhood U of 0 € T(p, w,)

21Such gauge-fixing properties are important for issues related to compactness,
since in proving a compactness theorem, one considers a sequence of configurations
that are bounded in some norm, hence strongly convergent along a subsequence
but with respect to a weaker norm. If one wants to gauge fix the elements in the
convergent subsequence, one therefore needs a gauge-fixing theorem on balls defined
with respect to the weaker norm.
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IM>P and a map E(lB0 wo) U — X; such that the map

(326) E(B(J,‘I’o) U — f.)ﬁs’p,
x +— (Bo,¥g) +x+ E(lBov\I,O)(x)

is a diffeomorphism of U onto an open neighborhood of (B, ¥q) in
M>P. We have E’(B v )( ) =0, DUE(BO w,) = 0 and furthermore, the
map E(B0 wy) Smooths by one derivative, i.e. E(IB0 v (@) € TSBH\’;) for
allz e U.

(ii) Letq > 3. We can choose U such that both U and its image E(p, w,)(U)
contain L1(Y') neighborhoods, i.e., there exists a § > 0, depending on
(Bo, ¥y), such that

U2 {z € T(p,w) M : ||| Layy < 0},
Eyw)(U) 2 {(B,¥) € M*P: ||(B,¥) — (Bo, ¥o)| pa(yvy < 6}

The constant 6 can be chosen uniformly in (By, Vy), for all (By, Vo) in
a sufficiently small L>°(Y") neighborhood of any configuration in P,

(iii) If (Bo, Vo) € M*P, then the map E(p, w,) restricted to U ﬁCfg W) 18
a diffeomorphism onto a neighborhood of (By, ¥q) in M*P.

(iv) The smooth monopole spaces M and M are dense in IM*P and M*P,

respectively.

Proof. (i-ii) Given ¢ >3, consider F(p, v,y as defined by (3.21). By
Lemma 3.5(iii), Fp,,v,) has a local inverse F(f1 o) defined in an L? neigh-

borhood, call it Vy, of 0 € L7 (g, y,). First, we show that F( o) (equiva-
lently, F(p, w,)) is regularity preserving, namely, that Fip ( ) e T, ‘jg’p W)
if and only if x € T(s’p gy M V- In one direction, suppose F ( ) belongs

to T;B Vo)
(F(;, - )( x)) € T(‘jép\y) In the other direction, if x € T(E}p\p )» we apply

(3. 21) to obtain

Then since Fp, y,) is continuous on ’]E Wo)! then J: = F(B,,w,)

F(_Blo,‘I’o)(x) T Q(BO’\I’O)(F(_B:L‘I’U)( z), F(_Bo ‘I’o)( z))-

A priori, we only know that F(jglo %)(:13) € L7, w,)- However, in the above,

we have x € 72%7;’%) and Q(p,,w,)(T) € HY/2T by Lemma 3.5. When ¢ > 3,
then Q(p, w,) always gains for us regularity, and so we can bootstrap the
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regularity of F (_1 )(x) until it has the same regularity as x. Thus, this

shows that x € 7°P if and only if F( ! )( x) € TP,

Shrink V; if necessary so that Vj ﬂ Ts’p C Vo, where V5 is defined to be
the open set in Lemma 3.4(ii). Th1s is possible since V5 contains an L?(Y)
ball and ¢ > 2. Then if we let V' =V, N TP, then V satisfies the key prop-
erty of Lemma 3.4(ii), namely if 2 € V, then (By, ¥Vg) + = € M*? if and only
if F(z) € Xo. The key step we have done here is that we have shown that
F(}loy%) is well defined on the open set V, so that F(p, y,) becomes a local
straightening map for 9*? within the neighborhood V' of (By, ¥y) € IM5P.
Indeed, with just Lemma 3.4, we would only know that F(p, ¢, is a straight-
ening map for a small B%P(Y') neighborhood of (By, ¥y) € MSP, which is
what we get when we apply the inverse function theorem for Fip, y,) as a
map on 7*P. Here, by rewriting F(p, y,) in Lemma 3.5 in a way that makes
sense on L9, we get an L9 open set on which we have the inverse F, ( B o)’
The smoothing property of Q (Bo,Wo) allows us to conclude the regularlty
preservation property of F( Bo.To)’ i.e., it preserves the B*P(Y") topology, so
that altogether, the map F(p, y,) is a straightening map for 9*” on the
large open set V' C 7P,

Once we have the local straightening map F{p, y,), the construction of
induced chart maps for 91%P now follows from the general picture described
in the appendix. Letting U = F(V') N Xo, the map E g, y,) is given by

(3.27) E(Bo,\I/o)( ) (Bo,\I/[)) + F(B N )( ), e U.

The map E(lB0 \DO)(x) is just the nonlinear part of Eg, y,)(7), and it is given
by

(3.28) E(lBo,\IJO)( T) = F(Blo,\po)( T) -2
(3.29) = —Q(BO,\IIO)(F&;O,\I;O)( ), (Blo,\po)(x))v rel.

The smoothing property of E(lBo,\I'O) now readily follows from the smoothing
property of Q (g, w,)- By construction, U contains an LY(Y) ball since V' does.
This implies E(p, ¢,)(U) contains an L4(Y") neighborhood of (B, ¥o) €
MP(Y), since M N ((Bo, ¥o) +V) = E(Bo,\IIO)(U)~

Finally, the local uniform dependence of § can be seen as follows. First,
the constant ¢ of Lemma 3.4 can be chosen uniformly for (By, ¥p) in a
small L*>(Y) neighborhood of any configuration in 9t*P. Next, the map
FiByw,) : LYT — LT varies continuously as (By, V) varies in the L>(Y")
topology. It follows from the construction of V' that we can find a fixed §
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such that V' contains a é-ball in the L4(Y") topology as (By, ¥() varies inside
a small L>°(Y') ball. We have now established all statements in (i-ii).

(iii) This follows from the above and Lemma 3.4(iii).

(iv) By Lemma 3.2 and the smoothing property of E(IBO’\I,O)7 we have
that M*t1P is dense in M*®P. Iterating this in s, we see that M is dense in
M?®P. Since smooth gauge transformations are dense in the space of gauge
transformations, it follows from the decomposition %7 = gfdfal P(Y) x MSP
that 91 is dense in M*P as well. O

Retracing through the steps in the proof of Theorem 3.2, one sees that
the chart maps for 9M*P define bounded maps on weaker function spaces.
This allows us to extend these chart maps to L4(Y") balls inside the closures
of the tangent spaces to 9MM*P in weaker topologies. This yields for us the
following important corollary:

Corollary 3.1. Let (By, Vo) € M*P. Let 1/p < t < s and pick ¢ > 3 accor-
ding to the following: for t = 1/p, set ¢ = 3; else for t > 1/p, choose q > 3
such that BbP — L4(Y). Consider the open subset

U"P = {z € B(T(,w)M7) : 2]l £agyy < 8}

of Bt’p(T(BO,\I,O)Sﬁ&p), the B closure of T(By,we) M*P.

i) For d sufficiently small, E(g .y extends to a bounded map Eg .y :
(Bo,%o) (Bo,¥o)
UbP — €UP(Y). It is a diffeomorphism onto its image and is therefore
a submanifold of €“P(Y') contained in IMLP.

(ii) The constant & can be chosen uniformly for (By, o) in a sufficiently
small L*°(Y') ball around any configuration of IM*P.

The corresponding results hold also for M*P. Finally, all the previous state-
ments hold with the BYP(Y') topology replaced with the HYP(Y') topology.

Proof. We only do the lowest regularity case ¢ = 1/p, since the case t >
1/p is simpler and handled in a similar way. For ¢t = 1/p, then in try-
ing to mimic the proof of Theorem 3.2, we show that the map Fip, y,):
L3T(BO7%) — L3’Z'(B()7\I,O) preserves BY/PP(Y) regularity on a small L3(Y)
neighborhood of 0.

In one direction, starting with x € T(g:’\go), we want to show that F(g, v,)

(z) € T(}B/fproy This means we must show that Qp, v,) is bounded on ThHP.
We have the embedding BY/P?(Y") < L3P/2(Y'). Hence, we have a multiplica-

tion map B'/PP(Y) x BY/PP(Y) < L3/4(Y). Next, the projection s,

Bo:%0)
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onto IC?}%%) extends to a bounded map on L/*T since (By,¥g) is
sufficiently regular (see the proof of Lemma 3.5). Finally when we apply
the inverse Hessian, we get an element of H3/4(Y") (Proposition 2.2 gen-
eralizes to Sobolev spaces, see Remark 3.2). Since we have an embedding
H'3P/4(Y) — B=1/pp(Y) C BY/PP(Y), this shows that Q(B,,w,) is bounded
on BYPP(Y). In the other direction, suppose z € L?’T(BO,\I,O) and F(p, v,)

(x) € ’T(}B/f’go). In this situation, we have Q g, v,)(7) € H1’3/27EBO,\IIO)7 which

embeds into 7'(}3/5’50), and so it follows that z € ’T(gf’quo). (For t > 1/p, we do

not have Q g, v,)(7) € 72%’?]7\1,0), which is why we need ¢ > 3 so that we have
room to elliptic bootstrap.)

All the steps in Theorem 3.2 follow through as before to prove the
corollary for ¢t = 1/p. The arithmetic for the H'P spaces yields the same
result. ]

3.1. Boundary values of the space of monopoles
Define the space of tangential boundary values of monopoles
(3.30) L5TVPP(Y,5) = ryy (IMETV/PP(Y 5)).
By (3.10), we also have
(3.31) L7YPP(Y, 6) = re(MPP(Y, 5)).

With Y and s fixed and satisfying (3.1), we simply write L£571/pp =
L5-1PP(Ys).

We know that M*P is a manifold for s > max(3/p, 1/2) by Theorem 3.1.
Under further restrictions on s, we will see that £571/P is also a manifold
and the restriction map 7y : M5™VPP — £571/PP is g covering map with
fiber Gp, 5(Y'), which, as defined in (2.11), is the gauge group of harmonic
gauge transformations which restrict to the identity on 3. Furthermore, this
covering map implies that the chart maps for M*®?P push forward under ry
to chart maps for the manifold £5~Y/P?. Consequently, the nice analytic
properties of the chart maps for M*®? in Theorem 3.2 induce chart maps for
L£5~1/PP that have similar desirable analytic properties.

First, we establish several important lemmas.

Lemma 3.6. For s> max(3/p,1/2), rv: M — &~1PP(¥) s an
1MIMErsion.
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Proof. This is just Corollary 2.1(ii). O

The following important lemma allows us to control the norm of a
monopole on Y in terms of the norm of its restriction on 3.

Lemma 3.7. Lets—1/p>1/2 ors > 1 if p=2. Then there exists a con-
tinuous function ps, : RY — R such that for any (B, V) € M*P, we can
find a gauge transformation g € G 5(Y') such that

(332) Hg*(B - Brefv \II)HB”’(Y) < Hs.p (HTE(B - Bref7 \I/)HBS—UTW(E)) .

Proof. For the moment, assume (B, ¥) € €(Y) is any smooth configuration.
Define the following quantities:

(3.33)

2
Ean(BAII):i/Yth\Q—i—/YVB\I/]2+111/}/(|\I/|2+(S/2))2—/Y16,
(3.34)

E*P(B, W) = —/

(DLW, T) + / (H/2)| 0P
>

Here s is the scalar curvature of Y, H is the mean curvature of ¥ and D%
is the boundary Dirac operator

(DEW)|s = (p(v) ' Dp¥)|s = (Vi ¥)|s + (H/2) Vs,

where Vp is the spin® covariant derivative determined by B. Thus, D% only
involves differentiation along the directions tangential to 3.

If we view (B,¥) as a time-independent configuration for the four-
dimensional ~Seiberg-Witten equations (see the discussion before
Theorem E.3), then the above quantities are the analytic and topological
energy of (B, V), respectively, as defined in [6]. According to [6, Proposition
4.5.2], we have the energy identity

(3.35) E™(B,U) = £P(B, W) + |[SW3(B, ¥)|[72(y.
Observe that

E*P(B,¥) < C (||\1;||2Bl/2,2(2) 1905 (1B = Bret) sl 2o(sy + |\\11|y%2(2))
< C,er(B - Bref7\p)”?é1/2,2(2)

for some constants C, C’ independent of (B, ¥). Here we used the embedding
BY22(%)) — L3(%).



The Seiberg—Witten equations on manifolds with boundary I ~ 635

In what follows, we will use z < y to denote z < C'y for some constant
C that does not depend on the configuration (B, ¥). Now consider a smooth
solution of the three-dimensional Seiberg—Witten equations. Then we have
SW3(B,¥) = 0, and so it follows that

(3.36) E(B, W) S |Irs(B = Bret, W)l[B1/2(5).
From this and the definition of £2"(B, ¥), we get the a priori bound
(3.37) 190 paeyvy S 1+ Irs(B = Brets ©) [ Br2as).

If (B,¥)e M>P is not smooth, we can approximate (B,V¥) by smooth
configurations by Theorem 3.2(iii). We have rx(B — By, ¥) € T;fl/p’p —
T;fl/p*ez for any € > 0 by Theorem C.6. Since s > 1/2 + 1/p, we can choose
e so that s — 1/p — € > 1/2. Thus, we have uniform control over the BY/%2(%)
norm of the tangential boundary values of an approximating sequence
to (B, ¥). Thus, taking the limit, we see that (3.37) also holds for (B, V) €
MSP(Y).

Our remaining task is to use the a priori control (3.37) and the elliptic
estimates for the Seiberg—Witten equations in Coulomb gauge to bootstrap
our way to the estimate (3.32). By Corollary D.1, we have the following
elliptic estimate on 1-forms b:

(3.38)
181l 5aqyy S Ndbll r-r.ayy + 1d°bll e-ra(yy + [0l e-1/aa(sy + (10" Br-ray),

where b" is the orthogonal projection of b onto the finite-dimensional space
(3.39) HYY,%;iR) 2 {a € QY(Y;iR) : da = d*a = 0,a|x = 0}.

Here t > 1/q and ¢ > 2.
Now let (B, ¥) € M?*P be any configuration. Since it is in in the Coulomb
slice determined by Bief, then equation (E3.38) implies

(3.40)
(B = Bret)lpea(vy S 1Fpt — Fir_ || pe-ragyy + Irs (B = Bret) || ge-1/a.a(s)
+[1(B = Bret)" || 110y,

where t,q will be chosen later. Since Dirichlet boundary conditions are
overdetermined for the smooth Dirac operator Dp_,, we have the elliptic
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estimate
(3.41) 1V gravy S DB Yl pe-ra(yy + (¥ pr-1/0.0(s).-

There exists an absolute constant C' such that for any configuration (By, ¥),
we can find a gauge transformation g € Gy, 9(Y") such that g*(By, Vo) satisfies
l(g*(Bo — ref))hHBt—l,q(Y) < C, since the quotient of H!(Y,X;iR) by the
lattice Gy, 5(Y") is a torus. To keep notation simple, redefine (B, ¥) by such a
gauge transformation. Such a gauge transformation preserves containment
in M?®P since the monopole equations are gauge invariant and the Coulomb-
slice is preserved by G 9(Y"). So using the bound ||(B — Bref)hHBt—l,q(Y) <C
and the identity SW3(B, ¥) = 0, the bounds (3.40) and (3.41) become

(3.42) (B = Bret) |l prayy S 12| pe-raqyy + (B = Bret) sl pe-1/aa(sy + 1,
(3.43) ¥ rayy S IP(B = Bret) ¥ || pr-ra(yy + ¥ Be-1/0.0(x)-

We will use these estimates, bootstrapping in ¢t and ¢ and using the a priori
control (3.37), to get the estimate (3.32).

Let us first consider the case p =2 and s > 1. Letting t = 1 and g = 2,
(3.42) and (3.37) yield

1B = Butllproery S 1+ 19l ery + 1B = Bredlsll oo
S 1 + ||TE(B - Brefa )”31/2,2(2)-

This yields control over || B — Byt r4(y) since we have the embedding B2
(Y) < L5(Y). Using this estimate in (3.43) with ¢t =1, ¢ = 2, to control
p(B — Biet), we have

||\I’||Bl>2(Y) 5 HB - Bref”L4(Y)H\I]HL4(Y) + ”\IJ||B1/2.2(2)
S 1+ HTE(B — Birer, \Ij)||631/2,2(2).

This proves the estimate for s = 1. The estimate (3.32) for s > 1 now follows
from boostrapping the elliptic estimates (3.42) and (3.43) in t. Indeed, once
we gain control over [[(B,¥)||pu.q(y), We can control the quadratic terms
12| ger—1.0(yy and [|p(B = Breg) || per-1.4(y) for some ' > t as long as t' < s.
After finitely many steps of bootstrapping, we get (3.32), where the function
fts,p can be computed explicitly if desired.

For p > 2 and s > 1, we use the embedding ¢*~1/PP(X) s s~ 1/P=62(x%),
for any € > 0. From the previous case, we find that we can control
(B, V)| ge2(y) in terms of |[(B, V)| ge-1/22(x). Since BS2(Y) C BY(Y) —
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L5(Y), the quadratic terms in (3.42) and (3.43) lie in L3(Y). Since we have
the embedding L3(Y) C B%4(Y), where ¢ = max(3,p), we can repeat the
bootstrapping process (in t) as in the previous case to the desired estimate
(3.32) for any s > 1 and p < 3. Suppose p > 3. Then with ¢ = 3 in the pre-
vious step, we have established (3.42) and (3.43) with ¢t = 1 and ¢ = 3. Since
B13(Y) — Li(Y) for any q < oo, we have control of the quadratic terms of
(3.42) and (3.43) in LP for any p < co. Thus, we have the estimates (3.42)
and (3.43) for t = 1 and ¢ = p, since LP(Y) C B%P(Y'). We can then boot-
strap in ¢ to the estimate (3.32) for any s > 1 and p < co. Thus, we have
taken care of the case s > 1 and all p > 2.

Finally, suppose s < 1 and p > 2. We employ the same strategy of boot-
strapping in ¢ until we get to p. Since s — 1/p > 1/2, we have B~ /PP (%) —
BY22(%) and so we have control of ||(B — B, )|l gregyy and |[(B — Bref,
V) |lpe(yy in terms of ||(B — Bier)|s|lpi/22(n)- Let 1/2<t=s<1 and ¢=
min(3, p) in (3.42) and (3.43). We have control of the quadratic terms on the
right-hand side since L3(Y) € B%4(Y) c B*~%4(Y), since s — 1 < 0. Thus,
we have the control (3.32) for p = ¢. If p < 3, we are done. Else p > 3 and
we bootstrap in ¢. Indeed, starting with ¢; = 3, we have a map B*%(Y") x
BS%(Y) — B?73/4:8(Y) < L3+ (Y) C BS~149+1(Y), where ¢i11 = ¢/
(2(1 — s¢;)) > ¢;. Using (3.42) and (3.43), we thus bootstrap to the esti-
mate (3.32) with p = g;+1 from the estimate (3.32) with p = ¢;. The ¢; keep
increasing until after finitely many steps, we get to the desired p, thereby
proving (3.32). O

The next lemma tells us that any two monopoles that have the same
restriction to X are gauge equivalent on Y.

Lemma 3.8. Let s > max(3/p,1/2). If (B1,V1),(B2,¥Y2) € M>P and ry,
(B1,¥1) = rx(Bgy, ¥s), then (B1,V1) and (Ba,V2) are gauge equivalent on
¢SP(Y).

Proof. Because of (3.10), without loss of generality, we can suppose (B1, V1),
(B2,¥9) € M*>P. There are two cases to consider. In the first case, one
and hence both the configurations are reducible. Indeed, if say (B, V1) is
reducible, then Ws|s; = W]y = 0. Since Dp, Vs = 0, by unique continuation
for Dp,, we have W9 = 0 so that (B, Usa) is also reducible. In this reducible
case, then By and By are both flat connections and so by (3.1), we must
have H'(Y, %) = 0. Since d(B; — Bs) = d*(B; — By) = 0 and by hypothesis
(B1 — Ba)|s. = 0, we must then have By — By = 0 since H'(Y, %) = 0. So in
this case, B; and By are in fact equal. In the second case, neither configu-
ration is reducible. In this case, consider the 4-manifold S' x Y and regard
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(B1,¥1) and (B2, ¥3) as time-independent solutions to the Seiberg-Witten
equations on S! x Y. We now apply Theorem E.3. 0

Piecing the previous lemmas together, we can now prove the rest of our
main theorem concerning the monopole spaces:

Theorem 3.3. Let s> max(3/p,1/24 1/p). Then L5~V/PP s a closed
Lagrangian submanifold of Qﬁsfl/p’p(Z). Furthermore, the maps

(3.44) rs s ISP 5 L57L/PP,
(3.45) re s MSP s 5=1/pp

are a submersion and a covering map, respectively, where the fiber of the
latter is the lattice Gy p(Y) = H' (Y, X).

Proof. By (3.10), it suffices to consider the map (3.45). By Lemma 3.6,
the map ry, : M5P — €5~1/PP(%) is an immersion, hence a local embedding.
The previous lemma implies that (3.45) is injective modulo G := G, 5(Y),
since the gauge transformations that restrict to the identity and preserve
Coulomb gauge are precisely those gauge transformations in G. Moreover,
G acts freely on M*P(Y") by assumption (3.1), since when there are reducible
solutions, we have G = 1.

It remains to show that ry, : M®P /G — €5~1/PP(%) is an embedding onto
its image. Let (B;,¥;) € M*®P i > 1, be such that ry(B;, ¥;) — r(By, ¥q)
in ¢5~1/PP(X) as i — co. We want to show that given any subsequence of
the (B;, V;), there exists a further subsequence convergent to an element
of the G orbit of (By, ¥p). This, combined with the fact that (3.45) is a
local embedding will imply that (3.45) is a global embedding, modulo the
covering transformations G. Indeed, the local embedding property tells us
that there exists a open neighborhood Vg, w,) > (Bo, o) of M*? such that
Ty ViBywy) — @Sil/p’p(E) is an embedding onto its image, and moreover,
(9" V(By,wo)) = T5(V(By,w,)) for all g € G. Proving the above convergence
result shows that given a sufficiently small neighborhood U of rx(By, ¥y) in
Q:S*l/p’p(E), then U N £371/PP is contained in the image of any one of the
embeddings rs : "V, v,) — 63*1/7’4’(2), g € G. Otherwise, we could find
a subsequence (Bj, ®;/) of the (B;, ¥;) such that rx(By, ®;/) — rx(Bo, Vo)
but the (Bj/, ®;) lie outside all the 9 V(By,w,), & contradiction.

Without further ado then, by Lemma 3.7, we know we can find gauge
transformations g; € G such that g7 (B;, ¥;) is uniformly bounded in B*P(Y),
since rx(B;, ¥;) — rx(Bo, ¥o) is uniformly bounded. For notational simplic-
ity, redefine the (B;,V;) by these gauge transformations. Thus, since the
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(B;, ¥;) are bounded in B*P(Y'), any subsequence contains a weakly conver-
gent subsequence. Let (Boo, ¥oo) € M*P(Y') be a weak limit of some subse-
quence (By, U;r). We have 15 (B, Voo ) = m5(Bo, Vo), and so (B, Vo) and
(Bo, ¥g) are gauge equivalent by an element of G. If we can show that that
(Bir, Vi) — (Boo, ¥oo) strongly in B*P(Y'), then we will be done. Due to
the compact embedding B*P(Y) — BYP(Y), for t < s, we have (B;, ¥;) —
(Boo, ¥oo) strongly in the topology B*~“P(Y), € > 0. If we can boostrap this
to strong convergence in B*P (Y), we will be done. To show this, we use
the ellipticity of H(p_ w_)- Let (bi,1i) = (B; — B, ¥; — Vo). We have the
elliptic estimate

(3.46) )
(i, Vi)l Bor(vy S IH(Bo w0 (bis i)l Bs-1o(vy + (75 (bis i) || Bo-1/mn ()

This follows because ﬁ( B..,v..) s elliptic and the boundary term controls
the kernel of H(p_ w_)lcs.» by Corollary 2.1(ii). The last term of (3.46) tends
to zero and for the first term, we have

(3.47) H(Bo,wo) (bis 1) = (i, 15)#(bi, 1)

from (3.15), since (B;, ¥;), (Boo, ¥Yoo) € M*P. We have a continuous multi-
plication map B5~P(Y) x B5~%P(Y) — B3~ %P(Y) C B*"1P(Y) for s — € >
3/p. Since (B;,¥;) — (By, ¥p) strongly in B*~“P(Y’), we have that (3.47)
goes to zero in B*~1P(Y), which means (by, 1) goes to zero in B*P(Y) by
(3.46). Thus, (B;, V;) = (Boo, Vo) strongly in BSP(Y').

It now follows that ry : MSP(Y) — €*~1/PP(¥) is a covering map onto
a embedded submanifold, where the fiber of the cover is G. Moreover, the
proof we just gave also shows that £571/P? is a closed submanifold, since
if r5(B;, V;) is a convergent sequence, it is convergent to 75 (B, Vo) for
some (Bao, Uso) € M*~1/PP_ Finally, Theorem 2.1(i) shows that £5~1/P? is
Lagrangian submanifold of €5~1/PP(), since its tangent space at any point
is a Lagrangian subspace of TES “Lpp, O

Since 7y, : M5P — £571/PP ig a covering, the chart maps on M*P push
forward and induce chart maps on £5~1/PP. Indeed, at the tangent space
level, we already know we have isomorphisms ry, : T(g, w,)M*P — T, (B, w,)
L£57YPP and P(B,,w,) :TTE(B(),%)ES_I/Z’J’—>T(BO’\1,O)M$’7’ inverse to one
another, where recall Pp, y,) is the Poisson operator given by Theorem
2.1. Because M*P is locally a graph over T(p, g, M*P, then L£571Pp s
locally a graph over TTE(B(]’\I,O)ES_I/’”?’. To analyze this properly, we also
want to “push foward” the local straightening map Fp, y,) for M*? at a
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configuration (By, V), defined in Lemma 3.4, to obtain a local straightening
map FE,(BO,‘IJo) for £L571/PP gt r5(Bo, o).

Lemma 3.9. Let s > max(3/p,1/2 + 1/p) and let (By, ¥y) € M*>P. Define
the spaces

Xy = 75’1/”””, Xxo= TrE(Bo,\po)ﬁs_l/p’p, Xy =JeXxp.
We have Xy, = X0 ® Xx1 and we can define the smooth map

Fs (By,wo) : Vo — X50® X5

3.48
( ) €Tr = (xo, xl) — (.2120,;1:‘1 — TEE(lBO,\IIO)(P(Bm‘I’o)xO))?

where Vy, C Xy, is an open subset containing 0 and E(IB0 Uy) is defined as
in Theorem 3.2. For any max(1/2,2/p) < s’ < s—1/p, we can take Vs, to
contain a B*"P(X) ball, i.e., there exists a § > 0, depending on rx(Bo, ¥g),
s, and p, such that

Vs 2 {e € X : |allpens) < 5}

Moreover, we have the following:

(i) We have Fx (B, w,)(0) =0 and DoFyx, (g, w,) = id. For Vs sufficiently
small, Fx, (g, w,) 5 a local straightening map for L57YPP ot ry(By, Uo)
within the neighborhood V..

(ii) We can choose § uniformly for rs(Bg, ¥o) in a sufficiently small B*' P
() neighborhood of any configuration in L5~ /PP,

Proof. We have Iy, (, w,)(0) = 0 since E(lBO’%)(P(BO’\I,O)(O)) = E(le%)(O) =
0, and DoFy (B, w,) = id since DOE(lBoj%) = 0 by Theorem 3.2. Moreover,
we see that Fy (g, w,) can be defined on a B* (%) ball containing 0 € Xs.
Indeed, Pp, w,) maps such a ball into a BS'+1/Pp(Y) ball inside T(By,wy) M*P,
we have the embedding B¥+/PP(Y) < L®(Y) by our choice of s, and the
domain of E(IBO,\I'O) contains an L>°(Y") ball by Theorem 3.2. Take V5 to be
such a B¥?(X) ball.

It now follows from £5~1/PP c £5P and the fact that ry : M5 T1/PP
L¥? is a covering map onto a globally embedded submanifold (by The-
orem 3.3) that Fs (B,,w,) 1s a local straightening map for L571/PP within
a B*P(X) neighborhood of 0 € Xy. (Shrinking Vi if necessary, let this
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neighborhood be Vs.) In more detail, if x € Vs and Fy (g, v,)(7) € X5,
then

(3.49) Tz(Bo, \I/(]) +x= TE(B(), \I/(]) + (mo, TEE%BQ,\I/O)(P(B()y\IjO):UO))7
which means that

(3.50)
rs(Bo, ¥o) + = =1% ((BO, o) + P(B,,w,)%0 + E(IBO,%)(P(BO,%)IO)),

where (Bo, ¥o) + P(p,,w,)T0 + E(IBU7\I,O)(P(BO7\1,0):1:O) € M*P by Theorem 3.2.
Thus, 75(Bo, ¥o) + 2 € re(M®P) = L571/PP_ Conversely, if 2 € Vi is such
that ry,B,,w,) + 7 € L£571/PP then (having chosen Vx small enough) we must
have

(3.51) re(Bo, Yo) + x =1y ((BCh Wo) + 20 + E(le\I,O)(xE))).

for some z(, € T(BO,\I,O)MS/H/p’p since £571/PP © £5'P and ry, : M TYPP
L5 is a local diffeomorphism from a neighborhood of (By, ¥g) € M*+1/pp
onto a neighborhood of s (By, ¥() € L£5P. Since P, w,) T,,E(Boy%)ﬁs/vp —
T(Bm%)/\/ls,"rl/p’p is an isomorphism, then z{ = Pp,w,) o for some o €
TTE(BC),\I,O)L’S/J’ and so (3.50), hence (3.49) must hold. By definition of
Fx, (B,,w,), Which extends to a well-defined map on the B#+1/p2 (%) topology,
(3.49) implies xo = Fx, (p,,v,) (7). But Fx (g, w,) acting on a neighborhood
of 0 in T;l’p preserves the B5~1/PP(X) topology, so zg € TTZ(BO&D)ES*UP’I’
since x € T;fl/p’p. Thus, Fy, (g, w,)(z) € X5 0. Moreover, both Fy (g, w,)
and FE_ % BoW,) A€ invertible when restricted to Vy, since the inverse

Fg % BosW) is simply given by
(3.52) Fi%Bm%)(x) = (zo,x1 + TEE(IBO,\IJU)(P(BO,\IIO)xO))~

Altogether, this shows that Fy, (g, w,) is a local straightening map for
L57Y/PP within V.

(ii) This follows from the uniformity statement of Theorem 3.2(ii) and
the continuous dependence of P(g, v, :TES,’p — T H/PP s [T with
respect to (By, ¥g) (see Theorem 2.1(iv)). Here, we use the fact that if
(B, Ug) € L571/PP varies continuously in a small B¥?(X) neighborhood,
then one can choose (By, ¥g) € M*P continuously in a small B¥+1/PP(Y)
neighborhood, since ry : M H/PP — £5P and ry : M5P — £571/PP are
COVers. ]
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With the above lemma, we have local straightening maps for our Banach
manifold £5~1/PP. Then from Theorem 3.2 and the general framework of
Appendix Appendix B, we have the following theorem for the local chart
maps for £571/PP (see Figure 2).

Theorem 3.4. Let s > max(3/p,1/2+1/p).
(i) Let (Bo,¥o) € M*P. Then there exists a neighborhood U C T, (g, w,)

£s—1/pp of 0 and a map E'I}E(Bo W) - U— Xx,1, where Xx 1 is as in
Lemma 8.9, such that the map
(3.53) Eyy(Bowe) i U — LTHPP,
z +— r5(Bo, ¥o) + x + EAZ(BO,\I/O)(fU)

is a diffeomorphism of U onto a neighborhood of rs(By, V) in L£s=1pp,

Furthermore, the map EiZ(BO o) smooths by one derivative, i.e.,

B} gy (@) € TP for allw e U
(ii) For any max(1/2,2/p) < s’ < s—1/p, we can choose U such that both
U and E, (B, w,)(U) contain B¥"P(U) neighborhoods, i.e., there exists
a 0 >0, depending on rx(By, V), ', and p, such that
U2o{ze Trz(Bo,%)ﬁs_l/p’p lzll g sy < 0}
Er(Bowo)(U) 2 {(B, ) € L7YPP ||(B, W) — rsy(Bo, Vo)l g () < 8-

The constant § can be chosen uniformly in rs(By, Vo), for all rs (B, Vo)

mn a sufficiently small Bs_l/p’p(Y) neighborhood of any configuration
in Lo/,

(iil) Smooth configurations are dense in L5~1/PP,

Proof. (i) As in (3.27), the chart map FE, (g, v,) is determined by restrict-

ing FQ%BO’%), the inverse of the local straightening map Fy (g, v,), to a

neighborhood of 0 in the tangent space TTE(BO7\I,O)£S*1/p’p. Thus, we have

(3.54) Erz(Bo,‘I/o) (1‘) = TE(B[), \I/()) + FE_,%BO,\IIO)('%)’
reU = FE,(BO,\PU)(VE) N TTZ(Bqu/O)Es_l/p’p,

where Vs, is defined as in Lemma 3.9. The expression for Fy, % Bo, o) is given
by (3.52). Thus, (3.54) and the definition of E(lB0 py) I (3.53) yields

(3.55) B (Bowo) (@) = T B, w0y (P(By.w,)7)-
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CP(Y)
Mo
1 B! (P, )
| ©(Bo,Wo)\! (Bo,¥o)
] y
° T MoP
Py we)z (Fot)?
(Bo. Vo)
Pis,.w) 1 s
es-Upe(s)
\ L£s=1/pp
1 -
I En:(Bn,\[ln)(‘L)
. ! _
*— s T (mo.w0) £°71/7P
r5(Bo, ¥o)

Figure 2: A chart map for M*P? at (By, @) induces a chart map for L£3—1/pp
at T’E(BQ, (I)g).

The mapping properties of Eiz (Bo,wo) NOW follow from Theorem 3.2.

(ii) This is a direct consequence of Lemma 3.9(ii).

(iii) This just follows from ry : M®P — L571/PP being a cover and the
density of smooth configurations in M*®? by Theorem 3.2. U

Corollary 3.2. Suppose (By, Vg) € M*P.

i) If U is a sufficiently small LP(X) neighborhood of 0 in LPT, (g v
Z( 05 0)
L37YPP | then E, . (B,w,) extends to a bounded map

(3.56) Eyo(Bows) - U — LPE(D).

The map (3.56) is a diffeomorphism onto its image and hence
B,y (By,w,)(U) is an LP submanifold of LPE(X) contained in LPL.

(ii) The LP(X) topology above can be replaced with BY“P(X) for any 0 < t <
s—1/p and H*P(X) for any 0 <t <s—1/p.

Proof. We use Corollary 3.1 to show that Erlz( Bo,wy) 18 bounded on the LP(%)
topology. We only prove the lowest regularity case s = 0, since the other
cases are similar (and more easily handled). We have the inclusion LP C BP
since p > 2. By Theorem 2.1, the Poisson operator P(p, y,) maps BYP(%)
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to BY/PP(Y) for s >0 since (Bg, W) is sufficiently regular. In the proof

of Corollary 3.1, we showed that E(le%) maps B/PP(Y) to HY3P/A(Y).

Hence when we apply ry, we find altogether from (3.55) that Egz(Bo %)(x)

belongs to B'~*/3P3P/4(%) < LP(¥). Thus, E(lB0 y, is bounded on LP(X)
and BYP(¥). In the above calculation, we implicitly used the fact that
HYPP(Y) < L3(Y), so that P, w,) maps a small LP(X) ball into the

domain of E(lBO,%), which contains an L3(Y") ball by Corollary 3.1. O

Remark 3.2. We have mentioned before that since our analysis works
on a variety of function spaces, it is merely a matter of convenience that
we worked primarily with Besov spaces on Y. In the above corollary and
elsewhere, we see how the usual LP spaces can be employed as well. Corol-
lary 3.2 will be significant in [10], since we will need to consider, locally,
LP closures of L. We conclude by noting that every instance in which the
B#*P(Y") topology is used in this paper, the topology H*P(Y') may be used
instead. These spaces, known as the Bessel potential spaces, are defined
in Appendix Appendix C. For s a nonnegative integer and 1 < p < oo, we
have HP(Y) = W*P(Y), the Sobolev space of functions having s deriva-
tives belonging to LP(Y). When p =2, H**(Y) = B%2(Y) for all s. Fur-
thermore, the spaces H®P and B*P are “close” to each other in the sense
that H*P(Y) C B*»P(Y) C H*P(Y) for all s; > s9 > s3. Moreover, one
sees that all the foundational analysis in Appendix D applies equally to
Bessel potential and Besov spaces.

We should note that two particular places where it is important that
Sobolev spaces may be used in addition to Besov spaces are Lemma 2.3 and
Proposition 2.2. Indeed, their proofs rely only on function space arithmetic
and elliptic estimates arising from elliptic boundary value problems. For
both of these, Sobolev spaces can be used all the same, and so we can
replace every occurrence of the B**(Y') topology with the H**(Y') topology
in Lemma 2.3 and Proposition 2.2. One can now check that the statements
of all our lemmas and theorems concerning Besov spaces on Y also hold for
their Sobolev counterparts.

For the purposes of [10], it is also important that we can replace Besov
spaces on Y with Sobolev spaces on ¥ as well, but with some care, since
the space of boundary values of a Sobolev space is still a Besov space. We
already saw how to do this in Corollary 3.2. We should note that for the
Calderon projection P(Eoy%) in Theorem 2.1, where (By, ¥o) € B*P(Y), one
also has that

(3.57) P c HEYPPT, o HEUPPT, < s 41

(Bo,%o)
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is bounded. This follows from the fact that 7+ is bounded on H'~VPPTs,
as it is a pseudodifferential operator, and

(Rlgy — ) HV Ty € 74
. szin(s—l/erL t=1/p+1)p ~ Hi=/prTs,

by Theorems 2.1(iv) and C.6.

From the above remark, the Sobolev version of our main theorem, with
the H*P(Y") topology replaced with the B%P(Y") topology, holds. In fact, one
can see from this that the Besov monopole space M*P is actually equal to
the Sobolev monopole space H*? M.?? Finally, let us remark that the proof
of our main corollary easily follows from the work we have done.

Proof of Main Corollary. For every coclosed 1-form 7, the zero set of
SW3(B,®) = (n,0) is gauge invariant. Thus, all the methods of Section 2.3
apply to the linearization of the monopole spaces associated to the per-
turbed equations. Next, we still have the transversality result Lemma 3.1
so long as we modify the assumption (3.1) to ¢;(s) # 2[*n] or HY(Y,X) = 0.
The energy estimates in Lemma 3.7 still hold in the perturbed case since
we still have (3.35) and the uniform bound [[SW3(B,¥)||z2(v) = [[nllz2(v)-
Finally, the unique continuation results from Appendix E still apply, since
we always apply these results to the difference of solutions to the perturbed
Seiberg—Witten equations, and the equation satisfied by the difference is
independent of 1. Thus, all our methods and hence results carry through in
the perturbed case.

Appendix A. Some functional analysis
A.1. Subspaces and projections
Here, we collect some properties about projections and subspaces of Banach

spaces. Given a Banach space X, a projection 7 : X — X is a bounded oper-
ator such that 72 = id. A closed subspace U C X is complemented if there

22From the density of smooth configurations, it suffices to show that the tangent
space to H*P M and M*P at a smooth monopole (B, ¥) are both equal. However,
this follows from the fact that the kernel of an elliptic operator (in our case, the
operator Hp ) in the H*? and B*? topologies are equivalent. This follows from
the results of Appendix D.1, which shows that these spaces are isomorphic (modulo
a finite dimensional subspace) to their space of boundary values, which is a fixed
subspace of B*~1/P? on the boundary.
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exists another closed subspace V C X such that X =U &V as topologi-
cal vector spaces. We call X = U @V a topological decomposition of X. A
closed subspace U is complemented if and only if there exists a projection
m whose range is U. In this case, we have the decomposition

X =imm P ker .

Recall that any finite-dimensional subspace of a Banach space is comple-
mented. Likewise, any subspace of finite codimension is also complemented.
Thus, if Y C X has finite (co)dimension, we may always regard X/Y as a
subspace of X (though unless X is a Hilbert space, there is in general no
canonical embedding X/Y — X).

The following simple lemma tells us that if a projection 7 restricted to a
subspace U’ C X yields a Fredholm map 7 : U’ — im m, then U’ is essentially
a graph over im 7w. More precisely, we have the following:

Lemma A.1. Let X =U @V and let m be the projection onto the first
factor. Let U’ be a subspace of X and suppose 7 : U' — U is Fredholm. Then

(A1) U={z+Tx:xenU)}dF,

where F' = ker(r|y) is finite dimensional and T : w(U') — V is a bounded
operator. Consequently, U’ is also a complemented subspace of X, in partic-
ular, it is the range of a projection.

Proof. Since F' is finite dimensional, it is the range of a bounded projection
7 : X — F.Since FF C U’, then (1 — wp) : U’ — U’ maps U’ into itself and
its range is a complement of F in U’. It follows that 7 : (1 — 7 )(U’) — w(U’)
is an isomorphism. Let 7 denote this isomorphism. Thus,

U={#m"1z:2en(U)oF
={z+(-1+ @ Hz:zenU)}@F.

Let T = (—1+ (7)7!) : 7(U’) — X. Since im T C ker 7, we see that im T’ C
V. This gives us the desired decomposition of U’. One can now explicitly
write a projection onto U’. Since m(U’) C U has finite codimension, it has
a complement C' C U along with a projection n¢ : U — C such that the
complementary projection (1 — m¢) has range equal to im7. A projection
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from X onto U’ is now easily seen to be given by the map
(A.2) 1+T)1—7me)n(l1 —7p) @ 7p.

This proves the lemma. O

Given a complemented subspace U C X, to compare other subspaces
U’ c X with U, then we should not only study the projection of U’ onto U
but also onto a complement of U.

Definition A.1. Let X be a Banach space. Two projections m and 7’ on
X are commensurate if m — 7' is compact. Given a complemented subspace
U C X, then a subspace U’ is commensurate with U if its projection onto
U is Fredholm and its projection onto some complement of U is compact. It
follows from Lemma A.1 that this definition is independent of the choice of
complement of U. We will also say that U’ is a compact perturbation of U.

Corollary A.1. Let U and U’ be as in Lemma A.1. Then the subspace U’
is commensurate with U if and only if the map T in (A.1) is compact. In
this case, the space U is also commensurate with U’.

Hence, being commensurate is a symmetric relation, and we may simply
speak of two subspaces U and U’ as being commensurate. The notion of com-
mensurability obviously captures the notion of two subspaces being “close”
to one another in a functional analytic sense. On the opposite spectrum,
one may consider pairs of subspaces that form a direct sum decomposition
modulo finite-dimensional subspaces. More precisely, we have the following
definition:

Definition A.2. A pair of complemented subspaces (U, V) of a Banach
space X is Fredholm if U NV is finite dimensional and the algebraic sum
U + V is closed and has finite codimension. In this case, we say that (U, V)
form a Fredholm pair, or more simply, that U and V are Fredholm (in X).

Together, the notion of a pair of subspaces being either commensurate
or Fredholm will be very important in what we do. Next, we record the
following technical lemmas concerning topological decompositions:

Lemma A.2. Let X andY be Banach spaces, with Y C X dense. Suppose
X=X10Xg and Y NX; C X, is dense for i =0,1. Then if Y N X1 and
Y N Xy are Fredholm in'Y, then in fact Y = (Y N X1) @ (Y N Xp).
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Proof. The hypotheses imply Y = (Y N X;) & (Y N Xy) @ F where F is some
finite-dimensional subspace of Y. If we take the closure of this decomposition
in X, we have X D X1 & X @ F, which means F = 0. O

Lemma A.3. Let X = X7 ® Xg be a topological decomposition of X and
let m; : X — X, be the coordinate projections. Let U,V C X be subspaces and
let V=Vi®Vy, where Vi =V N Xy and my : Vo — X is Fredholm. If U is
commensurate with V', then we can write U = Uy ® Uy, where Uy = U N X1,
o : Uy — Xo is Fredholm and U; is commensurate with V;, i =0, 1.

Proof. By the preceding analysis, since U is commensurate with V', there
exist finite-dimensional subspaces F; C X and F5 C V and a compact opera-
tor T': V/Fy — X such that U = {x + Tz : x € V/Fy} & F;. For notational
simplicity, let us suppose F; = F5 = 0, since the conclusion is unaffected by
finite-dimensional errors. So then

U={z+Tz:2€V}
={z+Tx:zeVi}+{z+Tzx:z eV}
=:U; + Uy

Since T is compact, then Uj) is commensurate with Vj and since 7o : Vp — X
is Fredholm, so is mp : U — X(. Thus the map

o = 7o : U/ ker g — mo(UY)

is an isomorphism. Let V/ C Vi be the subspace of finite codimension
defined by

Vi i={z e Vi :m(Tz) € mo(U})}

In other words, V/ is the subspace of V4 such that the space {x + Tx : x €
V{'} C U7 differs from an element of X; by an element of U)). Indeed, we have

{ez+Tzx - 7T6717T0T($) cx eV} C Xy
since it is annihilated by mg. We thus have

U=UnX;={x+Tz— 716_17r0T(x) :x € V{} + ker(mo

u;)-

From this expression for Uy, it follows that U; is commensurate with V7. Let-
ting Uy = U+ {z + Tz : x € V1/V{}, then U = U; ® Uy and all the proper-
ties are satisfied. O
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Lemma A.4. Let Uy, Uy, Vp, and Vq be subspaces of a Banach space X
such that we have the topological decompositions

(A.3) X=UsUi=VaoW
(A.4) =Voo U =Uo® V.

Let my, u, denote the projection onto Uy through Uy and similarly for other
pairs of complementary spaces in the above. Since my,u, : Vo — Uy and
T, U, - Vi — Ui are isomorphisms, then V; is the graph of a map Ty, : U; —
Ui+1, 1 = 0,1 mod 2.

(i) We have the following formulas:

A5) oo, = (1+Tv,)mu,u,
(A.6) T, v, =1 — v, s,
(A.7) v = (L4 Tv)mu, v, (14 Ty o, v,)

and likewise with the 0 and 1 indices switched.

(i) IfV; is commensurate with U;, fori = 0,1, then my, v, is commensurate
with wy, y,. This remains true even if we drop the assumption (A.4).

Proof. (i) Formula (A.5) is just the definition of Ty, ; indeed, this is the spe-
cial case of the formula (A.1) when the map 7 : U’ — U is an isomorphism.
Formula (A.6) is tautological since U; and Vj are complementary. It remains
to establish (A.7). Let A : X — X be the isomorphism of X which maps Vj
identically to Vp and U; to V; using the graph map 7y,. In other words, A
is given by

A =myu, + (1 +Tv,)mu, v,
=1+ Tv,m, v,

The map 7y, 1, is now easily seen to be given by 7TV0,U1A*1, which yields
(A.7). By symmetry, these formulas hold with 0 and 1 indices reversed.

(ii) In this case, the maps Ty, are compact, ¢ = 0, 1. It follows from (A.7)
that my, v, — 7y, v, is compact. If (A.4) does not hold, we proceed as follows.
Let F denote the finite-dimensional space spanned by the kernel and cokernel
of the Fredholm maps 7y, v, : Vo — Up and 7y, 1, : Vi — Us. Let X =X/F
be regarded as a subspace of X and let 7 : X — X be the projection through
F. Tt follows that we can choose finite-codimensional subspaces U; C U; and
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V! C V; such that letting U; = m;(U/) and V; = m;(V/), we have

(2
X=UaU=VyaW.

By construction of X, we also have
X:V()@Ulzﬁo@vl,

since now Vj; is a graph over U;. On X, we can therefore conclude that the
projections my, . and 7, are commensurate. These operators also act
on X since we can define them to be zero on F, in which case, 7y, 1, and
TU,,U, are finite rank perturbations of my, ¢, and 7, 7, , respectively. It now
follows that my, v, and 7y, y, are also commensurate. O

Remark A.1. In all applications, our Banach space X under consideration
will be a function space of configurations on a manifold, and the compact
operators that arise will be maps that smooth by a certain number of deriva-
tives 0 > 0 (e.g., the operator maps a Besov space B*P to a more regular
Besov space B*T7P). In this way, if additionally we have that all finite-
dimensional subspaces which arise in the above analysis are spanned by ele-
ments that are smoother than those of X by o derivatives, one can ensure
that all compact perturbations occurring in the projections constructed in
the above lemmas continue to be operators that are smoothing of order o. In
other words, the amount of smoothing is preserved in all our constructions.

The notion of commensurability of two spaces is one qualitative way
of measuring two spaces as being close. Alternatively, we may regard two
subspaces Vi and V5 of X as being close if V5 is the graph over V; of a
map with small norm, i.e., Vo = {x + Tx : x € V;} where V- is any fixed
complement of V4 and T : Vi — Vf‘ is an operator with small norm. If the
norm of T is small enough, we can replace Vi with X. This motivates the
following definition:

Definition A.3. (i) A continuous family of subspaces {V(0)},ex of X,
where X is a topological space, is a collection of complemented subspaces
V(o) of X such that the following local triviality condition holds: for any
oo € X, there exists an open neighborhood U 3 o¢ in X such that for all
o € U, there exists a map Ty, (0) : V — X such that the induced map

(A.8) V(o) — V(0o),
x—x+T(o)x
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is an isomorphism. The map Ty, (o) varies continuously in the operator norm
topology with respect to o € U.

(ii) A smooth family of subspaces V (t) of X, t € R, is a continuous family of
subspaces for which X = R and the maps T'(¢) in (A.8) vary smoothly
in operator norm topology.

This definition is such that one can construct operators associated to a
continuously varying family subspaces in a continuous way, e.g., projections
onto such subspaces. Likewise for the smooth situation. To illustrate this,
we state the following trivial lemma for small time intervals:

Lemma A.5. Let V(t) be a continuous (smooth) family of subspaces of X,
for t € R. Then for any tg € R, we can find an open interval I containing
to, and a continuous (smooth) family of isomorphisms ®(t) : X — X, t €I,
such that ®(t)(V(tg)) =V (t) for all t € R, with ®(0) = id.

Proof. Without loss of generality, let to = 0 and suppose we are in the
smooth case, with the continuous case being the same. Let V(0)* be any
complement of V' (0) in X. Then for small enough ¢, V(t) is also a comple-
ment of V' (0)+, and we can define

d(t): V(0) @ V(0): = V(t)® V(0)*,
(z,y) = (x + T(t)z,y),

where z — x + T (t)x is the isomorphism from V(0) to V(¢) given by the
definition of V being a smooth family of subspaces of X. The maps ®(t) are
smooth since the V (t) are. O

In other words, the family of spaces V(¢) has local trivializations given
by the ®(¢) which identify the V(t) with V(to), for ¢ € I. Given a family
of spaces complementary to the V(¢) and which vary smoothly, one can
construct the ®(¢) for all ¢, but the above local result will suffice for our
purposes.

A.2. Symplectic Banach spaces

Let X be a real Banach space endowed with a skew-symmetric bilinear form
w. Then X is a (weakly) symplectic Banach space if w is nondegenerate, i.e.,
the map w : X — X* which assigns to x € X the linear functional w(z,-) is
injective. If X is a Hilbert space and there exists an automorphism J : X —
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X such that J2 = —id and w(-, J-) is the inner product on X, we say that X
is a strongly symplectic Hilbert space and that J is the compatible complex
structure. (As a word of caution, many other authors define a symplectic
Banach space to be one for which w : X — X™ is an isomorphism, but that
will never be the case for us unless X is a strongly symplectic Hilbert space.)

Given any subspace V' of a symplectic Banach space X, let Ann(V) C X
denote its annihilator with respect to the symplectic form. A (co)isotropic
subspace V' is one for which V' C (D) Ann(V'). A Lagrangian subspace L is an
isotropic subspace which has an isotropic complement. This implies L is also
coisotropic by the nondegeneracy of w. In case X is a strongly symplectic
Hilbert space, then in fact, an isotropic subspace is Lagrangian if and only
if it is coisotropic, see [20]. In this latter case, any Lagrangian subspace L
has an orthogonal Lagrangian complement J L.

The following procedure, known as symplectic reduction, is well known
in the context of Hilbert spaces (see, e.g.,[5, Proposition 6.12]):

Theorem A.1 (Symplectic reduction). Let (X,w) be a strongly symplectic
Hilbert space with compatible complex structure J. Let U C X be a closed
coisotropic subspace. Let L C X be a Lagrangian subspace such that L +
Ann(U) is closed. Then U N JU is a strongly symplectic Hilbert space and
the orthogonal projection mynju onto U N JU, yields a map

(A.9) mung : LOU > UNJU

whose image myngu(L NU) is a Lagrangian subspace of U N JU.

We call the map (A.9) the symplectic reduction of L with respect to
U. For symplectic reduction on Banach spaces, we can generalize the above
result as follows:

Corollary A.2. Given the notation from the previous theorem, let Y be a
Banach space with Y C X dense. Given any subspace V C X, define Vy =
Y NV. Suppose mynju and J map Y into itself and that Ly and Uy are
dense in L and U, respectively. Suppose mynju(Ly) and Jrynju(Ly) are
Fredholm in Uy N JUy. Then mynju(Ly) and Jryngu(Ly) are complemen-
tary Lagrangian subspaces of the symplectic Banach space Uy N JUy .

Proof. This follows from the previous theorem and Lemma A.2. O
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Appendix B. Banach manifolds and the inverse function
theorem

Taking the usual definition of a finite-dimensional manifold, one may replace
all occurrences of Euclidean space with some other fixed Banach space,
thereby obtaining the notion of a (smooth) Banach manifold. In other words,
a Banach manifold, modeled on a Banach space X, is a Hausdorff topologi-
cal space that is locally homeomorphic to X and whose transition maps are
all diffeomorphisms.?3

In a similar way, one also obtains the notion of a (smooth) Banach sub-
manifold of a Banach space. More precisely, we have the following definition:

Definition B.1. Let X be a Banach space. A Banach submanifold M of X
is a subspace of X (as a topological space) that satisfies the following. There
exists a closed Banach subspace Z C X such that at every point u € M,
there exists an open set V' in X containing v and a diffeomorphism ® from
V onto an open neighborhood of 0 in X such that ®(VNM)=o(V)N Z.
We say that M is modeled on the Banach space Z.

We almost always drop explicit reference to the model Banach space Z,
since it will be clear what this space is in practice. Of course, one can consider
abstract Banach manifolds that do not come with a global embedding into a
Banach space, but such a situation will not occur for us. The above definition
coincides with the usual definition of a submanifold when X is a Euclidean
space.

In the general situation above, we have no information about the local
chart maps ®. However, if M is defined in some natural way, say as the
zero set of some function, one can construct a more concrete local model for
M. The tools we use for this are the inverse and implicit function theorems
in the general setting of Banach spaces. Below, we record these theorems,
mostly to fix notation in applications (proofs can be found in e.g.,[7]). Let
X = Xy ® X, be a direct sum of Banach spaces and f: X — Y a smooth
map of Banach spaces. For any z € X, let D, f : X — Y denote the Fréchet
derivative of f at x.

Theorem B.1. Suppose Dof : X —Y is surjective, with Dof : X1 — Y
an isomorphism and Xy = ker Dy f.

23A map of Banach spaces is smooth if it is infinitely Fréchet differentiable. A
diffeomorphism is a smooth map that has a smooth inverse.
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(i) Implicit Function Theorem: Choose V' to be an open neighborhood of 0
in X such that D.f : X1 — Y remains an isomorphism for allx € V.
Then M := f~1(0) NV is a Banach submanifold of X modeled on Xg.

(ii) Inverse Function Theorem: Define the smooth map F : Xo® X1 — X
by
F(zo,21) = (20, (Doflx,) ™" f(xo,21)).

Then F(0) = 0, DoF' = id and shrinking V' if necessary, we can arrange
that both F and F~' are diffeomorphisms onto their images when
restricted to V. In this case, we have M C F~Y(F(V) N Xp).

Definition B.2. Let M C X be a Banach submanifold and let u € M be
any element, which without loss of generality, we let be 0. Given a function
f:X — Y asin (i) above, we say that f is a local defining function for M
near u if there exists a neighborhood V' of u € X such that M, ;== M NV
is a Banach submanifold of X and satisfies M, = f~(0) N V. In this case,
the function F' associated to f in Theorem B.1(ii) is said to be a local
straightening map for M at u. If we wish to emphasize our choice of V', we
will say that F' is a local straightening map within the neighborhood V.

The names we give for f and F are natural given their role in describing
M. Namely, the manifold M, which is an open neighborhood of u in M,
is the subset of V' that lies in the preimage under f of the regular value
0 € Y. On the other hand, the map F' is a local diffeomorphism of X which
straightens out M, to an open neighborhood U := F(M,,) inside the tangent
space Xo = T, M. Consequently, F~!:U — M is a diffeomorphism of U
onto its image M,,, an open neighborhood of 0 € M.

Definition B.3. With the above notation, we call F~1 : U — M the induced
chart map of the local straightening map F'.

Thus, while a Banach submanifold has no distinguished choice of local
charts near any given point, a local straightening map gives us a canonical
choice for one. We will be consistently using this choice when constructing
local chart maps for the Banach submanifolds we study.

Appendix C. Function spaces

In this section, we define the various function spaces needed for our anal-
ysis. We establish enough of their properties so that we may apply them
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in the context of elliptic boundary value problems and nonlinear partial
differential equations. In some sense, for the purposes of this paper, the pre-
cise definitions of the function spaces below are not as important as their
formal properties under such operations as restricting to a hyperplane and
multiplication (see Theorems C.2 and C.7).

C.1. The classical function spaces

We define the classical Sobolev, Bessel potential and Besov spaces. These
spaces along with their basic properties are well documented, e.g., see [3, 17,
18]. The proofs of all the statements here can be found in those references.

C.1.1. Function spaces on R". We begin by defining our spaces on R"
with coordinates z;, 1 < j < n. Let S(R™) be the space of rapidly decaying
Schwartz functions and let S’(R™) be its dual space, the space of tempered
distributions. Given f € S(R"), we have the Fourier transform

FIE) = / ¢ f(x) da.

The Fourier transform extends to S’'(R™) by duality. Given a multi-index
a=(ai,...,a,) € Z} of nonnegative integers, we let D®f = 9g1--- 99~ f
be the corresponding partial derivatives of f in the sense of distributions.

Next, we consider a dyadic partition of unity as follows. Let 9 (&) be a
smooth bump function, 0 < (§) < 1, with ¥ (§) equal to 1 on || < 1 and ¢
identically zero on |£| > 2. Let

(&) = ¥(8),
pi(€) = (277 — (27T, 21

Then we have supp p; C [2/71,29H1] for j > 1 and dsopi§) =1.
Given a tempered distribution f, we let

fi=F e;Ff

be its jth dyadic component. The decomposition of f into its dyadic com-
ponents { f; }‘;‘;0 is known as the Littlewood—Paley decomposition.

On R", let LP(R™) and C*(R") denote the usual Lebesgue and Holder
spaces of order p and «, respectively, where 1 < p < co and a > 0. In addi-
tion to these, we have the following classical function spaces:
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Definition C.1. (i) For s € Z; a nonnegative integer and 1 < p < oo,
define the Sobolev spaces

(1)
1/p
WHPR") = feS' R | fllwer= | D ID* I, ] <oop,
la|<s
p < o9,
(C.2)
Woos (&) = {f € SE): llw = sup 1Dl < oo} .

(ii) For s € R and 1 < p < oo, define the Bessel potential spaces

(C.3)
- 1/2
H*P(R") := § f € S'RY) : | fllar = ||| Do 12755 <00
j=0
Lr
(iii) For s € R, 1 < p < oo, define the Besov spaces®!
(C.4)
o 1/p
B (R") =S f € S'R™) : || fllger = ||| D12 £ < o0
=0
Lr

(iv) Define A%P to be shorthand for either H*P or B%P. The spaces A*P are
also a special case of what are known as Triebel-Lizorkin spaces.

Of the above Banach spaces, the Sobolev spaces WP are the ones most
naturally occurring for many of the basic problems in analysis. The Bessel
potential spaces H*P arise from (complex) interpolation between the Sobolev
spaces, where we may think of f € H*P as having s derivatives in LP. This
is most clearly illustrated when p = 2, where H*P? is usually just denoted as
H?. For general p, we have the following result:

24The classical Besov spaces are usually denoted with two parameters B, - We
take p = ¢q. There are also many other equivalent norms that can be used to define
the Besov spaces. Our choice of norm reflects their similarity with H*®P.
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Theorem C.1 [17, Theorem 2.3.3]. For 1 <p < oo, H*P(R") = W*P(R")
for s a monnegative integer.

Indeed, when s = 0, then Theorem C.1 tells us that

. 1/2
oLl ~ I fllze-
§=0

Lr

This is the classical Littlewood—Paley Theorem.

The Besov spaces naturally arise because they are the boundary values
of Sobolev spaces. More precisely, let R*~1 C R"™ be the hyperplane z, = 0.
Given a fixed m € Z; and f a function on R", let

(05) Tmf = (th"_laaxnth"_lv tee ,a;:f‘Rn—l)

be the trace of f of order m along the hyperplane R”~!. We have the fol-
lowing theorem:

Theorem C.2. (i) For s >m+1/p and m € Zy, the trace map
extends to a bounded operator

m—1
(C.6) tHYP(R™) — @ B VP IR,
7=0
(ii) For any s € R and m € Z,., there exists an extension map e, : 69;7:01

Bs—Up=ip(R*=1) — HSP(R") such that for s>m+1/p, we have
Tmem = id.

(iii) H*P(R™) may be replaced with B5P(R™) in the above.
When p = 2, we have

(C.7) B%*(R™) = H*(R"™)

for all s, and so the above theorem is a generalization of the fact that the
trace of an element of H*(R") lies in H*~Y/2(R") for s > 1/2. Furthermore,
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because P C ¢4 whenever p > q, we have the trivial inclusions

B*P(R") C HOP(R") p<2,
H*P(R™) C B*P(R™) p>2.

For s > 0, we can also write the Besov space norm in terms of finite

differences in space rather than in terms of the Littlewood—Paley decompo-
sition in frequency space. For any h € R™, define the operator

onf = f(x+h)— f(z).
Using this operator, we have the following proposition:

Proposition C.1. For s >0 and 1 <p < oo, let m be any integer such
that m > s. Then an equivalent norm for B>P(R™) is given by

1/p
i —dn) .
Bew®n) = | fllLr®n) (/R fH »(R" )|h|" )

Remark C.1. The spaces H*P(R") and B*P(R") satisfy

(c.8) 7l

Hsl’p(Rn) g Bszvp(Rn) g H537P(Rn)

for all s1 > s9 > s3, for 1 < p < oo. This is a simple consequence of the
definitions (C.3) and (C.4). Thus, we see that the most important features
of the B®P and H*®P spaces are determined by the exponents s, p, with the
distinction between the Besov and Bessel potential topologies for fixed s
and p being a more refined property. In this sense, for most purposes, the
spaces B*®P and H®*P are “nearly identical”, and many results concerning
one of these spaces implies the same result for the other. This is why we
adopt the common notation of using A*P to denote either H*P or B%P.
Whenever, A%P appears in multiple instances in a statement or formula, we
always mean that all instances of A%P are either H*P or B*P,

We have the following fundamental properties:
Proposition C.2. Let s € R and 1 < p < oco. Then the space of compactly

supported functions C°(R™) is dense in ASP(R™). Moreover, A=*P'(R") is
the dual space of ASP(R™), where 1/p+1/p' = 1.
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Proposition C.3 (Lift property). Let s € R and 1 < p < co. Then

ASP(R™) = { featowny: o ¢

g sSTLPR™M) 1<i<ny.
e A (]R),l_z_n}

C.1.2. Function spaces on an open subset of R". Let () be an open
subset of R™. Unless otherwise stated, we assume for simplicity that € is
bounded and has smooth boundary, although many of the results that follow
carry over for more general open sets. Given any tempered distribution f €
S'(R™), we can consider its restriction ro(f) to (C5°(€2))". Then we have the
corresponding function spaces on €Q:

Definition C.2. For s € Z; and 1 < p < oo, the space W5P(Q) is the space
of restrictions to € of elements of W*P(R"™), where the norm on W*P(2) is
given by

sw(o) = Inf sp(Ton) .
| fllwsr(0) g:m(g):ngHW ®R")

For s € R and 1 < p < oo, the spaces H*P({2) and B*P(Q2) are defined sim-
ilarly.

If we consider the function space
AP(Q) = {f € A*P(R") : supp f C O},

then an equivalent definition of A%P(Q) is
(C.9) ASP(Q) = ASP(R™)/ASP(R™M\Q).
Furthermore, we have the following:
Proposition C.4. Let —00 < 5 <00 and 1 < p < oo. Then C§°(12) is dense
in ASP(Q). Moreover, AP (Q) is the dual space of A*P(2), where 1/p +
1/p =1.

Define the upper half-space

RY = {(z1,...,2,) € R" : 2, > 0}.

We have the following extension property:
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Theorem C.3. Let 1 < p < oo. For any k € N, there exists an extension
operator

Ej : ASP(R™) — ASP(R)

for |s| < k.

C.1.3. Function spaces on manifolds. Ultimately, the function spaces

which are important for us are those which are defined on manifolds (with

and without boundary). Let X be a compact n-manifold or an open subset

of it. We can assign to X the data of an atlas {(U;, ¢;, ®;)}, where: (1)

the U; are a finite open cover of X; (2) the ¢; are a partition of unity

with supp¢; C U;; and (3) each ®; is a map from U; to R™, where ®; is
o

a diffeomorphism onto an open subset of R™ if U; C X or otherwise, ®;
is a diffeomorphism onto an open subset of R? with ®;(U; N 0X) C OR".
With these data, we can define the function spaces A%P(X) in terms of the
function spaces on R™ and R’}.

Definition C.3. Let X be a compact manifold or an open subset of it. Let
{(Ui, i, ®;)} be an atlas as above. Then for —oo < s < 0o and 1 < p < o0,
we define A®P(X) to be those distributions f on X such that

1/p

/1

anxy=| D 195 (wif)|

UiC)O(

U;NOX#D

p
ey | <00

We define W*P(X) for s € Zy and 1 < p < oo similarly.

If we have two different atlases, the following proposition implies that
we obtain equivalent norms:

Proposition C.5. Let f € ASP(R"), se R and 1 <p < oo. (i) If p € CF°
(R™) then pf € ASP(R™). (ii) If ® is a diffeomorphism of R™ which is equal
to the identity outside a compact set, then ®*(f) € ASP(R™).

In particular, if X is a bounded open subset of R™ with smooth bound-
ary, the above furnishes a definition of A*?(X). On the other hand, we also
define A%P(X) to be the restrictions to X of A®P(R™). These two definitions
of A%P(X) yield equivalent norms by the extension theorem, Theorem C.3.
Consequently, if X is a compact manifold and X is a closed manifold con-
taining X, we have the following:
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Proposition C.6. For —ooc < s < oo and 1 <p < oo, A*P(X) is the space
of restrictions to X of ASP(X).

Corollary C.1. Let X be a compact manifold (with or without boundary)
or Fuclidean space. If D is a differential operator of order m, then D :
ASP(X) — AS~™P(X) for all s € R and 1 < p < co.

Because function spaces defined on manifolds are locally the function
spaces defined on Euclidean space, many of the properties of the latter carry
over to the manifold case. For instance, if X is any closed manifold containing
the manifold X, we can define

(C.10) ASP(X) = {f € A>P(X) :supp f C X}.
We have the following theorem:

Theorem C.4. Let X be a compact manifold. We have that C*(X) is
dense in A>P(X) and multiplication by a smooth function defines a bounded
operator. Moreover, for any s € R, A=5P (X)) is the dual space of AP(X),
where p' =p/(p—1). If X is closed or s < 1/p, then A*P(X) = A*P(X).

The trace theorem, Theorem C.2, readily generalizes to manifolds with
boundary:

Theorem C.5. Let X be a compact manifold with boundary 0X.

(i) Fors >m+1/p andm € Z4, the trace map (C.5) extends to a bounded
operator

m—1
(C.11) rm : HP(X) — @ BP9 (9X).
7=0

(ii) For any s € R and m € Z, there exists an extension map e, : 69}”:_01
Bs~UP=iP(9X) — H5P(X) such that for s>m+1/p, we have
Tmem = id.

(iii) H*P(X) may be replaced with B*P(X) in the above.
C.2. Further properties

In the following, X is a compact manifold (with or without boundary).
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Theorem C.6 (Embedding theorem). Let —oco <t <s < oo and 1 <p,
q < oo with

(C.12) s—n/p>t—n/q.
(i) We have embeddings
(C.13) B¥P(X) — B"(X)n H"(X),
(C.14) H%P(X) — H"(X)N B"(X).
If the inequality (C.12) is strict, these embeddings are compact.
(ii) We have the monotonicity property
(C.15) H*P(X)C H¥(X), p>q.
(i) If t > 0 is not an integer, then
HYPHP(X) — O(X),
B/PHP(X) s CF(X).

Next, we have a multiplication theorem. Namely, given two functions f
and g, we wish to know in which space their product fg lies (where it is
assumed that f and g are sufficiently regular so that their product makes
sense as a distribution).

Theorem C.7 (Multiplication theorem). (i) For all s > 0, we have A®P
(X)NL>®(X) is an algebra. Moreover, we have the estimate

/9]

In particular, if s > n/p, then AP(X) is an algebra.

A < C([|/]

asol|gllLoe + [ fllz<llgllase).

(ii) Let s < s9 and suppose si + s > nmax(O,% —1). Then we have a
continuous multiplication map

ATP(X) x AP(X) — A%P(X),

where
. 51 if s9 > n/p,
3= .
s1+s2—n/p if s <n/p.

Both statements are standard facts, whose proofs involve the paraprod-
uct calculus. For (i), see, e.g.,[16]. For (ii), see [12].
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Appendix D. Elliptic boundary value problems

Let X be a compact n-manifold with boundary X and E and F' two vector
bundles over X. Let A :T'(E) — I'(F) be an mth-order elliptic differential
operator mapping smooth sections of E to smooth sections of F. For all
s€R and 1 < p < 0o, the operator A extends to a map on the Triebel-
Lizorkin spaces A*P(E) — A*~™P(E) by Corollary C.1, where for s <m, A
acts in the sense of distributions. To keep notation concrete, on X we work
with the Bessel potential spaces H*P(E) for the moment,?> although most
of what we do applies to B*P(FE) as well (subsequent theorems will be stated
for both the H*P and B*P spaces).26

Fix a collar neighborhood [0, €) x 0X of X, where ¢ € [0, ¢) is the inward
normal coordinate and x denotes the coordinates on X. In this neighbor-
hood, write the principal part of A as 377", A;0,""7 where A; = A;(,1)
are differential operators of degree j in the tangential variables. Let (x,¢) €
T*0X\{0}. Consider the vector space of solutions f : RT — C to the ordi-
nary differential equation

(D.1) D Ai(x,0,0" 7 | f(t) =0, teR,
j=0

obtained by “freezing” A at (z,0,§). Here, A;(x,0,&) is the symbol of A;
at t = 0. Let M;F(¢) denote the vector space of solutions to (D.1) which
decay exponentially as ¢ — +oo. The assumption that A is elliptic implies
that the solution space of (D.1) decomposes as a direct sum M, () &
M (€), for all (z,&) € T*0X\0. Thus, we have an isomorphism M (§) &
M_ (&) = EI" given by taking the full Cauchy data of a solution, f(t)—

xT

(f(0),...,0™ 1 £(0)). Via this isomorphism, we can identify MF (&) ¢ E™.

Definition D.1. For (z,£) € T*0X\0, define n}(z,&) : E™ — E™ to be
the projection onto M (&) through M, (&).

25In addition, we want to avoid overusing the letter A in our notation.

26In most applications, one wants elliptic estimates on Sobolev spaces on the
interior of the manifold, and hence one works with the H*P spaces on X (one
still must work with Besov spaces on the boundary, since these are the space of
boundary values of the H®? spaces). In this paper, however, we will also work with
Besov spaces on X since we will need such Besov space estimates in [10]. Since the
space of boundary values of a Besov space is still a Besov space, working with Besov
spaces on X is permissible.
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From this projection, we can define what it means for a boundary con-
dition B to be elliptic. Such a notion is very classical; for further reading,
see [4, 22].

Suppose the operator B is given by a tuple B = (Bj, ..., By) of operators
on the boundary, where

(D.2) By : T(Eox)™ — T'(Vy),
m—1
BkU = Z Bijj,
j=0

U=(Uj)l eT(Bax)™, 1<k<H,

and where the By; are (classic) pseudodifferential operators mapping I'(Ep x )
to I'(V}) for some vector bundle Vj, over 0X. The total boundary operator
gives us a map

¢

(D.3) B:T(Esx)™ — T (Vi)
k=1

Given a pseudodifferential operator T', let ¢,(T") denote the principal
symbol of T'. If T' is a matrix of pseudodifferential operators (where different
entries of the matrix correspond to different vector bundles), then the order
of T and hence its principal symbol need to be carefully defined. In the case
of B above, since each By represents a boundary condition of order G, we
define the principal symbol of B to be the following symbol-valued matrix:

op(B) = (98— By) 1ze=e.
where 0;(By;) is the usual principal symbol of By; if By; € Op'(0X) and
zero if Bgj € Op' (0X), i’ < i.

Definition D.2. Suppose the boundary operator B in (D.3) is such that
0p(B)(x,€) : (Ex)™ — @%_,Vj, restricted to im 7} (z,€) is an isomorphism
onto imoy(B)(z,§) for all (z,&) € T*0X\0. Then B is an elliptic boundary
condition for the operator A. In this case, we say that the pair (A, B) is
elliptic.

Examples. Standard examples of elliptic boundary conditions include the
Dirichlet and Neumann boundary conditions for the Laplacian. Likewise, for
Dirac operators, the APS boundary condition (which is the positive spec-
tral projection for the tangential boundary operator, see Definition 2.1) and



The Seiberg—Witten equations on manifolds with boundary I ~ 665

other similar pseudodifferential boundary conditions are elliptic. A natural
example of a boundary condition of mixed order is the following situation,
which occurs, e.g., in [13]. Let X =Y be a 3-manifold and let £ =T*Y &
R. Let A = Dgg. be the div-grad-curl operator (2.61) acting on I'(E) =
QYY) @ Q°(Y). Adopting the notation and identifications made in Lemma
2.5, we have T'(Fy) = QY(2) @ Q°(X) @ Q°(X), and we can define the bound-
ary operator

(D.4) B=dy®id®0:'(Ex) — Q*(%) @ Q'(%),

One can check that B is a elliptic boundary condition for Dggc. It is in fact
a local boundary condition, i.e., B is a differential operator. One can replace
the operator dy : QY(X) — Q%(¥) with a projection 77 : QY(XZ) — QYD)
whose kernel is a Lagrangian subspace L of Q'(X), where the symplectic
form on Q'(X) is the form w(a, b) = [5 a A b. Since ker 7, and ker d differ by
a finite-dimensional subspace, the operator By, = mp, @ id @ 0 also induces an
elliptic boundary condition for Dgg.. The linear operators considered in [13]
are based on this example, where various Lagrangians L are considered.

On a manifold with boundary, the map A : H5""™P(E) — H%P(F) has
infinite-dimensional kernel. An elliptic boundary condition B allows us to
control the kernel, which means we can obtain an elliptic estimate for the
full mapping pair (A, B). Moreover, if we consider the restricted operator
Ap, whose domain consists of those elements annihilated by the boundary
condition, the elliptic estimate for the full mapping pair (A, B) then gives
us one for Ap.

More precisely, given 0 <k <m—1,let s+ m>k+1/pand 1 <p<
o0, and consider the map

(D.5) re  HTMP(E) — @ Bt Vrmiv(Byy),
§=0

the trace map onto the Cauchy data up to order x. If B is an elliptic bound-
ary condition that depends only on the Cauchy data up to order k, i.e., we
have By; =0 in (D.2) for j > &, then

K ¢
(D.6) B: @ Bmriv(Byx) e @D B Ber(yy)
J=0 k=1
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is bounded. For brevity, for any s € R, let

(D7) VI =l BT, B = (Br, e Br):

We have the following fundamental theorem for elliptic boundary value
problems. In our applications, we will only consider m = 1,2 and Kk =0, 1,
see Corollary D.1.

Theorem D.1 [15, Theorem 4]. Let X be a compact manifold with bound-
ary 0X and let A:T(E) — I'(F) be an mth-order elliptic differential oper-
ator. Suppose B is an elliptic boundary condition satisfying (D.6) which
depends only on the Cauchy data up to order k. Let 1 < p < co and s +m >
k+1/p.

(i) Let u € H'?(E), t € R, and suppose Au € H¥P(F). Then r.u € ®ig
BYr=iP(E) is a well-defined element. Suppose we have the additional

estimate Br,u € Vg+m_1/p’p on the boundary. Then u € H5T™P(FE)
and

(D-8)  Mullgesmr(my < CUlAVImon () + 1 Bratllysem-sro + [lull men(m))-

(ii) The map Ap:{u € H**"™P(E): Bryu=0} — H*P(E) is Fredholm.
Its kernel and cokernel are spanned by finitely many smooth sections.

(iii) If op(B) : E™ — @ilek is surjective, then the full mapping pair

(A,B) : H""™P(E) — HP(F) ® V;“”—l/p,p,
ut— (A'LL, BT’HU)

1s a Fredholm operator.

(iv) The above statements remain true if H*P(E) is replaced with B*P(E).

Remark D.1. By a standard argument, the lower order term ||u|| ge.»(g) in
(D.8) can be replaced with ||7ul|, where 7 is any projection onto the finite-
dimensional space of solutions to Au = Br,u =0, and || - || is any norm on
that space. In other words, we need only to control the kernel of the operator
(A, B) to get the estimate (D.8). In particular, if (A, B) has no kernel, the
term ||ul| o0 () can be omitted.
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Remark D.2. Seeley only proves Theorem D.1 for p = 2, but because all
the maps involved are pseudodifferential or involve taking traces or exten-
sions, the generalization to 1 < p < oo is automatic. Furthermore, the gen-
eralization to Besov spaces in (iv) follows from the general results in the
previous section on function spaces, since the trace of a Besov space is still a
Besov space, and the boundary extension map of a Besov space lies not only
in a Bessel potential space but also in a Besov space (see Theorem C.2). This
is another instance of the principle that B*P and H®P are “nearly identical.”

We will not need Theorem D.1 in its full generality. For convenience, we
summarize the particular applications we have in mind below:

Corollary D.1. We have the following elliptic boundary value problems:

(i) Let A=A be the Laplacian acting on scalar functions. Then the
Dirichlet and Neumann boundary conditions are elliptic boundary con-
ditions. For the Dirichlet problem, we have the elliptic estimate

(D.9) [[ul

Bo2r(x) < C(||Aul

Bew(x) T [roull Bs+2-1/00(9x))

for s+2 > 1/p. For the Neumann problem, we have the elliptic esti-

mate
Bst1-1/pp(X) T ’/ U >
X

fors+2>1+41/p, where O,u denotes the derivative of u with respect
to the outward unit normal to 0X .

(D.10) [Jul

poso) <€ (18

Bor(x) + [[T0(Ou)]

(ii) Let A= d + d* be the Hodge operator acting on ®1_,Q(X), the exterior
algebra of differential forms on X. Then the tangential component®”
alax and normal component xalgx are elliptic boundary conditions. In
particular, if a € QY(X), then we have the elliptic estimate

(D.11)
|l

Bo+ieoi(x) < C(lldal|pewz(x) + |d7al| pewao(x) + la"| BerQ1 (X))
for s 4+ 1> 1/p, where a” denotes the orthogonal projection of a onto

the space

(D.12) HY(X,0X;R) 2= {a € QY(X) : da = d*a = 0,a|px = 0}.

27See footnote 5.
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(iii) Let A:T'(E) — I'(F') be a Dirac operator. If B is any pseudodifferen-
tial projection onto r(ker A), then B is an elliptic boundary condition
for A. We have the elliptic estimate

(D.13) || ul

Bo+ir(m) < C([|Aul

Bs,p(F) =+ ||B7"U| Bs+17/1p,P(E6X))

for s+1>1/p.

Proof. For (i), a standard computation shows that the kernel of the Dirichlet
Laplacian is zero and the kernel of the Neumann Laplacian is spanned by
constant functions. We now apply Remark D.1. For (ii), the kernel of d +
d* on QYY) with vanishing tangential component is the space (D.12). We
now apply the previous theorem and Remark D.1. Observe that for the
Dirichlet Laplacian we took x =0 in Theorem D.1. For (iii), there is no
term to account for the kernel due to unique continuation, Theorem E.1,
which implies that » maps ker A isomorphically onto its image (hence Br
maps ker A isomorphically onto its image). O

D.1. The Calderon projection

Our main theorem for elliptic boundary value problems, Theorem D.1, is
quite strong (in fact stronger than most variants of the theorem in the liter-
ature) due to its very large range of admissible parameters.?® This theorem,
due to Seeley, uses the construction of special pseudodifferential operators
associated to elliptic boundary value problems which we now describe. As
with Remark D.2, all statements in this section remain true if we replace
H*P(E) with B*P(E).

Let A:I'(E) — I'(F) be an mth-order elliptic operator, which for sim-
plicity, we take to be first order, though everything we discuss here gen-
eralizes straightforwardly for m > 1. Informally, the general picture is the
following. We have two subspaces of interest, ker A and its restriction to the
boundary r(ker A), where r : I'(E)) — I'(Ey,) is the restriction map. What we
have is that there exist a pseudodifferential operator P : I'(Eyx) — I'(Ex)
acting on boundary sections and a map P : I'(Ey) — I'(F) mapping bound-
ary sections into the interior such that P is a projection onto r(ker A) and
the range of P is contained in ker A. Furthermore, we have rP = P,

28Namely, in Theorem D.1, one can work with very low, even negative regularity
(i.e., s < 0), and furthermore, one can work with just a subset of the full Cauchy
data (i.e., kK < m — 1) in specifying boundary conditions.
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More precisely, and assigning the appropriate topologies to the spaces
involved, let s € R and 1 < p < 0o, and let

(D.14) Z5P(A) C H*?(E)

be the kernel of the operator A : HSP(E) — H*"LP(E). Let Zo(A) be the
subset of Z®P(A) consisting of those elements z with vanishing boundary
values, i.e., r(z) = 0. Theorem D.1 implies Zy(A) C C*°(E) and is finite
dimensional. The map r extends to a bounded map H*P(E) — B~ /PP (Exy,)
only when s > 1/p. However, if we restrict 7 to the kernel of A, it turns out
that no such restriction on s is necessary. This is the content of the following
very important theorem:

Theorem D.2 [14, 15]. Lets€ R and 1 < p < 0.

(i) We have a bounded map r: Z5P(A) — BS~V/PP(Eyx), and further-
more, its range is closed. In particular, if Zo(A) =0, then r is an
isomorphism onto its image.

(ii) There is a pseudodifferential projection Pt which projects Bs—1/pp
(Egx) onto r(Z5P(A)). Furthermore, the principal symbol oo(P*) of
Pt is equal to the symbol 7 (see Definition D.1).

(iii) There is a map P : BS~V/PP(Eyx) — Z°P(A) whose range has Zy(A)
as a complement. Furthermore, PPT = P and rP = PT.

Thus, in particular, the above theorem tells us that elements in the
kernel of A of any regularity have well-defined restrictions to the boundary.
In fact, the first part of Theorem D.1(i) relies crucially on this fact.

Definition D.3. The operators P and P in Theorem D.2 are called a
Calderon projection and Poisson operator of A, respectively.

Remark D.3. (i) From the definitions, it follows that Pt is an elliptic
boundary condition for A. (ii) A projection is defined not only by its range
but also by its kernel. Thus, we have a Calderon projection and Poisson
operator for A, since their kernels are not uniquely defined. When we speak
of these operators then we usually have a particular choice of these operators
in mind. Seeley, for instance, has a particular construction of P™ and P.
However, it is usually only the range of P and PT that are of main interest
to us, and these are uniquely specified by the above definitions. Hence, a
Calderon projection is often times referred to as the Calderon projection in
the literature.
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Altogether, P is a projection onto the Cauchy data of the kernel of A,
and P is a map from the Cauchy data of the kernel into the kernel. The
latter map is an isomorphism when Zy(A) = 0. Furthermore, we have

Corollary D.2. For all s € R, smooth configurations are dense in Z5P(E).
Furthermore, suppose s > 1/p. Then Z*P(E) C H%P(E) is complemented.
Moreover, if Zy(A) = 0, then Pr : HP(E) — Z5P(A) is a bounded projection
onto Z*P(A).

Proof. We have that Z®P(A) is the direct sum of Zy(A) and the image
of P: B5~1/PP(Eyx) — H*P(E). The first statement now follows since the
space Zy(A) is spanned by smooth sections and smooth sections are dense
in B*~1/PP(Eyx). Now consider s > 1/p. Then the map Pr: H¥P(E) —
Z%P(A) is a projection onto the image of P (since PrP = P by Theo-
rem D.2), which is of finite codimension in Z*P(A). From this, one can
construct a projection of H*P(E) onto Z%P(A), which means Z*P(A) is a
complemented subspace. If Zy(A) = 0, then the range of P is all of Z*P(A),
whence Pr is a projection onto Z*P(A). O

We present an important application of these operators. Let A be a
first-order formally self-adjoint elliptic operator. Then the operator J := Ag
in (D.1) is a skew-symmetric automorphism on the boundary, and Green’s
formula (2.66) for A defines for us a symplectic form

w(u,v) = /E (u, —Jv)

on boundary sections u,v € I'(Egyx ). This symplectic form extends to a well-
defined symplectic form on B*P(Eyx) for (s,p) = (0,2) and for s > 0, p > 2
and the map —J is a compatible complex structure with respect to this
symplectic form. Indeed, for this range of s and p, we have B%P(Eyx) —
L?*(Eyx), with the latter a strongly symplectic Hilbert space.

We say that a closed subspace of B*P(Eyx ) is Lagrangian if it is isotropic
with respect to w and it has an isotropic complement. Observe that if L C
L?*(Epx) is Lagrangian, then JL is a Lagrangian complement of L.

Proposition D.1. [1] Let A be a Dirac operator. Then im P and Jim P*
are complementary Lagrangian subspaces of B¥P(Eyx), where (s,p) = (0,2)
ors>0,p>2.

Proof. In [1], it is shown that im PT and Jim Pt define complementary
Lagrangian subspaces of L?(Epx). Here, it is essential that one uses the
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trick of constructing an “invertible double” for the operator A. Since P is
a pseudodifferential projection, it is bounded on B*P(Eyyx). Without loss
of generality, we can suppose PT is an orthogonal projection (making a
projection into an orthogonal projection preserves the property of being
pseudodifferential). Define P~ = JPTJ~1. Then im P~ = Jim Pt and its
principal symbol agrees with the principal symbol of 1 — P, It follows that
im PT @ Jim Pt is a closed subspace of B®P(Eyx) of finite codimension.
We now apply Lemma A.2, which tells us that im P™ & Jim PT is in fact
all of B*P(FEgx). O

Appendix E. Unique continuation

Let A:T(F) — T'(F) be a smooth Dirac operator acting between sections of
the Hermitian vector bundles £ and F' over a compact manifold X (with or
without boundary). The operator A is said to obey the unique continuation
property if every u that solves Au = 0 and which vanishes on an open subset
of X vanishes identically. It is well known that Dirac operators obey the
unique continuation property. If X is a manifold with boundary, we can
replace the condition that w vanish on an open set with the condition ru = 0,
where 1 = 7 is the restriction map to the boundary. This is because one can
extend the operator A to a Dirac operator A on an _open manifold X that
contains X in its interior, and one can extend u to X by zero outside of X.
Since A is a first-order operator, then A =0 on X. Since @ vanishes on an
open set, then @ =0 on X and so v =0 on X.
The following is a well-known general result (see [2, Chapter 8)):

Theorem E.1. Let X be a compact manifold with boundary, let D be a
smooth Dirac operator on T'(E), and let V' be an L™ multiplication operator.
Then D +V has the unique continuation property. More precisely, if u €
BY2(E) satisfies (D + V)u =0 and ru =0, then u = 0.2

One application of this theorem is to show that such an operator D 4+ V,
acting between suitable function spaces, is surjective on a manifold with
boundary. This is in contrast to when X is closed, in which case D + V is
only Fredholm, in which case it may have a finite-dimensional cokernel. We
have the following theorem:

290ne can start with u of lower regularity than BY2(E), say L?(E), since by
elliptic bootstrapping, such a u will necessarily be of regularity B*?(FE), see the
proof of Theorem E.2.
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Theorem E.2. Let X be a compact manifold with boundary. Let 2 < p <
00, § > 1/p and let D +V : BSP(E) — B*~YP(F) where V is a sufficiently
smooth®® multiplication operator. Then D + 'V is surjective.

Proof. Since D 4+ V is a smooth elliptic operator, it has a right (pseudod-
ifferential) parametrix. This shows that D + V has closed range and finite-
dimensional cokernel. It remains to show that the cokernel is zero. There
are two cases to distinguish, the cases s > 1 and s < 1. Let us deal with
the latter case, with the case s > 1 similar. Suppose u € (B*~1P(F))* =
BY=s?(F), p’ = p/(p — 1), belongs to the dual space of B*~1P(F) and anni-
hilates im (D + V) C BS~YP(F). We want to show that u = 0, which com-
bined with the fact that im (D + V') is closed means that im (D + V) is all of
B*~1P(F). The condition that u annihilates im (D + V') means that we have
the (weak) equation (D + V)*u =0, and thus Du = —V*u (here we think
of dual operator D* acting on the linear functional u as being the same as
D, since a Dirac operator is formally self-adjoint). We have V*u € B 1=s.p"
since multiplication by a smooth function is bounded on all Besov spaces.
By Theorem D.1(i), we have a well-defined trace r(u) € B**~1/P'? (Fyx).
Thus, for all v € B¥P(E), we have Green’s formula (2.65), which tells us
that

(E.1) 0= (0, (D +Vu) — (D +V*)o,u)
— [ .-,
0X

The first line follows since u annihilates im (D + V') and (D + V*)u = 0.
The second line is well defined since Jr(v) € BS~1/PP(F) and B*~Y/P»(F)
is the dual space of B=s+t1/PP'(F) = Bl=s=1/P'?"(F). Since (E.1) holds for
all v e B*P(E), it follows that r(u) = 0. The system (D + V*)u =0 and
r(u) = 0 is overdetermined which means that we have an elliptic estimate
for u via Theorem D.1. That is, since Du = —V*u, we have an estimate of

39To keep the function space arithmetic simple, we suppose V is smooth in the
proof in the theorem, although the necessary modifications can be made for V'
nonsmooth but bounded as a map between suitable function spaces, depending on
s,p. What mainly needs to carry through is the bootstrapping argument in (E.2).
In all applications, we will always have V € BYP(Y') where t is sufficiently large so
that the statement remains true with V' of this regularity class. If s > 1, one can
check that V € L*°(FE) suffices. If s < 1, one wants V to have some regularity so
that it can act via multiplication on functions of low regularity.
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the form
(EQ) ||uHBt+1,q S C(”V*’U,Hth + HUHBW)

for all ¢, g such that the right-hand side is finite, ¢ + 1 > 1/q. Since u, V*u €
B'=5P(E) we have u € B>~5P'(E), where 2 — s > 1/p’ since s < 1. Feeding
this back into (E.2) and using that V' is smooth, we see that we can boostrap
u to any desired regularity. Thus u is smooth. (In general, for V' not smooth,
we want V sufficiently regular so that the above steps allow us to bootstrap
tou € BY?(F).) Furthermore, r(u) = 0. We now apply Theorem E.1 to con-
clude u = 0. Thus, D 4+ V is surjective. O

The next two unique continuation theorems are ones that are specific
to the Seiberg—Witten equations. In [6], unique continuation theorems are
proved for the (linearized and nonlinear) four-dimensional Seiberg—Witten
equations. Because solutions to the three-dimensional Seiberg—Witten equa-
tions on Y can be regarded as time-independent solutions to the four-
dimensional Seiberg-Witten equations on S x Y (see [6]), these methods
carry over to yield unique continuation for the three-dimensional equations.
More precisely, if (B(t),¥(t)) is a path of configurations in €(Y), then
(B(t), ¥(t)) solve the Seiberg-Witten equations on S x Y if and only if

d

dt
Thus, if (B(t),¥(t)) = (B,¥) is independent of time and satisfies SW3
(B, V) = 0, then (B(t), ¥(t)) satisfies the Seiberg-Witten equations on S* x
Y and we may apply the methods of [6]. We sketch proofs for the below
results; a more detailed proof will be left to [9].

(B(t), ¥(t)) = —SW3(B(t), ¥(t)).

Theorem E.3. Assume (3.1) and s> max(3/p,1/2). If (By,¥;),
(B2,¥9) € MSP are irreducible and satisfy rx(B1, V1) = rx(Ba, Vsa), then
(B1,%1) and (B2, V) are gauge equivalent on Y .

Proof (Sketch). Regard (Bi1,¥;) and (B2, Vs) as solutions to the four-
dimensional Seiberg-Witten equations on S* x Y as above. If we can apply
[6, Proposition 7.2.1-2], then we will be done, since [6, Proposition 7.2.1]
implies (B1,¥;) and (Bg,VUs) are gauge equivalent on a tubular neigh-
borhood [0, 1] x (S x %) of the boundary of S! x Y, and then [6, Propo-
sition 7.2.2] tells us that once the irreducible (B, ¥;) and (B, ¥2) are
gauge equivalent on an open set, then they are gauge equivalent on all
of S! x Y. Restricting back to Y yields the desired result. In both these
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propositions, the unique continuation method of [6, Lemma 7.1.3] is used
to show that (b(t),(t)) := (B1,¥1) — (B2, ¥3) is zero on S! x Y, where
in our case, (b(t),%(t)) is independent of ¢ € S*. One can check that the
analysis used in [6, Lemma 7.1.3] works for configurations that belong to
L>®(S* xY)N BY2(S! x Y) (i.e., we do not need C?(S' x Y') smoothness).
Thus, if we can show that (b, 1) € B12(S! x Y), we will be done. Since (b, )
is independent of time, it suffices to show that (b, 1)) € BY?(Y). For this, we
use that (b, 1)) satisfies an equation of the form H g w)(b,¥) = (b, ¥)#(b, ¥),
since (By, V1) and (Bg,¥s) are monopoles in Coulomb gauge. Moreover,
ry(b,¢) = 0. Thus, as in the proof of Theorem E.2, we can bootstrap the
regularity of (b,v) € TP to (b,) € T'? since we have an overdetermined
elliptic boundary value problem for (b,1)). This proves the result. O

The next result is essentially a linear version of the previous theorem.
Observe that if (B, V) € M*P(Y) with s > 3/p then (B, V) € L*°€(Y) and
furthermore, (B, V) € C2E(Y), where C7%, = CX.(Y) is the space of func-
tions which belong to C*°(K) for every compact subset K contained in the
interior of Y. Indeed, the Seiberg—Witten equations in Coulomb-gauge are
elliptic in the interior of Y and so we can bootstrap the regularity of (B, V)
to any desired regularity in the interior. However, since we do not have
stronger control of (B, V) at the boundary, this regularity cannot in general
be boostrapped to all of Y.

Thus, for (B, V) € M*P(Y), we have the map

(E.3) dpw) {6 € B¥2QU(Y3iR) : €]y = 0} — 7,7

loc

§— (—d§, V),

whose image is the formal tangent space to the gauge orbit of (B, ¥) deter-
mined by the gauge group ga Here, ’ZI;’CZ is the closure of the space 7 in
the BIOC(Y) topology, where the subscript “loc” has the same meaning as
above. Denote the image of (E.3) by jl 2 loc

Theorem E.4. Let (B,¥) € M*P(Y), s > 3/p. Suppose (b,) € T4? sat-
isfies H(p,w)(b,1) = 0 and rs(b,) = 0. Then either (i) (b,7) € ‘7(115’;2111,(;%
else (ii) U =0, and then ¥ =0 and b € kerd.

Corollary E.1. Let (B,¥) € M*P(Y), s > 3/p. Suppose (b,v) € IC%;\I,)

satisfies H(p w)(b, 1) = 0 and rs(b,9)) = 0. Then either (i) (b,4)) = 0 or else
(i) U =0 and b € H (Y, %;iR) = {a € Q1 (Y};iR) : da = d*a = 0, a|y = 0}.
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1,2,loc

Proof. This immediately follows from the previous theorem and J( By
1,2 T
IC( ) = 0. O
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