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Scalar curvature rigidity with a volume constraint

PENGZI MIAO AND LUEN-FAI TAM

Motivated by Brendle-Marques—Neves’ counterexample to the
Min-Oo’s conjecture, we prove a volume constrained scalar cur-
vature rigidity theorem which applies to the hemisphere.

1. Introduction

Recently, Brendle, Marques and Neves [6] have solved the long-standing
Min-Oo’s conjecture [15] by constructing a counterexample.

Theorem 1.1 (Brendle, Marques and Neves [6]). Suppose n > 3. Let
g be the standard metric on the hemisphere St . There exists a smooth metric
g on S™, which can be made to be arbitrarily close to g in the C'°°-topology,
satisfying

e the scalar curvature of g is at least that of g at each point in S,
e g and g agree in a neighborhood of OST

but g is not isometric to g.

In this paper, we observe that if the metric g in Theorem 1.1 is assumed
to satisfy an additional volume constraint, then it must be isometric to g.
Precisely, we have

Theorem 1.2. Let g be the standard metric on S} Let g be another metric
on St with the properties

e R(g) > R(g) in ST,
e H(g) > H(g) on OS,
e g and g induce the same metric on OST,

where R(g), R(g) are the scalar curvature of g, g, and H(g), H(g) are the
mean curvature of 0SYy in (S, g), (S, g). Suppose in addition

V(g) > V(9),



2 P. Miao & L.-F. Tam

where V(g), V(g) are the volume of g, g. If \|g—g|102(gi) is sufficiently
small, then there is a diffeomorphism ¢ : S't — S'} with <p|a§1 = id, the iden-
tify map on OS'}, such that p*(g) = g.

Theorem 1.2 is indeed a special case of a more general result:

Theorem 1.3. Let (2,3) be an n-dimensional compact Riemannian man-

ifold, of constant sectional curvature 1, with smooth boundary Y. Suppose

M+ HY >0 (i.e., Il + H¥ is positive semi-definite), where 7 is the induced

metric on ¥ and I, H are the second fundamental form, the mean cur-

vature of ¥ in (€2, g). Suppose the first nonzero Neumann eigenvalue p of
2

(Q2,9) satisfies p>n— 27,

Consider a nearby metric g on ) with the properties

e R(g) > n(n — 1) where R(g) is the scalar curvature of g,

e H(g) > H where H(g) is the mean curvature of ¥ in (£, g),
e g and g induce the same metric on 3,

e V(g) > V(g) where V(g), V(g) are the volumes of g, g.

If ||lg — chz(Q) is sufficiently small, then there is a diffeomorphism @ on 2
with ¢|s, = id, such that ¢*(g) = g.

As a by-product of the method used to derive Theorem 1.3, we obtain
a volume estimate for metrics close to the Euclidean metric in terms of the
scalar curvature.

Theorem 1.4. Let Q C R"™ be a bounded domain with smooth boundary X.
Suppose Il + HY > 0 (i.e., 11 + H# is positive definite), where I, H are the
second fundamental form, the mean curvature of ¥ in R™ and 7 is the metric
on ¥ induced from the Euclidean metric g. Let g be another metric on €
satisfying

e H(g) > H, where H(g) is the mean curvature of ¥ in (Q, g)

e g and g induce the same metric on 3.

max,cq |[g—al®

TGSy depending
only on 0 and a, such that if ||g — gl|cs(qy is sufficiently small, then

Given any point a € R™, there exists a constant A >

(1.1) V(g) — V(g) > /Q R(g)® dvol,

where ®(x) = —ﬁkﬁ —al>+A>0o0nQ.
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Theorem 1.4 may be compared to a previous theorem of Bartnik [2],
which estimates the total mass [1] of an asymptotically flat metric that is a
perturbation of the Euclidean metric.

Theorem 1.5 (Bartnik [2]). Let g be an asymptotically flat metric on
R3. If g is sufficiently close to the Euclidean metric g (in certain weighted
Sobolev space), then

(1.2) 167m(g) > /R R{g) dvol,

where m(g) is the total mass of g.

Our proofs of Theorems 1.2-1.4 follow a recent perturbation analysis
of Brendle and Marques in [5], where they established a scalar curvature
rigidity theorem for “small” geodesic balls in S”.

Theorem 1.6 (Brendle and Marques [5]). Let Q C S™ be a geodesic
ball of radius §. Suppose

2

(1.3) cosd > :
n+3

Let g be the standard metric on S™. Let g be another metric on ) with the
properties

e R(g) > n(n—1) at each point in €,
e H(g) > H at each point on 09,

e g and g induce the same metric on 0,

where R(g) is the scalar curvature of g, and H(g), H are the mean curvature
of 00 in (,9), (,9). If g — g is sufficiently small in the C%-norm, then
©*(g) = g for some diffeomorphism ¢ :  — Q such that ¢|pq = id.

In Theorem 1.6, the condition (1.3) is equivalently to

(1.4) H > 4tané

because the mean curvature H of dB(J) is (n — 1)‘;’5(‘; As another applica-

tion of the formulas in Section 2, we obtain a generalization of Theorem 1.6
to convex domains in S™.
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Theorem 1.7. Let Q) C S™ be a smooth domain contained in a geodesic ball
B of radius less than 5. Let g be the standard metric on S". Let I, H be
the second fundamental form, the mean curvature of 02 in (2, g). Suppose
Q is convez, i.e., I1 > 0. At OS2, suppose

(1.5) H > 4tanr,

where 1 is the g-distance to the center of B. Then the conclusion of Theorem
1.6 holds on €.

Theorem 1.7 is an immediate corollary of Theorem 5.1 in Section 5. In
a simpler setting, where the background metric g is a flat metric, we have

Theorem 1.8. Let ) be a compact manifold with smooth boundary 3. Sup-
pose there is a flat metric g on Q such that Tl + Hy >0 (i.e., Il + H7 is
positive semi-definite), where Il, H are the second fundamental form, the
mean curvature of X, and % is the induced metric on . Given another
metric g on ) such that

* R(g) >0 onQ,
e H(g9) > H at %,

e g and g induce the same metric on 3,

if |lg — g”cz(ﬁ) is sufficiently small, then ©*(g) = g for some diffeomorphism
v : Q— Q with p|y = id.

Similar calculation at the infinitesimal level provides examples of com-
pact 3-manifolds of nonnegative scalar curvature whose boundary surface
does not have positive Gaussian curvature but still has positive Brown—
York mass [7, 8]. We include this in the end of the paper to compare with
known results in [17].

Theorem 1.9. Let ¥ C R™ be a connected, closed hypersurface satisfying
Il + H% > 0, where I, H are the second fundamental form, the mean cur-
vature of X2, and 7 is the induced metric on X. Let Q be the domain enclosed
by ¥ in R™. Let h be any nontrivial (0,2) symmetric tensor on ) satisfying

(1.6) divgh =0, trzh =0, hlps =0.
Let {g(t)}1j<e be a 1-parameter family of metrics on ) satisfying

(1.7) 9(0)=g, ¢0)=h, R(g(t) >0, gt)lrs=glrs.
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Then

(1.8) / Hdog > / H(g(t))dog

for small t # 0, where H(g(t)) is the mean curvature of ¥ in (£2, g(t)).

This paper is organized as follows. In Section 2, we derive a basic formula
concerning a perturbed metric (Theorem 2.1), which corresponds to [5, The-
orem 10] of Brendle and Marques. In Section 3, we prove Theorem 1.3, which
implies Theorem 1.2. In Section 4, we give a proof of Theorem 1.4. In Sec-
tion 5, we consider other applications of the formulas in Section 2 and prove
Theorem 1.7-1.9.

2. Basic formulas for a perturbed metric

Let 2 be an n-dimensional, smooth, compact manifold with boundary .
Let g be a fixed smooth Riemannian metric on €. Given a tensor 7, let “|n|”
denote the length of 1 measured with respect to g. Denote the covariant
derivative with respect to g by V. Indices of tensors are raised by g. Let
Rikﬂ denote the curvature tensor of g such that if g has constant sectional
curvature x, then Rzk]l = k(9491 — gigrj)- Consider a nearby Riemannian
metric g = g+ h where h is a symmetric (0,2) tensor with |h| very small,
say |h] < 5.

The following pointwise estimates of the scalar curvature of g and the
mean curvature of ¥ were derived by Brendle and Marques in [5].

Proposition 2.1 (Brendle and Marques [5]). The scalar curvatures R(g),
R(g) of the metrics g, g satisfy

|R(9) — R(3) + (Ric(9), h) — (Ric(g), h*) + IVh!2 _” 7" gV ihipVihjq

1
+ 4 [V(trgh)[* + Vilg™ " (Vihji = Vihgi)]|
<C (|h|\Vh|2 + |h| ) ,
where Ric(g) is the Ricci curvature of g, h® is the g-square of h, i.e.,

(h?)g = gﬂhijhkl, (+,-) is taken with respect to g, and C is a positive con-
stant depending only on n.
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Remark 2.1. If the background metric g is Ricci flat, i.e., R;jz = 0, then
there will be no |h|? term in the above estimate. That is because

R(g) = gikRik - Qikglj (vi,khjl - vz‘,lhjk) + gikgjlgpq (F?ZF§k - F?zr?k> )
where each term on the right, except ¢** R;i,, involves derivatives of h.

Proposition 2.2 (Brendle and Marques [5]). Assume that g and g induce
the same metric on %, i.e., hlpy, =0 where TY is the tangent bundle of
Y. Then the mean curvatures H(g), H(g) of ¥ in (Q,9), (,9), each with
respect to the outward normals, satisfy

n—1
2[H(g) — H(g)] - <h<u, v) - (hmP Y h(ea,uf) H(g)

a=1

< C(InPIVhl +[n%),

where {eq | 1 <o <n—1} is a local orthonormal frame on ¥, U is the g-
unit outward normal vector to ¥, and C s a positive constant depending
only on n.

To derive the main formula (2.23) in this section, we let
(21) DRg(h) = —Ag<trgh) + dngdngh — <R1C(g), h>

be the linearization of the scalar curvature at g along h. Here “Ag, divy”
denote the Laplacian, the divergence with respect to g.

Lemma 2.1. With the same notations in Proposition 2.1, assume in addi-
tion divgh = 0, then

(VA + [V (trgh)|?)

R(g) ~ R(g) = DRy(h) = 3 DRy(H2) + (b, Ttrgh) —

1 . =
+ ih”hklRikjl + E(h) + Vi(Ei(h)),
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where E(h) is a function and Eq1(h) is a vector field on 2 satisfying
|E(h)| < CRIIVAE + [h), |Ei(h)| < ClhIVA]
for a positive constant C depending only on n.
Proof. First note that
22) -V [ ik gil (W hjy — vlhjk)} — (Ric(§), h) = DRy(h).

Suppose ¢* = g* + 7%, Then 7% = —h* + E¥¥(h) where h'* zgijhjlglk
and |Ey(h)| < C|h|?. Hence,

gikg]l gzkgjl gikhjl . gjlhik + Eékjl(h),
where |E3(h)| < C|h|?. Therefore,

(2.3) —Vil(g%¢"" — §%g") (Vihji — Vihjy)]
= vz-[<g““hﬂ + g h* — ESNR) (Vihj — Vikg)]

1
= 5Ag|hy2 + (h, Vtrg(h))g — divgdivy(h?)
~ VB (Vihj — Vihg)).

Applying the Ricci identity, one has
1 .
(2.4) 29 IgMGPINT by, Vb = d1ng1Vg(h ) — 7<R1c( ), h?)
1. ..
+ W R Rt
The lemma follows from Proposition 2.1, (2.2), (2.3) and (2.4). O

Next, let DHg(h) denote the linearization of the mean curvature at g
along h. Proposition 2.2 implies

(2.5) DHg(h):% W@ ) H(G) — 3 (2Ve, hlea, 7) — Voh(ea, ca))
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For later use, we note the following equivalent expression of DHg(h) (see [13,
(34)] for instance)

= L {dtrgh) — divyh (@) — dive X},

(2.6) DHy(h) = 3

where X is the vector field on ¥ dual to the 1-form A(7,-)|rx.
Let DR(-) denote the formal L? g-adjoint of DR;(-), i.e

(2.7) DR(A) = —(AgA\)g + V2X — ARic(g)

where A is a function and V%)\ denotes the Hessian of A with respect to g.
The content of the following lemma had been used in [13].

Lemma 2.2. Let p be any smooth (0,2) symmetric tensor on S, then

(2.8) /QDRg(p))\ dvolg = /Q<DR§(>\),p> dvolg — /EQDHg(p)A dog
+ [ X (tr5(0) = 9(0,7) dor

where A\ = Oz\ denotes the directional derivative of A along D.

Proof. Let Y be the vector field on ¥ dual to the 1-form p(7, -)|rs. Integrat-
ing by parts, one has

(2.9) /Q DRy (p)\dvoly — /Q (DR:(N), p) dvol,
= [ ~Adp(trgp) + (1150)00A + Adiva(s) ~ (7, TN) dr
b
_ / =8y (trgp) + divgp(7)] — (V, VN) dory

+ [ %o erg(p) = p(5.7)) doy

/ A[—0p(trgp) + divgp(v) + divsY| dog

+ [ X urglo) — p(5.9)) do,

where ﬁz() denotes the gradient on ¥ with respect to the induced metric.
From this and (2.6) the Lemma follows. O

Using Lemma 2.2, we can estimate [,[R(g) — R(g)]A dvolg.
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Proposition 2.3. Suppose g and g induce the same metric on ¥ and h
satisfies divgh = 0. Given any C? function \ on Q, one has

/ [R(g) — R(9)] Advoly

/Q}h’_DR* ) dvolg — ;/ﬁ(hz,DR;()\)) dvol,
a5
<[
- A(Q—QtrngHg(h)Adang /Q E(h)Xdvolg

—/Ei(h)vl)\dvolg—l—/Fl(h))\dag,
Q %

1 i ma 1, — _
(trgh)(h, V2X) + thﬂh“}zikjm — Z(\Vh|2 + |V(trgh)y2)A] dvoly

)

_l’_

1 .
(hun)? —2\X\2] A dorg — /E o (X, V" A) dog

I\l

)2 (g) - LX) - §|X|2H<g>] Ado

I\

where T1 is the second fundamental form of ¥ in (Q, ) with respect to 7, X
is the vector field on S that is dual to the 1-form h(7,-)|rs, E(h) and Ei(h)
are as in Lemma 2.1, and Fi(h) is a function on ¥ satisfying

|F1(h)| < C|h*[Vh|
for a positive constant C depending only on n.

Proof. By (2.8) with p = h, using the fact that h|p) = 0, we have
(2.10) / DRy (h)A dvol, — / (DR:(N). h) dvol, — / 2D H,(h)\ dor.
Q Q %

By the second line in (2.9) with p = h?, and integrating by parts, we also
have

(2.11) /Q %DR (h2) + Alh, ¥ txgh) dvol,

1 _
:/ —S(DRy(N), h%) + trgh{h, 7°A) dvoly + B,
Q
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where
(212) B= | S D(IH) — W20 = N(divgh)7) + ()7, )] do

+ / [AR(7, Vtrgh) — trghh(7, V)] doy.
by

To compute B, let {ia | 1<a<n-—1} be an orthonormal frame on X
and let e, = 7. Denote V also by “”, thus h;;.,x = Vh;;. The assumptions
hlrs, = 0 and divgh = 0 imply the following facts on X:

(2-13) ’h‘Q = (hnn)2 + 2|X’27 (hz)nn = (hnn)2 + |X’27 (hQ)na = hnnhna,

(2.14) (h2)(7,VA) = [(han)® + | X2\ + o (X, VN),
(2.15) hgyia = hﬁnﬂm + hnyIlga,
(2.16) homza = (trgh) Z hgpa = (trgh).a — 2I0(X, eq),
n—1
=1
n—1
(2.18) 0= (divgh)n = hpnin + Y Bnasa = Aangn + dive X + b H(9),
a=1
(2.19) 9DHy(h) = (trgh)., — dive X,

where (2.19) follows from (2.6). By (2.16)—(2.18), we have

(2.20)  95(|h?) — (divgh®)(7) = 3hnahnam + hanhann — Pnabon.o
= —1II(X, X) - 3H(g )IXI2 H(g)(hnn)?
— hpndive X — (X, V trgh>.

By (2.12), (2.13), (2.14), (2.20) and integration by parts, we have

(2.21

:/Z [—(hnn)2—1|X|2] A;n_/hnn(X,VZM

- [ [ ST, X) — SH(G)|XP? — SH(@)(han)? + 2o DHy ()| Aoy,
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Note that
(2.22) / (ViEi(h))Advol; = — / Ei(h)V A dvoly + / AFy(h) dog,
Q Q P

where |Fy(h) = (E1(h),7)| < C|h|?|Vh|. Proposition 2.3 now follows from
Lemma 2.1, (2.10), (2.11), (2.21) and (2.22). O

The formula (2.23) below is a general form of [5, Theorem 10], which
Brendle and Marques derived for geodesic balls in S™.

Theorem 2.1. Suppose g and g induce the same metric on ¥ and h satisfies
divgh = 0. Given any C? function \ on §, one has

(2.23)
L/m@—R@»wmg+/@—wmumﬂ~mmxwg
Q »

:/<h7DR*()\)>dvolg— ;/§2<h27DR;()\)>dvolg

1 i ks 1, _
/ [ trgh)(h, V2A) + —h”hklRikjl)\ - 7(\Vh|2 + |V(trgh)]2))\] dvolg
+ |- H0) — SO X) + HGIXP)| Ado
+/ [ B —]X]Q} dog + /(—1)hnn<X,Vz)\) do
b 3
+ [ E(h)Xdvol, +/ ZH(h)V ;X dvol, +/F )Adog,
Q

where E(h) is a function and Z(h) is a vector field on Q satisfying
|B(h)| < C(IR[VR + |R?), 1Z(h)| < C|RP[Vh],
and F(h) is some function on ¥ satisfying
[E(h)| < C(PVh| + [B]).
Proof. Proposition 2.2 implies

(2.24) 2[H(g) — H(g)l = 2DHg(h) + J(h) + Fa(h)
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where

90) = | 4+ 1XP| H(@) = o D13 (1)

and Fy(h) is some function on ¥ satisfying |Fy(h)| < C(|h|?|Vh| + |h|?).
Therefore

(2.25) (2 = hon)[H(9) = H(g)] = (2 = 2hnn) DHg(h)

+ [+ 1XP] 1)

+ Eo(h) = ShunlI () + Fa(h)]
(2.23) now follows readily from Proposition 2.3 and (2.25). O

The term DRZ(A) in (2.23) may suggest that one consider a background
metric g which admits a nontrivial function A such that DR ()\) = 0 (such
metrics are known as static metrics [10].) For instance, if Q is a geodesic
ball B in S”, g is the standard metric on S and A = cosr, where r is
the g-distance to the center of B, then (2.23) reduces to the formula in
[5, Theorem 10].

Besides static metrics, one can also consider those metrics g with the
property that there exists a function A such that

(2.26) DR:(\) = g.

These metrics were studied by the authors in [13, 14]. In this case, the terms

/Q <h,DR§()\)>dvol§—% /Q (h?, DR;(X)) dvolg

in (2.23) become

1
/trghdvolg—/ |h|? dvolj.
Q 2 Jao

To compensate these terms, one can include the difference between the vol-
umes of g and g into (2.23).

Corollary 2.1. Suppose g is a metric on ) with the property that there
exists a function \ satisfying DR;-;(A) =g. Let g = g+ h be a nearby metric
such that g and g induce the same metric on X and h satisfies divgh = 0.
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Let V(g), V(g) denote the volume of (£2,g), (2,g). Then

(2.27)

a(V(g)~ V(@) + /Q [R(g) — R()] Advol;

+ / (2~ trgh) [H(g) — H(g) Adog
>

= _—— _ 1_
/ [ i 1] (trgh)” dvolg

1
—Z(|Vh\2 + |Vg(trgh)|2))\] dvolg
1

|1 1—-n
1

() ~ SUECEX) + H@IXP)| Ado

+

+

L 1
R(g)(trgh)Q + <h, Rlc(g)>(tr§h) + 2hijhklRikjl] )\dvolg

+

+

1 )
A [—(hm)2 — 2\X|2] dog +/E(—1)h,m(X, VE)\> dog

+

T —— T — 5 o

G(h) dvoly + / E(h)Xdvolg + / Z'(h)Vi\ dvolg
Q Q

+

F(h)\dog,
where G(h) and E(h) are functions on § satisfying
G(h)] < CIRPP,  |E(h)] < C(IRI[VA? + |R),
Z(h) is a vector field on Q satisfying
|Z(h)| < C|R[*|Vhl,
and F(h) is a function on 3 satisfying
|E(h)| < C(IPVh| + [R).

Proof. The difference between the volumes of g and g = g+ h is

(2.98)  V(g) - V(g) = /Q %(trgh) + [;(trgh)Q - i\hﬁ] + G(h) dvol,,

13
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where G(h) is a function satisfying |G (h)| < C|h|? for a constant C' depend-
ing only on n. Suppose DR3()\) = g, i.e.,

—(Ag\)g + V2X — ARic(g) = g.

Taking trace, one has AgA = 2-[R(g)A + n]. Thus,

(2.29) VA = - [R(@)A+1]g + ARic(g).
(2.27) follows from (2.23), (2.28) and (2.29). O

3. Volume constrained rigidity
We prove Theorem 1.3 in this section. First, we recall its statement:

Theorem 3.1. Let (£2,3) be an n-dimensional compact Riemannian man-

ifold, of constant sectional curvature 1, with smooth boundary . Suppose

M+ HY >0 (i.e., Il + H¥ is positive semi-definite), where 7 is the induced

metric on ¥ and I, H are the second fundamental form, the mean cur-

vature of 3 in (£, g). Suppose the first nonzero Neumann eigenvalue p of
2

(2,9) satisfies p>n — 3.

Consider a nearby metric g on ) with the properties

e R(g) > n(n— 1) where R(g) is the scalar curvature of g,
e H(g) > H where H(g) is the mean curvature of ¥ in (£, g),
e g and g induce the same metric on 3,

o V(g) > V(g) where V(g), V(g) are the volumes of g, g.

If |lg — g”cz(ﬁ) 1s sufficiently small, then there is a diffeomorphism ¢ on €2
with |y, = id, which is the identity map on X, such that ¢*(g) = g.

Proof. Fix a real number p > n. By [5, Proposition 11], if ||g — gl|w2»(q) is
sufficiently small, there exists a W3? diffeomorphism ¢ on Q with ¢|y, = id
such that h = ¢*(g9) —g is divergence free with respect to g, and
[hllw2r ) < Nl|lg — gllw2r(q) for some positive constant N depending only
on (€2, g). Replacing g by ¢*(g), we may assume g = g + h with divgh = 0.
We want to prove that if |[h|[c1 (g is sufficiently small and g satisfies the
conditions in the theorem, then A must be zero.
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Since § has constant sectional curvature 1, we choose A = ——— such

n—1
that DRZ(A) = g. Corollary 2.1 then shows
(3.1)
—2(V(g) = V(9) -
1

n —

n i 1 /Q [R(g) — R(g)] dvolg

- @) 11(9) ~ 1)) doy
1

= An - 1)

1

LT /Z [(han)?H(9) + 2(I(X, X) 4+ H(g)|X|*)] dog

/ [—(n+1)(trgh)? + 2|h|* + [Vh[? + [V (trgh)[*] dvoly
Q

~Clllero [ [0+ 1902 dvoly + [ |h12dog]

for a constant C' depending only on (£2, g).
Using the variational property of u, we have

(3.2)

/Q IV (trgh)|? dvoly > p [( /Q (trgh)deolg> — Vig) < /Q trghdvolg>2] :

By (2.28), [, trghdvoly is related to (V(g) — V(g)) by

(3.3)
[ wahsoly = 2v(6) - vig) - [
Q

Q

{ [i(trgh)Q - ;W] + 2G(h)} dvol,,

where G (h) < C|h|>.
Given any constant 0 < e < 1, using (3.2) and the fact |h[? > L (trgh)?
and [Vh[? > 1|V (trgh)|?, we have
(3.4)
/ [—(n + 1) (trgh)? + 2|h|* + |Vh[> + |V4(trgh)[*] dvoly
Q

€

—<| (g

_ 2
2/ [e|h\2+e|Vh2+ [—(n—f—l)-i—
Q

+ [(1;6) + 1] \V(trah)ﬂ dvolg
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= 2-¢ (1-
2/ |:6|h|2+6|Vh|2—|— [—(n+1)+n€+( €)
Q

—p [(1;6) +1] Vzg) (/Qtrghdvolg>2.

we can chose € (depending only on u and n) such that

n

w+ u] (trgh)Q] dvolg

. 2
Slnce,u>nfr+1,

(3.5) [(n+1)+2n_6+ (1-¢

M+/L] > 0.
n

Then it follows from (3.3), (3.4) and (3.5) that

3.0 [ (~(n-+ Dgh)? + 2 + [T + [Flongh)) dvoly

> e [ (07 + V) dvoly — C1(V(g) = V(@) = C1 [ [bf*dog,
Q@ Q

where Cj is a positive constant depending only on (€2, g).
At the boundary ¥, the assumption Il + H(g)y > 0 implies H(g) > 0,
therefore

60 [ )R + 200X X) + H@)IXP)] dog >0
for any h. By (3.1), (3.6) and (3.7), we have

(38) 8- 1)(V(g) - V(5) - 4 /Q [R(g) — R()] dvol;
4 / (2~ trgh) [H(g) — H(g)) do
>
2 | o2 ol
Ze/ﬂ(]h! + [Vh|?) dvolg
_C(V(g) - V(G)? - 0/ Ih|* dvol,
Q

Ol [ [+ [y avoly + [ |h|2dag]

for some positive constant C' depending only on (€2, g).
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Finally, we note that

39 W) -v?=c( [ o) Ve - V)
by (3.3) and the assumption V' (g) > V(g). Also, by the trace theorem,
(3.10) Al L2 sy < ClIAllwr2(0)

for a constant C' only depending on 2. Therefore, by (3.8), (3.9), (3.10) and
the assumptions V(g) > V(g), R(g) > R(g) and H(g) > H(g) , we conclude
that if [|[|c1(q) is sufficiently small, then

(3.11) 0> /(h\2—|—|Vh| ) dvoly,

which implies h must be identically zero. This completes the proof. O

Remark 3.1. In Theorem 3.1, if ¥ is indeed empty, i.e., (£2,g) is a closed
space form, its first nonzero Neumann eigenvalue satisfies u > n as (€2, g)
is covered by S™. In this case, Theorem 3.1 says that V(g) > V(g) implies
g is isometric to g for a nearby metrics g with R(g) > R(g). This could
be compared to a more profound theorem known in three-dimension: “If
(M, g) is closed 3-manifold with R(g) > 6, Ric(g) > g and V(g) > V(S?),
then (M, g) is isometric to S3.” (See [4, Corollary 5.4] and earlier reference
of [3, 11])

When ¥ # (), the boundary assumption I + H#% > 0 in Theorem 3.1 can
be relaxed in certain circumstances. A detailed examination of the above
proof shows, if

(3.12) MM(v,v) + Hy > -7

for some positive constant 3, where 3 is sufficiently small comparing to the
constant € in (3.5) and the constant C' in (3.10), then the conclusion of
Theorem 3.1 still holds on such an (€2, g). In particular, this shows

Corollary 3.1. Let (M,g) be an n-dimensional Riemannian manifold of
constant sectional curvature 1. Suppose 2 C M is a bounded domain with
smooth boundary X, satisfying the assumptions in Theorem 5.1, i.e., p >
n— -2 and I+ Hy >0 on X. Let Q C M be another bounded domam
with smooth boundary . If 3 is sufficiently close to S in the C? norm, then
the conclusion of Theorem 3.1 holds on ).
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It is known that the fist nonzero Neumann eigenvalue of S7} is n (see [9,
Theorem 3]). Therefore, Theorem 1.2 follows from Theorem 3.1. Moreover,
by Corollary 3.1, Theorem 3.1 holds on a geodesic ball in S® whose radius
is slightly larger than 7.

By the next lemma, we know Theorem 3.1 also holds on any geodesic

ball in 8" that is strictly contained in S} .

Lemma 3.1. Let B(6) C S™ be a geodesic ball of radius §. Let pu(9) be the
first nonzero Neumann eigenvalue of B(J).

™

(i) w(d) is a strictly decreasing function of 6 on (0, 5.
(ii) For any0<d <73,

(sind)"~2 cos & n

[2(sint)n—1d¢ ~ (sind)*

pu(d) >n+

Proof. By [9, Theorem 2, p.44], uu(d) is characterized by the fact that
(3.13) {(sint)" 2} + [u(6) — (n — 1)(sint) "2 (sint)" 1 = 0
has a solution J = J(t) on [0, §] satisfying

(3.14) J)=0, J(&) =0, J(t)#0, Vtel0,9).

Given 0 < §; < 62 < 7, let J; = J;i(t) be a solution to (3.13) with p(J)
replaced by u(0;), satisfying (3.14) on [0, d;], i = 1,2. Replacing J; by —J;
if necessary, we may assume that J/ > 0 on [0, d;), hence J; > 0 on (0, &;].
Define

int)"~1J! n—
o= RO ) = [t — o] o
By (3.13), f; satisfies
1
f = _/Bi - (Sint)”_l f7,2
Therefore, on (0, 41],
B15) (h= ) = ey U2 = 1)+ no2) = o) sin )

Note that fi(t), f2(t) can be extended continuously to 0 such that f;(0) =
f2(0). Moreover, f; > 0, fo > 0on (0,01), f2(d1) > 0= f1(d1). Let 0 < tg <
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91 be such that fi; = fo at tp and fo > f1 for tg <t < d;. On (g, d1], one
would have (f1 — f2)’ > 0 if u(d2) > p(d1), which is a contradiction to fo >
fi. Therefore, p(d2) < p(01). This proves (i).

To prove (ii), we further claim that tg = 0, i.e., fo > f1 on (0, d1]. If not,
there would be a nonpositive local minimum of (f; — f1) at some #y € (0, Zo].
At tg, (3.15) implies

(3.16) 0= (fi — fo)' < [u(62) — (8] (sindo)" " < 0

because 0 < fa(to) < f1(fo) and u(d2) < u(61). Hence fo > f1 on (0, 61]. Inte-
grating (3.15) on [0, 61], we have

01 5
(317)  —f2(d1) = /0 (f1 = fo)ldt > [p(02) — pu(01)] /O (sint)"1dt.

Therefore

f2(61)
(3.18) 1(d1) > p(d2) + fo‘sl(siilt)ln—lcﬁ'

Now let 6; = 6 € (0, 5) and 02 = 7/2. Applying the fact that u(3) =n, Jo =
sint, and

f2 = (sint)" 2 cost,

we have
in §)" 2 cos &
(3.19) u(®) >n+ (S;“)—COS
3 n—1
Jo (sint)n=1dt
(sind)"~2 cos? &
>n+ f5 NIV
o cost(sint)"—1dt
n
sin?¢§’
Therefore, (ii) is proved. O

4. A volume estimate on domains in R"

On R", the standard Euclidean metric g satisfies DR3(A\) = g with

1

(4.1) AMz) = TR

|t —al> + L
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where | - | denotes the Euclidean length, a € R™ is any fixed point and L is
an arbitrary constant. In this section, we use this fact and Corollary 2.1 to
prove Theorem 1.4 in the introduction. First we need some lemmas.

Lemma 4.1. On a compact Riemannian manifold (Q,g) with smooth
boundary 3, there exists a positive constant C depending only on (€,g)
such that, for any Lipschitz function ¢ on X, there is an extension of ¢ to
a Lipschitz function ¢ on ) such that

(4.2) /Q (|&5|2 n W%F) dvoly < C/Z <¢2 n W%F) do,

where V, V> denote the gradient on ), 3 respectively.

Proof. Let d(-,3) be the distance to X. Let § >0 be a small constant
such that the tubular neighborhood Uys = {x € Q| d(z, %) < 20} can be
parametrized by F : ¥ x [0,20) — Uss, with F(y,t) = exp,(tv(y)) where
exp,(-) is the exponential map at y € ¥ and v(y) is the inward unit nor-
mal at y. In Uy, the metric g takes the form dt? + of, where {o%}o<i<as is a
family of metrics on X. By choosing ¢ sufficiently small, one can assume o'
is equivalent to 0¥ in the sense that 3 < o'(v,v) < 2 for any tangent vector
v with 0%(v,v) =1, V0 < t < 26.

Let p = p(t) be a fixed smooth cut-off function on [0, c0) such that 0 <
p<1, p(t)=1for 0<t<§and p(t) =0 for t > 35. On Uss, consider the

function ¢(y,t) = ¢(y)p(t). Since ¢ is identically zero outside Usg = {x €
Q| d(z,%) < 363, ¢ can be viewed as an extension of ¢ on Q. For such an
¢, one has

1)
(4.3) /Q|$|2dvolgg/02 (/E|¢|2dot) dt§06/2¢|2dag

and

(4.4) /Q V| 2dvoly < 2 / (IVp?¢* + [V ¢|*p?) dvolg

Uss

26
< 05/ y¢\2dag+2/ </ ]Vtng]zdat) dt
X 0 X
<o [1opaoy + [ 7605,
b by

where ﬁtz denotes the gradient on (X,0!) and C is a positive constant
depending only on (€2, g). (4.2) now follows from (4.3) and (4.4). O
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Lemma 4.2. On a compact Riemannian manifold (§,g) with smooth
boundary X, there exists a positive constant C depending only on (€2,9)
such that, for any smooth (0,2) symmetric tensor h on £, one has

(4.5)
/Q]h]?’dvolggC’</Z\h\3dag+HhHCz(Q)/E|h|2dag+/Q|h|Vh|2dvolg>.

Proof. On Q, let ¢ = |h|%. By lemma 4.1, there exists a Lipschitz function
¢ on 2 such that ¢|y = ¢|y and

/ (|$‘2 + |v$|2> dvolz < C'/ (qbz + ]ﬁ2¢|2> dog.
0 by
Let A1 > 0 be the first Dirichlet eigenvalue of (£2, g), then

(4.6) /Q ¢? dvoly < 2 /Q [52 + (0 - 55)2} dvolg
<2 /Q ¢ dvol; + 2A7! /Q V(¢ — $)|2dV01§

gc[ /E (¢2+WE¢P) dog + /Q |V¢]2dvolg],
where

(@7) / Vo[2dvol, = / VA% 2dvol, < Z / (1| Vh|2dvol,.
Q Q Q

To handle the boundary term fz |§E¢|2da§, given any constant € > 0,
one considers

=X 3 3 3
@8) [ [FEhE+ Py = = [P+ R An(hE + o)t day,

where Ay, denotes the Laplacian on 3. Let {e, |« =1,...,n — 1} be a local
orthonormal frame on > and e,, be the outward unit normal to . Let H be
the mean curvature of ¥ with respect to e,,. Denote covariant differentiation
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Q by “”. Let 4, j run through {1,...,n}. One has

(4.9) Aslh? = (1000 = H(|2*):n
=3 2hijhijioa + hije) — HY  2hijhijm
a,i,j, 2
= —=Cl|hllc2(a hl-
Therefore,
(4.10)

s 3 1 3 _5,=X
As(h* +€)7 = Z(WQ +¢) i Ag|h|? - E(|h|2 +¢)71 [V RP
1 3 5 =%
> —C|hl|c2 () (|B* +€) 5 |h] — T6(|h’2 +6) 71 [V R

It follows from (4.8) and (4.10) that

(4.11) / FE(h + o) Pdog < Cllhlle / (B2 + &)} |hldo
1 — 3
+/ V7 (|h[2 + €)1 |2doy,.
3 /s
Letting € — 0, one has

= 3
(4.12) [ 9P 1hi3 oy < Clltl [ 1nPdos

(4.5) now follows from (4.6), (4.7) and (4.12). O

We recall the statement of Theorem 1.4 and give its proof.

Theorem 4.1. Let Q C R" be a bounded domain with smooth boundary 3.
Suppose Il + HY > 0 (i.e., Il + H7 is positive definite), where I, H are the
second fundamental form, the mean curvature of X in R™ and 7 is the metric
on ¥ induced from the Euclidean metric g. Let g be another metric on
satisfying

e g and g induce the same metric on 3.

e H(g) > H, where H(g) is the mean curvature of ¥ in (Q, g).

2 .
Given any point a € R", there exists a constant A > %, which

depends only on Q and a, such that if ||g — gHCS(Q) is sufficiently small,
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then

(4.13) V(o) ~Vig) = | Rlg)®dol,
Q

where ® = —ﬁ]w —al>+A >0 onQ.

Proof. Fix a number p > n. By the proof of [5, Proposition 11}, one knows if
g — gllws»(q) is sufficiently small, then there exists a W4P diffeomorphism
v : Q — Qsuch that p|y, =1id, h = ¢*(g) — g is divergence free with respect
to g, and ||h[|yse ) < N|lg — gllws»(q) for a positive constant IV depending
only on (€, g). In what follows, we will work with ¢*(g). For convenience,
we still denote ¢*(g) by g.

Given a € R", consider \(z) = —ﬁkﬂ a|? + L where L is a constant

to be determined. First, we require L > 3m=T) L —7y MaXgeq lg — al? so that A > 0
on . Since \ satisfies DR;()) = g, Corollary 2.1 shows

(4.14)
—2(V(g) —V(g)) + /QR(g))\ dvolg + /2(2 — trgh) [H(g) — ﬁ] Adog

1= 1 S _
g—/ 4\Vh|2Advolg+/ [—4(hnn)2H—2(H]I(X,X)+H|X]2) Ado
Q
+/)\m{ (hun)? —\XP] dog + /( D)l (X,VN) dog
/ G(h) dvolg + / E(h)\dvolg / Z'(h)V;Advoly

+ [ Frdo,

where |G(h)| < C|hJ?, !E(h)\ < C(MIVRP + |0), |Z(h)] < C[hP[Vh],
|F(h)| < C(|h|?|Vh| + |h|?) for some constant C' depending only on ().
At X, A, and V) are determined solely by  and a (in particular they

are mdependent on L). Apply the assumption II + H% > 0 (which implies
H > 0) and the fact |h|? = (hpn)? + 2| X|?, we have

(4.15) [—i(hnn)QFI - %(E(X,X) + FI|X|2)] A

1 .
+ An [—(hm)2 - 2|X|2] (=D han(X, VN
< —LC1|h|* + Co|h)?,
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where (', Cy are positive constants depending only on 2 and a. We fix L
such that

(4.16) LCi —Cy >0
and let m = 2 ming A (note that A is fixed now). (4.14)—(4.16) imply
(4.17)
—2(V(g) —V(g)) + /QR(g))\ dvolg + /2(2 — trgh) [H(g) — H| Mdo;
< —m/Q |Vh|? dvol; — (LCy — @)/th%zag

e ( [ nITA + 1P yivoly + [ (1wnl+ |h|3>dag) |
Q b

where C3 depends only on 2, a and L. Apply Lemma 4.2 to the term
Jo, |R[? dvol; on the right side of (4.17), we have

—2(V(g) —V(g)) + /QR(g))\ dvolg + /2(2 — trgh) [H(g) — H| Mdo;

< —m/ |Vh|? dvol; — (LCy — 02)/ \h|2doy
Q P

+ Clhllc2 (0 </Q \Vh|2dvolg+/z|h]2dag>,

where C' is independent on h. From this, we conclude that if [|Al[c2q) is
sufficiently small, then (4.13) holds with ® = %)\. This completes the proof.
O

Remark 4.1. When 2 C R" is a ball of radius R, one can take a to be the
center of Q. In this case, by computing H, II and A, explicitly in (4.16),
the constant L can be chosen to be any constant satisfying

1 4
L R2.
~ 2(n—1)+(n—1)2

Remark 4.2. By the results in [12, 17] based on the positive mass theo-
rem [16, 18], a metric g on 2 satisfying the boundary conditions in Theorem
4.1 must be isometric to the Euclidean metric if R(g) > 0. Therefore, a
nontrivial metric g in Theorem 4.1 necessarily has negative scalar curva-
ture somewhere. For such a g, Theorem 4.1 shows if the weighted integral
Jo R(g)® dvoly is nonnegative, then V(g) > V(g).
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5. Other related results

In this section, we collect some other by-products of the formulas derived
in Section 2. First, we discuss a scalar curvature rigidity result for general
domains in S™.

Theorem 5.1. Let Q2 C S™ be a smooth domain contained in a geodesic ball
B of radius less than 7. Let g be the standard metric on S". Let II, H be
the second fundamental form, the mean curvature of ¥ = 02 in (2, g) with
respect to the outward unit normal U. Suppose Il > —c¥, where ¢ >0 is a

function on X and 7 is the induced metric on Y. Let q be the center of B.
Suppose at 3\ {q},

_ S 5cos8 + v/cos? 0 + 8

(5.1) H—c 5 tanr,

where r is the g-distance to ¢ and 6 is the angle between U and Vr. Then
the conclusion of Theorem 1.6 holds on Q.

Proof. As before, replacing g by ¢*(g) for some diffeomorphism ¢, we may
assume divgh = 0 where h = g — g. On Q, let A\ = cosr > 0, where 7 is the
g-distance to ¢. At ¥\ {q}, we have

(5.2) A = —sinrcosé, szy = sinrsin 6.

Apply Theorem 2.1, using the fact DRZ(\) = 0 and the assumptions on
R(g) and H(g), we have

(5.3) /Q B(|Vh!2 + |V (trgh)|?) + % (|R)* + (trgh)2)} cos 1 dvolg

1 1 _
</ [_4(hnn)2H_2(]1]1(X,X)—|—H\X|2)] cosrdog
)

+ / [(hnn)2 + 1]X1 (sinr cos ) dog
S\{(q) 2

+/ |hnn || X | (sinr sin 0) dog
\{d¢}

+ Cllhllor {/Q(\h\2 + |Vh|?) dvoly +/E\hy2dag}
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< —/ [ <1(H — ¢)cosr — sinr cos 9) (M )?
S\{gy L\4
+ % ((H — ¢)cosr — sinr cos ) | X|?

— |Apn|| X | (sin 7 sin 9)] dog

+ Cllhll oy {/Q(]h\Q—l—\Vh|2)dvolg+/2\h|2dog}

for some positive constant C' independent on h.
Note that the assumption (5.1) implies

1 -

(5.4) Z(H —c¢)cosr — (sinrcosf) >0
and
(5.5) (H — c)cosr — (sinrcosf) > 0.

By (5.1), (5.4) and (5.5), we have

1 -
(5.6) 0< <4(H —c¢)cosr — sinr cos 9> (Rn)? = |han || X | (sin r sin 6)
1 _
t3 ((H — ¢)cosr — sinrcosf) | X|?
for any hy, and X. The result now follows from (5.3) and (5.6). O

Remark 5.1. It is clear from the proof of Theorem 5.1 that the center ¢
of B does not need to be inside §2.

Theorem 5.1 directly implies Theorem 1.7 in the introduction.

Proof of Theorem 1.7. Choose ¢ =0 in Theorem 5.1. Since

S 5cosf + Vcos? + 8

2

4

for any 6, the result follows from Theorem 5.1. O

Next, we consider a corresponding scalar curvature rigidity result when
the background metric g is a flat metric.
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Theorem 5.2. Let ) be a compact manifold with smooth boundary 3. Sup-
pose g is a smooth Riemannian metric on ) such that g has zero sectional
curvature and Il + Hy > 0 on X, where I, H are the second fundamental
form, the mean curvature of 3, and 7 is the induced metric on Y. Suppose
g s another metric on Q satisfying

e R(g) > 0 where R(g) is the scalar curvature of g,
e g and g induce the same metric on X,

e H(g) > H where H(g) is the mean curvature of ¥ in (Q,g).

If |lg — gucz(ﬁ) is sufficiently small, then there is a diffeomorphism ¢ on 2
with ¢|y, = id such that p*(g) = g.

Proof. As before, we may assume divzh = 0 where h = g — g. Choose A = 1
n (2.23), one has

(5.7) /Q [i(Wh\Q + |V(trgh)|2)} dvol,

. / [%hm)m() 5 [(X, X) + H(g)|XP)| do

/E ) dvolg +/ F(h)dog,

where |F(h)| < C(|h|>|Vh| + |h|?) and |E(h)| < C|h||VR|?* by Remark 2.1.
The result follows from (5.7). O

To finish, we mention that the positive Gaussian curvature condition of
the boundary surface in [17] is not a necessary condition for the positivity
of its Brown—York mass.

Theorem 5.3. Let 3 C R"™ be a connected, closed hypersurface satisfying
Il + H~ > 0, where I, H are the second fundamental form, the mean cur-
vature of 32, and 7 is the induced metric on 3. Let ) be the domain enclosed
by ¥ in R™. Let h be any nontrivial (0,2) symmetric tensor on S satisfying

(5.8) divgh =0, trgh =0, hlys =0.
Let {g(t)}jtj<e be a 1-parameter family of metrics on 0 satisfying

(5.9) 9(0) =g, ¢'0)=h, R(g(t) >0, g(t)lrs=37lrs.
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Then
(5.10) / Hdog > / H(g(t)))dog
) )
for small t # 0, where H(g(t)) is the mean curvature of ¥ in (2, g(t)).

Proof. By Lemma 2.2, one knows

% </Q [R(g(t)) — R(g)] dvol; — 2/Z[FI — H(g(t))] dag> ‘ —0

t=0
Direct calculation using Lemma 2.2, (2.17) and (5.8) shows

510 ([ (R0~ R@) dvoly 2 [ 7~ Hlg(0)]doy) |

=5 [ IVhavoly = [ [(0XX) + 7 (@) X P)] doy.

t=0

which is negative by the assumption on II + H#. Thus, for small ¢,
G122 [ = H))dy > | [Rlo) = R@) dwly >0

Given an h satisfying (5.8), a family of deformation {g(t)} satisfying (5.9)
is given by g(t) = u(t)ﬁ(g + th) for small ¢, where u(t) > 0 is a conformal
factor such that R(g(t)) =0 (see [13, Lemma 4]).

An example of a non-convex surface ¥ C R3, which is topologically a
2-sphere and satisfies the condition IT+ H#% > 0, is given by a capsule-
shaped surface with its middle slightly pinched.
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