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Stability of hyperbolic space under Ricci flow

OLIVER C. SCHNURER, FELIX SCHULZE AND MILES SIMON

We study the Ricci flow of initial metrics which are C-perturba-
tions of the hyperbolic metric on H". If the perturbation is bounded
in the L2-sense, and small enough in the C°-sense, then we show
the following: In dimensions four and higher, the scaled Ricci har-
monic map heat flow of such a metric converges smoothly, uni-
formly and exponentially fast in all C*-norms and in the L?-norm
to the hyperbolic metric as time approaches infinity. We also prove
a related result for the Ricci flow and for the two-dimensional con-
formal Ricci flow.

1. Introduction

We investigate stability of hyperbolic space under Ricci flow

(1.1) $9ij = —2Ric(g(t)), on H" x (0, 00),

9(0) = go, on H™.
As hyperbolic space expands under Ricci flow, it is convenient to consider
the following modified Ricci flow:

(1.2) {aigw = —2Ric(g(t)) — 2(n — 1)gij(t), on H" x (0,00),
9(0) = go, on H"™.

The hyperbolic metric h of sectional curvature —1 is a stationary point to
(1.2).

Note that by Lemma A.4, up to rescaling, this flow equation is equivalent
o (1.1). As (1.1) and (1.2) are degenerate parabolic equations, we consider
the following modified (or rescaled) Ricci harmonic map heat flow which is
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similar to DeTurck flow [3]:

(1.3)
%gij = —2Ric(g(t)) + ViV; + V,;Vi — 2(n — 1)g;;(t), on H" x (0, 00),
9(0) = go, on H",

where V; = g;i (QI":S - thS) g and h is the hyperbolic metric on H" of sec-
tional curvature equal to —1. Once again, up to rescaling, this is equivalent
to standard Ricci harmonic map heat flow.

We consider perturbations that are close to hyperbolic space.

Definition 1.1. Let g be a metric on H"™. Let € > 0. Then g is e-close to
h if
(I+e)'h<g<(1+e)h

in the sense of matrices.

Let (Ai)1<i<n denote the eigenvalues of (g;;) with respect to (h;j). Then
this is equivalent to (1+¢&) ! <\, <1+efor1<i<n,

We denote with M¥(H", I) the space of families (g(t))scr of sections in
the space of Riemannian metrics on H" which are C* on H™ x I. Similarly,
we define M, MF and use M*(H") if the metric does not depend on ¢. We
wish to point out that we use C* on non-compact sets to denote the space,
where covariant derivatives with respect to the hyperbolic metric h of order
up to k are continuous and in L*°. We also use C’{gc. For our convenience,
we define M§°(H", [0,00)) to be the set of all metrics in M>(H", (0,00)) N
M2 (H",[0,00)) which are smooth for positive times and, when restricted
to time intervals of the form [§,00), § > 0, are uniformly bounded in C* for
any k € N.

We use |Z| ="|Z| to denote the norm of a tensor Z with respect to
the hyperbolic metric h. Unless stated otherwise, Bg(0) denotes a geodesic
ball around a fixed point in hyperbolic space which we denote by 0. || - || .2
denotes the L2-Norm with respect to the hyperbolic metric h. Sometimes, we
write © — oo instead of |z| — co. Moreover, we use the Einstein summation
convention and denote generic constants by c.

Our main theorem is

Theorem 1.1. Let n > 4. For all K >0 there exists €1 =e1(n, K) >0
such that the following holds. Let go € M°(H") satisfy [i1. |90 — h|* dvol, <
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K and supy. |go — h| < 1. Then there exists a solution g € Mg°(H", [0, 00))
to (1.3) such that

suplg(t) — h| < C(n, K) - e 0",
Hn»

Moreover, g(t) — h exponentially in C* ast — oo for all k € N,

There might be different solutions to the ones obtained by our construc-
tion. The following theorem does not assume that the solution in question
comes from the theorem above.

Theorem 1.2. Let n>4. For all K >0 there exists e =¢e1(n, K) >0
such that the following holds. Let g € M§°(H" x [0, 00)) be a solution to (1.3)
that satisfies [g, |9(0) —h|* dvoly < K, limy—.co [|9(0) = Al oo 1\ B, (0)) = 0
and supg- |g(t) — h| < ey for allt > 0. Then

sup|g(t) — h| < C(n, K) - e T,
Hn»

Moreover, g(t) — h exponentially in C* ast — oo for all k € N,

If g(0) € M2, (H™), solutions of (1.3) correspond to solutions of (1.2).

loc

Theorem 1.3. Let n > 4. Let g be a solution to (1.3) as in Theorem 1.1
or Theorem 1.2. Assume in addition that g is smooth. Then there ezists a
smooth family of diffeomorphisms of H", po = idms, such that for g(t) :=
©;rg(t) the family (§(t))t>0 is a smooth solution to (1.2) satisfying

() = (poo)™h in MOO(H") as t — oo

for some smooth diffeomorphism oo of H'™ which satisfies p; — Yoo N
¢ (H",H") as t — oo and, if lim, .o [|g(0) — Al Lo\ B,(0)) = 0,

|poo() — 2] — 0 as |x| — oc.

Linearized stability of hyperbolic space under Ricci flow has been inves-
tigated before by Suneeta [11]. Ye considered stability of negatively curved
manifolds on compact spaces in the paper [12]. Li and Yin [6] have shown
stability of hyperbolic space in dimensions n > 6 under the assumptions
that the deviation of the curvature of the initial metric from hyperbolic
space decays exponentially and the initial metric is close to h (in the sense
of Definition 1.1).
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Similar results and methods to those found in this paper may be found
in the authors’ paper [8] addressing the stability of Euclidean space under
Ricci flow. For further references, we refer to the introduction therein.

After this paper had appeared as a preprint, a preprint of Bamler with
similar results appeared: see [1]. He does not exclude the case n = 3.

Here we outline the proofs of the main results of this paper, and explain
the structure of these proofs and of the paper.

In the first part of the paper (Sections 2 and 3) we consider the rescaled
Ricci harmonic map heat flow.

There we prove short time existence using the same techniques as those
presented in [8-10], see Theorem 2.1.

In Section 3, we show that the L?-norm of g(t) — h is an exponentially
decaying function of time (see Theorem 3.1, Corollary 3.1). This is the key
ingredient to the proofs of our stability results. The calculations to prove this
depend on an eigenvalue estimate for the Laplacian on hyperbolic domains
due to McKean [7] and the closeness of the evolving metric to that of hyper-
bolic space. In contrast to the corresponding Euclidean result [8], we need
strict monotonicity of our integral quantity to establish long-time existence.
The decay of the L?-norm implies that the C%-norm of g(t) — h is exponen-
tially decaying in time (Theorem 3.2). Interpolating between the C’-norm
and C*-norms, k € N, and using interior estimates, we see that all of the C*-
norms are exponentially decaying in time (for ¢ > 1). This leads to long-time
existence and convergence.

In Section 4, we consider the related scaled Ricci flow g(¢) to the solution
g(t) obtained in Sections 2 and 3 . The two flows are related by time depen-
dent diffeomorphisms ¢; : H" — H": §(t) := ¢fg(t). As in the paper [8], we
show that the estimates we obtained for ¢(t) imply that g(t) — ¥*h as
t — oo in the C*-norms. Here v is a diffeomorphism, and this diffeomor-
phism is the C*-limit of the time-dependent diffeomorphisms ¢; which relate
the two flows. We also show (as in [8]) that ¢» — id as |x| — oo, if the initial
metric go satisfies go —h — 0 as x — 0o (see Theorem 4.2). The proofs of
this section are the same (up to some minor modifications) as those of the
paper [8].

In Appendix A, we gather various standard results which we use in the
paper.

In Appendix B, we show that the arguments used here may be used in
the Euclidean case to obtain analogous results (compare with [8]).

In Appendix C, we address conformal Ricci flow in two dimensions and
obtain a result similar to the two-dimensional result in [8] without assuming
that |g — h| — 0 near infinity.
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2. Existence

We first collect some evolution equations from [9], and then treat the ques-
tion of short time existence.

In the following computations we always assume that in appropriate
coordinates, we have at a fixed point and at a fixed time h;; = d;; and
(gij) = diag()\l, Ay, >\n)7 A > 0.

According to [9, Lemma 2.1], we get

5% = 9"V "Vigij — 6" giph? Rt (h) — 9" g;phP9 Rigqr (h)
1 2, 2, h, h, h, h,
+ ~g®gP? <}vi9pa}ngqb +2Vagip Vagiv — 2 Vagjp Vagiq

2
~2'Vi0pa Vgiq — QhVigpathgjq) —2(n — 1)gi;.
Using that
Rijri(h) = —(hixhji — hahji)
is the curvature tensor of hyperbolic space of sectional curvature —1, we get
— " giph" Rjpqu(h) — g g;ph? Rigequ (h) — 2(n — 1) gi;
= g™ giph? (hjghat — hjihig)
+ g giph? (highi — hahig) — 2(n — 1)g;;
=2 (gklgz’jhk:l — hij) —2(n —1)gi;

=2 (gkl(hkz - gkl)) gij + 2(gij — hij)
and hence

Lemma 2.1. A metric (g;;) solving (1.3) fulfills
5% = 9"V "Vigij + 29i (gkl(hkz - gkz)) + 2(gij — hij)
1 y y g . \ g
+ = g™gP (}vigpa}ngqb + 2}vagjp}vqgib - 2’vagjp}vbgiq

2
h, h, h, h,
—2 Vjgpa Vbgiq — 2 Vigpa ngjq) .



1028 Oliver C. Schniirer, Felix Schulze & Miles Simon

For later use, we derive the evolution equation of Z := |g — h|?. We use
the following notation in this Lemma and in the rest of the paper.

Notation: We write O, (¢) for any number in R satisfying |O,(¢)| < ¢(n)e
where ¢(n) is some fixed big number (n € N). Similarly |Oy, . (¢)| < ¢(n, m)e
where c¢(n,m) is some fixed big number (n,m € N).

Lemma 2.2. Let g € M*> (H",(0,T)), T > 0, be a solution to (1.3) which
s e-close to the hyperbolic metric h of sectional curvature —1. Assume that
e > 0 is sufficiently small, e < eo(n). Then

P N
519~ h?> < g9ViVilg = h)* = (2= On(e)) [V (g — h)[?
(2.1) + (44 On(e))lg — b,

where we write V for "V.

Proof. Note that the norm of a tensor Z of order m fulfills
"Z1? =217 < 1+ Onm(e) - 91217 < (1 + Onm(2))) - |2

for g which are e-close to h. Choose coordinates such that h;; = d;; and
gij = Xidij. We use * similarly as in [4, Ch. 13] to denote contractions with
respect to h, g or their inverses. Let Z = g — h. Lemma 2.1 yields

0 0
= _h2_2 i m i
o121 | Zg <at9)

ZQJViVj\g—hIQ—( — On(e))Vgl?

+2 Z Gii — 'L'L gu’ - hu) - 2gii Z (gkk(gkk - hkk’))]

k
+Z gii — hii) (Vg * V)i
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< 99ViVjlg = h* = (2 = Ou(e))|V(g — h)?

+ 42 Gii — [ Gii — hzz) — Gii Z (gkk(gkkz - hk:k))] .

k

Let us examine the zeroth-order term S of the above equation.

S=4> (gi—h [gu—hii)—giiZ(gkk(Qkk—hkk)ﬂ
_4Z>\ —1)2 4ZA (A —1) Z<1—/\1k>

2
< (44 0u(e))12° — 4 <Z()\i - 1)) :

The claim follows. U

We use this to show that we can solve Dirichlet problems for (1.3) on a
short-time interval. In the following we pick a point py and fix it throughout.
For simplicity of notation we will denote this point with 0. All balls Br(0)
are geodesic balls with respect to the hyperbolic metric h.

The following result also extends readily to (1.3) on all of H" provided
that a non-compact maximum principle is applicable.

Corollary 2.1. Let g € M§°(Bg(0),[0,7)), 0 <T < o0, be a solution to
(1.3) on Br(0) CH" instead of H" with g(t)|sp,0) = hlopa)- Let 0 <
6. Then there exists 1 = e1(n,T,d) > 0 such that supg, ) [9(0) — h| < &1
implies
sup  |g—h| <.
Br(0)x[0,T)

Proof. Fix g1 := §e™5T, and let € be given with ¢ < 1. Without loss of gen-
erality v/6 < ¢ of Lemma 2.2, and Oy (e) appearing on the right-hand side
of (2.1) satisfies Op(e) < 1. Then Lemma 2.2 and the maximum principle
imply that

sup [g(t) — h?e®T ) < sup [go — h|?e’T <16’ =5
Br(0) Br(0)

as long as supg, (o) |9(t) — h| < ¢ remains true. But supp, ) 9(t) — h|? <
¢ implies supp, (o) l9(t) —h| < V8§ < e and hence the condition SUpp,(0)
lg(t) — h| < g¢ is not violated for all ¢ € [0, T]. The result follows. O
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If solutions to (1.3) stay sufficiently close to the hyperbolic metric h of
sectional curvature —1, they exist for all times.

Theorem 2.1. For alln € N there exists a S(n) > 0 such that the following
holds. Let 0 < e <& < é(n). Then every metric gy € M° (H") with ||gy —
h||r~ <€ has a d-maximal solution g € M§°(H",[0,T},)) to (1.3), where
Ty, > 0 and ||g(t) — hl|r~ < 6 for allt € [0,T,,). The solution is §-maximal
in the following sense. Either T, = oo and ||g(t) — h||r~ < 6 for all0 <t or
we can extend g to a solution on H" x [0,T, + 7), for some T =7(n) >0,
and ||g(T,,) — hll= = 6.

Proof. The proof follows directly from the corresponding proofs in [8-10]: we
mollify go and obtain g}, i € N. Then we consider gé’R =ngl + (1 —n)h, R>
1, where i : H" — H" is a smooth function fulfilling n =1 in Bg(0), n =0
outside Byg(0) and |Vn| < 2/R. Hence Hgé’R — bl <|lgh—hll~ < llgo—
h|| o @y < €. Arguing as in [8-10] (see Section 3 of [9]), and using that gé’
is 0(n) close to h, we see that there exist solutions " € M®> (B3g(0),[0,7])
with 0 < 7 = 7(n) < oo to (1.3) on B3r(0) with ¢>f(0) = gS’R on B3r(0) and
g = h on OB3x(0) x [0,7]. From Lemma 5.1 of [10] we see that we have
interior estimates of the form |V7g»%|? < ¢/t on balls of radius R/2 for all
t € [0,7] for all j € N. Taking a diagonal subsequence and using the theorem
of Arzela—Ascoli, we obtain a solution g € M (H", (0, 7]). Furthermore,
g(t) — go as t — 0 in the C -norm as we see from Theorem 5.2 in [10].

If ||g(t) — h||z~ < ¢ for all ¢ € [0, 7], then we may repeat this argument
in view of the fact that § < §(n). By induction we obtain a solution g €
Mg (H™,[0,5)) where either

(a) S =o0 and ||g(t) — h||z~ < 0 for all £ > 0, or

(b) S = N7 for some N € N and ||g(t) — h||~ < d for all t € [0,(N — 1)7]
but there exists at least one time ¢ € (N — 1)7, N7] with [|g (¢) —
h”Loo - (S

In the case (a), we set T,, = oo and we are finished.

So assume we are in case (b) for the rest of the argument. In view
of Lemma 2.2, the maximum principle, and the way we constructed our
solutions, we see that in fact there is a first time Ty, € (N — 1)1, N7]
with ||g(Ty,) — h||z~ = 6 and ||g(t) — h||L~ < d for all t € [0,T,). Using that
9(T,,) is & close to h and & < § we may repeat the first part of the proof to
obtain a solution defined on [0, Ty, + 7]. This completes the proof. O
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Proposition 2.1. Assume everything is as in Theorem 2.1, and T>0
be given. If we choose € = €(n, d, T) > 0 small enough in the above Theo-
rem, then the solution g € M§°(H",[0,T,, + 7)) from Theorem 2.1 satisfies
Ty, > T.

Proof. By Corollary 2.1, we can choose € = es(n, 6, T ) small enough so that
lg(t) = h||z~ < & for all ¢t € [0,7] N[0, Ty,]. Theorem 2.1 yields a contradic-
tion if Ty, < T g

3. Convergence

Convergence is based on a Lyapunov function.

Theorem 3.1. Let n > 4. There exists 09 = dp(n) > 0 such that the fol-
lowing holds. Let g € M*>(BRgr,[0,T")) be a solution to (1.3) with g =h on
OBR(0) x [0,T) and assume that supg, (o)x[o,7) |9 — bl < do. Then we have

/ lg(t) — h|? dvol, < e—at/ 19(0) — h|? dvoly,
Br(0) Br(0)

for a(n) == (2(n —1)> = 17)/4 > 1.

Proof. Assume that Jy is such that g is €(n)-close to h for some sufficiently
small 1 > e(n) > 0. We compute for Z = g — h, using Lemma 2.2,

‘9/ 1Z[2 dvol, < / GIVV,| 2P = (2= On() IV 2P
Ot J B (0) Br(0)
+ (44 0, (2))|Z|? dvoly,

:/ y,gijvj|Z|2—/ V¢V Z)? dvoly,
9OBr(0) Br(0)
+/ (2= 0u(©)IVZP + (4 + On(2))|2]? dvoly
Br(0)

</ (2= Op(E)VIZII? + (4 + On(e))| 2] dvoly, |
B,(0)

where we used that |V;g”V;|Z|?| < 0,(¢)|VZ|? and that on dBg(0) the
gradient V|Z|? is anti-parallel to the outer unit normal v. Furthermore we
apply Kato’s inequality |V|Z||? < |V Z|? which is valid whenever | Z| # 0 and
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for Sobolev functions. More explicitly

Vig V5l 2P| IVl Z|IVZ|
)\ 2|V Z|?

On(e)IVZ%,

<c(n
< c(n
<

since |Z| = |g — h| < Oy (e) and |Vg| = |V(g — h)| = |VZ|.
Using McKean’s inequality [7] for the first eigenvalue

(n—1)?
o1 > 1
on hyperbolic domains we see

a/ ]Z\deolh</ —(2 = O0n(E)|VIZ|]? + (4 + On(€))|Z|* dvoly,
Ot JBa(0) Br(0)

o 1)2
< (8= (n—1)"+c¢(n)e) / 122 dvoly,.
2 Br(0)

Assuming that ¢ < 1/(2¢(n)), we can choose
o= (2(n—1)? —17)/4. ]

Since for the proof of existence of a solution to (1.3) we use Dirichlet
problems as above, this monotonicity extends to the constructed solutions
on H" x [0,T): let g"%(t) be as in Theorem 2.1. Then we get

i 2 —a %, —a
Hg ’R(t) — hHLQ(BSR(O)) S € tHQOR - hHiQ(ng(O)) S € tHgo - hHiz(H”)
As R — 00, we obtain

Corollary 3.1. Letn >4 and T > 0 be given. Assume that go € M> (H")
satisfies ||go — h|| 2@y < oo. Then there ervists eg=eo(n,T) such that, if
supgn |go — h| <eo then a solution g€ M*>(H",[0,T)) to (1.3) with g(-,0) =
go(+) exists and supgn (o7 |9 — h| < do, where &g is as in Theorem 3.1. Fur-
thermore we have the estimate

lg(t) = Pl Z2 gy < ¢ llgo = AlIZ2 ey

1
for allt € [0,T), where a = a(n) > 3.
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Proof. Existence and closeness to h follow from Corollary 2.1, Proposition
2.1 and Theorem 2.1. O

Using the gradient estimate we see that the exponential convergence of
the L2-norm of |g — h| also implies exponential convergence in the sup-norm,
compare [8, Lemma 7.1].

Theorem 3.2. Let n > 4. Assume that g € M>(H",[0,T)) is a solution
to (1.3) with [|g(0) — h||r2@n) =: K < 00, supgmxjo.1y |9 — | < do and

lg(t) = hllEaey < e Nlg(0) = Al T2y

where 0y 1s as in Theorem 3.1. Then

(3.1) sup |g(t) — h| < C(n, K)e P,
H~
where § = 785 = 2(1(_711122;17 >0

Proof. We can assume w.l.o.g. that Jgp < 1. We choose 7 := "TH ln(éal) > 0.
Note that this implies

sup [g(t) — h| < e
H n

for t € [0,7) and §:=«/(n+1). By the interior estimates of the form
‘th(t)‘ < ¢-t71/2] there exists a constant C' = C’(n), such that

n h
Vol t)| <

for t € [7,T). Fix such a t € [7,T). Let ~ := supyn |g(t) — h| and choose a
point pg € H" such that |g(po,t) — h(po)| > %7. By the gradient estimate,
we have

lg(-;t) = h| > =~

|

on B,Y/(4C/)(po). This implies

n ¥ n+2
lg(t) =l = wnl@)™(3)

where w,, is the measure of the unit ball in R™. This yields

2\ T .
VSMUV%(K>F€HJ.

Wn

Choosing C(n, K) = 1+ 4(C")w= (K—Q)ﬁ we have (3.1). O

Wn,
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This sup-estimate allows us to construct a solution which exists for all
times.

Theorem 3.3. Let n>4. For all K >0 there exists e1 =e1(n,K) >0
such that the following holds. Let go € M (H") satisfy |lgo — h|lp2n) < K
and supgn |go — h| < e1. Then there ezists a solution g € M (H", [0, c0))
to (1.3) with g(0) = go such that

(3.2) sup [g(t) — h| < C(n, K)e ™
Hn

for 8= (3(n) as in Theorem 3.2.

Proof. According to Theorem 2.1, we obtain existence for all times if we
can prove the estimate ||g(t) — hl|p~ < & = dOpm. 2.1 for all ¢ for any a priori
solution (that is, we must prove the estimate for all ¢ that the solution is
defined). Given any T > 0, we can choose £(n,T) > 0 small enough so that
such an estimate will hold, in view of Proposition 2.1 and Theorem 2.1
for 0 <t < T. Theorem 3.1 implies integral bounds which combined with
Theorem 3.2 yields |g(t) — h| < 6 if t > T and T is chosen sufficiently large.
Choose T and e(n,T') so that both of these requirements are satisfied.

This implies long-time existence.

Theorem 3.2 also implies (3.2) for ¢ > T. Fixing C(n,K) such that
C(n,K) < §-e°T we obtain (3.2) for all times. O

By interpolation the exponential decay extends to higher derivatives of
the evolving metric.

Theorem 3.4. Let n > 4. Let go € M™ (H") and g € M>(H",[0,00)) be
as in Theorem 3.3. We have additionally

sup
Hn

Vglt)] < Cln g, K (8))e

where 0 < B; < B(n), B(n) as in Theorem 3.2, is arbitrary. In particular,
Jim Sup lg(t) — hllcr@ny =0,

where ||S||cr = D1 o supgs [VIS|2.

Proof. From the interior estimates in Lemma A.1, we have supy. | V7 g|?(t)

<
c(n,j)/(t — L), for all t € [L, L+ 1]. In particular, supg. |[VZg|?(L+1) <
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c(n, 7). Hence, as L > 0 was arbitrary, we get
2 .
(3-3) sup [Vg|" (1) < e(n, j)

for all ¢ > 1. Interpolating on a ball of radius one (see Lemma A.6) gives us

i 12 ~ . 7T ) __B8_
sup [Vg[" (1) < é(m, j) (SH;%Plg(t)h) < C(n,j, K)e 5!

in view of (3.3) and (3.1). Iterated interpolation yields the result, see
e. g[8 O

Proof of Theorem 1.1. As the decay of |g(t) — h| as t — oo obtained in this
section does not depend on the smoothness of gy, we can approximate gg €
M?Y (H") and pass to a limit to obtain Theorem 1.1. O

Proof of Theorem 1.2. Local closeness estimates (see Lemma A.2) show that
dim {lg(t) = hll L@\, 0)) = 0

is preserved during the flow, even uniformly on compact time intervals.
Hence

max {|g(t) — h|? — 6,0} = (lg— h|? — 5)+

has compact support on H" x [0, K] for all K < oo and we may consider
the integral Iy := H (|g — h|? - 6)+ ’ L1 () for any 0 > 0, which is similar to
the integral I"” defined in [8, Theorem 6.1] or to I in Appendix B. The
techniques of the proof of Theorem 3.1 and approximations as in [8, Th. 6.1]
imply for R > 1 that

Ig(t) = H (‘g(t) - h|2 - 5)+ HLl(BR(O)) <e . 15(0)
<e - [g(0) — |72y

The rest of the proof is similar to the proof of Theorem 1.1. O
4. Getting back to Ricci Flow

Theorem 4.1. Assume that g € M*(H",[0,00)) is a solution to (1.3)
coming from Theorem 3.3. Then there exists a smooth map ¢ : H" X [0, 00)
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— H" such that ¢(-,t) =: ¢y : H* — H" is a diffeomorphism, ¢o =id and
g(-,t) == (pr)*g(-,t) is a smooth solution to the scaled Ricci flow

0 .
57 = —2Ric—2(n —1)g

with gr — go ast \, 0. Furthermore there exists a smooth diffeomorphism 1 :
H" — H"™ with vy — ¢ ast — oo and gy — ¥Y*gp ast — o0o. Here convergence
is in C* on H" for all k.

Proof. This argument is the same as in Lemma 9.1 and Theorem 9.2 of [8]
with some minor differences. We explain here where the argument of [§]
must be modified in order for it to work in this case.

As explained in Lemma 9.1 in [8], we can construct smooth maps ¢ :
H" x [0,00) — H" such that

2o (z,t) = Ve(p(x,t),t), (z,t) € H" x [0,00),
o(x,0) = =, x € H",

where V(y,t) := —g"7 (gF%‘y - thv) (y,t) and @ := @(-,t) : H* — H" are
diffeomorphisms. (Compared to [8], we have changed the sign in the defi-
nition of V' in order to correct a typo there.) This part of the proof is the
same. A direct calculation shows that §(t) := ¢} g(t) solves the scaled Ricci
flow equation.

In Theorem 9.2 of [8] it is shown that ¢; — poo as t — 0o where Y :
H" — H" is a smooth diffeomorphism, and the convergence is in C* (for all
k) on H™. The proof of this is carried out in three steps.

In step 1 it is shown that ]%cpt(x)\ < L for some r > 1, for all ¢ > 1,
and |p(x) — x| < ¢ for all ¢t.

In step 2, the existence of a smooth function ¢ : H* — H" with ¢ —
Yoo = 1 as t — 0o is shown.

The proofs of steps one and two carry over to this situation without any
changes.

In step 3, it is shown that ¢ is a diffeomorphism. This proof carries
over with some minor modifications which we describe in the rest of the
proof here.
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Letting () := ¢;g(t), we know that [ solves the scaled Ricci flow (1.2)
on H", and that

sup '@ | Ric(I(t)) + 2(n — 1)I(¢t)]
o

(
= S[;H{Pg(t)‘ Ric(g(t)) (n - 1) ( )’
< sup Y| Ric(g(t)

o
= sup | Ric(g(1)) — Ric(h)| + sup?)| = 2(n — D)+ 2(n — 1)g(1)
<e

) — Ric(h)| + sup |Ric(h) +2(n—1)g(t)|

)

for all t > 0 form some 3 > 0. The last inequality may be seen easily by
writing the terms in local coordinates and then using the estimates of
Theorem 3.4.

Hence [(t) converges locally uniformly (smoothly) to a smooth metric
o on H" as explained in [8].

Choose geodesic coordinates for h centred at y in Bj(y). Now using the
definition of [, and the uniform convergence of [ we get

1 0y 8g0t
— < =

<+ >g% ‘;¢g< hak(pe())

< e(148) (Der) (D) (1),

In particular, we see that det (Dg;)? (z) > 1+ 5 > 0 fora e Bi(y) , where
Df is the Jacobian of f. As explained in [8 ﬁ thls shows that ¢ is a diffeo-
morphism. [l

Theorem 4.2. Let everything be as in the above Theorem 4.1, with the
extra assumption that sup g\ . (o)) lgo — h| — 0 as r — oco. Then the diffeo-
morphism ¢ appearing in the above Theorem satisfies ¥ — id as x — oo (in
C* for all k). In particular, for everyn > 0, there exists an R > 0 such that

sup |pi(z) —z| <,
H"\Br(0)

for all t.

Proof. The proof is completely analogous to the proof of Lemma 9.3 in [8].
Let n > 0. From Lemma A.2 and the estimates of Theorem 3.3 we can choose
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R > 0 large so that
l9(t) — h[ <n on H" \ Br(0),
for all ¢ > 0. From the interior estimates of [10] (see Lemma A.1) we get
c
Vigl < -
Vil < o,
for t € [0, 1], and hence
c
Vg < -,
V7l < 5

for all ¢ € [0, 00), in view of Theorem 3.3 and interpolation with higher-order
derivatives, see Lemmas A.1 and A.6. Interpolating between the C°-norm
and the C2-norm on a ball of radius one for ¢ < 1 (see Lemma A.6) we get

Ve
Vit
for all t € [0,00) on H" \ Br(0). Arguing as in Step 1 of the above theorem
gives us the result. O

A. Scaling and interior estimates

Lemma A.1. Let (H",g(t));cio,r) be a solution to equation (1.3), with
lg(t) — h| < e(n) for e(n) > 0 small enough. Then

Y, j 2 ]
Sup }v]g(’t)’ S c(]7‘n)
Hn 12
for all t < min{1,T}.
Proof. This is Theorem 4.3 in [10]. O

Lemma A.2. Fiz a point po € H" and let g € M*°(H",[0,T)), where T €
(0,00], be a solution to (1.3) such that

sup  |g(-,0) = h| =0 asr — oo
H™\ By (po)

and g is e-close to h, where ¢ < e(n) is sufficiently small. Then for every
0<7<T and 0 < o <1 there exists an Ry > 0 such that

sup lg —h| <o
(H™"\ B (p0)) X[0,7]
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Proof. Choose a smooth function n: R — R,0 <7 <1, such that n =0 on
(—o0,1], =1 o0n [2,3], =0 on [4,00). We can furthermore assume that
In”| <100 and |n’|? < 10007.

Let pp,(-) denote the distance to the point pg € H" with respect to the
hyperbolic metric, and define the cut-off function

Ppo
=)

Then we have, suppressing in the following the subscripts py and R:

'l
VAl <
VAl < =

Define 1 := | Z|?, where Z = g — h. Using Lemma 2.2 and the above esti-
mates we see that

9 . g .
ET/J < gV Vb — 207V V| Z)? — | Z ViV iy
—(2— 5)7\VZ\2 + (4 +e)y

c(n)e  c¢(n)e
R +

< gIViVih+ (4 +e)y + o

where we used the estimates on the derivatives of v and Kato’s inequality
to estimate the terms appearing in the first inequality. More explicitly

121797 ViV | < e(n)e (C(}Z) + c;?)

and

—(2=eN|VZP =299V Vi|1Z|P < —(2 = e[V Z|* + ¢(n)|VH]|Z||VZ]
< —(2-eIVZP + (c(n)/R)VA|Z||V Z]
<—(2-en|VZ]P +4|VZ[
+ (c(n)/R)*|Z
<4

Now choosing R big enough, we may apply the maximum principle to the
differential inequality for ) and obtain the desired estimate. O
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Lemma A.3. The scaled Ricci flow and the scaled Ricci harmonic map
heat flow are related as follows. Assume py : H" — H"™ solves

o) = ~V(pi(w,0,0),

where the components of V are given by V := g7 (QF%‘,Y - hfgw) and that
the @y : H" — H"™ are smooth and diffeomorphisms for all time. Let
(H", g(t))icp,ry be a solution to the scaled Ricci harmonic map heat flow
(1.3), Vi = gia V. Then (H", §(t))ieco,1) solves the scaled Ricci flow (1.2),
with §(0) = g(0), where here g(t) := ¢} (g(t)).

Proof. For g(t) := ¢;g(t), we get

5100 = (0 (59) + 5

— —2Ric(j(t)) — (n - 1) (t) + @7 (Lyyg(t))
ﬁ(w—l) Vit )(%9( )
= —2Ric(§(t)) — 2(n — 1)§(t),

(Pres9(t))

where here Lyyk is the Lie-derivative of k in the direction W (in coordinates
(Lwk)i; =V, W; +kV;W;), see [2, Chapter 2, Section 6]. O

Lemma A.4. The Ricci flow

0
57 = —2Ric(g)

and the scaled Ricci flow (1.2) are equivalent in the following sense.
Let (H",g(ﬂ)te[OT be a solution to the scaled Ricci flow. Define

(H", 9(t))teo.r) by
g, t) = (1+2(n—1)t)g (-, 1(1)),

where
1 log(14+2(n— 1)1
o 2(n —1)
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Then (H",g(t))icjo,ry solves the Ricci flow. Alternatively, let
(H", g(t))tepo,1) be a solution to the Ricci flow. Define (H“,g (E))Ee[oj“) by

g8 = e Vi (2 (7))

where t(t) := % and T := W. Then g solves the scaled
Ricci flow.

Proof. We prove the first claim by calculatmg The second claim is shown

in a similar way. We calculate at to, and let ¢y := W

where the last line follows from the fact, that the Ricci tensor is invariant
under scaling of the metric. O

Lemma A.5. Letu € C? on [0,00) or R. Then

1Dullf~ <32 |lullp~ - || D?ul| .. -

Proof. Assume without loss of generality that Du(0) > %HDuHLw =: lM.
Then Du(zx) > iM forall0 <z < ﬁ. Hence
M M M
2)|ul|pe > |u <> —u(O)‘ >
4| D?ul| g 4 4-||D%ul|
The claim follows. O

Lemma A.6. Let B be a compact subset of a Riemannian manifold M.
Assume that B has C*-boundary. Let u € C*(M). Then

IVl w5y < e(B) - lull sy - (V2] e ) + [Vl 5)) -

Proof. For every point p € B and every unit vector § € T, M there exists
a curve v : [0,00) — B, parameterized by arc-length, such that v(0) = p,
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7'(0) € +{¢} and

|(woy) ()] < [Vu(y(t)),
|(wo)" ()] < e(B) - (|[Vu(v(t)] + [Vu(r(1))]) -

Note that ¢(B) depends on the curvature of v but can be chosen uniformly
for all p € B. Choosing p and & such that Vu attains its maximum at p in
direction &, Lemma A.5 yields the statement. (|

B. Euclidean space

We consider the situation of the main theorem, Theorem 1.3, in [8]. Instead
of a Lyapunov function involving ¢, + ¢, —2n = > | )% (A" — 1)2, how-
ever, we study a Lyapunov function involving |g — h|?, p > 2. This simplifies
the proof.

Recall that the Ricci harmonic map heat flow with Euclidean background
metric is

0
570 = 9°VaVogi; + 390" (VigpaVigas + 2VagipVegiv
- 2vagjpvbgiq - 2ngpavbgiq - 2vigpavbgjq)a

where V denotes covariant differentiation w.r.t. the Euclidean metric h.
Calculating as in Lemma 2.2, we see that

0 » 2
B.1) —|g—h|>—¢YV,V,lg—h* < — | —— —9¢(1 +¢)? 2 <
(B1) glo—hP =gV lg P < - (2~ 0:(1422) IgP <0
if0<e< % Note that there is no zeroth-order term in the evolution equa-

tion on Euclidean space. Hence |g(t) — h| < € is preserved during the flow
and we obtain long-time existence, see [10]. Define

0= [ (lg-np -0,
Rn
Using (B.1), and calculating as in [8], we get

d 2 — (114 9)(1 2
di {lg=hl»>5} 2 L+e

for 0 <e < %. The rest of the proof is similar to [8]. If we further restrict p
to 2 < p < n then we can argue as in the paper [8] to prove Theorem 1.4 of
that paper.
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C. Conformal Ricci flow in two dimensions

Let us consider the Euclidean ball B := B1(0) C R? equipped with the met-
ric (g;;) = (e/7"6;;), where f =log4 —2log (1 — |z|?) and u = u(z,t). For
u = 0, we get hyperbolic space of sectional curvature equal to —1. Consider
rescaled Ricci flow

0
i = ~2j = 2gi5.
As R;j = —%@jA(;(u + f), this is equivalent to

(C.1)
w=e""FAsu+2 (e_“ — 1) =e “Apu+2 (e_“ — 1) =Agju+2 (e_“ — 1) )

In contrast to Theorem 1.3, we do not have to assume that the eigenvalues
(Ai) of g(0) with respect to h are close to one. This is similar to [8, Theorem
A.1]. There, however, we had to assume that X;(z,0) — 1 for |z| — oo in
order to obtain convergence to R?, see [8, Th. A.2].

Theorem C.1. Let ug € CO(B) satisfy ||ug||L~ < 0o. Then there exists u €
C>®(B x (0,00)) solving (C.1) such that u(-,t) — ug in C (B) ast \, 0. As
t — 00, u(-,t) — 0 exponentially in C*> w. r.t. the hyperbolic metric.

If an arbitrary solution w is uniformly bounded for small times, we also
get exponential convergence.

Proof. Assume |ug| < cp. Mollify and modify ug to u} with |uf| < 2¢y and
ul = 0 near B;_1(0) and u} = ug on B;_:(0). We can construct solutions
w': By_1(0) x [0,T}) to C.1 with w'(-,0) = ug on B;_1(0) and u;(-,t) =0
on B, 1(0) using the arguments presented in Chapter VI of [5]. These
solutions remain bounded by 2¢g from the maximum principle. Hence, the
arguments of Chapter VI of [5] imply that T; = oco.

Spatially constant barriers b = b(t) = log (1 + ae_Qt), a > —1, solving
(C.1) converge exponentially to 0 as t — co. Hence the maximum princi-
ple applied to each u’ on B;_1(0) implies that the w; remain uniformly
bounded and approach zero eprnentially (uniformly in 7) as ¢ — oo.

Now we address smooth convergence: Writing [’ := e*' we obtain the
evolution equation

gtzi = (/1AL — (1/(1H)H)['VIE? +2 (1 -1).
We can assume without loss of generality, that |l; — 1| < e for some small
e. The interior estimates of Lemma A.1 hold here as the equation for I’ has
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the same form as the equation studied in Theorem 4.3 of [10]. Hence, by
taking a diagonal subsequence, we get a solution [ = e“ which approaches 1
exponentially. Interpolating between the C%-norm and C*-norms and using
Lemma A.1 again, we see that [ approaches 1 in all C*-norms exponentially.

O

To treat the question of uniqueness of such solutions we work in the
unrescaled setting. Note that by Lemma A.4 this is equivalent to the rescaled
equation.

With respect to the hyperbolic metric h on H? as a background metric,
a solution e“®t ] to the Ricci flow satisfies

(C.2) t=e "Apu+2e .

We first prove a non-compact maximum principle.

Lemma C.1. Let v e C*™ (H?[0,T)) be a bounded solution to
(C.3) 0 < alApv+cv

with a,c € L*® (HQ, [O,T)), a>0. If v(-,0) <0 then v(-,t) <0 for all t €
[0,T).

Proof. Pick a fixed point py € H? and let 7(-) := disty (-, po). Then the func-

tion p:=+/r2 +1 is a smooth function on H? with p(p) — oo as p — oo
and

alpp < C

for a constant C' > 0. Let us first assume that v satisfies
0 < alpv — v
with a function ¢/ > 0. Then for any § > 0 the function
w:=v—90p—20Ct—9¢
satisfies at the first non-negative interior maximum
W < aApw.

Since w(-,t) — —oc0 as p — oo an application of the maximum principle
proves the estimate as § — 0. In the general case let |¢(p,t)] < K and v :=
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e Kty which satisfies

v < alpv’ — (K —e)v' .

The previous estimate can be applied. O

This gives us a uniqueness statement.

Lemma C.2. Let u,u € C®°(H?, (0,7))NCY(MH2,[0,T)) be two bounded
solutions of (C.2) s.t.

u(-,t) — ug and (-, t) — ug
uniformly as t — 0 for some continuous function ug on H2. Then u = .

Proof. Define for v > 0

uy(p,t) == u(p,e 7t)+ .

Then u, again solves (C.2) with initial values ug + . Since the initial values
are attained uniformly we have u., > @ for a short-time interval [0, 26],d > 0.
By interior estimates as in Lemma A.1 the functions w.,% are bounded
uniformly in C* on time intervals [§,T). Interpolating between the two
solutions, we see that the difference satisfies an equation of the form (C.3),
to which the non-compact maximum principle applies. Thus w., > @ for all
v > 0 and v — 0 gives the desired estimate. (Il

If ug is uniformly continuous then also u(-,t) converges uniformly as
t— 0.

Lemma C.3. Letu e C® (HQ, (O,T)) nco (H2, [O,T)) be a bounded solu-
tion of (C.2) s.t. up:=wu(-,0) is uniformly continuous. Then u(-,t) — ug
uniformly.

Proof. Pick a point pg € H? and let u,, () be the solution to (C.2), which is
constant in space and has initial value u(pp). It is a direct computation to
check that

3815(“ - upo)2 =e "Ap(u— U/po)2 — Qe_u\th‘Q + 2(u — up, ) (€% — e7Ur)

< e AR (u — up,)? — 274 V%

By a similar argument as in Lemma A.2, but now for small radii, one obtains
the desired closeness-estimate. O
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Corollary C.1. Any bounded solution to (C.1) in C* (H?,(0,00)) NC"
(H2, [O,T)) with initial data ug, which is uniformly continuous with respect
to the hyperbolic metric, is unique. As t — oo, u(-,t) — 0 exponentially
in C*°.
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