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New invariants for complex manifolds and isolated
singularities

RoNG Du, HING SUN LUK AND STEPHEN YAU

In this paper, we introduce some new invariants for complex mani-
folds. These invariants measure in some sense how far the complex
manifolds are away from having global complex coordinates. For
applications, we introduce two new invariants f(''1) and ¢g(*-! for
isolated surface singularities. We show that f(11) = ¢(11) =1 for
rational double points and cyclic quotient singularities.

Dedicated to Professor Michael Artin on the occasion of his 78th Birthday.
1. Introduction

Let M be a complex manifold of dimension n. It is a natural question to ask
how far this complex manifold is away from having global complex coordi-
nates. In this paper, we introduce some new biholomorphic invariants which
give some measurements for this purpose.

Definition 1.1. For any 1 < p < n, let O}, be the sheaf of germs of holo-
morphic p-forms on M. Denote by < APT'(M, Q}V]) > the linear span of all
pth wedge products of global holomorphic one-forms on M. Define
yP)(M) := dim T(M, Q% ,)/ < APT(M, Q},) >. Then 4 is a biholomorphic
invariant of M.

If M is a complex submanifold in CV, then given any global holomorphic
p-form o on M, there exists a holomorphic p-form @ on CV such that the
restriction of & on M is «. Obviously, a is a pth wedge product of holo-
morphic one-forms. We see that ’y(p)(M ) =0. If M is a compact complex
torus, then it is easy to see that ) (M) =0. It is an interesting question
to classify those compact complex manifolds with ) = 0.

One of the most fundamental questions in complex geometry is the com-
plex Plateau problem. Given a strongly pseudoconvex CR manifold X in CV,
the problem asks when X is the boundary of a complex manifold V in CV.
By the beautiful work of Harvey—Lawson [5], the works of Yau [20] and Luk
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and Yau [8], X is a boundary of a complex variety V' with only isolated
singularities if X is contained in the boundary of a strictly pseudoconvex
domain in CV. Thus from the complex Plateau problem point of view, it
is very desirable to introduce a numerical invariant for isolated singularities
which never vanishes. Hopefully this numerical invariant is computable in
terms of X. The purpose of this paper is to use the above idea to study
singularities. Specifically, we introduce two new invariants f(11) and ¢(t:!)
for isolated surface singularities. Previously, numerical invariants are used
for the classification of surface singularities. The fundamental invariants are
the geometric genus p, and the arithmetic genus p,. In [1], Artin intro-
duced a definition for singularity to be rational, i.e., those singularities with
pg = 0. Wagreich [13] introduced a definition for singularity to be weakly
elliptic, i.e., for those singularities with p, = 1. Later, Laufer [6] studied the
so-called minimal elliptic singularities, i.e. for those Gorenstein singularities
with p; = 1. In a series of papers [15-19], Yau developed a novel theory
of elliptic sequence to study weakly elliptic singularities which may have
pg arbitrarily large. In particular, he classified all weighted dual graphs of
hypersurface singularities with p, = 2 [15]. In 1982, he considered another
invariant, namely irregularity ¢ [21-23]. Later Wahl [14], Straten and Steen-
brink [12] studied this invariant further. Unfortunately, all these numerical
invariants vanish on rational singularities. In this paper, we shall give a
detailed study of f(1). We also give explicit calculation for f(1) and ¢tV
for rational double points and cyclic quotient singularities and prove that
they do not vanish. The following are our main results.

Theorem A: Let (V,0) be a two-dimensional normal Stein space with C*-
action and with an isolated singularity at 0. Then fD > 1.

Theorem B: Let (V,0) be a two-dimensional Stein space with 0 as its only
singular point. If 0 is a rational double point or cyclic quotient singularity,
then 1) = g1 = 1,

The invariant ¢(V) studied in this paper was used by Du and Yau [4] to
solve the regularity problem of the Harvey—Lawson solution to the complex
Plateau problem.

2. Invariants of singularities
Let V be a n-dimensional complex analytic subvariety in CV with only

isolated singularities. In [22], Yau considered four kinds of sheaves of germs
of holomorphic p-forms
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(1) QF =m0k, where 7 : M — V is a resolution of singularities of V.

(2) QF = O*Q@\Vm where 0 : V\Viing — V is the inclusion map and
Viing is the singular set of V.

(3) QO = QP /AP, where AP ={fa+dgAB:aecly;fel;f,
g € #} and .# is the ideal sheaf of V in CV.

(4) O := QP /5P, where P = {w € WPy : Wiy, = 0}

Q{’/ is Grauert—Grothendieck sheaf of germs of holomorphic p-form on V.
In case V' is a normal variety, the dualizing sheaf wy of Grothendieck is
actually the sheaf Qf;. Clearly Q{’/, Q{’/ are coherent. Q{’/ is a coherent sheaf

because 7 is a proper map. Q]‘D/ is also a coherent sheaf by a theorem of Siu
(cf. Theorem A of [11]).

Definition 2.1. The Siu complex is a complex of coherent sheaves J® sup-
ported on the singular points of V' which is defined by the following exact
sequence:

(2.1) 0— 0 —Q° — J*—0.

Definition 2.2. Let V be a n-dimensional Stein space with 0 as its only
singular point. Let 7 : (M, A) — (V,0) be a resolution of the singularity
with A as exceptional set. The geometric genus p,, the irregularity ¢ and
the g(P)-invariant of the singularity are defined as follows (cf. [Ya7,St-St]):

(2.2) pg := dim T(M\ A, Q") /T(M, Q"),
¢ :=dimT(M\A, Q" 1) /T(M, Q" 1),
g®) == dim D(M, Q%) /=T (V, QF).

The s-invariant of the singularity is defined in [9] as follows:
(25)  s:=dimD(M\A,Q")/[0(M, Q") +dD(M\A, Q" )],

The following lemma follows from a deep theorem of Straten and Steen-
brink.

Lemma 2.1. [12]. Let V be a n-dimensional Stein space with 0 as its only
singular point. Let J® be the Siu complex of coherent sheaves supported on 0.
Then
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(1) dim J" = pg,
(2) dimJ" 1 =g,
(3) dimJ* =0, for 1 <i<n-—2.
Proposition 2.1. [12]. Let V' be a n-dimensional Stein space with 0 as its

only singular point. Let J® be the Siu complex of coherent sheaves supported
on 0. Then the s-invariant is given by

(2.6) s:=dim H"(J®*) =ps — q
and
(2.7) dim H" Y(J*) =0

Definition 2.3. Let (V,0) be a two-dimensional Stein analytic space with
an isolated singularity at 0. Let 7 : (M, A) — (V,0) be a resolution of the
singularity with A as exceptional set. Define a sheaf of germs Q%}l by the
sheaf associated to the presheaf

U <D Y U), Q) AT(x Y U),0}) >

where U is an open set of V and < I'(7~1(U),Q},) AT(7~ (U) Q}V[)
means that it is generated by elements in I'(m=1(U), Q},) AT(7~1(U), Q)
over the ring T'(7=Y(U), O).

Lemma 2.2. Let (V,0) be a two-dimensional Stein analytic space with an
isolated singularity at 0. Let 7 : (M, A) — (V,0) be a resolution of the sin-
gularity with A as exceptional set. Then Q%,’l 1s coherent and there is a short
exact sequence

(2.8) 0— Q%}l — 0 — g0

where FY s a sheaf supported on the singular point of V. Let
(2.9) FOD(M) :=T(M,03,)/ < T(M,Q},) AD(M, Q) >
then dim Z"Y = dim FD (M),

Proof. Since the sheaf of germ Q%, is coherent by the direct image theorem,
for any point w € V there exists an open neighborhood U of w in V such that
D(r=1(U),Q},) is finitely generated over I'(r=*(U), Opr). So T'(m~L1(U), Q%))
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AT (=Y U), Q) is also finitely generated over I'(m~1(U), @), which

means Q%}l is a sheaf of finite type. It is obvious that Q%,’l is a subsheaf
of Q%/ which is also coherent. So Q%}l is also coherent.

Notice that the stalk of Q%}l and Q‘Q/ coincide at each point different
from the singular point 0, .Z (11 is supported at 0. It follows from Cartan
Theorem B that:

(I
Observe that T'(M,Q2,) and < T'(M, QL) AT(M,Q},) > are birational

invariants. Thus, from Lemma 2.2, we can define a local invariant of a sin-
gularity which is independent of resolution.

Definition 2.4. Let V be a two-dimensional Stein space with 0 as its only
singular point. Let 7 : (M, A) — (V,0) be a resolution of the singularity with
A as exceptional set. Let
(2.10) FED(0) := dim ZY = dim FOD (M),
We will omit 0 in f(11(0) if there is no confusion from the context.
1) is independent of the resolution of V.

The following proposition is to show that f(1:1) is bounded above by ¢(2).

Proposition 2.2. Let V be a two-dimensional Stein space with O as its
only singular point. Then f1D < ¢2).

Proof. Since

FY = dimT (M, Q3p)/ < T(M,Q}) AT (M, Q) >,

¢? ;= dimT'(M, Q%) /=*(V,Q%),
and
T T(V, Q%) =< 7' T(V, Q1) AT T(V, Q) >C< T'(M,QY,) AT(M,Q},) >,

the result follows. O
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Definition 2.5. Let (V,0) be a Stein germ of a 2-dimensional analytic
space with an isolated singularity at 0. Define a sheaf of germs Q%}l by the
sheaf associated to the presheaf

U—<T(U Q) AT(U,QL) >,
where U is an open set of V.

Lemma 2.3. Let V be a two-dimensional Stein space with 0 as its only
singular point in CN. Let m: (M, A) — (V,0) be a resolution of the singu-

larity with A as exceptional set. Then Q‘l/’l s coherent and there is a short
exact sequence

(2.11) 0— Oyt — 0 — 9t o

where 91 s a sheaf supported on the singular point of V.. Let

(2.12) GUD(M\A) :=T(M\A,Q3,)/ < D(M\A, Q) AT(M\A,QL,) >,
then dim @ = dim GV (M A).

Proof. This proof is the same as the proof of Lemma 2.2 with symbols
replaced according to the statement. O

Definition 2.6. Let V be a two-dimensional Stein space with 0 as its only
singular point. Let 7 : (M, A) — (V,0) be a resolution of the singularity with
A as exceptional set. Let

(2.13) g(0) := dim @MV = dim GV (M\A).

We will omit 0 in g(»1)(0) if there is no confusion from the context.
The following proposition is to show that ¢(*!) is bounded above.

Proposition 2.3. Let V' be a two-dimensional Stein space with 0 as its
only singular point. Then gtbY) < De + g?.

Proof. Since

g = dimD(M\A, Q3;)/ < T(M\A, Q},) AT(M\A, Q}) >,
¢? = dimT'(M, Q%) /=*(V,Q%).
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and
T T(V, %) =< 7 T(V, Qi) AT T(V, Q) >
(2.14) C T(M, Q) AT (M, Q)
C D(M\A, Q) AT(M\A, Q}y),

the result follows. U

The next theorem is one of our main theorems (Theorem A).

Theorem 2.1. Let V be a two-dimensional Stein space with 0 as its only
normal singular point with C*-action. Then 1) > 1.

Proof. It suffices to prove there is a holomorphic two-form w on M which
is not contained in < I'(M, Q%) AT(M,Q},) >. Embed (V, 0) locally into
C™ and let z1,..., 2z, be coordinate function of C™. We are going to prove
this theorem by local calculation.

If pg > 0, there exists a holomorphic two-form wg on M\ A but not on
M, ie. wy € T(M\A, Q%,)\I'(M,03,). So wy must have pole along some
irreducible component A; of A. Suppose w; has the lowest order of pole along
Ay such that wy € T(M\A,Q3,)\I'(M,Q3,). Then 7*(z;)w; is holomorphic
along A; for all j, 1 <j <m. If 7*(zj)wy & ['(M,Q3,), it must has pole
along another irreducible component Ay of A. Suppose wy € I'(M\A4,03,)
has the lowest order of poles along As and holomorphic along A;. Then
7*(2j)ws is holomorphic along A; and As, for all j, 1 <j < m. Since the
number of irreducible components of A is finite, by induction, there exists a
non-empty set Wy, = {w € T(M\A, Q%,)\I'(M, Q%) : w has pole along some
irreducible component A and holomorphic along Ai,..., Ax_1 such that
™ (zj)w € T(M,03,) for all j, 1 <j < m}. Suppose wy € W, then choose
a point b in Ay which is a smooth point of A. Let(x1,x2) be a coordinate
system centered at b such that Ay is given locally by 1 = 0 at b. Take the
power series expansion of 7%(z;) around b:

(2.15) m™(2j) =@y ;1< j <m,

where f; is holomorphic function such that f;(0,22) # 0 and “=” means
local equality around b. Without loss of generality, we can suppose r; =
min{ry,...,r,}. By local calculation, we know that for any element ¢ in
*(V, Q%/), the vanishing order of ¢ along Ay, which is denoted by Ord4, ¢,
is at least 2r; — 1. However, Ord 4, 7 (21 )wy, is at most 7 — 1. So 7 (21)wy, €
(M, 03 )\m*T(V, Q2,). We pick such kind w € T'(M, Q32 ,)\7*T'(V, Q2,) which
has the lowest order of zeros, r, along Ay, i.e., Ords,w =r. So r < ry.
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Let &y € T'(V, Oy), where Oy = ,%”om/jv(Q%,, Oy ), denote the gener-
ating vector field of the C*-action and let i¢, denote the contraction map.
For every a € I'(V, ), write o as a sum Y o/ of quasi-homogeneous ele-
ments where o/ is a quasi-homogeneous element of degree [; >0.Let L¢, =
i¢, d + dig, be the Lie derivation. Then

Liod = Le,of =g, d(a) + dig, ().
So
(2.16) L(V,Qy) = d(I(V, Ov)) + i, (T(V, Q).

Since for minimal good resolution, we have 7,0, = Oy (cf [2]), where
Oy is the vector field on M. Thus, there exists £y which is a lift of &y, i.e.,
€ = &v. We know that &), is tangential to the exceptional set, so

0
§u = 21'po— + 27

ox 7a1217a2207
1

Oy

where p and ¢ are holomorphic functions.
Let ig,, : [(M,Q3%,) — T'(M,Q},) be the contraction map correspond-
ing to ig,. If ¢ € (M, Q3%,) and ¢ = z¥gdz1 A dxa, then

u+taq

igy (C) = g, (2 gdry Adxo) = —a:quraquda:l + 2] " pgdxs.
From (2.16),
I(M, Q) = d(T'(M, Onr)) + ie,, (T(M, Q3))).

Since V is normal , ¢°) = 0, i.e., T'(M, Oy) = 7*(T(V, Oy)).

We now prove that w is not contained in < I'(M, QL) AT(M,Q},) >.
Consider 7, ¢ € T(M, Q},) locally around b.

Suppose 1 = 1 + 12 and ¢ = 1 + @2, where 11, 1 € d(I'(M, Onr)), 12,
o2 € ig,, (T(M,03))). Let

2 = /iSM (C)v C = l‘%gdml A d'IZa 9(0,562) 7£ 0,
and
w2 =1g,, (), < =alhdry Ndxra, h(0,z2) # 0.
Then
nA@e=mAp1+(mAp2+n2Ae1)+n2Ap.
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Since
~1,0 .
i) () = (a7 gl a7
OrdamAp1 >2-r1—1>r.
Write 73 and 2 locally around b:

u+a2

ne = — qgdzxy + 2Y T pgdas,
g = — ”+a2qhd:c1 + x”*alphdazg.

So e A o = 0.
Also notice that

Afi

81‘2

dr*(zj) = rjaj?_lfjdwl + l‘?{j%dl'g.
(91‘2

So

Orda,m Apa >ri+v>r

and

Ordg,m2 A1 >r1+u>r.

From the discussion above, we can get Orda,n A ¢ > r.
Therefore w is not a linear combination of elements in < I'(M, Q%) A

(M, Q%) >

) dx1 A dzo,

999

If p; = 0, from [24], the canonical bundle K/ is generated by its global
sections in a neighborhood of the exceptional set. So there exists w € I'(M,
Q%VI) such that w does not vanish along some irreducible component Aj of
A. The rest of the argument is same as those in the case of p; > 0, with

ris 0.

O

The following theorem is the crucial part for the solution of the classical

complex Plateau problem.

Theorem 2.2. ([Du-Ya]) Let V' be a two-dimensional Stein space with 0
as its only normal singular point with C*-action, then g(l’l) > 1.

In the next section we will show that this bound is sharp.
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3. Explicit calculation of new invariants for
special rational singularities

In this section, we suppose that V' is a two-dimensional Stein space with 0 as
its only normal singularity and V is contractible to 0. It is well known that
the singularities of type A,, D,, Eg, E7, Es may be given by the following
equations in C3, with singularities at the origin.

Ay F(x,y,2) =2y — 2"t =0, n>1,
D, F(z,y,2) =222 +1y?> —2""1 =0, neven >4,
F($,y,2)=$2+y22—z”_120, n odd > 5,

Eg F(z,y,2) =2 —y? - 24 =0,
E7 F($ay7z):$2+y3_yzgzo>
Eg F(z,y,2) =2 —y3+25=0.

The cyclic quotient singularities are also well understood (see [7]). In
the following computation, we shall use explicit resolutions 7 : M — V of
Ay, Dy, Eg, E7, Eg (see [10], where he splits Type D,, into two cases for
calculation) and cyclic quotient singularities to compute our new invariants.

Proposition 3.1. [3]. If (V,0) is rational isolated singularity of dimension
n > 2, then any closed holomorphic p-form n on V\{0} with 1 <p <2 is
exact, i.e. after shrinking V as a meighborhood of 0, there exists a p — 1-
form & on V\{0} with d(§) =n.

Corollary 3.1. If (V,0) is rational isolated singularity of dimension 2, M
is a resolution of the singularity, then Hj (M) = H}(M) = 0.

Note that for these rational singularities of dimension 2, the irregularity
q =0 (cf.[21]), so fI1) = g(LD) n order to calculate our new invariants for
these rational singularities, we must know all the holomorphic one-forms and
holomorphic two-forms on M. Usually, it is not easy to calculate holomorphic
one-forms, but for rational singularities, we have the following lemma.

Lemma 3.1. If (V,0) is rational isolated singularity of dimension 2 and
71 M — V is a resolution then for any £ € T(M,Q},) and ¢ € d=1(d¢€), there
exists an f € I'(M, Oyr), such that € = (+d(f), where d is the exterior
differential operator.
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Proof. From the corollary above, we have the following exact sequence:
0— (M, 0u) S T(M, QL) % (M, 02,) — 0.

For ¢ € T'(M,Q},) and any ¢ € d~1(d€), d(¢€ — ¢) = 0. So there exist f €
['(M, Oyp) such that & = ¢+ d(f). O

From the lemma above, we see that in order to get holomorphic one-
forms on M, we only need to calculate holomorphic functions and holomor-
phic two-forms on M.

For rational double points, we may, without loss of generality, suppose V'
contains {(z,y,2) : F(x,y,2) =0, |z|? + |y|? + |2|? < 1}, F(z,y, 2) as above.
By abusing of notation, we denote local resolutions of the rational double
points at 0 by 7w : M — V.

Type A,:

An explicit resolution 7 : M — V can be given in terms of coordinates
and transition functions on M as follows:

Coordinates charts: Wy = {(ug,vr)}, k=0,1,...,n

Transition functions:

2
U ::jg, Uk = Up41Vk+1
+1
Vi or 1
— 2 Vi =
V41 = UgVg Uk+1

Projection map: 7(ug, vg) = (u’,:ﬂv,’j,uz_kvg_kﬂ,ukvk)
Exceptional set: A = 771(0) = C; U---U Cy,, where Cy = {uj_1 = 0} U

{vg = 0}

Dual graph: O—0 sse O—0
Cy Cy Cnh_10C,,.

Holomorphic functions on M:
Any holomorphic function on M has power series expansion » a,8>0 Caf

ug‘vg which converges for all (ug,vg) € Wp. Under changes of charts,

k+1)a—kB ka—(k—1
Z caﬁugvg = ... = Z COéﬁu](g o /B,Uka ( )8
,3>0 ,3>0

— . = Z Caﬁu%n-"_l)a_nﬁvza_(n_l)l@‘
a?ﬁzo
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The kth power series has to converge for all (ug, vi) € Wy. This occurs for
all k if only if the indices «, 8 in each sum satisfy (n + 1)a —ng > 0. Thus
any holomorphic function on M can be given by a convergent power series

> capufyy

a,8>0
(n+1)a—nB>0

on Wy.

Conversely, any such convergent power series in the (ug, vg) chart defines
a holomorphic function on M.

Holomorphic two-forms on M:

The holomorphic two-form dug A dvg = - -+ = duy, A dvp (= 7( S
nowhere vanishing on M. It follows that any holomorphic two-form on M
can be given in the (ug, vg) chart by a two-form

dzAdy Y -
EE) i

Z cagug‘vgduo A dvy,

a,520
(n+1)a—nB>0

whose power series coefficient converges on Wj.
Conversely, any such two-forms in the (ug,vg) chart defines a holomor-
phic two-form on M.

Proposition 3.2. With the above notation for A, singularities, f1 = 1.

Proof. From the above calculation, we know that the holomorphic functions
on M are generated by a base {ugvg }(n+1)a—ng>0 and holomorphic two-

forms are generated by a base {ug‘vg dug A dvo}(nt1)a—ng>0- For every holo-

a, B+1
morphic two-form w = ug‘fug dug N dvg on M, we consider £ = —“‘bﬁfl dug. &
defines a holomorphic one-form on Wy and d§ = w. It remains to check that
under all changes of charts, £ transforms to define a holomorphic one-form

in each coordinate chart. In fact, changed to (ug,vy) chart, for k =1,...,n,

1 (k+1)a—kB ka—(k—1)8

_muk vy ((k + Dvgduy + kugdvog) on Wy,

=

which is holomorphic.
We also know that d(I'(M, Oyr)) is generated by

- —1
{oug 1Ugdu0 + 5“81’5 dUO}(nH)a—nﬁzo, a>1-
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By Lemma 3.1, I'(M, Q},) is generated by
{aug‘*lvgduo + ﬁugvgfldvo}(nﬂ)a_n/gzoy a>1 U {u8U€+1du0}(n+l)a—n/@ZO'
So by easy calculation I'(M, Q%) AT(M,Q),) is generated by
{ug‘vgdug A dUO}(n+1)afnﬁ20, a>1-

Therefore
(M, Q?w)
< I'(M, Q}W) ANT(M, lew)

N =< ug N\vg >,

and
(M, Q%))

(1’1) — d
! T, QL) AT(M, QL) >

=1

Type D,, n > 4 and even:

An explicit resolution 7 : M — V can be given in terms of coordinate
charts and transition functions on M as follows.

Coordinate charts:

Wi = {(ug, o) s up P02 A1}, 0<k<n—4
Wi = {(ug,v)}, k=n-—3n—2
Wi = {(ug, vg) : g # -1}, k=n—1,n.

Transition functions:

2
Uk = Uk 1Vk+1,

1 0<k<n-3
Vg = )
Uk+1
2
Up—2 = . u UnYn
- 2 2=
1+ u2_qvp—1 " 1+ u2vy,
) and ,
14wy _qvp—1 1+ uv,
Upog=——"""— Up_og = ——

Up—1 Un
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Projection map: m(ug, vr) = (x,y, 2), where
z = up(ug vy ™2 = 1)2 g Pt = 2) =
n_

Un—1 (U%—lvnfl -1)

21 ., _ n_
=l yun (1l —up2)2 (1 = 2u,9) = T2 o
n—1Yn—
B vgfl(l —u2vy)
1+ u2v,
Yy = 2u%vg(ug_3vaZ 2 1)3 =

n n

z _ n 2”71—1”571 . 2unvy
T+u2 jvp1  14+udo,

— ... = un_2’1)727472(1 — Un—Q) = Up—1 = Up.

Exceptional set: A = 771(0) = C; U --- U C,,, where

Ck:{uk_lz()}U{vk:O} 1<k<n-2

Ch1= {'Un—?) = 1} U {Un—2 = 1} U {Un—l = 0}7
Cp = A{up—2 =0} U{v, =0}.

Cn—l
Dual graph: O0—0 o o_o_i o

C1 O Cr—2Ch,.

Holomorphic functions on M:
Any holomorphic function f on M has a series expansion of the form

ZaZO fa(uan)U,O{_g on W,,_o, where

1 f(tun—2,v)
fulns) =z [ Fan

2mi

provided {up—2} X {|vn—3| <7} C Wi, > 50 falun—2)vy_o converges
absolutely and uniformly on any subset of W,,_5 of the form (compact set) x
(closed disc centered at 0), while f,(u,—2) is holomorphic for all uy. Then
fa(un—2) has an expansion fo(un—2) =3 55 cagug_z on C and f has an
expansion Y _,~q(> 550 coéfgug_z)vf{f2 on W,,_5. Note that the expansion
rearranges into a convergent power series near (0,0), but not necessarily
on all W, _s.
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Under changes of charts, the expressions of f take on the following forms:

Z Z Caplly o0y | = Z angun 27 =
« B
— Z Z Ca,BUOn 2)a7(n73)ﬁv((]nfl)a—(n72)g

Since all these series have to be convergent power series in respective neigh-
borhoods of (0,0), the indices «, § restrict to (n — 1)ae > (n — 2)5. Thus

— B o
f= E E CaBly_o | Un_s on W,_s.
a>0 \ 0<p<r=la

Lemma 3.2. With the above notation for D, (n even), any holomorphic
function f on M has the expansions

3.1) f= Z Z caﬂul(cn k—2)a— (nfka)ﬁvl(gnfkf1)a7(n,k,2)ﬁ
az0 \ la<p<z=la
on Wy, fork=0,1,...,n—2,
(3.2) f= Z Z Caﬁu;fl(l + uiilvn_l)afg on Wi 1
@20 \ ja<f<i=la

and

(3.3) f= Z Z capZP =08 (1 + utv, )P on W,

> 1 n—1
az0 \ jasp<iza

In each expansion, the sum over B is holomorphic on the corresponding Wy
for each a > 0, and the sum over « is absolutely convergent.
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Proof. 1° With f =3 (> 5 ca@ug QU _5) on Wi, 2, changmg from (up—2,
Uan) to (unfB,UnfS) gives [ = Za(25 Cocﬁun—Svn ) on W, 3\{vn 3=
0}. For each a > 0, the sum over 3 is a polynomial, say @q(tn—3,v,—3). To
show that the expansion of f also holds on v,_3 = 0, consider any (c,0) €
Wi—3 and take any € > 0 such that {c} x {|v,—3| <€} C W,,_3. Then, on
the circle {c} x {|v,—3| = €},

(3.4) nga ¢, Vp—3) Z anﬁun 2Un—2 | »

where (ty_2,vn_2) = (v, 15, cv2_3) lies on {|uy_2| = € 1} X {|vp_a| = |c|€®}
in W,,_o. Since the right hand side of (3.4) converges uniformly on the indi-
cated subset of W,,_2, so does the left hand side on {c} x {|v,—3| = €}. Then
Y o Palc,vp—3) is holomorphic on {c} x {|vn—3| < €}, hence coincides with
f, in particular at (c,0). The absolute convergence of »__ ¥a(Un—3,vn—3)
follows from that of }_ (34 cagug_zvgﬂ) over .

By the same argument, changing from (u,—2,v,—2) to (ug,v) via

1
- - _nankl
Un—2 nk-3 n k2 Un-2=U Uk

’U,k Uk

gives (3.1) first on Wi \{ugvr = 0} and then on Wy, for k =0,1,...,n —4. It
suffices to remark that for ¢ # 0, small circle {c} x {|vg| = €} (rvesp. {|ug| =
€} x {c}) in Wy correspond to (up—2,vp—2) with |u,_of =

|c[”7k726n7k71 (resp. [un—2| = W» |vn—2| =

W’ [vn—2| =
en— k— 2|C‘n k— 1) in Wn 9.

2° Changing from (up—2,vp—2) t0 (Up—1,vp—1) gives (3.2) on Wy_1\
{up—1 = 0}, where 1 +u2_jv,-1 # 0. We need a trick to ensure that for
each «, the sum over ( is holomorphic on W,_;. Since (V,0) is normal,

f is the pullback under 7 of some power series ), ik > O'Eijkmiyj 2% which

converges in some neighborhood U of 0 in C3. On 77_1((7) N Wh_a,

(35) D D capun | 05,
a \ g
~ 1 _ n_ .
=D Cr(ui v 51— un—2)% (1 = 2up—2))’

(2 _yv 25 (1= tn2)? ) (un—2v; _5(1 — un—2))",
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which implies that for each a > 0,

(36) Y Capuy oty
0<B<=1a
l_]_ _ n_ .
= > Cig (w2 oy v =3 (1= un—2)2 (1 = 2up_s))’
(n—2)i+(n—1)j+2k=c

: (QUE_zUZ:%(l — Up—2)? ) (Un—gv;_5(1 - un—2))k'

Take a neighborhood U,,—1 of (0,0) in W,,_1 such that U,,_1 C 71'_1([7) N
Wp—1. Changing the finite sums on both side of (3.6) to (up—1,v,—1) gives,
on Un—l\{un—l = 0}7

(3.7)
Yo capu (1t up_ v 1)*
0<f<=1a
n_q % J
Z = (”5—1 (U%flvn—l - 1)) ( 2up— Wn 1 ) oF
(n—2)i+(n—1)j+2k=a T4 up yvn L+ upqon-1

The two sides of (3.7) being rational functions of (up—1,vp—1), they must
be identical. Since the right-hand side is holomorphic on W,,_1, so is the left
hand side.

Denote ZOSBS%Q Captl, 21 (1 + u%_lvn,l)a_ﬁ by ¥ (tn—1,vn—1). Since
all 1, are holomorphic, to prove (3.2) also at u,—1; = 0, say at any (0,c) €
Whp_1, it suffices, as before, to find some € > 0 such that (i) {|up—1| <
e} x {c} C Wy—1 and (i) > ¥a(un—1,c) converges uniformly on the circle
{lun—1] = €} x {c}. We can clearly take e¢>0 satisfying (7). Then (u,—_1,
vn_1) = (€, ¢), @ € R, corresponds to (up_a, Vp_2) = (1+cel2 s 1+‘fei§2‘9) €
Wy—o. If we can bound these (u,,_2, v,—_2) within some S =(compact set) x
(closed disc centered at 0) C W,_s, then the uniform convergence of "
(>s caﬁug GV o) on S gives (ii). To get S, it suffices to choose a suffi-

ciently smaller € > 0 such that for all 0, (5 +6612 7 max¢|1+ce e ¢|) € W,_o.
Since (un_1,vn_1) = (e€?,¢) € W,_1 for all 6, |z|? —|— ly[? +|2|> < 1 on

W1 gives

2i6 |2 4|c‘n€2

1+ ce? 202

1—céle
1 4 ce? e219

(3.8) lc|" 2 +le? <1 for all 6.
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Let |1 —+ 062 62190| — maX9|1 + 062 8219‘. Then (1+c€12 — |1+CEZ @200 |) c

W, if the corresponding inequality |x|? + |y|? 4+ |2|? < 1 is satisfied, namely,

19 o] 1 — ce?e?? 211+ ce? 2o |2n—4
(3.9) el 14 ce2e2| | 1 + ce?e2id
4c|me? 1 + ce2 g2ifo | 272 Flef? 1+ ce? e2ifo |* -
: : el V—— )
‘1 + 662 6219’2 1 + 662 e216’ 1 + 662 e219

In view of (3.8), a sufficiently smaller ¢ > 0 can be chosen such that (3.9)
holds for all 8. With such choice of €, the lemma for £ = n — 1 follows.

3° Changing from (up—2,vn—2) to (un,vy,) gives (3.3) on Wy\{u, = 0},
where 1 + u2v, # 0. To see that for each «, the sum over 3 is holomorphic
on W, it suffices to check that 20 — a > 0. By (3.6),

(3.10)
~ -1 n_ ;
> capty 5= > Ciji(ut g (1= un—2)2 " (1 = 2up_3))’
0<p< =1 (n—2)i+(n—1)j+2k=«

(2u_y(1 = tn2)3) (una(1 — n2))".

Equation (3.10) implies that for (n —2)i+ (n —1)j+2k=a, 3> (5 —1)
i+ 5j + k. Hence 26 —a > 0.

To check (3.3) holds at any (0,c) € W, we repeat the argument for
Wiy—1. Then it suffices to find some € > 0 such that (i)' (uy,vn) = (e, c)
and (ii)’ (un—2,vn—2) = (15, HEEE0) € Wy lies in some S’ = (com-
pact set) x (closed disc centered at 0) C W;,_a, for all # € R. We first take
¢ > 0 satisfying (i)’. Then, letting |1 + ce? e?%| = maxg|1 + ce? €|, we com-
pare the inequality |z|? + |y|? + |2|? < 1 on W, guaranteed by (i)’ with the
inequality |x|? + |y|? + |2|?> < 1 on W,,_5 required for (1-65622;% 1+i§,,em) €
Wip—a, for all 8 € R. It turns out that the inequalities are exactly the same
as (3.8) and (3.9) respectively. Thus we can choose €, S’ and finish the
proof. We remark that the first factor of S’ is a compact neighborhood
of 0 while the first factor of S in the previous case is a compact
neighborhood of 1. O

Holomorphic two-forms on M:

The holomorphic two-form g = dug A dvg = duy Advy = -+ = dupy—2 A
dvy_o = —dff:'u‘ ilid::_‘ll = dlquz/b\?d;} (= w*(me/Z‘iz’)) is nowhere zero on M. Hence
any holomorphic two-form on M is of the form fyg, where f is a holomorphic

function on M.
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Type D,, n > 5 and odd:

A resolution 7 : M — V can be given by the same charts and transition
functions as for even n, but with a different projection

x = ugvo(uf Pop 2 = 1) (uf PP 2) =

n—1
vnil(u%—lvn—l -1)

n—1

= 1,7 0" 8 (1 = tp—2) T (1 — 2up_9) =

n—1
vp? (1 — u,%vn)
1+ u2v,

y = 2up(uf Pup 2 - 1)

n—1 n—1

o, no1 2up—1v,%4 B 2UpUn ?
- 2un—2vn—2(1 - u”—Q) 2= 2 - 1 2
14wy v + uy v,
2.2/, n—3 n—2 2
z = ugvy (uO vy — 1) =" =up20; (1 —up—2) =vp_1 = Up.

The exceptional set is given in the same way as for even n.

Holomorphic function on M is again given by (3.1), (3.2), (3.3). The
proof is similar as for odd n.

Any holomorphic two-form on M also has form fyg where f is a holo-
morphic function on M and g is the same as for even n.

Proposition 3.3. With the above notation for D,, singularities, f&1) = 1.

Proof. From the above calculation, we know that the holomorphic func-
tions on M are generated by a base {ugﬂvg_Q}; a<p<n2=1, and holomorphic
2 =" —=mn-2
two-forms are generated by a base {ugﬂvg_Qdun,g A dvn—2}1,4<gen-t,. For
2 =M=0"9

every holomorphic two-form w = ugfzvf;ﬂdun_g A dvy_9 on M, we consider
B a+1

&= —u'”;fiff’zdun_g. ¢ defines a holomorphic one-form on W,,_5 and d¢ = w.

It remains to check that under all changes of charts, £ transforms to define a

holomorphic one-form in each coordinate chart. In fact, changed to (ug, vk)

chart, for k=1,...,n— 2, on z,

1 (n—k—2)a—(n—k—-3)B8 (n—k—1)a—(n—k—2)3
- U Uk
a+1

-((n — k = 3)vpdug, + (n — k — 2)ugduoy)

&=
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which is holomorphic. And changing charts to (up—2,v,-3), we see by
Lemma 3.2 that
20— ﬁ a—i—l
v u
a+1
defines a holomorphic one-form on W,,_3. Finally, changed to (up—1,vn—1)
and (uy,vy) charts

£ = u, (1 +u2 un1)*?\ [ 20n-1duy—1 + up—1dvy—1 on W,
a+1 L+u2 v,y nl
and
¢ ub—e *6(1 + u2v, )P 2upduy, + updu, W
= on W,.
a+1 14+ uv, "

Again by Lemma 3.2, £ is holomorphic on W,,_1 and W,,, respectively.
We also know that d(I'(M, Oyr)) is generated by

{ﬂun 2vn odUp_o + au 5 Z‘:Qldvn_g}%agﬁg%;a.
By Lemma 3.1, T'(M, Q},) is generated by
{5un A0S oduy o + aug WU g dvy o} La<f<n=la
U {un720n72dun_2}%a§ﬁ§5a.
So by easy calculation, I'(M, Q},) AT(M,Q},) is generated by
{u§72vg_2dun_2 A dvn—2}§agﬂ§:—:;a, a>1-

Therefore

(M, Q%))
D(M, QL) AT(M, Q) >

=< Up—2 NUp_3 >,

and
(M, Q?w)
(M, Q}M) ANT(M, Q}w) >

LD — gj =1.
f 1rn<
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Type E,, n=06,7,8:

Resolutions 7 : M — V for E,, n=6,7,8, can be given as follows.
Coordinate charts:

Wi, = {(ug, vg) - uz_kvg_k #1}, k=0,1
Wk:{(ukyvk’)}7 k:273
W4 = {(U4,U4) : uim 7é 1}

Wi = {(u,vg) up S0k #£ -1}, 5<k<n

Transition functions:

2
Uk = Upy1Vk+1

1 0<k<2andb<k<n-1
v o
g Uk+1
1 uv
U = s U= g
) an
US_1+u4v4 y _1+u§v5
U4 3 us

Projection map: 7(ug, vr) = (x,y, z), where
For Ejg:

v = dug(ugvy — 1)°(ugeg + 1) = -+

402(1 + 2uv?)
— A48 3 .. %Y 6Y6
=4uzvs(1 —u3)’(14+uz) =--- = (1 + a3p)?

y = 4udvo(udvs — 1) = -

dugv?
:4u31)4 1—u 2 ... 706
3 3( 3) 1+u%v§
2
z = 2up(udvy — 1) = = 2udvi(1 —ug)® = - -- e

\ 1—i—ugv§.
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For Fr:
z = ud(udvd —1)° =
3
7.9 5 u7vy7
=usesll —ws) = =
7V7
y = ug(ugvy —1)° =
— 81 3 _ U%”?
= uzv3(l —u3)” = (1+u%v§)3
2 2.3 2 3.4 2 v7
z =ujvglugvy — 1) =--- = usv3(l —u ==
0 0( 0v0 ) 3 3( 3) (1+u‘%v§)3
For Eg:
(2 =ud(udvd —1)8 =
3

Y = uévo(ugvg — ]_)5 = ...

2
8,,10 5 vy
= uzvs~ (1 — ug) =-~:m
878
2
UKV,
z:ug(ugvg_1)3:...:ugvg(l_ug):’):”._ 3

(1t udud)?
Exceptional set: A = 771(0) = Cy U -- U O, where
Cr={up_1=0}U{vx =0}, 1<k<3and6<k<n
04:{U2:1}U{U3:1}U{v4:0}
Cs = {U3 = O} U {U5 = O}.

Cy
Dual graph: o—o—i—o ees 0—0
C1 Cy C3 Cy Cn

Holomorphic function on M:
W3 (resp. Wh) has the property that it intersects each plane {us =
constant} (resp. {va = constant}) in a disc centered at the point (us,0)
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(resp. (0,v2)) which belongs to A. Any holomorphic function of M has an
; — By, a
expression f =3 <53 50 Capus)vs on Wa.

Lemma 3.3. With the above notation for E,, (n =6,7,8), any holomorphic
function f on M has the expansions

(3.11) f:Z Z Caﬁulg?»fk)af(2fk)ﬁvl(§4fk)af(3fk)g ’

>0 \ n—4 4
aio n—SaSﬁSSa

on Wy for 0 < k <3,

(3.12) f= Z Z Ccaptiy “(1 + udvg)* P on Wy
a0 \ 2=a<f< o
and
(3.13)
f= Z Z cagu,gk_g)ﬁ_(k_4)o‘v,(€k_4)ﬂ_(k_5)o‘(1 i

n—4a 4
az0 \ 2=2a<p<ia

on Wy, 5 <k <n.

In each expansion, the sum over B is holomorphic on the corresponding Wy
for each o > 0, and the sum over a is absolutely convergent.

Proof. The charts (ug,vg), 0 < k <5, and their transition functions are the
same as those of D5. The assertions for 0 < k < 5 can be proved as in Lemma,
3.2, except that we need to check the different projection.

Case Eg. The formulas corresponding to (3.7), (3.10) are

(3.14) Z Captiy “(1 + uvg)* )

B
S @ <4v2(2+u204>>"< 4v, )J( 2u0? )k
= . k 7
6i+4j+3k=a Y (1+ UZU4)2 1+ u?lv4 1+ U?ﬂ%
(315) Dcapg= D0 Gpnltud(l - )1+ )
B 6i+4j+3k=c

(43 (1 - ug)?)! (2u3 (1 — uz)?)F,
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because vs appears as powers of 6,4, 3 in x,y, z, respectively.

(3.14) shows that the sum over 3 is holomorphic on Wy. Equation (3.15)
shows that 30 — 2a > 0, hence the sums over 3 in (3.13) are holomorphic
on each Wi.

To prove (3.12) at (0,¢) € Wy (resp. (0,¢) € W5, (0,¢) and (¢,0) € W),
we assume the inequality |z|2 + |y|?> 4 [2]? < 1 at (u4,v4) = (ee'?,c) (resp.
(us,v5) = (ee', ¢), (ug,vs) = (e, ¢) and (c, eel?)) for all € R. Under coor-

dinate changes, we would get the same inequality for (us,vs) = (m’

1+C€2 eZiS C52 e2i9 1+C€2 eQi@ 0263 eSi@ 1+C2€3 eSiS 0362 eQie
e —) (resp. (8@, o ), (fhadem e ) and (TH5Eam,
3.2 ,2i0 1 2 ,2i6
e ). If for all 6, we change vs to v§= maxp|ltec’ o] tee e L (resp.
maxg|l+ce? e??| maxg|l+c2e? e3t? maxg|1+c3e? et . .
ell+ |7 J |j|52 | anq maxel |j|25 l), then the inequality corre-

sponding to (3.9) becomes

12
+ [yl

6
<1

(e} (e} 8 (e}
(3.16) 2|53 U2
) VU3

v3

in all cases, because of the way vs appears in z,y, z. It is clear that € > 0
can be found such that (3.16) holds for all # € R. Then the proof for Eg can
be finished as for Lemma 3.2.

Case E;. The formulas corresponding to (3.7), (3.10) are

(3.17)

> capuy (1 + uivg)* )

B ' '
5 (et Y () ()
— : |
9i+6j+4k—=a A+ udug)? (1 + ujvg)? 1+ ulvy
(3.18)
> Captly = > (il —ug)®) (uf(1 — ug)) (uf(1 — ug)®).
B 9i+6j+4k=a

Again 3.18, implies 43 — 3a(> i + 2j) > 0.
The inequality corresponding to (3.9) for proving the various cases of
(3.12), (3.13) is

18 12 8

<1

,UO
3.19 213
(3.19) |z| o

o o

(%
A e IR R

23
U3
under a corresponding assumption |z|? + |y|> 4 |2|? < 1. The rest of the
proof is similar.
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Case Eg. The formulas corresponding to (3.7), (3.10) are
(3.20)

> capuy (1 + ujug)* )

B . ' .
o) () ()
prm— . k 7
15i+10j+6k=c YN+ ufug)? (1 + ufvy)3 (14 ulvy)?
(3.21)
Seapui = Y Gl —us)®) (i1 - us)?Y (1 — ug)?)".
B 15i+10j+6k=a

Again 3.21, implies 538 — 4a(> k) > 0.
The inequality corresponding to (3.9) takes the form

,UO 30 (e} 20 o 12
(3.22) 222 + |y + 222 <1
The proof is then clear. [l
Holomorphic two-forms on M:
The holomorphic two-form ¢y = W*I(dxfé\dy) dug A dvg = - -+ = dusg A
dvs = dup—9 N\ dvp—9 = — duaidvy du’”Asd”,j 7, D < k <n, is nowhere zero

1+u2vy 1+uy F
on M. Hence any holomorphic two-form on M is of the form feo, where f

is a holomorphic function on M.

Proposition 3.4. With the above notation for E, singularities, n =6, 7,
8, fhD =1,

Proof. From the above calculatlon we know that the holomorphic functions
on M are generated by a base {u3 v } 10<f<ta and holomorphic two-forms

are generated by a base {u3 v§dug A dvg} n=tn<f< i For every holomorphic

two-form w = u3 v§dus A dvs on M, we con81der &= u’j;f_l dus. & defines
a holomorphic one-form on W3 and d§ = w. It remains to check that under
all changes of charts, £ transforms to define a holomorphic one-form in each

coordinate chart. In fact, changed to (ug,vy) chart, for k = 0,1,2, on Wy,

1 eklam(2-k)8 (d—k)am(3—
£=— (3R ERIB, GRa=G=R6 (9 _ kyyduy + (3 — k)ugduy),
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which is holomorphic. And changing charts to (u4,v4) chart, we see by

Lemma 3.3 that

uy
a+1

e 2uaduy + U4d1}4>

1+ ufvg)* ™’
( u4v4) 1+ uivk

defines a holomorphic one-form on Wj. Finally, changed to (ug,vy) chart,
for 5 < k < n, charts

ul(jfzs)gf(k74)avl(€k74)ﬁf(k75)a

€=~ o R
(k — 3)’deuk + (k — 4)ukdvk
X
I

Again by Lemma 3.3, £ is holomorphic on Wy, for 5 < k < n.
We also know that d(I'(M, Oyr)) is generated by

{ﬁug_lvg‘dug + augvg‘_ldvg}%agﬁgﬁa.
By Lemma 3.1, I'(M, Q},) is generated by
{ﬂugflvg‘duk@ + ozugvg*ldvg}%agﬂgéa U {u§v§‘+1dU3}%a§ﬁ§%a.
So by easy calculation I'(M, Q1) AT(M,Q},) is generated by

B, «
{uzvgdus A dv3}%a§,@§§a, a>1

Therefore
(M, Q3%))
= A
<T(M, QL AT(M, QL) > — SWhs >
and ,
f(l’l) _ dlm F(M7 QM) - 1.

<D(M, Q%) AT(M,Q},) >

Cyclic quotient singularities:
An explicit resolution 7 : M — V can be given in terms of coordinates
and transition functions on M as follows:
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Coordinates charts: Wy, = C? = {(ug,v)}, k=0,1,...,n
Transition functions :

_ ,,Ck+1
Uk = Upyq1 Vk+1
1
Uk+1

Vi =

Exceptional set: A = 7=1(0) = Cy U---UC,, where Cj, = {u_1 =0} U

{or = 0}

—e1 —e2 —én
Dual graph: O—0 ess O—0

Cy Oy Ch,

where e; > 2 is the self-intersection number, i = 1,2,...,n.
Holomorphic functions on M:
Let

QO(avﬂ) =, Q1(04,5) ZGIQO(avﬂ)_ﬂzela—ﬂv

Qi(avﬁ) :eiQifl(aaﬁ)_QifQ(aaﬁ)a i:2737"'7n
Any holomorphic function on M has power series expansion » @830 cagug‘voﬁ ,
which converges for all (ug,vg) € Wy. Under changes of charts,

Z Caﬁugvgz Z Cagu’ (a,8) qoaﬁ) Z Cagud® (a,8) 2( a,B)

a,20 a,20 a,520

— i .. = Z Caﬁu%n(avﬂ)v%n—l(azﬂ).
a,3>0

The kth power series has to converge for all (uy, vg) € Wy. This occurs for
all k if only if the indices a, @ in each sum satisfy ¢;(a,3) >0,
6>0, i=0,1,...,n. Thus any holomorphic function on M can be gen-
erated by

o f
{uGv0 tai(@,8)>0, 320, i=0,1,....n:

on Wy.
Conversely, any such convergent power series in the (ug, vg) chart defines
a holomorphic function on M.
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Holomorphic two-forms on M:

We know
dus = e uS Y dus it I
Ui = €i41U; 7 Vi+1QU41 + Uy 7 AVig1
1
d’Ui = —Tdulurl.
Uitq
The holomorphic two-form
1,1)—1 L,1)—1 ¢ (1,1)—1
dug A dug :u(fl( 1) dui A dvq :qu( ) vgl( ) dus A dvg = - - -

W(1,1) =1, gn1(1,1)—1
= @ D)=Ly (D=1 g0, Ay,

So

Ug’l)gduo A dvo — uflll(a+1,ﬁ+1)717}(110(Oz+1,,3+1)71dul A dvl

ugz(a+1,ﬁ+1)—1vgl(a+1,ﬂ+1)—1du2 Advy = - -

_ e (OF LA =L@ s (@ L)Ly A gy

It follows that any holomorphic 2-form on M can be generated in the (ug, vg)
chart by 2-forms

a, B
{ugvgduo A dvokg,(a+1,6+1)>1, 80, i=0,1,....n-

Proposition 3.5. With the above notation for cyclic quotient singularities,
FOD =1,

Proof. From the above calculation, we know that the holomorphic functions
on M are generated by a base

a, B
{ug Yo }qz‘(aﬂ)z& $20, i=0,1,...,n

and holomorphic two-forms are generated by a base
{ug v dug A dvo} g (a+1,6+1)>1, 520, i=0,1,....n-

For every holomorphic two-form w = ug‘vg dug N dvg on M, we consider £ =
a,,B+1
u‘”fl dug. & defines a holomorphic one-form on Wy and d¢ = w. It remains

to check that under all changes of charts, £ transforms to define a
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holomorphic one-form in each coordinate chart. In fact, changed to (ug, vy)
chart, for k=1,...,n, on W,

- L gi(at1,6+1)-1
s P OFLIEDT (0 0, —1dug, + gr1 (0, —1)urdug),

which is holomorphic.
We also know that d(I'(M, Oyr)) is generated by

{u§06 }gu(e,9)20, 520, a21, i=0,1,...n-
By Lemma 3.1, I'(M, Q},) is generated by
{U§ 06 }gu(c8)20, 520, 021, i=0.1,...n
1
U {u8‘v€+ dUO}qi(aH,BH)zL £8>0, i=0,1,...,n"

So by easy calculation I'(M, Q%) AT(M,Q),) is generated by

a, B
{ugvg duo A dvolg,(a+1,6+1)>1, 50, a>1 i=0,1,...,n-

Therefore

['(M,Q3%))
<D(M, Q%) AT(M, QL) >

= < ug ANvg >,

and
(M, Q%)
<D(M, Q%) AT(M, Q) >

FOD = dim =1
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