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Pseudo-Anosov braids with small entropy and
the magic 3-manifold

Eiko KIN AND MITSUHIKO TAKASAWA

We consider a surface bundle over the circle, the so-called magic
manifold M. We determine homology classes whose minimal rep-
resentatives are genus 0 fiber surfaces for M, and describe their
monodromies by braids. Among those classes whose representa-
tives have n punctures for each n, we decide which one realizes
the minimal entropy. We show that for each n >9 (resp. n =
3,4,5,7,8), there exists a pseudo-Anosov homeomorphism @, :
D,, — D,, with the smallest known entropy (resp. the smallest
entropy) which occurs as the monodromy on an n-punctured disk
fiber for the Dehn filling of M. A pseudo-Anosov homeomorphism
®g : Dg — Dg with the smallest entropy occurs as the monodromy
on a 6-punctured disk fiber for M.

1. Introduction

Let M(X) be the mapping class group of an orientable surface ¥ =¥, , of
genus g with p punctures. Assuming that 3g — 3 4+ p > 1, elements of M(3)
are classified into three types: periodic, pseudo-Anosov and reducible [28].
There exist two numerical invariants of pseudo-Anosov mapping classes ¢.
One is the entropy ent(¢) which is the logarithm of the dilatation A\(¢). The
other is the volume vol(¢) which comes from the hyperbolization theorem
by Thurston [29]. His theorem asserts that ¢ is pseudo-Anosov if and only
if its mapping torus

T(¢) =% x[0,1)/ ~,

where ~ identifies (z, 1) with (f(x), 0) for any representative f € ¢, is hyper-
bolic. We denote the volume of T(¢) by vol(¢).

Let MPA(X) be the set of pseudo-Anosov elements of M(X). Fixing
¥, the dilatation A(¢) for ¢ € MPA(X) is known to be an algebraic integer
with a bounded degree depending only on X. The set of dilatations A(¢)
for ¢ € MPA(X) bounded by each constant from above is finite, see [12]. In
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particular, the set
DI(Z) = {A(¢) > 1| ¢ € MPA(T)}

achieves its infimum A(X).
We turn to volume. The set

{v | v is the volume of a hyperbolic 3-manifold}

is a well-ordered closed subset of R of order type w* [26]. In particular any
subset achieves its infimum. Let vol(X) = min{vol(¢) | ¢ € MPA(Z)}. It is of
interest to compute A(X) (resp. vol(X)) and to determine the mapping class
realizing the minimum. Another problem related to the minimal dilatation
(resp. minimal volume) are as follows. For a non-negative integer ¢, we set

A(Z;¢) = min{\(¢) | ¢ € MPA(X), T(¢) has ¢ cusps},
vol(2; ¢) = min{vol(¢) | ¢ € MPA(X), T(¢) has ¢ cusps}.

A problem is to compute A(X;¢) (resp. vol(3;¢)) and to find a mapping class
realizing the minimum.

In [14], the authors and Kojima obtain experimental results concerning
the entropy and volume. In the case the mapping class group M(D,,) of an
n-punctured disk D,,, they observe that for many pairs (n, ¢), there exists a
mapping class simultaneously reaching both A(D,,; ¢) and vol(D,; ¢). Exper-
iments tell us that in case ¢ = 3, the mapping tori reaching both minima
are homeomorphic to the magic manifold M,,gic Which is the exterior of the
3 chain link Cs illustrated in figure 1. Moreover when ¢ = 2, it is observed
that there exists a mapping class ¢ realizing both A\(D,;2) and vol(D,;2)
and its mapping torus T(¢) is homeomorphic to a Dehn filling of Myagic
along one cusp. This study motivates the present paper which concerns the
fibrations in Mpagic. The magic manifold has the smallest known volume
among orientable hyperbolic 3-manifolds having three cusps. Many mani-
folds having at most two cusps with small volume are obtained from M,agic
by Dehn fillings, see [20]. Also, some important examples for the study of the
exceptional Dehn fillings can be obtained from the Dehn fillings of Myagic,
see [8].

Let M be a hyperbolic 3-manifold with boundary which fibers over
the circle. We assume that M admits infinitely many different fibrations.
Thurston introduced the norm function Xp: Ho(M,0M;R) — R, and
showed that the unit ball U with respect to Xp is a compact, convex
polyhedron [27]. He described the relation between the function X7 and
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Figure 1: 3 chain link Cs.

fibrations of M as follows. For each fiber F of M, the homology class
[F] € Hy(M,0M;R) lies in the open cone int(Ca) with the origin over a
top dimensional face A of OU. Conversely for any integral class a € int(Ch),
there exists a fiber F' of M representing a. Using this description of the
fibers, the entropy function ent(-) : int(Ca) — R can be defined as follows.
For each primitive integral class a € int(Cp), the monodromy ®, : F, — Fj
on a connected surface F, representing a is pseudo-Anosov, and one defines
the entropy of a by ent(a) = log(A(®,)). Fried proves that this function
defined on primitive integral classes admits a unique continuous extension
to a homogeneous function on int(Ca) [5].

One sees that M(D,,) is isomorphic to the subgroup of M(Xg 1) con-
sisting of the elements which fix a puncture of ¥¢ ;1. By using the natural
surjective homomorphism I' : B,, — M(D,,) from the n-braid group B, to
M(D,,), one represents each element of M(D,,) by an n-braid. A braid b is
called pseudo-Anosov if T'(b) is a pseudo-Anosov mapping class. If this is the
case, the dilatation \(b) of b is defined by the dilatation of I'(b). Let Ty, p
be the following m-braid for m > 3 and p > 1 which is a main example in
this paper.

-2

Tonyp = (0%0203 ceom—1)Po, 7.

For example, T2 = (0%02030405)205_2 = 0%020304050%02030405_1 (figure 8
(left)). The braid T, , is a horseshoe braid if ged(p,m —1) =1 and 1 <
p < mT_l (Proposition 4.4). If ged(m — 1,p) =1, then the mapping torus
T(I'(Tr,p)) is homeomorphic to Mmagic (Corollary 3.2). Otherwise I'(T}, )
is reducible. We set

Miagic = {¢ € M(X0,) | T(¢) is homeomorphic to Mmagic }-
Let us define an integral polynomial

Flogay (8) = 157972 4% gy =75 =% 4,
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The following, our main theorem, states that for all n but 6 and 8, the

minimum among the dilatations of ¢ € My, ;. is realized by ['(Ty—1,) for

some p = p(n) and it is computed as the largest real root of one of the
polynomials f,, .y(t).

Theorem 1.1. For each n > 4, the minimum among the dilatations of ¢ €
M is realized by:

n
magic

(1): D(Tok2) in case n = 2k + 1 for k > 2. The dilatation \(Toy 2) equals
the largest real root of

forrpo) @) =t —2¢" 1t +1F) + 1.

(2-i): T(01020304) in case n = 6. The dilatation \(o1050304) =~ 2.08102
equals the largest real root of

foant) =t'—t* -2t —t 4+ 1.

(2-ii): T'(Typs1,26—1) in case n=4k+2 for k>2. The dilatation
AT aj41,26—1) equals the largest real root of

fertr1,26-1,0)() = ¢ — (PRl 2Ry 4

(3a-1): I'(T3,1) in case n = 4. The dilatation A\(T5,1) ~ 3.73205 equals the
largest real root of

f(17170) (t) - t2 — 4t + 1

(3a-ii): I'(Tsg43.26+1) n case n=8k+4 for k>1. The dilatation
AT8k+3,2k+1) equals the largest real root of

fak—1,4k+3,0)(t) = e A
(38b-i): I'(b) in case n =8, where
Lo lglg g g g lglplpl,=l,-1,-1 c B

The dilatation A(b) =~ 1.72208 equals the largest real root of

foaat)=t0—t>—26° —t 4+ 1.



Pseudo-Anosov braids with small entropy 709

(8b-ii): I'(Tgk472k+1) in case n=8(k+1) for k> 1. The dilatation
A T8k+7.26+1) equals the largest real root of

faktsak+1,0)(t) = (S N §

Moreover the above mapping class realizing the minimal dilatation among
elements of My, .. is unique up to conjugacy.

Forgetting the first strand of 75, ;,, one obtains the (m — 1)-braid, call it
T,Q%p. For example, Té72 = 0102030401020304_1. The families of braids {T,Q%p}
and {T,p} contain examples of ¢ strands (¢ = 3,4,...,8) with the small-
est dilatation (see Section 4.1). Hironaka-Kin (resp. Venzke) found candi-
dates with the smallest dilatation A(D,,) for n odd (resp. n even), see [11]
(resp. [30]). All the braids in Theorem 1.1(1), (2-ii), (3a-ii), (3b-ii) relate
to those examples. The braid T, , (with odd strands) is conjugate to the
braid o) with the smallest known dilatation found by Hironaka-Kin (see
Theorem 1.1(1)). For the braid T}, , (with even strands) obtained from T,
in (2-ii), (3a-ii) or (3b-ii) of Theorem 1.1, the mapping class I'(T}, ,) is con-
jugate to the one given by Venzke (see Section 4.1).

The work of Farb-Leininger-Margalit [3] together with a result in [11]
implies that there exists a complete, non-compact, finite volume, hyperbolic
3-manifold M’ with the following property: there exist Dehn fillings of M’
giving an infinite sequence of fiberings over S', with fibers D,,, having n;
punctures with n; — oo, and with the monodromy ®; : D,,, — D,,, so that
A(Dy,) = A(®;). The magic manifold is a potential example which could
satisfy this property.

In [1, 10, 16], one can find pseudo-Anosovs on closed surfaces ¥, of
genus g with small dilatation which occur as monodromies on fibers for
Dehn fillings of Magic. Using those pseudo-Anosovs, Hironaka [10], Aaber-
Dunfield [1] and the authors [16] independently proved that

lim sup glog A(3,) < log(%)-
g—0o0

This paper is organized as follows. Section 2 reviews basic facts. Sec-
tion 3 contains the proof of Theorem 1.1. For the proof, we first compute
the Teichmiiler polynomial, introduced by McMullen [23], which determines
the entropy function for M agic (Theorem 3.1). Then we find all the homol-
ogy classes whose representatives are genus 0 fiber surfaces (Corollary 3.1).
We study the asymptotic behaviors of the normalized entropy function
ent(-) = Xp(-)ent(-) (Theorem 3.3). This tells us which class realizes the
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minimal dilatation among homology classes whose representatives are genus
0 fiber surfaces with n punctures (Proposition 3.2). We finally describe the
monodromies for these fiber surfaces by using braids (Propositions 3.5 and
3.6). In Section 4, we discuss pseudo-Anosov braids with small dilatation.
We also find a relation between the horseshoe map and the braids 7},
(Proposition 4.4).

2. Notation and basic facts
2.1. Mapping class group

The mapping class group M(X) is the group of isotopy classes of orientation
preserving homeomorphisms of 3, where the group operation is induced by
composition of homeomorphisms. An element of the mapping class group is
called a mapping class.

A homeomorphism ® : 3 — ¥ is pseudo-Anosov if there exists a constant
A = A(®) > 1 called the dilatation of ® and there exists a pair of transverse
measured foliations F° and F* such that

O(F*) = +F° and O(F*) = AF“

In this case the mapping class ¢ = [®] is called pseudo-Anosov. We define
the dilatation of ¢, denoted by A(¢), to be the dilatation of ®.

The (topological) entropy ent(f) is a measure of the complexity of a
continuous self-map f on a compact manifold, see [31]. For a pseudo-Anosov
homeomorphism ® : ¥ — 3, the equality

ent(®) = log(A(P))

holds and ent(®) attains the minimal entropy among all homeomorphisms
which are isotopic to @, see [4, Exposé 10]. We denote by ent(¢) this charac-
teristic number. Using the Euler characteristic x(X), we define the normal-
ized dilatation X(¢) and normalized entropy ent(¢) of ¢ by A(¢) = A(¢) X
and ont(¢) = log A(9) = [x() ent(9).

We recall the surjective homomorphism

I': B, — M(D,)

which sends the Artin generator o; for i € {1,...,n — 1} (see figure 2 (left))
to ¢;, where ¢; is the mapping class which represents the positive half twist
about the arc from the 7th puncture to the (i 4+ 1)st puncture. The kernel of
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Figure 2: (left) Generator o;. (right) Braid b — braided link b.

I' is the center of B,, which is generated by the full twist (o109 -0,—1)".
By replacing the boundary of D,, with the (n 4 1)st puncture, the injective
homomorphism from M(D;,) to M(X3g n+1) is induced. In the rest of the
paper we regard an element of M(D,,) as an element of M(Xg,,41).

We say that a braid b € B,, is pseudo-Anosovif I'(b) € M(D,,) is pseudo-
Anosov. In this case, vol(I'(b)) equals the hyperbolic volume of the exterior
of the link b in S2, where b is a union of the closed braid of b and the braid
axis. Our convention of the orientation of b is given by figure 2 (right).

2.2. Roots of polynomials

Let f(t) be an integral polynomial of degree d. The reciprocal of f(t) is
f«(t) = t?f(1/t). We denote by A(f), the maximal absolute value of the
roots of f(t).

Let R(t) be a monic integral polynomial and let S(¢) be an integral
polynomial. We set

Qn+(t) =1"R(t) £ S(t)
for each integer n > 1. In case S(t) = Ry(t), we call Qp +(t) = t"R(t) £ R.(t)
the Salem—Boyd polynomial associated to R(t).

Lemma 2.1. Let Q, +(t) =t"R(t) £ S(t). Suppose that R(t) has a root
outside the unit circle. Then, the roots of Qn+(t) outside the unit circle
converge to those of R(t) counting multiplicity as n goes to oo. In particular,

A(R) = lim A(Qn2).

The proof of Lemma 2.1 can be found in [15, Lemma 2.5].
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2.3. Hyperbolic surface bundle over the circle

Let M be an irreducible, atoroidal and oriented 3-manifold with bound-
ary OM (possibly OM = ()). Thurston discovered a norm function Xrp :
Hy(M,0M;R) — R (see [27]). In case M is a surface bundle over the circle,
he described a relation between X1 and fibrations of M which we record as
Theorem 2.1 below.

2.3.1. Thurston norm The norm function X7 : Ho(M,0M;R) — R has
the property that for any integral class a € Ho(M,OM;R),

Xr(a) = min{—x(F)},

where the minimum is taken over all oriented surface F' embedded in M,
satisfying a = [F], with no components of non-negative Euler characteristic.
The surface F' which realizes this minimum is called a minimal representative
of a. For a rational class a € Ho(M,0M;R), take a rational number r so that
ra is an integral class. Then X7 (a) is defined to be

Xr(a) = ﬁXT(ra).

The function Xp defined on rational classes admits a unique continuous
extension to Ho(M,O0M;R), which is linear on the ray though the origin.
The unit ball U = {a € Hy(M,0M;R) | Xr(a) <1} is a compact, convex
polyhedron [27].

The following notations are needed to describe how fibrations of M are
related to the Thurston norm.

e A top dimensional face in the boundary QU of the unit ball U is
denoted by A, and its open face is denoted by int(A).

e The open cone with the origin over A is denoted by int(Ca ).
e The set of integral classes of int(Ca) is denoted by int(Ca(Z)), and
the set of rational classes of int(Ca) is denoted by int(Ca(Q)).

Theorem 2.1 [27]. Suppose that M is a surface bundle over the circle and
let F' be a fiber. Then there exists a top dimensional face A satisfying the
following.

(1) [F] € int(Ca(2)).

(2) For any a € int(CaA(Z)), a minimal representative E of a is a fiber of
fibrations of M.
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The face A in Theorem 2.1 is called the fiber face. For the fiber face A,
it follows that a € int(Ca(Z)) is a primitive integral class if and only if a
minimal representative F of a is connected.

It is known that if ag € Ho(M,0M;Z) has a representative F' which is
a fiber of the fibration of M, then any incompressible surface which repre-
sents ag is isotopic to the fiber F, see [27]. In particular, F' is a minimal
representative of ag. Thus a minimal representative of agy is unique up to
isotopy.

2.3.2. Entropy function Suppose that M is a hyperbolic surface bundle
over the circle. We fix a fiber face A for M. The entropy function ent(-) :
int(Ca(Q)) — R introduced by Fried in [5] is defined as follows. The minimal
representative Fy for a € int(Ca(Z)) is a fiber of fibrations of M. Let @, :
F, — F, be the monodromy. Since M is a hyperbolic manifold, the mapping
class ¢, = [®,] must be pseudo-Anosov. The entropy ent(a) and dilatation
A(a) are defined as the entropy and dilatation of ¢,, respectively. For a
rational number r and an integral class a, the entropy ent(ra) is defined
by ﬁent(a). Notice that Xp(-)ent(:) : int(Ca(Q)) — R is constant on each
ray through the origin. We call Xr(a)ent(a) and X7(a)A(a) the normalized
entropy and normalized dilatation of a.

We recall an important property of the entropy function proved by Mat-
sumoto and independently McMullen.

Theorem 2.2 |21, 23]. The function ﬁ :int(Ca(Q)) — R is strictly con-

cave.

By Theorem 2.2, the function ent(-) on int(Ca(Q)) admits a unique contin-
uous extension to ent(:) : int(Ca) — R.

Since ent(a) goes to co as a goes to a point on the boundary 9A (see [5]),
Theorem 2.2 implies the normalized entropy function

ent(-) = Xr(-Jent(-) : int(Ca) — R

has the minimum at a unique ray through the origin. In other words ent(-)
has the minimum at a unique point of int(A). The following question was
posed by McMullen [23, p. 542].

Problem 2.1. On which ray in int(Ca) does ent(-) attain the minimum?
Is the minimum attained on a rational class of int(A)?

We solve this problem for the magic manifold in Section 3.2.
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Figure 3: Axis L for periodic map.

3. Magic manifold
3.1. Fiber face

Let L be one of the four lines in 3 depicted in figure 3(1),(2),(3) and (4). For
each L, there exist an integer n and a periodic map f : (S%,C3) — (S3,C3)
such that f is a 27/n rotation with respect to L. Such symmetry of Cs is
reflected in the shape of the Thurston unit ball. Let K., Kg and K, be
the components of C3 such that K, (resp. Kg, K,) bounds the oriented
twice-punctured disk Fi, (resp. Fj, F) in Myagic whose normal direction is
indicated as in figure 4 (right). Those oriented surfaces induce the orientation
of C3. Let a = [F,,], f = [Fp] and v = [F,]. In [27], Thurston computes the
unit ball U which is the the parallelepiped with vertices +a = (£1,0,0),
+03 = (0,£1,0), £y = (0,0,%1), &(a + B + ), see figure 4 (left). The set
{o, 8,7} is a basis of Ha(Mmagic; 0Mmagic; Z).

The magic manifold is a surface bundle over the circle as we will see
later. The symmetry of C3 tells us that every top dimensional face is a fiber
face. We (arbitrarily) pick the shaded fiber face A as in figure 5 (left) with

B axis

(-1,-1,-1)

Figure 4: (left) Thurston unit ball. (right) F,, F3, Fy. (arrows indicate the
normal direction of oriented surfaces).
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Figure 5: (left) Fiber face A. (center) Ay C A. (right) Ca, C int(Ca).

vertices a = (1,0,0), a + B +~v = (1,1,1), = (0,1,0) and —y = (0,0, —1).
The open face int(A) is written by

(3.1)
int(A) ={za+yf+zy|z+y—2=1,2>0, y>0, x>z, y> =z}

For za + yB + z7v € int(Ca),
Xr(za+yBb+zy)=x+y— 2.

Let N(L) be the regular neighborhood of a link L in S3. We denote
the tori ON(Ky), ON(K3), ON(K,) by Ta, Ts, Ty, respectively. Let za +
yB + z7y be a primitive integral class in int(Ca). We denote by Fypoiygtay
or F(,, -, the minimal representative of ra + yf8 + 2. Let us set

Oa = 0F|

N1,

z,y,2) z,y,2)

which consists of the parallel simple closed curves on T,. We define the
subsets 05 F(4y 2); OyFlay,2) C OF(4,.-) in the same manner. We denote by
Pry,2)  Flay,z) = Flay,z), the monodromy on a fiber Fi,, .y. It is clear
that ®(, , ) permutes elements of each of the sets 9o F (4, .y, OgF(4,y,) and
Oy F(y .2 cyclically. Let F, , -) be the stable foliation for the pseudo-Anosov

P(zy,2)-

Lemma 3.1. Let xa+ yB + zy € int(Ca) be a primitive integral class. The
number of the boundary components §(0F,, .)) is equal to the sum of the
three greatest common divisors

ged(z,y + z) + ged(y, 2 + x) + ged(z, 2 + y),

where ged(0,w) is defined by |w|. More precisely
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(1) ﬁ(aaF(z,y,z)) = ng(xa Y+ Z);
(2) ﬁ(aﬁF(z,y,z)) = ng<y7 z+ x):
(3) 8(0yFlay,2)) = ged(z, 2 + y).

Proof. We prove (1). The proof of (2), (3) is similar. We have the meridian
and longitude basis {mq, £y} for Ty,. Similarly, we have the bases {mg, {3} for
T and {m., £} for T',. We consider the long exact sequence of the homology
groups of the pair (Mmagic; 0Mmagic). The boundary map is given by

O : H2(Mmagica 8]\4magic§]R) - Hl(aMmagiCSR)a
a = Ly —mg —my,
B Lz —my —mq,

¥ = Ly — meg — mg.

Hence

(3.2)
Ou(za +yf + 2v) = xly — (Y+ 2)ma + ylg — (z+x)mg + 20, — (x + y)m

Since F{,, ) is the minimal representative, the set 0o F(;, ) is a union
of oriented parallel simple closed curves on T, whose homology class equals
2lo — (Y + 2)mqo € Hi(Ty;R), see (3.2). Thus the number of the components
of OaF(y,,-) equals ged(z,y + 2). O

In Section 4.1, we will use the following to see A(T}, ,,) is equal to (T3, ).

Lemma 3.2 [16]. Let za + yfB + 27y be as in Lemma 3.1. The stable folia-
tion F(yy,2) has

1 y prongs at each element of O F (s, -y,

gcd(a: y+z
prongs at each element of OgF(y , ),

3 rty—2z
ged(z,z+y)
4

no singularities in the interior of F{

(1)
2) o
(3) prongs at each element of 0, F, , ., and
@ e

3.2. Teichmiiler polynomial

The Teichmiiler polynomial, defined in [23], can be used to computer the
entropy function. We compute the Teichmiiler polynomial P = Pa with
respect to A.
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Remark 3.1. Oertel obtained similar polynomial with respect to each fiber
face as the Teichmiiler polynomial, see [24].

A fiber F' = F(y ) is homeomorphic to a sphere with four boundary
components. We now see that the monodromy ® = ®(; 1) on F' is repre-
sented by the 3-braid b = 907 'o9. A homeomorphism H : %\ N(C3) —
S$3\ NV (b) is given as follows. The link illustrated in figure 6 (left) is isotopic
to C3. We consider the exterior S\ C3 and we open the twice-punctured
disk F, bounded by K,. Let F/ and F! be the resulting twice-punctured
disks obtained from F,. Reglue F, and F by twisting one of the disks by
360° in the clockwise direction. Then we obtain the braided link b whose
exterior S3 \ b is homeomorphic to S3 \ Cs, see figure 6.

Let u be the meridian of the component of b which is the braid axis. Let
ty (resp. t1) be the meridian of the component of b which is the closure of
the second strand of b (resp. which is the closure of the rest of the strand of
b). By using the argument in [23, Section 11], one sees that the Teichmiiler
polynomial P(t1,t2,u) is given by

P(t1,tg,u) = det(ul — o5 (t2)o1(t1)oy (1)),

é i and oy !(t) = til t91 . (Note that our con-

vention of the sign of braids is different from the one in [23].) Hence

where o1 (t) =

-1 _ . _ _u . _u 2
P(tl,tg,u)—t2 u—tiu— 3 — - tut

Now we transform this to the polynomial using our basis. Let {a*, 5*,v*}
be the dual basis for Hi(Mmagic; Z). We set s1 = o, so = 3%, s3 =~*. By
the construction of the homeomorphism H, one observes that t1 = s3, t9 =
3132_1351 and u = s9. We obtain

P(Sl, S92, 33) = —81 — 82 + 83+ 8182 — 8183 — S2S83.

Figure 6: (left) C3. (right) b. (this figure explains how to obtain H).
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Theorem 3.1. The dilatation of xa+ yB + 2y € int(Ca(Z)) is the largest
real root of

Pt tY,t7) = " — ¥ + 17 471V — 4712 v t2,

In particular, the dilatation of za+ yf € int(Ca(Z)) is the largest real root
of t*TY — 2(t* + 1Y) + 1.

Proof. We identify Ha(Mmagic; 0Mmagic) With H'(Mmagic; Mmagic). By [23,
Section 1], the dilatation of a = za + yf + 27y is equal to the largest real
root of

P (@) 4al8) qal7)) = P17 49 17) = —t — 1Y 4 17 4 7Y —(TTE gy tE,
This completes the proof. O

Since
Pt 19, 47) = t*(t" TV 72 — 4% — ¥ — 4777 — (V7% 4 1),

the dilatation of xa 4+ yB + z7y is the largest real root of
Sayn) () = t7TV72 47 — ¥ — 772 Y7 4 ]
Lemma 3.3. Forx >y >0 and z > 0,
Mrza+yB—2zy) =A(z+2)a+ (y+ 2)8+ 27).
Proof. fay,-=)(8) = flareysz () = t550H — 572 _pts _gr 1. D

Theorem 3.2. The homology class o + (B realizes the minimal normalized
entropy with respect to A, i.e., the ray through o + (8 attains the minimum
of ent(-) = Xp(-)ent(:) : int(Ca) — R.

Proof. Clearly xao+ yf + 2z is in int(Ca) if and only if ya + 23 + 27 is in
int(Ca). The equality ent(xa + yB + 27v) = ent(ya + x5 + z7y) holds, since
these classes have the same entropy and the same Thurston norm. Thus if
the minimum of ent is realized by the ray though za + y3 + 2z, then x must
equal y.

On the other hand, xa+ 2+~ and (r — 1)a + (x — 1) — 7 have the
same Thurston norm 2z — 1 if £ > 1. By Lemma 3.3, they have the same
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entropy. Thus,
ent(za + 2B +7) =ent((z — Da+ (z —1)3 — 7).
Since ent is constant on each ray, we have

ent(za+z8+7) =ent(a+ B+ z"'y),
ent((z — Do+ (z = 1)8 —v) = ent(a + 6 — (z = 1)"19).

The minimal ray does not pass through both a+ 3+ 2 'y and a+ 3 —
(x — 1)~1y, because the minimum is realized by a unique ray. Since x(> 1)
is arbitrary, the desired ray must pass through a + . O

3.3. Fiber surface of genus 0

Let za+ yfB + z7y € int(Ca) be an integral homology class. Recall that
Fla,y,2) is connected if and only if za + y/3 + 27 is primitive. Since {a, 3,7}
is a basis of Hy(Mmagic, 0Mmagic; Z), we see that xa + yf + 2z is primitive if
and only if ged(x, y, z) = 1, where ged(z, y,0) is defined to be ged(x,y). The
topological type of F, , .y can be determined from the Thurston norm and
Lemma 3.1. In this section, we find all the homology classes whose minimal
representatives are connected and of genus 0.

By (3.1), if z > y, then xza + y8 + 2z is in int(Ca) if and only if z >
y > 0 and y > z. In this section, we consider those classes for simplicity.

Lemma 3.4. Letx,y,z €7Z. Suppose thatx >y >0, y>z and ged(z,y, z) =
1. Then

(3.3)  ged(z,y+ 2) +ged(y, z +x) + ged(z,z +y) —z—y+2—2<0.
If (z,y, 2) satisfies the equality in (3.3), then z > 0.
Proof. Note that

“X(Flay,z) = = (229 —§(0F(4y,)) =2 +y — 2,

where g denotes the genus of F{, , .). Hence

_ oty 2-b(0F )
(3.4) g= MO ewm) > g,

By substituting §(0F,,.)) = ged(z,y + 2) + ged(y, © + 2) + ged(z, z + y)
for (3.4), we have the desired inequality. Suppose that x >y > 0> 2z = -2/
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(2/ > 0). Then
ged(z,y — 2) + ged(y, =2’ + ) + ged(—2", 2 +y) —w —y —2' -2
<z+y+d-z-—y—2-2
=-2.

This completes the proof. O

Proposition 3.1. Let xz,y,z € Z. Suppose that x>y >2z2>0 and
ged(x,y,2z) = 1. Then the equality of (3.3) holds for (z,y,z) if and only
if (z,y,2) is either

(1) z=0 and ged(z,y) =1,
(2) (z,y,2) =(n+1,n,n—1) forn#0 (mod 3) and n > 2, or
)

(3) (z,y,2) =(2n+1,n+1,n) forn>1.

The following proof was shown to the authors by Shigeki Akiyama.

Proof. The equality of (3.3) holds for (z,y,0) if and only if ged(z,y) =1,
and hence we may suppose that x >y > z > 0 by Lemma 3.4. It is easy
to see that if (z,y,2) is of either type (2) or type (3), then it satisfies the
equality of (3.3). To prove the “only if” part, we first show:

Claim 3.1. Let x,y,z € N. Suppose that ged(x,y,z) = 1. Then
{ged(N, ), ged(N, y), ged(N, 2)}
s pairwise coprime, where N = x +y + 2.

Proof of Claim 3.1. We set ged(ged(N, z), ged(N,y)) = k. Then k is a divi-
sor of three integers N,z and y. It is also a divisor of z(= N —z — y).
Since ged(z,y,z) = 1, the integer k& must be 1. This completes the proof
the claim.

Notice that the inequality of (3.3) is equivalent to the inequality
(3.5) N — ged(N, z) — ged(N,y) — ged(N, 2) > 2z — 2.

For all N <79, one can check that the statement of Proposition 3.1 is valid.

We may suppose that N > 80. Since x > % and z < %, we have z > %
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and z < % Hence x > 27. Let p,q and r be natural numbers so that
p>q>rand

{p, q, T} = {ng(Nv 1‘), ng(Nv y)a ng(Nv Z)}

By Claim 3.1, {p, q,r} is pairwise coprime, and p, ¢ and r are divisors of N.
Therefore pgr < N. This shows that

N—p—g— —p—g—
(3.6) e T (T

If » > 2, then ¢ > 3 and p > 5. Hence

1 _ 11,1 5 1y < 2
N—-p—q-r>N1-5—-3(;+7)=sN1—-3)=35N>2=z

Thus, no (z,y, z) satisfies the equality of (3.5) in this case.
We may suppose that r = 1. If ¢ > 4, then

_ N(p—15
N-p—q-r—2z+2>N(3-2)-28=8_38,4 (fgp )

If p > 15, then % + N(:fT;}E’) > (0, which implies that no (x,y, z) satisfies the

equality of (3.5) in this case. If p < 14, then ¢ < 13. We have N — 2z =
r+y—z>x>26=—-1+144 13. Thus

N-p—qg—1>N-14-13—-1>2z—2,

which implies that no (x,y, z) satisfies the equality of (3.5) in this case.

We may suppose that ¢ < 3. It is enough to consider the equality of
(3.5) in case (q,7) = (3,1),(2,1) and (1,1). Take w € {x,y, z} so that p =
ged(N, w).

(1) Case (q,r) = (2,1) or (3,1).
Then N —ged(N,w)—2—-1=2z—-2 or N —gcd(N,w)—3—1=
2z — 2. We set ged(N,w) = & (k> 1). Then N(1— }) < % +2.
Since we assume that N > 80 > 16, k must be 2 or 3.

(i) Case k = 2.
Then z = % If (¢,7) =(2,1), then (z,y,2) = (%, %, %) We
set n= %. We obtain (z,y,2z) = (2n+ 1,n+ 1,n), and such
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(x,y, z) satisfies the equality (3.5). If (¢,r) = (3,1), then (z,y,2) =
(5, 2H A=) In this case, ged(NV, 2E4) = ged (4, NT), which is
a divisor of 4. This does not occur since (g, 7) = (3, 1).
(ii) Case k = 3.

If (¢,7) = (2,1), then z = % , which cannot be an integer. Let
(g,7) = (3,1). Then z = 5 — 1. Slnce ged(N,w) = ¥, we see that
w—% or % Ifw—w then (z,y,z )—(zév,l,]?\);— ) This is
a contradiction since y > z. If w= %, then (z,y,2) = ( +1, ]g,
% —1). We set n = % Then (z,y,2) = (n+1,n,n—1). fn=0
(mod 3), then gcd(3n,n £ 1) =1, which is a contradiction since
(g,7) = (3,1). Otherwise, such (x, y, z) satisfies the equality of (3.5).

(2) Case (¢,7) = (1,1).

Then N —gced(N,w) =1 —1=2z—2. We have N — ged(N,w) =
2z < 2N This implies that ged(N, w) = N . Thus, (z,y,z) = (%, %, %),
which does not occur since y > z.

This completes the proof of Proposition 3.1. O

By Proposition 3.1 and Lemma 3.1, we immediately obtain the following
which characterizes integral homology classes in int(C'a) whose minimal rep-
resentatives are spheres with punctures.

Corollary 3.1. Let xa+ yfB + zy € int(Ca) be an integral homology class.
Suppose that x >y and ged(z,y,2) = 1. Then the genus of F(,, ) is 0 if
and only if (z,y,z) satisfies either

(1) z=0 and ged(z,y) =1,
(2) (z,y,2) =(n+1,n,n—1) forn#0 (mod 3) and n > 2, or
(3) (z,y,2) =(2n+1,n+1,n) forn>1.
In case (1),
ﬁ(aaF(x,y,z)) = ﬁ(aﬁF(x,y,z)) =1 and lj(a’yF(x,y,z)) =z +y.
In case (2),
{ﬁ(aaF(az,y,z))v ﬁ(awF(a:,y,z))} = {17 3} and tt(@ﬁF(x,y,z)) =n

In case (3),

tt(aaF(x,y,z)) =2n+1 and {ﬁ(8ﬁF(:c,y,z))¢ ﬁ(a'yF(x,y,z))} = {17 2}
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Corollary 3.1 implies that each mapping class ¢(, .y = [®(5y,)] can be
described by a braid since @, .) fixes one boundary component of F{, , ..

Theorem 3.3.
(1) lim_enf(na +mp) = 2log(2++3) if lim 2 =1.
n,m—00

7n,Mm—00

(2) nlirgoa((n +Da+nf+ (n—1)y) = .

(3) lim ent((2n+ 1)a+ (n+1)8 + ny) = .

n—oo

Proof. (1) We see that ent(na+mf) goes to ent(a+ ) as m,n go
to co with the condition lim =1 =1. By Theorem 3.1, ent(a+ ) =

2log(2 + V/3).
(2) We see that

(n+1)a+npB+(n—1)y
n

lim ent( ) =ent(a+ [ +7) =0

n—oo

since a + 8 + v € OA. The proof of (3) is similar to the proof of (2). O

3.4. Proposition 3.2

Let H, be the set of homology classes za + yf5 + zv € int(Ca(Z)), v >y
such that their minimal representatives are n-punctured spheres. By Corol-
lary 3.1, one can determine elements of H,,. This section is devoted to prove:

Proposition 3.2. The homology class which achieves the minimal dilata-
tion among elements of H,, is as follows.

(1) ka+ (k—1)3 in case n =2k + 1 for k > 2.

(2) 3a+28+ vy incasen =6 and (2k + 1)a+ (2k — 1)5 in case n = 4k +
2 for k > 2.

(3a) o+ B in case n =4 and (4k + 3)a + (4k — 1)3 in case n = 8k + 4 for
k>1.

(3b) ba+ 38+ 2y in case n =38 and (4k +5)a+ (4k +1)3 in case n =
8k + 8 for k> 1.

Lemma 3.5. Let m >n > 0.
(1) ent((m+ 1)a+mpB+ (m—1)y) >ent((n+ 1)a+nf+ (n—1)y).
(2) ent((2m+ 1)a+ (m+1)8+m7y) >ent((2n+ )a+ (n+ 1)5 + nvy).
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Proof. Let us consider homology classes xa + y3 + zy with (z,y, 2) = (Z—E,

HLH, Z—jr;) for each n > 0. These classes are in the open face int(A) and pass

through the line z = %t +1,y= %t + 1, z =t + 1. Note that
ent((n+)a +nb+ (n—1)y) = ent((33)a + (15)8 + (753)7);

and it goes to oo as n goes to oo by Proposition 3.3(2). We have

1 ~ oLl 1 ~ _1
3ent(2a+6+0v) ~ 2.887 ~ 4dent(3a+26+7) T 2.931°

Since Wl() :int(CaA(Q)) — R is a strictly concave function, we have for all
m>n >3,

1 > 1 > 1
dent(3a+26+7) (n+2)ent((n+1)a+nB+(n—1)7) (m+2)ent((m+1)a+mpB+(m—1)7)"
This implies (1). The proof of (2) is similar. O
We set

o Ay ={za+yf|lxz+y=1 >0, y>0}Cint(A) (see figure 5 (cen-
ter)).

o Ca, ={za+yB| x>0, y>O0} (see figure 5 (right)).
e Oa,(Z)={a | a€ Cx, is an integral class}.

e OaA,(Q)={a|aeCx, is a rational class}.

Lemma 3.6.

(1) For z,y € N such that ged(x,y) = 1, the monodromy for xa + yp is
conjugate to the inverse of the monodromy for ya + x.

(2) For z,y > 0, we have ent(zxa + yf) = ent(ya + z3).
Proof. The existence of a 7 rotation f : (S3,C3) — (S3,C3) with respect to
the line L of figure 3(2) implies that the monodromy for za 4 yf is conjugate

to the one for —ya — x3. This implies (1). The claim (2) is immediate from
the expression for f(,, .)(t). O

Fixing n € N, we set
o Ap={va+yB|x>0,y>0, v+y=n}CCha,.
o Ay(N)={za+yB e, |z,yeN, ged(z,y) =1}

Lemma 3.7. ent(LW) = min{ent(a) | a € A} for each n € N.
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Proof. Recall that the restriction of ﬁ on A, is strictly concave. Note
that ent(a) — oo as @ — na or nf. Thus ent(-)|a, : A, — R has the unique
minimum. By Lemma 3.6(2), % attains the minimum. O

Lemma 3.8. For m > 3, min{ent(a) | a € Ap,—1(N)} is realized by
(1) (k—=1)a+kpB and ko + (k —1)8 in case m = 2k.
(2) 2k—1a+ (2k+1)5 and (2k + 1)+ (2k — 1)8 in case m = 4k + 1.

(3a) a+f in case m =3, and (4k —1)a+ (4k+3)8 and (4k + 3)a +
(4k —1)3 in case m = 8k + 3 for k > 1.

(3b) (4k + 1)av+ (4k +5)B and (4k + 5)a + (4k + 1) in case m = 8k + 7.

Proof. The concavity of ﬁ| A, Ay, — R and Lemma 3.7 tell us that if
|z —y| < |2’ — /| for za +yfB, ’a+y'f € A, then

(3.7) ent(za + yf) < ent(z'a + y'3).

This implies that the minimal entropy among elements of A,,_1(N) is real-
ized by (k — 1)a+ kB or ka+ (k —1)3 if m = 2k (see figure 7). The proof
for other cases can be shown in a similar way. (Il

Lemma 3.9. For k' > k > 0, we have the following:

(1) ent(ka + (k +¢)B) > ent(Ka + (K’ + ¢)3).

- :80\

p axis & 7))/ diagonal line

Q

S

’ S

o
7
5
3
1

oL axis

1 3 5 7 9

Figure 7: The first quadrant of a3 plane. Homology classes in (1) (resp. (2),

(3a, 3b) of Proposition 3.5) lie on the lines LR (resp. @, anqg £ ).
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(2) ent(ka + (k +¢)B) > ent(K'a + (K + ¢)3).

Proof. For any k > 0, we have

ko+(k+c)B

b0l = eng(FedELA0) — (2k + c)ent(ka + (k + ¢)B).

a( 2k+c

If 0 <k <k, then 57 > 5. By (3.7), we see that

t( ka+(k+c)B

k' a+(k'+c)pB )
2k+c

) > ent(~gprr,
This implies (1). By (1),

ent(E5ERD) — (2 + c)ent (ko + (K + c)B)

> ent(MOEELI) — (2’ 4 c)ent (Ko + (K + ) )

> (2k + c)ent(K'a + (K + ¢)B).

Thus, ent(ka + (k + ¢)3) > ent(k'a+ (k' + ¢)3). This completes the proof

of (2).

Proof of Proposition 3.2. (1) We consider the case n = 2k + 1. For k = 2,
we see that Hs = {2a + G}. If k # 2 and 2k =0 (mod 3), Hoky1 is the set

of homology classes of type (1) of Corollary 3.1, that is

Hopy1 = {ra+ypB | za+yp € Ay 1(N), > y}.

In this case, ka + (k — 1)3 reaches the minimal entropy among elements
of Hokt1 by Lemma 3.8(1). Otherwise (i.e., 2k # 0 (mod 3)), Hax1 is the

union of homology classes of type (1) and (2) of Corollary 3.1:

{(2k — 2)a + (2k — 3)B + (2k — 4)}
U{za+yf | za+yp € Ag_1(N), = > y}.

One needs to compare the entropy for (2k —2)a+ (2k — 3)8 + (2k — 4)~

with the one for ka + (k — 1)5. In case k = 4,

Ada +303) ~ 1.46557 < A(6a + 53 + 4v) ~ 1.72208.
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By Lemmas 3.9 and 3.5, for £ > 4, we have

(2k — 1)ent(ka + (k —1)3)
< Tent(4da + 35)
< Tent(6a + 505 + 47)
< (2k — Dent((2k — 2)a + (2k — 3)B + (2k — 4)7).

Thus, ent(ka+ (k—1)8) < ent((2k — 2)a + (2k — 3)3 + (2k — 4)7). This
completes the proof.

(2) Let us consider the case n = 4k + 2. For k = 1, Hg = {3a + 5,3a + 20 +
v}. We have

ABa+ 26+ ) = 2.08102 < A\(3a + ) ~ 2.29663.
For k =2, Hig = {7Ta+ 48 + 3v,5a + 38, Ta + 3}. We have inequalities

AGa + 38) & 141345 < \(Ta + 48 + 3v)
~ 1.55603 and A(ba + 303) < A(Ta+ ().

For k=3, His={1la+ 68+ 5v,7a+55,11a + 3,11a + 108 + 9v}. We
have A\(7ae + 50) < A(11la + ) by Lemma 3.8(2) and

AT+ 58) ~ 1.25141 < A(11la + 68 + 5v) ~ 1.39241
< A(1la 4103 4 97y) ~ 1.62913.

By using the same arguments as in the case n = 2k + 1, we have for all
k>3, (4k)ent((2k + 1)+ (2k — 1)B) < 12ent(7a + 50) and

12ent(1la + 668 + 5y) < (4k)ent((4dk — D)o + 2k5 + (2k — 1)),
12ent(11a 4+ 108 4+ 97v) < (4k)ent((4k — 1) + (4k — 2)5 + (4k — 3)7).

Thus, for all £>2, (2k+ 1)a+ (2k —1)3, which realizes the minimal
entropy among elements of Ay (N), reaches the minimal entropy among
elements of Hyx1o.

(3a) The proof for the case n = 8k + 4 is shown in a similar way.

(3b) Let us consider the case n =8(k +1). For k =0, we see that Hg =
{ba + 36 + 27,5a + (3,5 + 408 + 37}, and

Ao+ 38 + 29) &~ 1.72208 < A(5ar + 43 + 37)
~ 1.78164 < A(5a + () ~ 2.08102.



728 Eiko Kin & Mitsuhiko Takasawa

il 7

Figure 8: (left) Braid T . (right) Braid T5 .

=C

For k > 1, one can show that (4k + 5)a + (4k 4+ 1) reaches the minimal
dilatation among elements of Hgy14. O

3.5. Monodromy

The braid © = 0,, = (030203 Om—1)"" 1 = (6102 Op—1)™ € By is the
full twist. Hence we have:

Lemma 3.10. If p =p/(modm — 1), then there exists an integer k such
that Tryp = T OF and T(Ty, ) = T (T ) € M(Dyy).

Let us consider the braid T, , in case ged(m — 1,p) # 1. For example,
T5 is a reducible braid, since a disjoint union of two simple closed curves
in Ds is invariant under I'(T5 ), see figure 8 (right). It is not hard to see the
following.

Lemma 3.11. Ifged(m —1,p) # 1, then Ty, is a reducible braid.

Theorem 3.4. Suppose that za+ yB € Ap—1(N) for m > 3. Then there
exists p = p(z,y) such that the braid T, ) is the monodromy on a fiber which
is the minimal representative of xa + y0.

The rest of the section is devoted to proving Theorem 3.4 and explaining
how to compute p = p(x,y).

3.5.1. Fiber surface The aim of this section is to find fibers Fy,, ) n(q)
for the magic manifold associated to sequences of natural numbers ¢ whose
homology class [Fy,(g)p(q)] 18 in Ca, (Z).

Let L be alink in S”. Let F be an oriented disk with punctures which is
embedded in the exterior E(L) = S*\ N(L) of L and let E> be any embed-
ded, oriented surface in E(L) as in figure 9(1). The oriented surface £ + Es,
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parallel strings parallel strings
——

= &

Link L Link L”
o ite &5 &5
I I L\f/Q

) @
front back front
@1 (&3
3 @

Figure 9: (1) Ei1, F2 — E(L). (2) E}, B, — E(L') (in case N =2 in
Lemma 3.12). (3) and (4) £y + E2 — E(L).

which depends on the orientation of E; and Es, is either of type (3) or type
(4) in figure 9. The front (resp. back) of E; + E5 is dark-colored (resp. light-
colored) in the figure.

Suppose that E; + Es is of type (3) (resp. (4)). Now, open E(L) along
E1, and let E' and E” be the resulting punctured disks obtained from Fj.
Reglue E’ and E” by twisting one of the disks by 360 x N degrees in the
clockwise (resp. counterclockwise) direction for some N € N. Then we obtain
a new link, call it L such that E(L') ~ F(L) (i.e., E(L’) is homeomorphic to
E(L)). Let (E{, E}) be the ordered pair of the embedded, oriented surfaces
in F(L) which are obtained from the ordered pair (F1, E2) (see figure 9(2)).
The orientations of E{ and El, are induced from F; and Es, respectively.

Lemma 3.12. Let L,L’ be the links, E;, E! (i =1,2) be the surfaces as
above and let N € N as above. There exists an orientation preserving home-
omorphism [ : E(L) — E(L') such that

(1) f(yE1 4+ xEy) =rE] + xFE} and
(2) f(E1) = EY,

where y = xN +r for z,y € N and 0 < r < z. In particular,
(1) f(NEy + E») = Ey.
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Km,p Fm,p

2\
Fm,p

Figure 10: Fy, p, ﬁmp < E(Tpp) in case (m,p) = (5,1) (one sees that Fs.
is a twice-punctured disk).

Proof. The construction of L’ implies the existence of a homeomorphism
f:E(L) — E(L') with the properties (1) and (2). (By using figure 9(3)
and (4), one easily sees that f(Ey + E3) = F) and f(E;) = E{. One can
generalize the first equality to the claim (1).) O

Note that by Lemma 3.12, ([E{], [E%]) = ([E1], [NE1 + Es)).

Let us consider the exterior of the braided link E(T,, ;). Now, we shall
define two oriented surfaces ﬁm,pa Frp— E(Tmm) whose orientations are
induced by the oriented link vap. (Recall that the orientation of Tmm is
given as in figure 2 (right).) The oriented surface Fi, , is an m-punctured
disk which is bounded by the braid axis of T}, p, see figure 10 (left). Clearly,
Fyp is a fiber for E(T,, ;) with the monodromy 7, ». The oriented surface
ﬁm’p is a (p + 1)-punctured disk which is bounded by K, j,, where K, is
the knot which is the closing of the first strand of T}, ,,, see figure 10 (right).

Given m,p € N and (k,¢) € N x N, the following construction enables us
to see another fiber F,/ ,; — E(vap) with the monodromy T}, ;.

(Construction of fibers.)

Step 1. Apply Lemma 3.12 for the link T, ,, the ordered pair (E1, Fs) =
(Eom.p, ﬁm’p) and N = k. (Note that F, , is a disk with punctures and hence
one can apply Lemma 3.12.) Then we obtain the ordered pair of embedded
surfaces in E(Thp);

~

(Fm,k(m71)+p7 Fm,k(m71)+p) = (Fm,pﬂ kaaP + Fm,p)'

(Notice that ©F = (630903 - - opp_1)F(m 1))

Step 2. Apply Lemma 3.12 for the link Tm,k(m,l)ﬂ,, the ordered pair
(Ev, E2) = (Fk(m—1)+ps Fnk(m—1)+p) and N = L. (Note that Fy, yn—1)1p
is a disk with punctures and hence one can apply the lemma.) Then it turns
out that the new link L' = L'(T, g(m—1)+p) 18 isotopic to Tpy ,, and we
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obtain the ordered pair of embedded surfaces in E(T, ,);

(38) (ﬁm’,p’a Fm’,p’) = (ﬁm,k(m—1)+p7 gﬁm,k(m—l)—l—p + Fm,k(m—1)+p)v
where

m' = l(k(m — 1) + p) +m,

p'=k(m—1)+p.
Thus we have another fiber F, ,y for E(T,,,) with the monodromy T}y
(End of the construction.)

We sometimes denote m’ and p’ by m/(m, p, k,¢) and p'(m,p, k, ().

For example, in case Ty, = T51 and (k, /) = (1,2), we have Ty =
T1s,5, see figure 13(2), (3), (4). ((3) explains Step 1 and (4) explains Step 2.)

By using Lemma 3.12, it is easy to see the following.

Proposition 3.3. Let z,y € N. Suppose that 0 < x < y andy Z 0 (mod x).
Take k, £, r1,7r9 such that

y=zk+r (0<r <z, keN),
x=rl+ry (0<ry<ry, £EN).

We apply the construction of a fiber for a given m,p € N and such a pair
(k,0). Then there ezists an orientation preserving homeomorphism
fiETmyp) — E(Thy ) such that

f(xﬁm,p +yFmp) = 7‘2ﬁm’,p’ + 1 Ep

Let ¢ = (q1,92, - ,q) be a sequence of natural numbers. The num-
ber ¢ in the sequence, denoted by |g|, is called the length of q. For ¢ =
(kl,gl, cee ,kj,gj) with even length, let q\i = (kl,fl, ce ,ki,gi) for ¢ < j For
q = (fo, k‘l,gl, s ,kj,gj) with odd length, let q\i = (60, kl,gl, s ,ki,&) for
i < j. Note that ¢ = q|;.

We will define a fiber F,,,(4) »(q) for F(C3) with the monodromy T}, (4 n(q)
associated to ¢ such that its homology class [F},(g) p(¢)] 13 in Ca, (Z). To do
so, we define a fiber F},,(q|.) p(ql,) for E(Cs) with the monodromy T, 41.)p(ql:)
inductively as follows. Another oriented diagram of Cs is given in figure 11
(left). The oriented twice-punctured disk E, (resp. Ejg) bounded by K,
(Kg), whose orientation is induced by Cs is a representative of a (resp. f3),
see figure 11 (center, right). We first consider a sequence ¢ with even length.
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Ko,

Eo
@95 (:) (C:Dﬁ
Ky

Figure 11: (left) Cs. (center), (right) E,, Eg — E(C3).

Case 1 (even). Suppose that ¢ = (k1,¢1). First, apply Lemma 3.12 for
L = Cs, the ordered pair (E, Es) = (Eg, Eq) and N = k. Let (Eg, k1Eg +
E,) be the ordered pair of embedded surface in E(C3) ~ E(L’) induced
from (Eg, E,). Second, apply Lemma 3.12 for L', the ordered pair (ki1 E3 +
E.,Eg) and N = {;. Then we have the ordered pair of embedded surfaces

(3.9) (k1Eg + Eo, l1(k1Eg + Eo) + Ep)

in E(C3) ~ E(L"), where L" = (L'). We see that L” is a braided link of
Tm(Q)’P(lZ) = T(k1+1)21+2,k1+1, and

(310) (F\m(q),p(q)? Fm(q),p(q)) = (klEﬁ + Ea; gl(klEﬁ + Ea) + Eﬁ)

by (3.9). Therefore F,, ) p(q is a fiber for E(C3) with the monodromy
Tm(q),p(q)a and by (3.10),
Frn(@) (@] = o+ (Liki +1)3 € Ca, (Z)

since a = [F,| and (= [Eg]. For example in case ¢ = (1,1), we have
Tm(q),p(q) = T4727 see ﬁgure 12.

Suppose that ¢ = (k1,41,...,kj,4;), j > 1. For i = 1, we have defined a
fiber Fy,(q11).p(ql1) for E(C3) with the monodromy T, 41,) p(ql,) @5 above. Sup-
pose that we have a fiber Fm(q\i),p(q\i) for E(C3) ~ E(Tm(qh),p(qli)) with the
monodromy T, (q1,) p(gl:)- APPly the construction of a fiber for T, q1.) (4l
and the pair (k;41, £i+1). Then we have the ordered pair of embedded surfaces
(Fm(q\i+1),p(q|i+1)7 Fm(q\i+1),p(q|i+1)) in E(Cg) (given in Step 2 in the construc-
tion) which is defined by

~ ~

(Fm(Q\i+1)7P(Q|i+1)’ Fm(q\71+1),p(q|i+1)) = (Fm':P" Fm'»P')’

where m’ = m'(m(qli), p(qli), ki+1,liv1), P = p'(m(ali),p(ali); kit1,liv1),
see (3.8). The surface Fy,(q|,,.)p(qliss) 18 @ fiber for E(C3) with the mon-
odromy Ty, . By induction, it is shown that [Fm(q|i+1)7p(q|i+1)] €

Ca,(Z).

qlit1),p(qliv1)
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(€] (@) 3)

Figure 12: Fiber Fj 2 with monodromy T4 2 associated to (1,1). (2) and (3)
Describe the first and second part of Case 1 (even), respectively.

Next, let us consider a sequence ¢ with odd length.

Case 2 (odd). Suppose that ¢ = (¢y). Applying Lemma 3.12 for L = Cs,
the ordered pair (E1, E2) = (Ea, Eg) (not (E1, E2) = (Eg, Es) as in Case
1 (even)) and N = {y, we obtain the ordered pair of embedded surfaces
(Ea,loEq + Eg) in E(C3) ~ E(L"). We see that L’ is a braided link of
Tm(q),p(q) = Tgo+2’1. We have

(Fin(q),p(a)s Fm(a) p(@) = (Bas loEa + Ep).

Therefore F, (g p(q) 18 a fiber for E(C3) with the monodromy T5,,(g) p(q)> and

(g
[Fan(@) (o)) = o+ B € Ca,(Z).

In case £y = 3, see figure 13(2).

Suppose that ¢ = (o, k1,41,...,k;,¢;), 27+ 1> 1. For i =0, we have
defined a fiber F,(4|0)p(qlo) for £(C3) =~ E(Tm(O),p(O)) with the monodromy
Ton(glo),p(qlo) @S above. For ¢ > 1, in the same manner as Case 1 (even), a fiber
Frn(gl)pals) for E(C3) with the monodromy T, (41,)p(ql,) 18 given inductively,
and we see that [F,) ()] € Ca,(Z). In case ¢ = (3,1,2), see figure 13.

3.5.2. Continued fraction Let us consider a continued fraction with
length j

1 1 1 1 1

w + —  — — =wi +
w2 + w3 + -+ wj—1 + w;j 1
wa +
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(@)

3 “

Figure 13: Construction of fiber Fy5 5 associated to (3,1,2). (1) Cs. (2) Ts.1.
(fiber F5; associated to ¢ = (3).) (3) T's5. (4) T'15,5.

for w; € N. We define [wq, wo, ..., w;] € N inductively as follows.

[’U)l] = w1,
[w, we] = wrwe + 1,

[wy, wa, ..., w;] = [wi,wa,. .., wi—1)w; + [wi,wa, ..., wi_a].
The following is elementary and well known.

Lemma 3.13.

11 L1 [wiws,w]
(1) wy + we +wz +t w1 +wy; T [we,ws,ewy]

(2) [wl,wg,...,wj] = [wj,wj_l,.. . ,wl].

Definition 3.1. Suppose that ged(u,v) =1 for u,v € N. We define two
sequences of non-negative integers r = (rp,r1,...,7rj+1) and ¢ = (q1,42, - - -,
q;) associated to {u,v} (according to the Euclidean algorithm). We set ro =
max{u,v} and v = min{u,v}. Write 7o = r1q1 +r2 (0 <712 < ry).
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o If ro = 0, then r; must be 1 since ged(u,v) = 1. We set
r=(ro,r1 =1, =0) and ¢ = (q1).

e Suppose that ro # 0. We define go2,qs,... and r3,r4,... inductively
as follows. Let ¢; > 0 and 7;41 > 0 such that r;—; = 7;¢; + riy1 (0 <
riv1 < 1i). Since 19 > -+- >1r; > 1ip1 > 0, there exists j such that
7j+1 = 0. (Then r; must be 1 since ged(u,v) = 1.) We set

r=(ro,r1,...,75 =1,7j41 =0) and ¢ = (qo, - - -, qj)-

max{u,v}
min{u,v}

By using the sequence ¢, the fraction
following two kinds of continued fractions:

can be expressed by the

maxyu,v 1 1 1 1
(ay - mdwod_ L1 1L
min{u, v} G+ @+ g1+ g
maxqu, v 1 1 1 1 1
(1g)  mewod_ 1L L !
min{u, v} ©+eg+-+g-o1+(g—1)+1

with length j and j + 1, respectively. We can choose the one with odd/even
length among those continued fractions.

Proof of Theorem 3.4. Let za+yf € Ap—1(N). (By the definition of
Ap—1(N), x and y are relatively prime.) From the continued fractions of
r;?ﬁ;ﬂj}} of the forms in (3.11) and (3.12) (constructed by one of the sequence
(q1,q2,-..) = (w1, w2, ...) in Definition 3.1 associated to {z,y}), we choose
the one with odd length if x > y (resp. even length if z < y):

1 1 1 1
(3.13) max{r.yy oL L 1
mln{:c,y} w2 w3 + -+ wj—1 +wj
Now, we take s = (sg, s1,...,5;4+1) which is defined by

so = max{x,y},
S1 = min{x,y},

Si+1 = Si—1 — S;W; for 4 > 1.

Notice that s; =1 and s;41 = 0. (If the continued fraction in (3.13) is of
type (3.11), then s equals r in Definition 3.1.)

Suppose that < y. (In this case, the continued fraction of (3.13) has
even length.) Let us write ¢ = (w1, wa, ..., wj) = (k1,01,...,kj/2,€;/2). It is
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enough to show that a fiber F, 4 ,(q) for E(C3) associated to g is a represen-
tative of za + yB. (If this is the case, F,,,(4) p(¢) 1S the minimal representative
of xa + yf3 since F,(q) p(q) 18 @ fiber.) By using Proposition 3.3 repeatedly,
we have

rza+yl = [a:E + yE3] (= [s1Fa + s0E3])
= |s3Fm(al) plal) + 52Fm(al)n(al )}

= [Si+1Fmal; ) wlals2) T Sij<q|j/2>,p<q\j/z>}
= |0F,, +1F,,

(ql5/2):p(als/2) ql;/z)m(qb/z)}

= [Fon@)p(a)] -

Since the minimal representative of za + yf8 is an (z + y + 2)-punctured
sphere, m(q) equals x + y + 1(= m).
The proof for the case z > y is similar. O

3.5.3. Computation of p = p(z,y) in Theorem 3.4 In this section we
give a recipe to compute p in Theorem 3.4. In Example 3.1, we explain how
the number p is related to the pair (x,y).

Recall that K,,, is the knot obtained by the closing the first strand of
T p. Let K, N » be the knot obtained by the closing the rest of strands, i.e.,
Ky < equals the closed braid of T,,, with K, , removed. For the bralded
link Tm,p, we have a pair of natural numbers

(i Fonps K ) 1 (Fo s K ) = (pym = 1),

where (S, K) is the intersection number between the surface S and the knot
K. For C3, we have

(i(Ea, Ky),i(Eg, Ky)) = (1,1),
see figure 11.
Example 3.1. By the proof of Theorem 3.4 (see also the argument in
Case 2 (odd) in Section 3.5.1 and figure 13), Ti55 is the monodromy

on a fiber which is the minimal representative for 11a + 33. We explain
why p=05 is derived from ¢q = (q1,¢2,q93) = (3,1,2) and r = (rg, 71,72,
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r3,r4) = (11,3,2,1,0) of Definition 3.1 associated to {3,11}. We have
1B, + 3Eg) = [2F5,1 +3Fs| = [2Fs5 + 1F55] = [0Fis5 + 1Fis |
The following is a simple description of these equalities.

(ro,71) (ro,71) (ro,73) (14,73)

(3.14) I | I I
(113 — (23 —p @) —p 01

In the process to find the fiber associated to ¢ = (3,1,2), we can find a
sequence of pairs of intersection numbers (1, 1), (1,4), (5,4), (5,14) obtained

from Cs, T'5.1, T'5.5, T15,5, respectively, which is described from left to right
as follows.

¢1=3 g2=1 q3=2
Hence we can compute the number p = 5 from the sequence ¢ = (3,1, 2). To

describe the number p explicitly, we extend the sequence of (3.14) to the left
according to the Euclidean algorithm:

(ro,m0 +171) (ro,r1) (ro,71) (ro,r3) (ra,m3)

| | | | |
(11,14) —— (11,3) —— (2,3) —— (2,1) —— (0,1)
go=1 q1=3 q2=1 qz=2

In the same way, we extend the sequence of (3.15) to the left:

0,1) ——— (1,1) «—— (L4 ——— (5,4) «——— (5,14)
qo=1 q1=3 g2=1 q3=2

These show that

E :1+1 1 1 _ [1737172] _ [QOthQ%(B]
11 3+1+2 3,12 [q1, 92, q3]

E:2+1 11 2,1,3,1]  [g3,2, 1, q0]
5 I+3+1 (1,3,1] lq2,q1,90]

Thus the number p(= 5) in the question equals [g2, q1, qo]-

Proposition 3.4. LetT,, be the braid as in Theorem 3.4.

p(x,y)



738 Eiko Kin & Mitsuhiko Takasawa

(1) Let % =wi + w%—&-w%,+~-+ﬁ+% be the continued fraction

chosen in’ 3.18). Then
p=p(x,y) = [wj_1,wj_2,..., w1, wo = 1].
(2) p=p(x,y) satisfies

p x max{z,y} = (=1) (mod z +y),

where j is the length of the continued fraction of E?ﬁi’g; in (1).

Proof. (1) We have

Tty n 1 1 1 1
w — — >
0 wy + w4+ Wi+ wj

max{z,y} -

where wy = 1. It is not hard to show (1) by using the argument in Exam-
ple 3.1.
(2) By induction, one can show that

wo 1 w1 1 wy 1

1 0 1 0 1 0

_ [wg,wl,...,wj] [wo,wl,...,wj_l]
[wl,fwg,...,wj] [fwl,wg,...,wj_l] ’

Taking the determinant, one has

(—1)3""1 = — [wo, w1, ..., wj—1] [wi,ws,...,w;] (mod [wy,wr,...,w;])

= — [wj_l,wj_g, ce ,’LU()] [’LUl, wa, . .. ,wj] (mod [wo,wl, ce ,wj]).
Note that z+4+y=[wo,wr,...,w;], p=[wj_1,wj—2,...,wp], and
max{z,y} = w1, ws, ..., w;]. Thus,

(-1)"" = —p x max{z,y} (mod z + y).
This implies (2). 0
‘We show the converse of Theorem 3.4.

Theorem 3.5. Suppose that ged(p,m — 1) =1 forp > 1 and m > 3. Then
there exist x,y € N such that T, is the monodromy on a fiber which is the
minimal representative of xa+ yfB € Ap—1(N).
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Proof. Let ¢ : N — N be the Euler function. The number of braids T,
satisfying 1 <p <m — 1 and ged(p,m — 1) = 1 equals ¢(m — 1). Also, the
number of elements za + yf € A,,—1(N) equals p(m — 1). Let zav + y5 and
x'a + '3 be distinct elements of A,,_1(N). By Theorem 3.4, it is enough to
show that p(x,y) # p(2/,y") since we may assume that 1 < p(z,y),p(z',y) <
m — 1 (see Lemma 3.10).

Suppose that (x,y) # (y',2). The concavity of ent(:)|a, , : Ap—1 —
R and Lemma 3.6 imply that ent(za + yfB) # ent(2’a + y'3), and hence
T p(zy) 7 Tinp(ar )y Which implies that p(z,y) # p(z',y/).

Suppose that (z,y) = (v/,2’). (In this case, ent(za + y3) = ent(z'a +
y'3).) By Proposition 3.4(2), we see that

(3.16) p(z,y) x max{z,y} + p(y, x) x max{x,y}
= (p(z,y) + p(y, x)) x max{z,y} =0 (mod z +y).

Since ged(max{x,y},z + y) = 1, we have p(z,y) + p(y,x) =0 (mod z + y).

Thus, p(z,y) # p(y,z) (mod x +y) which implies that p(z,y) # p(y,
x)(= p(2’,y’)). This completes the proof. O

Theorem 3.5 immediately gives:

Corollary 3.2. Suppose that ged(p,m — 1) =1 forp > 1 and m > 3. Then
S3 \ T is homeomorphic to 3\ Cs.

Proposition 3.5. Let m > 3. The following shows homology classes real-
izing min{ent(a) | a € Ap,—1(N)} and their monodromies.

(1) If m = 2k, then (k — 1)a + kB and ka + (k — 1) realize the minimum
and their monodromies are given by Toy o and Ty 21—3, respectively.

(2) If m=4k+1, then 2k — 1)a+ (2k+1)8 and 2k + 1)a+ (2k — 1)
realize the minimum and their monodromies are given by Typi1 ok+1
and Tyj1,26—1, respectively.

(3a) If m = 3, then a + (3 realize the minimum and its monodromy is given
by Tz1. If m =8k +3 (k> 1), then (4k — 1)a + (4k + 3)5 and (4k +
3)a + (4k — 1) realize the minimum and their monodromies are given
by T8k+3,2k+1 and Tgky36k+1, Tespectively.

(3b) If m =8k + 7, then (4k + 1)ac+ (4k + 5)3 and (4k + 5)a + (4k 4+ 1)
realize the minimum and their monodromies are given by Tgii76k+5
and Tgj172x+1, respectively.
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Proof. We show the claim in case m = 2k. Other cases can be shown in a
similar way. By Lemma 3.8, the homology classes a = (k — 1)a + k3 and
a’' = ka + (k — 1) realize the minimum. Let us consider the monodromies
T pe—1,k) and Tpy, i k—1y- Let (z,y) = (k — 1, k). Since < y, the continued
fraction which is chosen in (3.13) is £ = w; + L where wy =1 and wy =

UJQ’

k — 1. By Proposition 3.4(1), p(k — 1, k) = [w1,wo] = [1,1] = 2. By (3.16),
p(k—1,k)+pk,k—1)=0 (mod 2k —1).

Hence p(k,k — 1) =2k — 3. By Lemma 3.6(1), T2 or Ty or—3 gives the
monodromy for a and a’. O

3.6. Proof of Theorem 1.1

In Propositions 3.2 and 3.5, we have proved Theorem 1.1 except n = 6, 8. To
complete the proof, we shall describe monodromies for two homology classes
3a+ 28+ v and ba + 35 + 2v in Proposition 3.6.

Lemma 3.14.

(1) The 5-braided link o1030304 and the 4-braided link T2 are isotopic to
the (—2,4,6)-pretzel link.

(2) The braided link b for the 7-braid b as in Theorem 1.1(3b-i) is isotopic
to the 5-braided link 01050304951.

Proof. (1) This is an easy exercise and we leave the proof for the readers.
(Note: Ty 2 is conjugate to the 4-braid o3o2030%, and it might be easier to
see 02090307 is isotopic to the (—2,4, 6)-pretzel link.)

(2) Let 8 be an n-braid. By deforming the axis of 3, the braided link B8
can be represented by the closed braid 3 of ' € Bpio, where ' =
oy Bosroy 0207705 052 (e1,62 € {—1,1}), see figure 14. By using

this method, 01050304@g1 is represented by the closed 7-braid a , Where

d = o5 (0105030405 oz totog oy o o oy tog to o
On the other hand, the braided link b (figure 15 (left)) can be represented
by a closed 6-braid as in figure 15 (center) whose link type equals a closed

7-braid as in figure 15 (right). Namely, b is isotopic to the closure of the
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Figure 15: (left) Braided link b. (center) Closed 6-braid representing b.
(right) Closed 7-braid b’ representing b.

7-braid b':

where 7 stands for o; 1 We see that o is conjugate to b, since the

super summit set for a’ is equal to the one for ¥'. (The super summit
set is a complete conjugacy invariant, see [2].) In fact, the super summit
set consists of four elements 67_11234321543654321, @7_11213432543654321,
0, 11232145432654321 and O '1232143254654321, where i stands for o;.
(One can use the computer program “Braiding” by Gonzdlez-Meneses for
a computation of the super summit set [7].) Thus, the link types of b and
01030304@5_1 are the same. This completes the proof. |

Lemma 3.14 together with Corollary 3.2 implies:

Corollary 3.3.

(1) 83\ 01030304 is homeomorphic to S3\ Cs.
(2) S3\ b is homeomorphic to S*\ Cs.
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Proposition 3.6.

(1) T(01030304) is the monodromy on a fiber which represents 3a + 23 +
7.
(2) T'(b) is the monodromy on a fiber which represents 5 + 33 + 2.

Proof. (1) We see that Hg = {3 + 23 + 7, 3a + (3}, see the proof of Propo-
sition 3.2. By Corollary 3.1, the monodromy for 3« + 3 permutes four punc-
tures cyclically and fixes two one punctures. On the other hand, the
monodromy for 3a + 23 4 v permutes three punctures cyclically, and the
mapping class T'(oj030304) permutes three punctures cyclically. By
Corollary 3.3(1), we complete the proof.

(2) We see that Hg = {ba + (3,5 + 35 + 2, 5a + 43 + 3v}. The map-
ping class I'(b) permutes five punctures cyclically, two punctures cyclically
and fixes the other one puncture. Among elements of Hg, ba + 35 + 2
is the only class whose monodromy permutes two punctures cyclically. By
Corollary 3.3(2), we complete the proof. O

4. Further discussion
4.1. Pseudo-Anosov braids with small dilatation

We consider the braids Ty, , defined in the Introduction. The braid 7y, ,, may
not be pseudo-Anosov, even though T, , is so if ged(p,m — 1) =1 (Corol-
lary 3.2). The inequality A(7},,) < A(Tmp) holds in case Ty, , is pseudo-
Anosov. The following, which is clear by the definition of pseudo-Anosovs,
says when the equality holds.

Lemma 4.1. Suppose that ged(p,m —1) =1. Let ®,,, be the pseudo-
Anosov homeomorphism which represents I'(Ty, ) € M(Dy,). Correspond-
ing to the first strand of T, p, there exists a puncture, say amp, which is
fized by @y, . Suppose that the invariant foliation associated to ®,, , has no
1-pronged singularity at a,,,. Then TTIn,p s pseudo-Anosov such that

)‘(Tr/n,p) = A(Tm,p)-

The families of braids {77, ,} and {7, ,} contain examples with minimal
dilatation. The following braids realize the minimal dilatation.

o Ty, = o105 " € By, see Matsuoka [22].

o Tz, = 010203 ' € By, see Ko-Los-Song [17] and Ham-Song [9].
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Té,z ~ 010203040102 € Bs, see Ham-Song [9].

T3 ~ (02010201 (0102030405)?) 'O € Bg, see Lanneau-Thiffeault
[18].

Tg o ~ 0, 2(010203040506)% € By, see Lanneau- Thiffeault [18].
° Téé ~ Oy 10; Yo1090304050607)° € Bg, see Lanneau-Thiffeault [18].

Here b ~ b/ means that b is conjugate to b'.
All the braids in Proposition 3.5 have been studied from the viewpoint
of their dilatations. Hironaka—Kin studied a family of braids

O(k) = 0102~ 0220102~ 024 € Bop_1 (k> 3)

with odd strands [11]. It is easy to see that o) ~ T4, , (cf. Proposition
3.5(1)). Each braid o(;) € Bag—1 has the smallest known dilatation. Venzke
found a family of braids {¢,,} with small dilatation [30].

U if n=2k—1(k>3),
Yn = L2 ot if n =4k (k > 2),

Yn = L2 o ot if n=8k+2 (k>1),
Yn = LS55 ot ifn=28k+6(k>1),

¢6 = 05040302010504030504,

where Ln =0p_10p—2 - 01 € By,. It is not hard to see that 19 _1 ~ Tzk 2

Yy ~ 4k+1 2k+1° ¢8k+2 ~ T8k+3 2k+1> Vgk+6 ~ T8k+7 ok+5 and e ~ To (Cf
Proposition 3.5(2)(3a)(3b)). By using Lemma 3.2 and Proposition 3.5

together with Lemma 4.1, we verify that

AMtar-1) = MTap.2) = MTor2),

ANWar) = MTygs1,26+1) = MTak1,2641),
Asit2) = MTLepr3.2641) = MTsk+3,26+1),
A(Wsi+6) = M Tgpr76045) = MTsk47,6k+5)-

Let T,,) € By, be either of the two braids realizing the minimum in
Proposition 3.5. For example, Tor) = Tok,2 or Tok k-3 Let T’m) € Bp_1
be the braid obtained from 7{,,) by forgetting the first strand of 7{,,). By
using Lemmas 4.1, 3.2 and Proposition 3.5, one has A(T(,,)) = )\(T(’m)). By
Theorem 3.1 and Proposition 3.5, we have the following.
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Corollary 4.1.
1) XT/ equals the largest real root of
(2k)
Fomipoy(t) =1 =20t 4 ¢7) 4+ 1.
2) T/ equals the largest real root of
(4k+1)
fer—12k+1,0)(#) = S SR B §
(3a) A(T(’Sk+3)) equals the largest real root of
fak—1,4k+3,0)(t) = ¢8R gkl g g th Sy
equals the largest real root o
3b) A(T (8k+7) Is the 1 l f
f(4k+1,4k+5,0) (t) _ 758k-i—6 _ 2(t4k+1 + t4k+5) +1.

We now discuss the monotonicity of the dilatation of braids 7{,,). The
following proposition is a corollary of Lemma 3.9 and Proposition 3.5.

Proposition 4.1.

(1) MTi2r)) > MT(2(k+1)))-

(2) MTuk+1)) > MTak+1)+1))-
(3a) AM(T(gk+3)) > MT(8(k+1)+3))-
(3b) AMT(skt7)) > MTL(s(k41)+7))-

One can prove the following by using the argument in the proof of Lemma 3.9.
Lemma 4.2. A(T{g—-1)) > MT{ak))-

In contrast to Lemma 4.2, it is not true that A(T{ax)) > A(T{2k41)) for all k.
For example,

AMT6)) < MTny),
MTo)) < MTa)-

See the computation of A(T(,,)) and ent(7(,,)) in the following table. We
shall show A(T(ax)) > AM(T(2x+1)) is true for other cases in the next.
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ml T [ATw) [ ent(Tim) |
3 151 3.73205 | 1.31696
4 | Tyoor Ty | 261803 | 0.962424
5| TsszorTsy |2.29663 | 0.831443
6 T2 or Tg 3 1.72208 | 0.543535
7 T71 or I7 5 2.08102 | 0.732858
8 T&Q or T875 1.46557 0.382245
9 Tgs or Ty 3 1.41345 | 0.346031
10 TlO,Q or T1077 1.34372 0.295442
11 T1173 or T1177 1.35293 0.302271
12 T1272 or Tlg,g 1.27248 0.240965
13| Tiz7or Tizs | 1.25141 | 0.224273
14 T1472 or T14711 1.22572 0.203526
15 T1573 or T15711 1.22257 0.200958
16 T1672 or T16713 1.19267 0.176191
17 | Tizg or Ti77 | 1.18129 | 0.166609
18 Tl&g or T18715 1.16806 0.155345
19 | Tig5 or Thg13 | 1.16432 | 0.152136
20 T2072 or T20717 1.14903 0.13892
21 TQLll or T2179 1.14192 0.132708
22 T2272 or T22719 1.13388 0.125641
23 T2375 or T23717 1.13071 0.122845
24 T2472 or T24721 1.12152 0.114683
25 T25713 or T25711 1.11665 0.11033
26 T2672 or T26723 1.11125 0.105485
27 T2777 or T27719 1.10869 0.103176
28 TQ&Q or T28’25 1.10258 | 0.0976543
29 T29’15 or T29713 1.09904 | 0.0944354
30 | T30,2 or T30.27 | 1.09517 | 0.0909069
31 | T317 or 13123 | 1.09309 | 0.0890074
32 | T390 or T3999 | 1.08875 | 0.0850323
33 T33’17 or T33715 1.08606 | 0.0825554
34 | T340 or T3431 | 1.08315 | 0.0798714
35 T3579 or T35725 1.08144 | 0.0782958
36 T3672 or T36733 1.07821 | 0.0753015
37 | T37,19 or T3717 | 1.07609 | 0.0733366
38 T3872 or T38735 1.07382 | 0.0712265
39 T3979 or T39729 1.07241 | 0.0699047

745
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Lemma 4.3. A(T{a1)) > MT(2k+1)) for all k > 2 but k = 3,5.
The following is used for the proof of Lemma 4.3.
Lemma 4.4. Let 2’ > x > 1 and let /' be the positive number such that
Xr(@'a+yB) (=2 +y) = Xr(za+ (z — 1)) + 1(= 2z).
IfXNz'a+1y'B) < Mza+ (z —1)3), then
M@+ 5)a+ ' +3)8) < M@+ 3)a+ (@ = 3)8).

Proof. One can show the claim by using the same argument as in [16, Propo-
sition 4.17]. O

Proof of Lemma 4.3. One has A\(3a + ) < A(2a+ ). This together with
Lemma 4.4 implies that
M(2k + D+ (2k — 1)) < M2ka + (2k —1)3) for all k > 1.

One has another inequality A(9a + 53) < A(7a + 63). Hence by Lemma 4.4,
for all £ > 2, one has

A4k + 3)a + (4k — 1)8) < A((4k + D)a + 4kB),
A((4k + 5)a + (4k + 1)8) < A((4k + 3)a + (4k + 2)3).

This together with Proposition 3.5 completes the proof. O

As a corollary of Lemmas 4.2 and 4.3 together with the equality
A(Timy) = A(T7,,)), one has:

Proposition 4.2.
(1) MT(gk—1y) > )\(T(/%)) for all k > 2.

(2) MT(g) < /\(T(’7) ) and \M(T(10y) < )\(T(’H)). For allk > 2 but k = 3,5,

AT(ary) > )‘(T(/2k+1))'

In particular, T(1p) € Byo has smaller dilatation than the Venzke’s conjec-
tural minimum A(¢19)(= )\(T(’H))).

We turn to the asymptotic behavior of the normalized entropy of the
braid T{,,). By Theorem 3.3(1) and Proposition 3.5, we obtain the following.
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Corollary 4.2. The normalized entropy of T(,,) goes to the minimal nor-
malized entropy with respect to A as m goes to oo, i.e.,

lim ent(T,,)) = ent(a + B) = 2log(2 + V3).

m—00

Finally, we propose a conjecture on the minimal dilatation of braids of
¢ strands for £ > 9.

Conjecture 4.1.

(1) The braid T(,Qk) realizes the minimal dilatation among (2k — 1)-braids
for all k > 5.

(2) The braid T(yg) realizes the minimal dilatation among 10-braids. The
braid T(/2k;+1) realizes the minimal dilatation among 2k-braids for all
k>6.

4.2. Asymptotic behavior of entropy function

We consider asymptotic behaviors of the entropy function for a family of
homology classes in Proposition 3.1.

Theorem 4.1. Let za+yf € Ca,.
(1) lim ent(za+yps)=0.
T,Yy—00

(2) lim ent(za+ypB) = 10%2.
y—00

Of course, lim ent(za +yf) = 10%2 by symmetry.
Tr—0Q0

Proof. (1) We may suppose that z < y. By [19, Theorem 3.5], we have an
inequality
ent(a + b) < min{ent(a),ent(b)}

for a,b € int(Ca). Hence for all € > 0 so that z — e > 0 and for all § > 0,
ent(xa + (x 4+ §)5) < min{ent((x — €)a + z), ent(eax + 63) }.

Notice that ent(ear + 03) goes to co as € goes to 0. If one takes £ > 0 suffi-
ciently small, then one may assume that

ent(za + (x 4 0)3) < ent((x — &) + x).
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Since ent(:) is continuous, we have ent(za + (x4 96)0) < ent(za + x0).
Thus,

lim ent(za + (24 0)3) < lim ent(za 4+ zB) = lim Zent(a + 3) = 0.
Tr—00 Tr—00 r—00
Since § > 0 is arbitrary, the proof is completed.
(2) By Theorem 3.1, the dilatation of za + yB + 0y € Ca,(Z) is the
largest real root of

P(t*,tY,t%) = P(t*,tY,1) = tY R, (t) 4+ (Ry)«(t),

where Ry (t) =1t* —2. By Lemma 2.1, the largest real root of P(t*,t¥,1)
converges to 2'/% which is the unique real root of R, (t), as y — co. This
claim can be extended to homology classes of Ca, (Q), that is the dilatation
of za+ yf € Ca, (Q) converges to 21/ as y — 0. Since the entropy function
on Ca,(Q) can be extended to Ca, uniquely, the proof is completed. O

Proposition 4.3. The entropy of (n + 1)a +nf + (n — 1)y € int(Ca) con-

1+v5
2

verges to the logarithm of the golden mean as n goes to oco.

Proof. We have
P 4 = (0 (82—t — 1) 4 (82—t — 1).).

If (n+ 1)a+nB+ (n — 1)y is an integral class, then its dilatation A, is the
largest real root of t"(t?> —t — 1) + (t> —t — 1),. The polynomial t*> —t — 1
has the real root 127‘/5 > 1. By Lemma 2.1, A\, converges to % asn €N
goes to co. Since ent(-) is continuous on int(Ca ), the proof is completed. [

4.3. Relation between horseshoe braid and braid T,

The horseshoe map was discovered by Smale around 1960. This map is
well known to be a simple factor possessing chaotic dynamics ([25, Sec-
tion 8.4.2] for example). For € > 0, any C'*¢ surface diffeomorphism with
positive topological entropy “contains a horseshoe” in some iterate, see [13]
for more details. This tells us that the features of the horseshoe map is uni-
versal for chaotic dynamical systems. In this section, we relate monodromies
for homology classes in Ca,(Z) to the horseshoe map.

The horseshoe map H : D — D is an orientation preserving diffeomor-
phism of the disk D defined as follows. The action of H on the rectangle R
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1) @

Figure 16: (1) R, Sp, S1 C D. (2) Horseshoe map H (a* is the image of a
under H, for example).

and two half disks Sy, 57 is given as in figure 16. More precisely, the restric-
tion H|g, for i € {0,1} is an affine map such that H contracts R; vertically
and stretches horizontally, and H|s,us, : So U S1 — Sp U S is a contraction
map. Then H can be extended over the rest of D without producing any
new periodic points.

The set Q = (\;c; H/(R) is invariant under H. The map Hlg: € —
Q) can be described by using the symbolic dynamics as follows. We set
S =1{0,1}7%, that is S is the the set of all two sided infinite sequences
s=1(---s_150|s1---) of 0 and 1, where we put the symbol | between the
zeroth element and the first element. We introduce the metric on S as

follows.
_ |si—ti
= § oniT
IEZL

where s = (-+-s_150|s182--+) and t = (---t_1to|tita---).

Theorem 4.2 (Smale). Lets:S — S be the shift map, i.e., s is a home-
omorphism such that

s(..-80|8182..¢):(--.8081‘82.--).

The restriction H|g : Q@ — Q is conjugate to the shift map s : S — S. The
conjugacy IC : Q — S is given by

K(z) = (- Ko1(2)Ko(x) K1 () - - -),
where

Kj(z) =

1 if H(z) € Ry,
0 if H(z) € Ry.

If z is a periodic point with the least period k for H, then K(z) is a
periodic sequence. The word Ko(x)K1(z)---Kr_1(x) is called the code for
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x. Such word (modulo cyclic permutation) is said to be the code for the
periodic orbit Oy (z) = {z, H(x),..., H*"1(x)}.

Remark 4.1.

(1) Theorem 4.2 asserts that there exists a one to one correspondence
between the set of periodic points for H|g and the set of periodic
sequences in S.

(2) By using Theorem 4.2, one can show that the set of periodic points of
H|q is dense on ().

Let @ be a set of n points consisting of periodic orbits of H|g. We take
an isotopy {H;}ier—o,1) such that Ho = identity map on D and H; = H.
Then

b(Q; {Hiher) = | Hi(Q) x {t} c D x I
tel

is an n-braid. This depends on the choice of the isotopy, but it is determined
uniquely up to a power of the full twist © = (o1 ---0,-1)". Consider the
suspension flow on the mapping torus by using a “natural” isotopy {H;},
see figure 17 (left). For this isotopy, we denote the braid b(Q; { Ht }+er) by bg.
By the definition of H, one can collapse the image of the vertical lines of Rg
and R; under the isotopy to build the horseshoe template T as in figure 17
(center). (For the template theory, see [6].) In this case the template is
equipped with the semiflow induced by the suspension flow. It is easy to see
that there exists a one to one correspondence between the set of periodic
orbits of H|q and the set of periodic orbits of the semiflow on 7. Each braid
bg can be embedded in 7 so that the closed braid of by becomes a finite
union of periodic orbits of the semiflow on 7. Simply, we write bg for the
image of bg — 7 when there exists no confusion.

paralle]l  parallel
strings ~ strings

-

1 0

Figure 17: (left) Suspension of horseshoe map. (center) Horseshoe template
7. (right) Non-horseshoe 4-braid embedded in 7. (In this case, two strings
of the braid are parallel.)
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Now, we define horseshoe mapping classes and horseshoe braids. Let A,
be a set of n points which lie on the horizontal line through the origin in
the round disk D. We set an n-punctured disk D, = D\ A,. We say that
¢ € M(D,,) is a horseshoe mapping class if there exists a set of n points @
consisting of periodic orbits of H|q and there exists an orientation preserving
homeomorphism g : D\ @ — D,, such that ¢ is conjugate to the mapping
class [go H|p\g © g1 € M(D,,). A braid 3 € B, is a horseshoe braid if the
mapping class I'(3) € M(D,,) is a horseshoe mapping class. In other words,
[ is a horseshoe braid if there exists an integer k and there exists a set of n
points consisting of a finite union of periodic orbits of H|qn, denoted by @,
such that 30" is conjugate to the braid bg. In this case, there exists a braid
v € B, such that v8y~'0F can be embedded in 7. However, the converse
is not true. For example, the 4-braid of figure 17 (right) is not a horseshoe
braid since there exists exactly one periodic orbit with the least period 2
for H|q whose code is 01. By Remark 4.1(1), one can show that a braid
embedded in 7 (ignoring the semiflow) is a horseshoe braid if and only if no
strings of the braid are parallel (see figure 17 (right)).

Proposition 4.4. Suppose that ged(p,m —1)=1. If 1 <p < mTfl, then
Tinp € By, is a horseshoe braid.

Obviously, if the braid b is written by b = ¢b’, then b is conjugate to b’c. This
is used for the proof of Proposition 4.4. Before proving the proposition, we
first see that T2 4 is a horseshoe braid by using figure 18.

Example 4.1. The first braid of figure 18 is a representative of T2 4. We
slide the last crossing in the small circle to the top, see the second braid.
Then it is conjugate to the third braid of figure 18. We repeat to slide the
last crossing in the small circle of the third braid to the top. We see that
it is conjugate to the fourth braid. The crossings in the large circle of the
fourth braid can slide to the top, and then we see that the fourth braid is
conjugate to the fifth braid which is isotopic to the sixth braid. Finally, it is
easy to see that the sixth braid is conjugate to the seventh braid which can
be embedded in 7. (In fact, the braid o1020304 is a conjugacy.) Since no
strings of the latter braid are parallel, one concludes that T2 4 is a horseshoe
braid.

Proof of Proposition 4.4. We consider a representative of T, ;, as in the first
braid of figure 19 (see also figure 8 (left)). By using the slide technique in
Example 4.1, we see that T;, , is conjugate to the second braid or the third
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Figure 18: Conjugate braid of Th24. (1) T12.4. (7) Braid embedded in 7.

P m-(p+1) P m~(p+1)

—_
i 5@
p-3
3

Figure 19: (1) Ty, p. (Tnp is conjugate to either the braid drawn in (2) or
the one drawn in (3)).

)

of figure 19. (For example, T4 is conjugate to the second type and Tis 5 is
conjugate to the third type.)

First, we show that the second braid is a horseshoe braid by using
figure 20. This braid is conjugate to the first braid of figure 20 which is
equal to the second braid of figure 20 (see the fifth and sixth braid of fig-
ure 18). The second braid of figure 20 is conjugate to the third braid in
figure 20 which can be embedded in 7.

Second, we show the third braid of figure 19 is a horseshoe braid by
using figure 21. This braid is conjugate to the first braid of figure 21. (For
example, T12 5 is conjugate to the third braid of figure 21.) It is easy to see
that the first braid of figure 21 is conjugate to the second braid of figure 21
which can be embedded in 7. O
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m-(p+1) m-(p+1) m-(p+1)

p-1 p-2 m-(2p+2) p:2 m-(2p+2)

@) ) 3)

Figure 20: Conjugate braid of T}, ;.

m-(p+1) m-(p+1)
p p-2 m-(2p+1) p p-2 m-(2p+1)

/;\
/'\/ \

N\
\\\

\ \ *_\

S——

p-1

(2) 3)
Figure 21: (1,2) Conjugate braid of T3, ,. (3) Conjugate braid of T}z 5.
4.4. Alternative proof of Theorem 4.1(2)

In this section, we give an alternative proof of Theorem 4.1(2).

Proof of Theorem 4.1(2). By Proposition 3.4, we have seen that T, 1 repre-
sents the monodromy of (m — 2)a + 3 € Ca, (Z). For the proof, it is enough
to show that

(4.1) lim  ent((m —2)a+ () =log2.
m(EN)—oo

The reason is as follows. The equality in (4.1) implies that
lim ent(za + §) =log2
Tr— 00

by the continuity of ent(-). Therefore,

ent(za + yp) = %ent(%a +3) — k’% as r — 00.
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\ AN

\ N\

RN \ 2

Figure 22: (left) B, my,. my.)- (center) B 4. (right) B(Lm_g).

WL / N W]

Now we show (4.1). Let B, m,,....my.,) be a family of braids depicted in
figure 22 for each integer k£ > 1 and each integer m; > 1. By [15, Theo-
rem 1.2], these braids are all pseudo-Anosov and the dilatation of
B(m,....mus) 18 the largest real root of the Salem-Boyd polynomial

...........

where Ry, . m,)(t) is given inductively as follows: For 2 <14 <k,

Ry (6) = 71— 1) = 21,
R(ml,...,mi)(t) =t (t - I)R(ml,...7mi71)<t) + (_1)Z2tR(m1,...,mi,1)*(t)'

In particular, the dilatation of ﬂ(17m_3) = Jflagag < Om_9 € Bp,_1 is the
largest root of

(4.2) 2Ry () + (R« (1),

where R(y(t) = t(t +1)(t —2). By Lemma 2.1, the dilatation of 3 ,,_3)
converges to 2 as m — oo. The polynomial (4.2) comes from the graph map

m 1 : m-2 :
UI \ smoothing \
(m-2)-gon

Figure 23: (left) Transition of peripheral edge. (center) Graph map. (right)
train track.
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shown in figure 23 (center). This is the induced graph map for 3 ,,,_3) €
By,—1. The polynomial (4.2) is the characteristic polynomial of the transition
matrix for the graph map. The smoothing of the graph gives rise to the
train track associated to B(; ,—s3) (figure 23 (right)). Since the train track
contains an (m — 2)-gon, a pseudo-Anosov homeomorphism ®g, . which
represents the mapping class (1 n,,—3) has an (m — 2)-pronged singularity,
say p, in the interior of the punctured disk. By puncturing the point p, one
obtains a pseudo-Anosov homeomorphism i\)g(lymfg). It is easy to see that
the mapping class [a\)ﬁ(l,m—m] is given by

~

-1 2
,6(17m,3) =0y 0203 0m—20,,_1C B,

with the same dilatation as (1 ,,—3). Since B(Lm,g) is conjugate to the braid
Tom.1, the dilatation A(7},,1) converges to 2 as m goes to co. This completes
the proof. O
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