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A comparison theorem for the isoperimetric profile
under curve-shortening flow

BEN ANDREWS AND PAUL BRYAN

We prove a comparison theorem for the isoperimetric profiles of
simple closed curves evolving by the normalized curve-shortening
flow: if the isoperimetric profile of the region enclosed by the initial
curve is greater than that of some “model” convex region with
exactly four vertices and with reflection symmetry in both axes,
then the inequality remains true for the isoperimetric profiles of
the evolved regions. We apply this using the “paperclip” solution
as the model region to deduce sharp time-dependent upper bounds
on curvature for arbitrary embedded closed curves evolving by the
normalized curve-shortening flow. A slightly different comparison
also gives lower bounds on curvature, and the result is a simple
and direct proof of Grayson’s theorem without use of any blowup
or compactness arguments, Harnack estimates or classification of
self-similar solutions.

1. Introduction

The curve-shortening flow produces a smooth family of curves 3, = X (S1,t)
in the plane R?, from an initial curve ¥y given by an immersion Xg: S!' —
R?, according to the equation

!/

1.1 = —kN = niali
( ) or & ‘X/ ’X{ ’

0X 1 [ X

where & is the curvature of the curve 4,, N is the outward unit normal and
primes denote derivatives with respect to a local parameter on S'. This sys-
tem has received considerable study, and in particular it is known that for
any smooth immersion X there exists a unique solution on a finite maxi-
mal time interval, and that the maximum curvature becomes unbounded as
the maximal time is approached [7]. Gage [5, 6] and Gage and Hamilton [7]
considered the case of convex embedded closed curves, and proved that solu-
tions are asymptotic to shrinking circles as the final time is approached.
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Grayson [8] then extended this result to arbitrary embedded closed curves.
Our aim in this paper is to provide an estimate on the curvature for embed-
ded closed curves evolving by curve-shortening flow, and deduce from this a
simple proof of Grayson’s theorem.

In recent work [1], we used isoperimetric estimates to deduce curvature
bounds for embedded solutions of curve-shortening flow, by controlling the
lengths of chords to the evolving curves as a function of the arc length
between the end points and elapsed time. Precisely, for an embedded curve
v = X(S') of length 27 we define the chord-arc profile to be the function
¢y : [0,27] — R given by

q
(0 =int {1X) - X(@): [ X'l du=t pge st
P
Our theorem can then be stated as follows:

Theorem (Theorems 1 and 3 of [1]). Let X : S' x[0,T) — R? be a
smooth embedded solution of the normalized curve-shortening flow normal-
ized to fixed length 2w, so that %( = k2X — kN where 2 is the average value
of the square of the curvature on the curve v, = X (S, t). Then there exists
t € R such that for everyt >0,

(1.2) ¢y, (0) > 2¢!* arctan <e_(t_a sin (5)) .

It follows that k(p,t)? <1+ 2e~2(t=1) for allp € S* and t > 0.

The isoperimetric estimate is a sharper version of one proved by Huisken
[11], which gave a lower bound on the ratio of the chord—arc profile to that of
the circle. In particular our estimate gives stronger control of chord length for
short segments, and it is this which implies the very strong curvature bound
in the theorem and enables a rather simple proof of Grayson’s theorem.
The precise estimate stated in the theorem was discovered by exhaustive
experiment, rather than being suggested by any guiding principle, so the
result is in some ways mysterious.

Subsequently [2], we used similar ideas to give sharp curvature esti-
mates for the normalized Ricci flow on the two-sphere. As before, the key
motivating idea is that sufficiently strong control on an isoperimetric profile
implies control on curvatures, but in this case we no longer relied on a purely
serendipitous calculation. We considered the classical isoperimetric profile
defined by the infimum of perimeters of subsets with given area. Previous
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work by Hamilton [10] gave a lower bound on the ratio of the isoperimetric
profile to that of the sphere for a solution of the normalized Ricci flow on
the two-sphere. Our stronger result states that if the isoperimetric profile
of a metric on the two-sphere is bounded below by the isoperimetric pro-
file of a model metric (which can be any axially symmetric metric on S?
which is invariant under reflection in the equatorial plane and with curva-
ture decreasing from the poles to the equator) then the inequality continues
to hold if both metrics are evolved under normalized Ricci flow. This implies
a curvature bound: the maximum curvature at any time is bounded by the
curvature at the pole for the model solution. In particular, explicit estimates
are obtained by choosing the model solution to be the explicit solution of
Ricci flow known as the Rosenau (or King) solution or “sausage model”.
In this paper, we show that the same situation arises in curve-shortening
flow when one estimates the isoperimetric profile of the enclosed region:

Theorem (see Theorems 3.1 and 5.1 below). Let X : S' x [0,T) —
R? be a solution of the normalized curve-shortening flow (2.1), and let v
be the isoperimetric profile defined by Equation (2.2). Let ¢ be the isoperi-
metric profile of any solution X of (2.1) which is symmetric in both coor-
dinate azes and has exactly four vertices. If 1(£,0) > ¢(&,0) for all &, then
(&, t) > p(&,t) for all € and all t € [0,T). It follows that the curvature of
X is bounded above by the mazimum curvature of X at each time t > 0.

Applying this theorem with X given by the explicit solution of curve-
shortening flow know as the “paperclip” gives an upper bound on curvature
which decays exponentially to 1 as ¢ — oo. Estimates on the isoperimetric
profile were used previously by Hamilton to rule out slowly forming singu-
larities [9] — in that case the main estimate is a lower bound on the ratio
of the isoperimetric ratio to that of the unit ball.

As part of our investigations we characterize in Section 4 the isoperi-
metric regions for any convex body in the plane which is invariant under
reflection in the coordinate axes and which has exactly four vertices. This
result is similar to the investigation of isoperimetric regions for surfaces of
rotation due to Ritoré [14].

A new ingredient, which arises here is that the isoperimetric estimate
does not imply lower bounds on the curvature x (in contrast to the result
in [1] where a bound on x? — 1 is deduced for normalized solutions). We
deduce a suitable lower bound on « in Section 7 by estimating the isoperi-
metric profile of the exterior region, and indeed the lower bounds we obtain
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(produced by comparison with a self-similar expanding solution) have some
similarity to those which arise in Ricci flow.

2. Notation and preliminary results
To set our conventions, we routinely parametrize simple closed curves in

the anticlockwise direction with outward-pointing normal, which means the
Serret—Frenet equations take the form

X' = |[X'|T;
T = —k|X'|N;
N = x| X'|T.

Our result is most easily formulated in terms of a normalized version of
the curve-shortening flow, which we now introduce: given a solution X of
(1.1), we define X : S! x[0,T) — R? by

X(p,7),

X0 =75

where A[7;] is the area enclosed by the curve 4, and

T oox T T
t:/ —— dr’  and T:/ ——— dr'’.
0 A['YT’] 0 A['YT’]

Then the rescaled curve v, = X (S',t) has A[y] =7 for every ¢, and X
evolves according to the normalized equation

0X 1 X\
2.1 = X—-rN=X
1) o1 N =Xt (m) !

where k denotes the curvature of v;. Our main result controls the behaviour
of solutions of (2.1) via their isoperimetric profiles, which we now discuss.

Let © be an open subset of R? of area A (possibly infinite) with smooth
boundary curve 7. The isoperimetric profile of 2 is the function ¥ : (0, A) —
R defined by

(2.2) U(Q,a) = inf {|0oK|: K CQ, |K|=a}.

Here dq K denotes the boundary of K as a subset of {2, which is given by the
part of the boundary of K as a subset of R? which is not contained in ~. If
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0% is compact, then for each a € (0, A), equality in the infimum is attained
for some K C 2, so that we have |K| = a and |0qK| = ¥(a), and in this case
Oq K consists of circular arcs of some fixed radius meeting v orthogonally.

Later in this paper we will also consider the exterior isoperimetric pro-
file Wex(€2,.), which is simply the isoperimetric profile of the exterior of
QO Vet (Q,a) = U(R?\ Q,a). If Q is compact with smooth boundary, the
exterior isoperimetric profile is defined on [0, 00), and for each a > 0 there
is some region K in the exterior of €2 which attains the isoperimetric profile
in the sense that [K| = a and [Op2\o K| = Pext (€2, a).

Proposition 2.1. For any smoothly bounded domain Q of area w, we have

Y U(Q,a) —v2ma 4supyq K . Uet(Qa) —V2ma  4infyo K
im . ; lim = )

a—0 a 3 a—0 a 3T

Proof. In the case Q2 = B;1(0), we can check this result explicitly, since the
isoperimetric regions (shown in figure 1) are precisely the disks and half-
spaces which intersect B;(0) orthogonally, so that the isoperimetric profile
is given implicitly by

a=0—tanf+ (1/2 —0)tan’d and ¥(B;(0),a) = (7 — 26)tand,

gan?0 (5~ 0) —sin0cos9)/

Figure 1: Isoperimetric regions of the unit disk.
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from which the asymptotic result ¥(Bi(0),a) = v2ma — 3% + 0(a%/?)
follows.

The exterior isoperimetric profile can be computed similarly: in this
case the isoperimetric regions are the intersections with R?\ By (0) of disks
which meet the boundary orthogonally, so the exterior isoperimetric profile
is defined implicitly by the identities

a=tanf — 0+ (7/2+0)tan’ @ and Ve (B1(0),a) = (7 — 260) tand.

By scaling, we have also that the isoperimetric profiles for a ball of radius
r are given by

4
U(B,(0),a) = r¥(By(0), a/r) = V2ra - = 4 O(a*"?);
77
4
Vext(B(0), @) = rexi(B1(0), a/r?) = V2Ta + = + O(a*?).
We also note the isoperimetric profile of a half-space: ¥({z > 0},a) = v27a.

In the general case, we begin by proving ¥ (Q,a) < v/27ma + O(a): let
p € 09, and set K, = B,(p) N Q2. A direct computation gives

|0 K| = mr + O(T2),

while
K, | = gﬂ + 0
as r — 0. Setting a = | K| and rearranging, we find

(2.3) U(Q,a) < |0aK,| = V2ra + O(a),

asa— 0.

Now we prove the stronger result: let X : R — 92 be a unit speed
counterclockwise parametrization of the boundary, and define Y : (R/LZ) x
[0,0) — Qby Y(u,s)=X(u) — sN(u). For small § > 0 this map parametrizes
a neighbourhood of the boundary, with induced metric given by

(2.4) 9(05,05) =1, (05,0,) =0, g(Oy, ) = (1 — sk(u))?.
For k € R we define a ‘model’ region €, with the origin in its boundary:

{(1)37y): .’ESO}, ’45:0;
Q=< Be1(—k71,0), Kk > 0;
B2\ (B (16 1,0)), 5 <0.
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For any © € R, we can construct a local diffeomorphism y from a neighbour-
hood of X (ug) in 2 to a neighbourhood of the origin in €, as follows:

u,s)) = —s+ (u—u)i, () = 0;
x(Y(u,s)) {(/@(a)l — s)etr@u—1) _ @)=l k(@) #£0

We see from (2.4) that y is nearly an isometry, in the sense that there exists
r > 0 such that x maps B,(X(ug)) N Q to a neighbourhood U of the origin
in Q. in such a way that g(1 — Cd?) < x.g < g(1 + Cd?), where d is the
distance to X (ug) (comparable to s + |u — @|) and g is the standard metric
on R2. We prove an upper bound on the isoperimetric profile as follows: for
a sufficiently small, we can find an isoperimetric domain K for €2, contained
in U such that y7!(K) has area a (hence K has area at least a(1 — Ca)).
But then we have

U(Q,a) < |dax ' (K)l,
- ‘8QKK’><*9
= U(Qy, |K])
4k K
< \/27r|K| K’ ‘+C|K|3/2

< V2ma — +C3/2

The reverse inequality is proved similarly: by the estimate (2.3), for a small
the isoperimetric domain K for Q) of area a is contained in the domain of
the map x centred at some point X (up). Then we have

U(Q,a) =|00K]|,
= 100, X(K)|\ 1
> 00, x(K)lg(1 — Ca)
> (1= Ca)¥(Qy, [x(K)))

> (1 Ca) ( aaf ()] - PR oy

3
> V2ma — 4/<aa — Ca®?,

where we used |x(K)|g = |K|y.g > |K|g(1 — Ca) = a(l — Ca). O



510 Ben Andrews & Paul Bryan

3. A comparison theorem for the isoperimetric profile

In this section, we show that the isoperimetric profile of a region evolving by
(2.1) can be bounded below by any function satisfying a certain differential
inequality, provided this is true at the initial time. In the following section,
we will show how to construct such functions from particular solutions of
the normalized curve-shortening flow. In order to state the main result of
this section we first require the following definition:

Definition 3.1. For a,b € R, we define
9

1 2 1 1 2
Fla,b] = inf / dx—aQ/ chdx—b(/ godx) :
0 |0 0 0

p € C([0,1]), ¢(0) = (1) = } :

X

A direct computation shows that

r . cos(a/2) 1 1
(3.1) Fla,b] _mm{Qasin(a/Q) a2 a2—i—b’0}’

where this should be interpreted as a suitable limit in the case a = 0. In
particular, in the region where Fla,b] is positive, it is a smooth function of
a and b which is strictly decreasing in b.

Theorem 3.1. Let f : [0, 7] x [0,00) = R be continuous, smooth on (0, 7) X
(0,00), concave in the first argument for each t, and symmetric (so that
f(z,t) = f(m — z,t) for all z,t). Assume that limsup,_, 1CY 1 gnd

2z

of _

S < —ITFUL L+ + (= 20) = S

foralla € (0,7) andt > 0. Suppose v = O is a family of smooth embedded
curves evolving by (2.1) and satisfying ¥ (o, a) > f(a,0) for all a € (0,7),
then W (8, a) > f(a,t) for allt >0 and a € (0, 7).

Proof. We argue by contradiction: if the inequality ¥ (2, a) > f(a,t) does
not hold everywhere, then define ¢y = inf{t : ¥(Q,a) < f(a,t) for some a €
(0,7)}. Since ¥(, a) is continuous in a and ¢, and ¥ (%, a) > f(a,t) for a
sufficiently close to either 0 or m, we have ¥ (€, a) > f(a,t) for all a € [0, 7]
and 0 <t < tg, and there exists ap € (0,7) such that ¥(£,,ao) = f(ao, to).
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Let K be an isoperimetric region in , of area ag, so that |0q, K|=

F(IK; to)-

The concavity of f has topological implications for K:

Lemma 3.1. Let f: (0,7) — R be positive, strictly concave and symmetric
in the sense that f(m — x) = f(x) for each x. If Q C R? is a compact simply
connected domain of area m with V(Q,a) > f(a) for every a, then every
region K in Q with |0 K| = f(|K|) and |K| € (0,7) is connected and simply
connected.

Proof. We first prove that K is connected, by contradiction: suppose K1 and
K> are non-empty open subsets of K with K = K7 U Ko, then we have

F(K]) = |0aK]|
= |00 K1| + |0a K|
> f(KL) + f([K2])
> f(0) + f(|K1] + [K2))
> f(IK]),

where the strict inequality follows from the strict concavity of f. This is a
contradiction, so K is connected.

Since 90 (2 \ K) | = |0aK]| = F(|K|) = f(r — |K|) = £(|2\ K1), the same
argument implies that Q \ K is connected. It follows that 9o K has only one
component and that K is simply connected. O

Lemma 3.2 (First variation). Jq, K has constant curvature equal to f'.

Proof. Given any smooth function ¢ : [0,1] — R, there exists a smooth vari-
ation o : [0,1] X (=6,6) — Qy, with o([0,1],0) = 9, K, 0(0,5) = X (u4(s),
to) and o(1,s) = X(u—_(s),tg), and such that %(CC,O) = ¢(z)n, where
n is the outward-pointing unit normal to K. Write g—‘; = nn + &t, where
t = 0, /|0y is the unit tangent vector, and by assumption 7(x,0) = ¢(x)
and £(x,0) = 0 for each = € [0, 1]. The situation is illustrated in figure 2.
Let K be the region in €;, bounded by the curve o(.,s) for each s €

(=6,0). The area of K, is given by the following expression:

1 (Y do 1 [us(s) 0X
s| = = _— — _— s
| K| 2/00><8xda:+2/u(8))<xaudu

where o is evaluated at (x,s) and X at (u,fp). We can assume that the
parameter u is chosen to be the arc-length parameter at time tg, so that
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Figure 2: A smooth variation of the domain K in {2, .

%—f = T everywhere. Differentiating with respect to s, we find

(3.2) 3|K|—1/1(n+gt)xt| d +1/1 « 9 mtet)d
2 gelfsl=5 ) ouldt5 | o x5 &

+ %mxm) « T(uy) — %fd_X(u_) < T(u)
! 1 1
= /0 n|oz| dx + 5 X (nn + ft)|x:1 — 50 X (nn + ft)|x=0
+ %a+X(u+) X T(uwy) — %u_X(u_) X T(u_)

1
:/ n(z,s)|oy| dx.
0

Here dots denote derivatives with respect to s. We integrated by parts and
used the identity n x t =1 to produce the second equality, and the last
equality uses the following identities which are proved by differentiating the
equations o(1) = X (u_) and 0(0) = X (u4) with respect to s:

om+€6) |,y = 92 (1) = & X(u () = i T(u);
0o 0

(m+€t) |,_g = 55 (0) = 52X (u(s)) = @4 T (us).
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Next we compute the rate of change of the length of o ([0, 1], s) = 0q, Ks:
d o [!
—|0q, K| = — 2| d
Srloa 1l = 5o [ o da
1
(3.3) = / t- 0y (nn+&t) do
0
1
= / 77“0’01‘| + & dz
0

1
0’

1
(3.4) :/ Nke|og| de + &
0

where K, is the curvature of 0. At s = 0 we have n = ¢ and £ =0, so

0 1 ,
5z (00, Kl = FULt0) | o = [ ¢ (50 = 1) o] da

Now we observe that [Oq, Ks| > W(Sk,,|Ks|) > f(|Ks|,to) for each s, with
equality for s = 0. Therefore the derivative with respect to s vanishes when
s = 0 for any choice of ¢, and it follows that x, = f" at each point of 0. [

Lemma 3.3 (Second variation inequality). For any ¢: [0,1] — R,

1 1
n<u>@<1>2+m<u+>w<o>2§} /0 S dx — f(f')? /0 o da
1

g (/0 ¢d$>2-

In particular

(3.5) () + K(uy) < }f(ff’, ).

Proof. We consider the variations from the proof of the previous lemma.
Differentiating Equation (3.2) we find

82

1
@’KA 0 = /O (77 + "72’£0) ‘Ux| +néz dx

1
_/ (7.7""772“30) ‘0w|dx'
0

s=
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To compute the second derivative of the length |dq, K| it is convenient to
differentiate Equation (3.3)

2
—— ‘aﬂroK ‘ _ ‘a 77n+£t | |t' 873 (nn+§t)’ d.’I;
8 ‘O'x’ ‘UI|
/t 0,05 (N + t) dx
1
/ n-9 ‘”n’Jrgt)' dz + -0, (n +€8) |
Oz

+/ Kol - Os (nn + &t) |0y | dx.
0

To expand this further we need to compute %

ot _ 0 (o
s 0s \ |og]

_ O+ &) t-9(m +Et),

It follows that

and hence we have (since £ = 0 for s = 0)

d : B
%(nn—i—{t)}szozﬁn—% <§— T )t.

|02 ]

Substituting this above, and using the result of Lemma 3.2, we deduce

1 2 1
81’ . . pa 1
=/ (0cp) dx+f’/ How| do + (&= 11 ’
s=0 0o loz 0 loz|/ lo

82
ﬁ ‘ 8910 Ks ‘
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Now we observe that differentiating the identity X (u4(s)) = (0, s) twice
with respect to s yields

(ﬁn + <§' - Tx> t) | =0 (m+et)

|02
82

= o2
= 2 (i T(wy)

= i T(uy) — (i) m(ugp)N(uy).

X(uq)

At s = 0 we have N(u4+) = —t(0) and nn|,—o = u4+T(ay), so

(- 1)

Similarly, we have (since N(u_) = t(1) and nn|z—1 = 4_T(u_))

)

Thus the second variation for length becomes

1 2 1
:/ (Op)” da:—i—f’/ o) dz
s=0 0 0

oz

— (0% (us) — (1)*K(u-).

— o(0)2h(u2).

=0

= —p(1)%w(u-).

r=1

82
@ ‘ano KS ‘

Putting the second variations for length and area together, and choosing the
parameter z to be constant speed at s = 0 (so that |o,| = f) we find

82
0< 5 (|90, K| = FUK 1) |

N }/0 o2 dz — 0(0)k(us) — (1) %k (u_)

1 1 2
s /0 o da — f2f" ( /0 wdaﬁ> .

This completes the proof of Lemma 3.3. U
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Lemma 3.4 (Time variation inequality).

o

b4 [ = 20K + £ = £ < m(u) + m(us),

where f' and % are evaluated at (|K|,to), and f’ denotes the derivative of
f with respect to the first argument.

Proof. Consider any smoothly varying family of regions {K;} for t <ty
close to tg, with K;, = K. Describe the boundary curves by a smooth fam-
ily of embeddings o : [0,1] x (tg — d,t0] — R? with o(x,t) € Q, 0(0,t) =
X(ug(t),t), and o(1,t) = X (u_,t). Note that such a family always exists.
Then we have |9q, K| — f(|K¢|,t) > 0 for each ¢ € [tg — I, to], with equality
at t = to. It follows that 0, (|0q, Ki| — f(| K|, 1)) ‘t:to < 0. We compute

1
100, K1 = / 02 da,
0

while

1 1 1 u+(t)
\Kt\:/ O'XO'wdib‘—l-/ X x X, du.
2 Jo 2 Ju_@

Write 0,0 =V + 0. For convenience we choose the parameter u to be arc-
length parametrization for ¢ = tg. Differentiating the first equation gives

a 1
Sl Kil = [ t-0.v 4 o) ds
0
1
= aQth|+/ tadeﬂf
0
1
= 8Qth|+t-V‘(1)+/ ket - Vi]og|dx.
0

Since 0(0,t) = X (uy(t),t) and o(1,t) = X (u—_(t),t) for each ¢, we have

(3.6) (0) + V(0)
(3.7) o(1) + V(1)

X(uy) = £(us)N(ug) + 04T (ug);
X(u-) — k(u—)N(u_) + a_T(u_).

The first terms on left and right cancel. Since N(uy) = —t(0) and N(u_) =
t(1), we have V(0) - t(0) = k(uy) and V(1) - t(1) = —k(u—), and so

8 1
(38) oo K| :\8QtOK\—/<;(u_)—/i(u+)—|—f'/O V- nloy| d.

t=
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Next we compute the rate of change of the area:

o o 1 1 1 ut (1)
K —— [z = X x X,
ot t“t:to Oy <2/0 0 X 054z + 2 /u(t) X

1 1
_/0 (0 4+ V) X0y +0x0(0+ V)] da

2
1 [u
—1—2/ [(X —kN) x X, + X x 0, (X — kN)| du
+ Uy X(ug) x T(uy) —a—X(u_) x T(u—)
1 1 1
:2]KH—/ V X tlog|dz + -0 X V‘
0 2 0
Ut K
+/ K du — §X x N
+ Uy X(ug) X T(uy) —a-X(u_) X T(u_)

1 U4
:2|K|+/ V-n|ax|dx—/ kdu,
0 U

U+

U_

where in the last step we used Equations (3.6) and (3.7), the identities
o(0) = X(us), o(1) = X(u_), 6(0) = —N(us), £(1) = N(u_), T(u_) = n(0),
and T(us) = —n(1), and the fact that the parameter u is chosen to be the
arc-length parameter at time tg, so that | X,| = 1. Now since o([0, 1], o) and
X([u—,uy],to) form a simple closed curve with two corners of angle /2,

the theorem of turning tangents implies

a4 1
/ ndu+/ Koloz|dx =,
a 0

so that (since |o;| = f and K, = f7)

U+
/ kdu=m— ff,

and hence

) - ,
(3.9) e
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Finally, combining Equations (3.8) and (3.9) we deduce
0> 0 (|90, K| = f(IKil,0) |y,
= f —h(u) = w(uy) + f'(m = 2|K|) = f(f)? = 5

as claimed. O

Now we can complete the proof of Theorem 3.1: combining the inequality
from Lemma 3.4 with inequality (3.5), we find

of

—gp TS = 20K]) — FU? < wlun) + w(us) < SFFF FPF)

| =

where f, f" and f” are evaluated at (|K|,to). But this contradicts the
strict inequality in the theorem. Therefore the inequality ¥ (€, a) > f(a,t)
remains true as long as the solution exists. U

4. The isoperimetric profile of symmetric convex curves
with four vertices

In this section, we determine the isoperimetric regions and isoperimetric
profile for convex domains which are symmetric in both coordinate axes
and have exactly four vertices. This result is somewhat analogous to the
characterization of isoperimetric regions in rotationally symmetric surfaces
with decreasing curvature due to Ritoré [14]. We use it in the next section
to construct solutions of the differential inequality arising in Theorem 3.1.

Theorem 4.1. Let v = 0X), where € is a smoothly bounded uniformly con-
vex region of area ™ with exactly four vertices and symmetry in both coor-
dinate axes, with the points of maximum curvature on the x-axis. Let X :
R — R? be the map which takes 6 € R to the point in v with outward nor-
mal direction (cos@,sinf). Then for each 6 € (0,m) there exists a unique
constant curvature curve og which is contained in Q and has endpoints at
X(0) and X (—0) meeting y orthogonally. Let Kj denote the connected com-
ponent of Q \ og containing the vertez of v on the positive x-axis. Then there
exists a smooth, increasing diffeomorphism 6 from (0,7) to (0,7) such that
K, = Kg(a has area a for each a € (0,m), and the isoperimetric regions of
area a in ) are precisely K, and its reflection in the y-axis.

Proof. The result is illustrated in the case of an elliptical domain in figure 3.
Since € is uniformly convex and < is smooth, for each 6 € R there exists a
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Figure 3: Isoperimetric regions of the ellipse {z? + 4y? < 4}, according to
Theorem 4.1.

unique point X (6) € v where the outward unit normal is equal to el =

(cosf,sin ). Furthermore, we can write X () in terms of the support func-
tion h: R/(27Z) — R of Q, defined by h(6) = sup{(z,e’) : z € Q}:

(4.1) X(0) = (h(0) +ih(0))e”.

The radius of curvature at the corresponding point is then given by h” + h.
The symmetry assumptions on {2 imply that h is even and w-periodic.

For strictly convex 2 it was proved by Sternberg and Zumbrun [15] that
the boundary do K of an isoperimetric region K is connected. Therefore we
have two possibilities: the first case is where the curvature of the boundary is
zero, in which case K = QN {z: (x,e%) < r} for some #,r € R. Since do K
meets v orthogonally, the endpoints of points of intersection must have nor-
mal orthogonal to e, and so are the two points X (6 4+ 7/2) and X (6 — 7/2).
But then we must also have (X (6 + 7/2),e?) = (X (0 — 7/2), ), which by
(4.1) and the symmetry of h implies

0= <(h (9+g) il (9+f))ei(9+5)

2

- (h (9 - g) +in (9 - g)) ei(f’—%),eie>

<o (03) (-3

= 2w (6+3).

Lemma 4.1. 1'(6) =0 only for 0 = £ k € Z.
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Proof. Since h is even and m-periodic, we have h®) + 1/ = 0 at each of the
points 0 = %“, so there are four vertices (critical points of curvature, hence of
the radius of curvature) at § = 0, 7/2, 7 and 37 /2. Since there are precisely
four vertices by assumption, we have h(3) + 1/ £ 0 at every other point. By
assumption h” (7 /2) + h(m/2) > h”(0) 4+ h(0), so we must have h®) + 1/ > 0
on (0,7/2).

Now let P(0) = h'(0)cos® — h"(6)sinf and Q(#) = h'(0)sinf + h"(0)
cos#. We have P(0) = h/(0) = 0 and P’ = —(h®) + h/)sinf < 0 on (0,7/2),
so P <0 on (0,7/2]. Also we have Q(n/2) = h/(7/2) =0 and Q' = (h®) +
h')cos@ > 0 on (0,7/2),s0 Q@ < 0 on [0,7/2). But then h'(0) = P(0) cos 0 +
Q(0)sinf <0 on (0,7/2). Thus h has no critical points in (0,7/2), and

kn (k+1)7r>
27 2
and periodic. O

hence also no critical points on ( for any k € Z since h is even

It follows that the only possibilities for isoperimetric regions of this kind
are the intersections of the coordinate half-spaces with 2. These all divide
the area of Q into regions with area 7 /2, and so the only ones which can
be isoperimetric are those with shorter length of intersection, which are the
half-spaces of positive or negative z.

The second case is where the curvature of the boundary of K is non-
zero, in which case K = QN B,(p) for some 7 > 0 and p € R?. In this case
the intersection of the circle S, (p) with « consists of two points X (f2) and
X (01), and since the circle meets 7 orthogonally the line from p to X (6;)
is orthogonal to e, and we have p = X (6;) + rie'?*. Similarly p = X (62) —
riel?2. That is, we have by (4.1)

p = (h(61) + 1k (1) +ir)el = (h(62) + ik (02) — ir)el’2

91+92)/2

The equality on the right can be solved for : multiply by e~ and

write A = 92591. This gives

2ir cos A = (h(62) — h(61)) cos A — (W' (62) + h'(01)) sin A
+1[(h(62) + h(61) sin A + (R'(62) — h'(61)) cos A] .

Since r is real, the real part of the right-hand side vanishes. We denote this
by G(61,02)

G(Hl, 02) = (h(gz) - h(91)) cos A — (h,(eg) + h’(91)) sin A.

Lemma 4.2. The zero set of G consists precisely of the points {01 + 03 =
kr} for k € Z and the points {82 — 01 = 2kn} for k € Z.
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Proof. The symmetry of h implies h(0) = h(6 + kn) = h(kr — 0) and h/(0) =
(0 + kr) = —h'(km — 0) for any k € Z. Thus when 02 4+ 0; = kn we have
h(02) = h(kw — 61) = h(01) and h/(62) = B/ (km — 61) = —h'(0:1), and hence
G = 0. Also, when 03 — 61 = 2k7 then we have sin A = 0 and h(02) — h(61) =
0, so G = 0. To show the converse, we compute the derivative of G along
lines of constant 871 + 65:

G  r(0y) cos A — L(h(By) — h(61)) sin A
965 2
—B(0y)sin A — %(h’(&l) 1 (05)) cos A
— _(W"(8) + h(8)) sin A
+ %(h’(@) —(01) cos A + %(h(el) + h(63)) sin A;
% = —h’(01) cos A + 1(h/((gl) — h/(ez) sin A
20, 2

—B(0y)sin A + %(h'(eg) +B(01)) cos A
= —(h"(61) + h(61))sin A
+ %(h'(eg) W (1) cos A + %(h(el) + h(8)) sin A.

Taking the difference gives

(4.2) gg - gg — [(B"(01) + h(6r)) — (" (8) + h(0)] sin A

As above, the assumption that « has exactly four vertices with the points of
maximum curvature on the z-axis implies that A" + h is strictly increasing on
intervals [km, (k + 3)m], and strictly decreasing on intervals [(k + 3)m, (k +
1)m] for any k € Z. The symmetries of h imply that G is odd under reflec-
tion in the lines 61 + 605 =0, 85 — 0, =0 and 65 + 61 = w, and even under
reflection in the line 0y — 0 = m, and that G(61 + 7,02 + 7) = G(01,02)
and G(6y + 7,02 — m) = —G(601,02). Therefore it suffices to show that G #
0 on the fundamental domain W = {(61,62) : 61 € (=5,%), 62 € (|61],7—
|601])}. The monotonicity of h” + h implies that h”(62) 4+ h(62) > h"(61) +
h(61) on W. Equation (4.2) implies that G is increasing along lines of con-
stant 01 + 02 in W away from the line {#2 = 61} where G = 0. Hence G is
positive on W as required. [l
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The lemma implies that the only candidates for boundaries of isoperi-
metric regions of this type are the following two families:

For each 6 € (0,7/2) there is a unique region Ky = QN B, (p(0)),
where p(0) lies in the positive = axis, and the outward normals to 2 at the
endpoints of doKj make angles £60 with the positive z-axis. In this family
we also take K7, to be the intersection of ) with the positive x half-space,
and K _, is the exterior in € of the reflection of Kj in the y-axis.

The second family is similar but with centres on the y-axis: Kg =N
B9)(q(0)), where g(0) lies in the positive y-axis, and the outward normals
to Q at the endpoints of do K] makes angles 60 with the positive y-axis, for
0 <0 < 7/2, while Kg/2 is the intersection of 2 with the upper y half-space,
and K”_, is the exterior in Q of the reflection of K/ in the z-axis. Note that
these regions are candidates for the isoperimetric region only if Kg has only
a single boundary curve, which is not always the case.

Note that we do not claim at this stage that the regions Ky and Kg
define simply connected sub-regions of Q for every 6 € (0,7): the curves
certainly exist, but may intersect the boundary of ) at other points. Indeed
this certainly occurs for very long, thin regions for the family K g . We will
prove below that the family Kj are always simply connected and have a
single boundary component.

The following result shows that only the Kj can be isoperimetric
regions:

Proposition 4.1. For any 0 € (0,7) for which OaK} is connected, there
emsts a smooth family of regions {K(s): |s| <<5} with K(0) = K,
41K(s)| =0 for all s, and d|89K( )’: =0, and L 2|00 K (s )‘S: <0. In

partzcular K does not minimize length among regions with the same area.

Proof. The idea of the proof is to use the fact that the isoperimetric domains
inside a round ball are neutrally stable (with the direction of neutral stability
given by rotation around the disk). We will transplant this variation onto
0o K g to produce an area-preserving variation for which the second variation
of the length |0q K| is negative.

As in Lemma 3.2 we parametrize 0o K by a smooth map oo : [0,1] —
Q with 0¢(0) = X(7/2+0) and oo(1) = X(7/2 —0), and |0,00| constant
(equal to the length |9qK}|). For any smooth function ¢ : [0,1] — R with
fo wdx =0, gy can be extended to a smooth family of embeddings o :
[0,1] x (0,0) — © with the following properties: o(x,0) = og(x) for all x €
[0,1]; 0(0,s) = X(04+(s)) and o(1l,s)=X(0_(s)) for some 6Oi(s);
gs (z, S)‘s:(] = ¢(z)n(z), where n is the outward-pointing unit normal to
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Figure 4: A candidate isoperimetric region Kg , given by the intersection
with Q of a disk with centre on the y-axis. Also shown is a disk B of radius

r= % which meets the same curve orthogonally.
K g ; and the areas of the enclosed regions K are constant:
1 /1 0+ (s)
|K5|:—/ O'XO'de-I-/ X x Xpdf = |K}|.
2 Jo 0_(s)
do

As in Lemma 3.2 we write 37 =mm+¢t, so that n(z,0) = ¢(r) and
&(x,0) = 0. The computation of Lemma 3.3 yields the following;:

o2 Lo
9az s = . o)z =Y
852| Hs:o /0 (N4 ¢°ke)|oz| dz =0

0? ! (@%) t. 2 2
Srlontll = [ 2 ety [ il do = p0PR(0:) — (1)(0-).

oz

The first identity gives an expression for fol n|o| dz, which we substitute in
the second equation to give

82 1 ((PZ)
skl = [ 2 = w2 da
X

(4.3) — (0% K(m/2 +0) — p(1)*k(m/2 — 0),

since £4(0) = 7/2+ 60 and k_(0) = /2 — 6.

It remains to choose ¢ to make this expression negative. To do this we
note that there is a unique disk B which meets the curve oy orthogonally
at the same pair of endpoints (see figure 4). By symmetry B has centre



524 Ben Andrews & Paul Bryan

on the y-axis, and we denote the curvature of B by k. Now consider the
area-preserving variation corresponding to rotation of the curve oy about
the centre of the circle B. This does not change either the enclosed area or
the length in B, so for the corresponding function ¢ we have

_ ! (¥2) 2.2 _ 2= 2
0= 7~ o¥loa|dz — p(0)°R — p(1)°R.
0

|02 ]

Substituting this in Equation (4.3) then gives a variation in € for which

2
izlanKsl |o—o = ©(0)* (R = K(m/2 + 0) + (1)* (R — K(m/2 — 0))
= 2¢(0)* (& — (1/2+9)),

where we used the symmetry in the last equality. Since ¢(0) # 0, it remains
only to prove that k(w/2 + 0) > k.

By symmetry it suffices to prove this for 0 < § < 7/2. The point on =
with normal direction making angle § with the y-axis is given by X (0 4+ 7/2),
where X is given by Equation (4.1). Note that %—{g = (W 4 h)iel? = tie'?, so
integrating we find

w240 ’
X(7T/2—|—9)=X(7T/2)—|—/ tiel? do’.
w/2

By symmetry, the & component of X (7/2) vanishes, so

/240
(X(m/2+0),1) = —/ tsin(6') do'.
w/2

Now we do the same computation for the circle which meets both X (/2 + )
and X (m/2 — 0) tangentially (i.e., for the boundary of B). Denote the point
on this circle with normal direction § by X (#). By symmetry we have X (/2)
on the y axis, and hence the z component of X (7/2 + ) is given by

B /2460
(X(m/2+6),1) = —/ tsin(6') do’,
w/2

where Tt is the radius of curvature of this circle. Since X (7/2 +0) = X (7/2 +
6), we have

ST e(0') sin(0') dor

JEEt sin(0) der

T =
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By assumption, t(#’) is strictly decreasing on the interval /2, 7/2 + 6], so
t(0') > v(w/2 + 0) for every 0 € [w/2,m/2 + 0). Therefore we have

1 1
P o > 2 9 = -
P ®(r/2+6) k(m/2 4 0)
as required. This completes the proof of Proposition 4.1. O

To complete the proof of Theorem 4.1 it remains to check that K7 has
a single boundary curve in Q for each 0 € (0,7), and that for each value
of a € (0,m) there is a unique § € (0,7) such that |K7| = a. This suffices
to prove the theorem, since the result of [15] implies that the isoperimetric
region is connected and simply connected, and hence must consist either of
one of the regions K or the exterior of such a region.

Lemma 4.3. For each 0 € (0,7) the disc B centred on the x-axis which
passes through X (0) and X (—60) has curvature strictly greater than the cur-
vature of v at X (£0), and is contained in Q.

Proof. We first show the inequality between the curvatures. By assump-
tion, the point of maximum curvature (hence minimum t) is at § = 0, and
we have t strictly increasing on the interval (0,7/2). Choose the origin
to be at the centre ¢ of the ball B, and let A be the support function.
From Equation (4.1) we have X’(¢) = ire!®, so the vertical component y
satisfies y/(¢) = t(¢) cos ¢. Since y(0) =0 by symmetry, we have y(6) =
foe t(¢) cos pdp < v(0) foe cos ¢pdgp. Now the ball B also has y coordinate
7(0) = 0 and 7'(¢) = Tcos ¢, and by assumption 7(0) = y(), so we have

0 0
t/o cospdp =y(0) = y(f) < t(9)/0 cos ¢ do,

from which it follows that t(#) > t.

Next we show that the ball B is inscribed. We prove this only for 6 €
(0,7/2), since the result for § > /2 follows by symmetry, and for § = /2
by continuity. It suffices to show that h >t everywhere. We prove this first
on the interval [0,6]: set v =h', and ¢ =t/ > 0. From Equation (4.1) we
note that X (0) = (h(0),R'(0)) lies on the x-axis, so v(0) = h'(0) = 0. Also,
by our choice of origin te® = X (0) = h(0)el +ih/(0)e??, so v(8) = h'(§) = 0
and h(0) =t. We can also write v” +v = ¢ > 0. It follows that v <0 on
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[0, 8]: for example we can use the representation formula

_ sing o sin(f — ¢) /¢ .
v(¢) = T end S sin(f — o) da — g ; sinada <0,
for 0 < ¢ < . Therefore we have h(¢) f B (a) da > h(0) =t for

0 < ¢ < 0. By symmetry the same holds for —0 < gZ) < 0
Now on the interval (6, 7/2] we have t(¢) > t(f), so the function w =
h — t satisfies w(0) = 0, w'(0) = 0 and f = w” + w > 0. Therefore

¢
w(p) = /9 sin(¢ — a) f(a) dae > 0,

so that h(¢) = w(¢) +t > tfor § < ¢ < /2, and by symmetry we now have
h >t on [—m/2,7/2], with a strict inequality except at £6. Also, we have

¢
w'(¢) = /0 cos(¢p — a) f(a) da > 0,

Thus in particular z(7w/2) = —w'(7/2) < 0. The reflection symmetry implies

that y(r — 6) = y(6) and 2(x — 6) — 2(x/2) = —(9) — x(n/2), 50 w(r —
@) = —x(¢) + 2x(7/2) < —x(¢). Finally, for ¢ € (—m/2,7/2) we have

h(m + ¢) = z(m + ¢) cos(m + ¢) + y(m + ¢) sin(m + ¢)
= —(22(m/2) — x(=¢)) cos ¢ + y(¢) sin ¢
= h(¢) — 2z(mw/2) cos ¢

vV
al

Thus we have h > t everywhere, so the ball B is inscribed in €. O

It follows that the boundary doKj consists of a single arc from X (0)
to X (—0), since two circles cannot meet at three points unless they are
identical. It remains only to show that the area is monotone along this
family.

We assume initially that 6 € (0,7/2). Then the radius of curvature p of
the boundary curve of Kj is given by p = -, where y = (X(6),1) is the
distance of X (6) from the z-axis. This situation is illustrated in figure 5.
Noting that 9pX = irel?, we have Jpy = (ive'? i) = vcos@, where t is the
radius of curvature of v at X (#). From this we obtain the following expression
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~

-

Figure 5: Construction of the region Kj by intersecting €2 with a disk of
radius p centred at p, showing the inscribed disk B of radius t.

for the rate of change of the radius of curvature p of the boundary as 6 varies:

Y tcosf  ysinf
9 :a( ): — v+ ptanf.
op 9\ cos o cos @ + cos? 6 v+ ptan

An expression for the area of Kj can be computed as follows: we compute
the area of the sector of the disk of radius p and angle m — 20, subtract
the area of the triangle subtended by p, X(0) and X(—0), and add the
area between 7 and the line from X (0) to X(—6): this gives (assuming
6 € (0,7/2))

0
|Kj| = (g - 9) p* — p?sinf cos b —I—/ (X (') — X(—0")) x Xy(6')db'.
0
Differentiating with respect to 6, we find
D |K§| = —p* 4 (7 — 20)p(t + ptan ) — p*(cos® § — sin’ 0)

— 2psinfcosf(t + ptand) + (X (0) — X (—0)) x vie
= p2 (=24 (7 —26) tanh) + vp ((m — 20) — 2sinf cos b)

[O] [— sin 0}
+ 2t X
Y cos

= p* (=2 + (7 — 20) tan 6) + tp(m — 26).
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Now we use the result of Lemma 4.3 which gives t >t = £+, so that

0o | K| > p* (—2+(7r—29) (tan0+ 10>> .

tan
9 ™ — 260
= B S
p ( * sin@cos@)
212 ,
= m (Z — Sln Z) N
where z = m — 26 and L = |0q K| is the length of the boundary curve, and
we used the identity zp = L. The right-hand side is strictly positive for
z € (0,7), and has limit L?/3 as z — 0. It follows that dpA is strictly positive
for 6 € (0,7/2], and by symmetry the same is true for 6 € [7/2, 7). a

Remark. Although we do not need it here, one can prove that the family
Kj is increasing in 6, and in fact one can construct a smooth embedding o
from (0,1) x (0,7) to the interior of € such that Kj = o((0,1) x (0,6) and
Opo = nn, so that ¢ varies in the normal direction everywhere.

5. The equality case and model solutions

In this section, we demonstrate a correspondence between solutions of the
comparison equation arising in Theorem 3.1,
af o —1 ! 23 el ! 1\2

(5.1) 5= FULL P+ F+ f(m=2a) = f(f)7,
and certain solutions of the normalized curve-shortening flow. Note that by
the expression (3.1), Equation (5.1) is a strictly parabolic fully non-linear
equation for f in the region where F[ff’, f3f"] > 0.

Most important for our purposes is the following method of constructing
solutions:

Theorem 5.1. Let Qg be a compact convex subset of R%, symmetric in both
coordinate axes and with smooth boundary curve vy given by the image of
a smooth embedding Xo: S' — R? and having exactly four vertices, with
the mazima of curvature located on the x-axis. Let X : S!' x [0,T) — R?
be the solution of (2.1) with initial data Xo. Then for each t € [0,T), the
region Q) enclosed by v, = X(S',t) is a compact convex region symmet-
ric in both coordinate axes, with exactly four vertices and with the max-
ima of curvature located on the x-axis. For each t, let K,; be the fam-
ily of isoperimetric regions for §; constructed in Theorem 4.1, and define
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fla,t) =100,Ka|. Then f: (0,7)x[0,T) — R is a symmetric concave
solution of equation (5.1) with lim, % =1 and F[ff, f3f"] > 0.

Proof. The symmetry of €2; follows from the geometric invariance and
uniqueness of solutions, and preservation of convexity was proved in [7].
The result of [3] implies that the number of critical points of curvature
cannot increase, and the four-vertex theorem implies there are always at
least four vertices, so there are always exactly four vertices for ¢t > 0. The
symmetry implies that these are located on the axes, and the maxima of
curvature therefore remain on the z-axis. It follows from Theorem 4.1 that
f(a,t) is the isoperimetric profile of €; for each t. The symmetry of f is
immediate from the symmetry of €; and the definition of f (i.e., we have
f(a,t) = f(m —a,t)). The concavity of f is proved in [15] (in fact it was
proved in [13] that f? is also concave — this can be deduced directly by
substituting ¢ = 1 in the second variation inequality (5.2) below and using
the convexity of €;). It remains to show that f satisfies Equation (5.1).

For any fixed ¢, along the family {K,;} we have |0q, Ko = f(|Katl,t),
while for all regions we have |0q, K| > f(|K|,t). It follows from Lemma 3.2
that k, = f’, where o is the curvature of the boundary curve o of K. By
Lemma 3.3 the second variation inequality holds, i.e.,

n(u_>w<1>2+n<u+>so<o>2s} / o2 dr — f(f)? / 2 du

0 0
(5.2) ~ ( / 1 wdw>

On the other hand, for the particular choice of ¢ corresponding to moving
through the family {K,;} in such a way that the endpoints of the boundary
curve move with unit speed, we have equality in the above inequality, and
©(1) = ¢(0) = 1. Therefore by the definition of F,

2

(5.3) (us) + Aluy) = }f(ff', %)

Now consider the family of regions {K, .} for fixed a, as ¢ varies. The proof
of Lemma 3.4 gives that

0= at (|8§2th| - f(|Kt|’t)) ‘t:to
(5.4) = f—w(u-) = Klug) + f'(m = 2|K|) = f(f")? = 5

Combining Equations (5.3) and (5.4), we deduce that (5.1) holds. O
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Corollary 5.1. Let {;: 0<t<T} be any smooth compact embedded
solution of the normalized curve-shortening flow (2.1), and let {©;: 0 <
t < T} be any solution of (2.1) for which ©¢ is a smoothly bounded com-
pact convex region with reflection symmetries in both coordinate axes and
exactly four vertices, such that U(Qo,a) > ¥(Og,a) for every a € (0,m).
Then W(Qy,a) > ¥(Oy,a) for all a € (0,7) and all t € [0,T).

Proof. Let f: [0,7] X [0,7) — R be as in Theorem 5.1. Under the assump-
tion ¥(a,0) > f(a,0), we will construct a family of functions f. satisfying
the assumptions of Theorem 3.1 such that lim._.¢ f. = f. That is, we need
fe(a,0) < f(a,0), limsup,_,o % < 1, and f. should satisfy the strict dif-
ferential inequality in Theorem 3.1.

It is convenient to work with the function v(a,t) = % f(a,t)? instead of

f- Equation (5.1) then becomes

21) = G[v] + 2v + /(7 — 2a) — (v')?,
where

6ol =~ L1 £ 21" = (min {0, 5o = o+ COS(“'/”)})_I.

200" (V)2 20 sin(v'/2

Furthermore, we know that v is strictly concave by the result of [13], and has
|v'(a)] < 7 for a € (0,7) by combining the strict concavity with the result
of Proposition 2.1.

We accomplish the construction in two stages: first, we construct strictly
concave solutions of the strict differential inequality on slightly smaller
domains: fix C' > 2, and set =1 —ee“* and 7 = fot p=L(t')dt', and define

ve(a,t) = po (7/2+ p~ (o —7/2),7),

for ee“* <a<7m—ee® and e < 1. Then v, =0v and wv.v” =",

50 G[ve] = G[v]. We also have (denoting time derivatives by dots)

a . .O0v ;9.
il = A+ pt o — po e — m/2)
1
= Glo] + 2+ o +'(m = 20) (" + gp i) = (V)
2+ 4

= Gloe] + = = (v + vi(m = 2a)) — (v))?

< Glve] + 2ve + vl(m — 2a) — (vé)Q,
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where v, is always evaluated at (a,t), while v is evaluated at (7/2 + p = (a —
7/2), 7). We used the identities 7 = 1 and 2;“7” < 1 (coming from our choice
C > 2). Thus for any € > 0, v, satisfies the required strict inequality.

Next we must overcome the difficulty caused by the fact that v, is not
defined on the whole interval (0, 7). To do this we simply replace v by the
smallest concave positive function which lies above it, as follows: we define

Ue(a,t) = max {sup {gvg(x,t) sz € (a,m— 5eCt)} ,
x

sup{” N e(a,t): w € (5eCt,a)}} .

m™T—X

By smoothness and strict concavity of v., there exists ee“* < a_(t) < /2
depending smoothly on t such that

a
—uv(a—,t), 0<a<a_;

e (a,t) = { ve(a), a_<a<m—a_;
T—a

ve(a_,t), m—a_ <a<m,
a_

where a_ is characterized by the condition v’ (a_) = % ¥ is then CL!

and concave, and positive on (0, 7). The corresponding function fe = /20,

is strictly concave. Note also that ¢.(0) = v.(a—) € (0,7), so the boundary

requirement lim sup,_, % < 1 is satisfied. We check that . still satisfies

the strict differential inequality: for a € (a—,m — a_) this is immediate since

we have checked the inequality for v.. In the case a € (0,a_) we have
gt@g(a) - a“gtvg(a_)

< a% (Glve] + 20. + vl(m — 2a_) — (v)?).

Since v”(a) = 0 we have G[:(a) = 0 > 2G[ve](a_). Also 9. (a) = vL(a_), so
that

2 () < Gl6u] + 20 + (m — 20) — (2)” — ol (1~ )~ 70)
< G[e] + 20, + V(7 — 2a) — (31)%

The case a € (7 — a_, ) follows by symmetry.
Now for any € > 0 we can apply Theorem 3.1 to show that ¥ (2, a) >

fe(a,t) (we leave it to the reader to check that the fact that f. is only



532 Ben Andrews & Paul Bryan

Figure 6: The un-normalized paperclip for a range of 7 < 0.

C1! and piecewise smooth is no obstacle). Letting ¢ — 0 we deduce that
U(Q,a) > f(a,t) = V(O a) for all a € (0,7) and t € [0,T). O

Corollary 5.2. Under the conditions of Corollary 5.1, the curvature k of
08 satisfies maxpq, k < maxge, k.

Proof. This follows immediately from Corollary 5.1 and the asymptotic
behaviour of the isoperimetric profile given in Proposition 2.1. O

6. Upper curvature bound from the Angenent solution

In this section, we compare with an explicit solution to produce an upper
curvature bound for any embedded smooth solution of the normalized curve
shortening flow Equation (2.1). The “paperclip” solution of (1.1) is given by

O, ={(#,9) € R x (—7/2,7/2) : € cosh(z) — cos(§) <0}, 7<O0.

This is illustrated in figure 6. This solution contracts to the origin with
circular asymptotic shape as 7 — 0. In bounded regions it converges as 7 —
—o0 to the parallel lines y = +7, while near the maxima of curvature it is
asymptotic to the grim reaper {x = —7 + log 2 + log cos y }.

Corresponding to this is the solution of (2.1) given for ¢t € R by
O; = {(aﬁ,y) syl < get, e 2% " cosh (e*taﬁ) — oS (e*ty) < 0} .

The curvatures can be computed exactly: since O is a sub-level set of the
convex function G(z,y) = e” coshZ — cos g, we have for (z,7) € 00,

_ VG _ 1 [eT sinh x} 1 [eT sinh :p]
VG| Ve sinh?# +sin?g L SinY V1—e2r | sing

N(z,7)
so that

R e | o 1 —sing
T(‘T7y) - |:1 0 :| N(ﬂl‘,y) - /71 —e27' |:e7'sinhj:| ‘



Isoperimetric profile comparison for curve shortening flow 533

The curvature is then given by

T 1
R(Z,9) =DtN-T = —®  _ coshi= ————cos 7.

V1 —e27 1 —e?7

The only critical points of k£ are where g =0 or £ = 0, and the points of
maximum curvature lie on the Z-axis and have value (1 —e?7)~1/2. The
rescaled regions O, therefore satisfy the conditions of Theorem 5.1, and
have maximum curvature given by

e—t

K =
" e

We claim that for any simply connected region )y of area m with smooth
boundary g, there exists to such that ¥(Qg, a) > ¥(Oy,,a) for all a € (0, ).
To see this, note that for fixed a € (0, 7) we have ¥(0;,a) = me'(1 + o(1)) —
0 ast — —o0, since O, is asymptotic to a pair of parallel lines with separation
mel. The asymptotic grim reaper shape gives for a > 0

1
=1+ 1672)& +0(e™) ast — oo.

U(0y,ae®) ='W (B, a)(1 +0(1)) ast— —oo,

where & is the grim reaper {z <logcosy, |y| < m/2}. The existence of a
suitable ¢y follows, and hence by Corollary 5.2 we have xk < e 710

A/ 17675*2(t7t0) ’
1

and so k <1+ 1672@77&0) + O(e ) as t — oo for any closed curve evolving
by the normalized curve-shortening flow.

7. Exterior isoperimetric profile and lower curvature bound

In order to deduce long-time existence of the solution of normalized curve-
shortening flow, it suffices to show that the curvature remains bounded. The
previous section gave an upper bound, and in this section we prove a lower
bound by considering the exterior isoperimetric profile. We begin with the
analogue of Theorem 3.1 for the exterior profile:

Theorem 7.1. Let f: Ry x [0,00) — R be continuous, smooth where both
arguments are positive, concave in the first argument for each t, and such

that limsup,_, {/(% <1 and limsup,_, f(;’fz) <1, and

A OSP4 - 20) -
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for all a >0 and t > 0. Suppose v, = 08 is a family of smooth embedded
curves evolving by (2.1) and satisfying Ven(Qo,a) > f(a,0) for all a >0,
then Wep(Q,a) > f(a,t) for allt >0 and a € (0, 7).

Proof. The proof is closely analogous to that of Theorem 3.1. We first estab-
lish conditions under which the isoperimetric exterior domains are simply
connected and have a single boundary curve:

Lemma 7.1. If f: Ry — R is strictly concave and strictly increasing, and
Q C R? is a compact simply connected domain with ¥ (2, a) > f(a) for every
a >0, then every region K C R?\ Q with |Op2\ K| = f(IK]) and |K| > 0 is
connected and simply connected.

Proof. As in the proof of Lemma 3.1, K is connected since f is strictly
concave. Now suppose that R? \ (Q U K) is not connected. Then there exists
a component L of R?\ (U K) which is bounded. Let K be the interior of
(K UL). Then every boundary component (relative to R2\ Q) of K is a
boundary component of K, so \BRz\QK\ < [Opa\o K|, while |K| > |K|. But
then since f is strictly increasing, we have

|Ore\a K| < |0pna K| = f(IK]) < (KD,

which contradicts the assumption of the Lemma. Therefore K and its com-
plement in R? \ Q are connected, so K is simply connected. O

The behaviour of the exterior profile for small a is determined by Propo-
sition 2.1. We also need to establish the behaviour for large a:

Lemma 7.2. For Q C R? compact, limg_.o % =1.

Proof. The upper bound is trivial, since for any a > 0 we can choose K
to be a ball of area a which does not intersect €2, giving f(a) < |[0K| =
V/4ra. For the lower bound, let K be an isoperimetric region of area a in
R2\ Q. Then Op:K C Ip\ oK U 09, s0 [Or2 K| < |02\ K| + |09 By the
isoperimetric inequality for the plane we have |Op: K| > \/47|K| = /47a.
Combining these inequalities we find f(|K|) > v4ma — |09]. O

This guarantees that under the assumptions of Theorem 7.1, at the first
time where the inequality does not hold strictly, we must have equality for
some a € (0,00). The remainder of the proof is identical to that in Theo-
rem 3.1 (except that since we are working with the exterior of )4, the normal
direction and the curvature are replaced by their negatives throughout). [
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To apply this we prove a result analogous to Theorem 4.1:

Theorem 7.2. Let v = 0f), where € is a smoothly bounded non-compact
strictly convex region with only one vertex and reflection symmetry in the
x awis. Let X : (—0p,00) — R? be the map which takes 6 to the point in
with outward normal direction (cos@,sinf). Then for each 6 € (0,6¢) there
exists a unique constant curvature curve og which is contained in Q) and has
endpoints at X(0) and X(—0) meeting v orthogonally. Let Kj denote the
compact connected component of Q\ og. Then there is a smooth, increasing
diffeomorphism 6 from (0,00) to (0,6) such that K, = K3,y has area a for
each a € (0,00), and the isoperimetric region of area a in  is K.

Proof. By convexity, 9 is defined by an embedding X : (—6g,6y) — R? for
some 0y € (0,7/2] which takes 6 to the point in 992 with outward normal
direction #. The argument of [13] shows that ¥(Q,a)? is strictly concave,
hence strictly increasing since it is defined and positive for all positive a. By
the argument in [15] or Lemma 7.1 the boundary of any isoperimetric region
is a single circular arc meeting 0f) orthogonally at both ends. The argument
of Theorem 4.1 shows there is only one candidate for an isoperimetric region
for each a > 0, which is that given in the theorem. O

To produce suitable solutions of the differential inequality we consider
suitable non-compact solutions of the normalized flow:

Theorem 7.3. Let Qg be a non-compact convex subset of R?, with smooth
boundary curve vg given by the image of a smooth embedding Xo : S* — R?,
and assume Sy is symmetric in the x-axis and has only one vertex. Let
X : S1x[0,T) — R? be the solution of (2.1) with initial data Xo. Then
for each t € [0,T), the region Q enclosed by v = X (S*,t) is a non-compact
convex region symmetric in the x axis, with only one vertex. For each t, let
K, be the family of isoperimetric regions for 4y constructed in Theorem 7.2,
and define f(a,t) = |0q,Ka|. Then f: (0,00) x [0,T) — R is an increasing

concave solution of Equation (5.1) with lim, {/(% =1, FIff', 21" >0,
flat) _

and hma_>oo m = 1.

The proof is the same as that of Theorem 5.1, using Theorem 7.2 instead
of Theorem 4.1. Arguing as in Corollary 5.1, we deduce a comparison theo-
rem:

Corollary 7.1. Let {2 : 0<t<T} be any smooth compact embedded solu-
tion of the normalized curve-shortening flow (2.1), and let {©;: 0 <t < T}
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be a solution of (2.1) for which ©q is a smoothly bounded non-compact con-
vex region with reflection symmetry in the x-coordinate axes and exactly one
vertez, such that Wext (2o, a) > VU (Og,a) for every a > 0. Then Yex (Q,a) >
U(O,a) for alla >0 and allt € [0,T).

The asymptotics for small a of the exterior profile given in Proposi-
tion 2.1 then imply the following:

Corollary 7.2. Under the conditions of Corollary 7.1, minpqg, kK >
— maxgpe, K-

Now we apply this for a particular choice of model region to deduce the
required lower curvature bound:

Theorem 7.4. For any compact embedded solution of (2.1) there exists C
such that k(x,t) > —Ce™t fort > 0.

Proof. We choose as a comparison region a solution of (2.1) arising from a
homothetically expanding solution of curve-shortening flow (see [4, Th. 5.1]
or [12]) which we can construct as follows: define h : (—6p, 6y) — R implicitly
by

/1 dz
0= ,
o) /1 — 22— Clogz

where 0y € (0,7/2) is determined by C' > 0. 6 is strictly monotone in C
and approaches 0 as C' — oo and approaches 7w/2 as C' — 0. The curve given
by the image of the map X in Equation (4.1) on the interval (—6g,6p) is
then a complete convex curve asymptotic to the lines of angle +6y with
a single critical point of curvature at # = 0, at which point the curvature
takes its maximum value of 1/C. At every point of the curve the equation
k = —C~1{X 1) holds. Let © be the non-compact convex region enclosed by

this curve. Then the regions ©, = \/%T@ satisfy the curve-shortening flow,
and the rescaled regions ©; = r(t)© satisfy the normalized curve-shortening

flow (2.1), where r(t) = 4/ e2tC—1 for t > 0.

Ast = 0 the region O, converges to the wedge of angle 26y, so the isoperi-
metric profile is exactly v/46pa for a > 0. In particular for any smooth simply
compact region €, for sufficiently small 8y we have Weyi (Q0,a) > ¥ (O, a)
for every a, and by continuity we also have Wy (Qq,a) > ¥(Os,a) for all a

for small 6 > 0. Corollary 7.1 gives Kk > —1/(Cr(t)) = —\/ﬁ. O
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Remark. One could also apply the comparison theorem with ©; = et~ @&
for sufficiently large tg, where & is the convex region enclosed by the grim
reaper curve. This gives the lower bound x > —Ce™t for some C. The com-
parison used above is interesting because it implies curvature bounds for
positive times, independent of any initial curvature bound, provided the ini-
tial exterior isoperimetric profile is bounded below by C+/a for some C, and
the initial isoperimetric profile is bounded below by C' min{\/a, /7 — a}.

8. Proof of Grayson’s theorem

We have proved upper and lower bounds on curvature for any compact
simply connected region with boundary evolving by (2.1), with the upper
curvature bound exponentially decaying to 1 as ¢ — co. The argument in [1,
Sections 34| applies, proving Grayson’s theorem.
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