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Refined analytic torsion for twisted
de Rham complexes

RunGg-TzuNGg HuaNG

Let E be a flat complex vector bundle over a closed oriented odd
dimensional manifold M endowed with a flat connection V. The
refined analytic torsion for (M, FE) was defined and studied by
Braverman and Kappeler. Recently, Mathai and Wu defined and
studied the analytic torsion for the twisted de Rham complex with
an odd-degree closed differential form H, other than one form, as
a flux and with coefficients in E. In this paper, we generalize the
construction of the refined analytic torsion to the twisted de Rham
complex. We show that the refined analytic torsion of the twisted
de Rham complex is independent of the choice of the Riemannian
metric on M and the Hermitian metric on E. We also show that
the twisted refined analytic torsion is invariant (under a natural
identification) if H is deformed within its cohomology class. We
prove a duality theorem, establishing a relationship between the
twisted refined analytic torsion corresponding to a flat connection
and its dual. We also define the twisted analogue of the Ray—Singer
metric and calculate the twisted Ray—Singer metric of the twisted
refined analytic torsion. In particular, we show that in case that the
Hermitian connection is flat, the twisted refined analytic torsion is
an element with the twisted Ray—Singer norm one.

1. Introduction

Let FE be a flat complex vector bundle over a closed oriented odd-dimensional
manifold M endowed with a flat connection V. Braverman and Kappeler
[4-8] defined and studied the refined analytic torsion for (M, E'), which can
be viewed as a refinement of the Ray—Singer torsion [9, 15, 18] and an
analytic analogue of the Farber—Turaev torsion, [10, 11, 22, 23]. It was shown
that the refined analytic torsion is closely related with the Farber—Turaev
torsion,[4, 5, 8, 14].

In [16, 17], Mathai and Wu generalize the classical construction of the
Ray—Singer torsion to the twisted de Rham complex with an odd-degree

401



402 Rung-Tzung Huang

closed differential form H, other than one form, as a flux and with coef-
ficients in E. The twisted de Rham complex is the Zs-graded complex
(Q*(M, E),VH), where (Q°(M, E) is the space of differential forms with
coefficients in £ and V! :=V + H A-. Its cohomology H®*(M,E,H) is
called the twisted de Rham cohomology. Mathai and Wu [16] defined the ana-
lytic torsion of the twisted de Rham complex 7(M, E, H) € Det (H*(M, E,
H )) as a ratio of (-regularized determinants of partial Laplacians, multiplied
by the ratio of volume elements of the cohomology groups. They showed that
when dim M is odd, 7(M, E, H) is independent of the choice of the Rieman-
nian metric on M and the Hermitian metric on E. They also showed that
the torsion 7(M, E, H) is invariant (under a natural identification) if H is
deformed within its cohomology class and discussed its connection with the
generalized geometry [13].

In this paper, we define the refined analytic torsion for the twisted de
Rham complex pan(VH) € Det (H®*(M, E,H)). We show that the twisted
refined analytic torsion p.,(V#) is independent of the choice of the Rie-
mannian metric on M and the Hermitian metric on E. We then show that
the torsion pan (V) is invariant (under a natural identification) if H is
deformed within its cohomology class. We also establish a duality theorem,
establishing a relationship between the twisted refined analytic torsion cor-
responding to a flat connection and its dual, which is a twisted analogue
of Theorem 10.3 of [5]. In the end, we define the twisted analogue of the
Ray—Singer metric and then calculate the twisted Ray—Singer norm of the
twisted refined analytic torsion. In particular, we show that in case of flat
Hermitian metric, the twisted refined analytic torsion is an element with the
twisted Ray—Singer norm one.

The paper is organized as follows. In Section 2, we review some stan-
dard materials about determinant lines of a Zo-graded finite dimensional
complex. Then we define and calculate the refined torsion of the Zs-graded
finite-dimensional complex with a chirality operator. In Section 3, we define
the graded determinant of the twisted version of the odd signature operator
of a flat vector bundle E over a closed oriented odd-dimensional manifold
M. We use this graded determinant to define a canonical element ppy of
the determinant line of the twisted de Rham cohomology of the vector bun-
dle E. We study the relationship between this graded determinant and the
n-invariant of the twisted odd signature operator. In Section 4, we first study
the metric dependence of the canonical element pp and then use this ele-
ment to construct the refined analytic torsion twisted by the flux form H. We
show that the twisted refined analytic torsion is independent of the metric
g™ and the representative H in the cohomology class [H]. In Section 5, we
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first review the concept of the dual of a complex and construct a natural
isomorphism between the determinant lines of a Zo-graded complex and its
dual. We then establish a relationship between the twisted refined analytic
torsion corresponding to a flat connection and that of its dual. In Section 6,
we first define the twisted Ray—Singer metric and then calculate the twisted
Ray—Singer norm of the twisted refined analytic torsion.

Throughout this paper, the bar over an integer means taking the value
modulo 2.

2. The refined torsion of a Z,-graded finite-dimensional
complex with a chirality operator

In this section, we first review some standard materials about determinant
lines of a Zy-graded finite-dimensional complex. Then we define and calcu-
late the refined torsion of the Zs-graded finite-dimensional complex with a
chirality operator. The contents are Zs-graded analogues of Sections 2, 4
and 5 of [5]. Throughout this section k is a field of characteristic zero.

2.1. The determinant line of a Z,-graded
finite dimensional complex

Given a k-vector space V' of dimension n, the determinant line of V is the
line Det(V') := A"V, where A"V denotes the nth exterior power of V. By
definition, we set Det(0) := k. Further, we denote by Det(V)~! the dual line
of Det(V). Let

Om
—

(2.1) 0— 02y ot By B om By g

be an odd length, i.e., m = 2r — 1 being a positive odd integer, cochain
complex of finite-dimensional k-vector spaces. Set

Ceven @ C2’L Ci — COdd — é C2i+1.
Let

(2.2) (cgd);...gcﬁﬂ)cigcag

be a Zs-graded cochain complex of finite-dimensional k-vector spaces. For
example, we can choose dj =}, ;_\ 042 0i- Denote by H*(dp), (k=0,1)
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its cohomology. Set

(2.3) Det(C®) := Det(Cﬁ) ® Det(CI)ﬂ’
Det(H*(d)) := Det(H"(dg)) ® Det(H' (dg)) ™.

2.2. The fusion isomorphisms (cf. [5, Subsection 2.3])

For two finite-dimensional k-vector spaces V' and W, we denote by v, the
canonical fusion isomorphism,

(2.4) wy,w o Det(V) & Det(W) — Det(V ® W)
For v € Det(V), w € Det(W), we have
(2.5) pyw (v @ w) = (=T VAW (0 @ v).

By a slight abuse of notation, denote by /‘\7/%/[/ the transpose of the inverse

of pv,w.
Similarly, if V1,...,V, are finite-dimensional k-vector spaces, we define
an isomorphism

(26)  pw,..v, :Det(V1) @ --- @ Det(V;) — Det(Vi & --- & V;.).

2.3. The isomorphism between the determinant lines
of a Zs-graded complex and its cohomology

For k= 0,1, fix a direct sum decomposition
(2.7) C* = BF o HF @ AF,

such that B* @ H* = (Kerd;) N C* and BF = drry (CkH) dir (AkH)
Then HF is naturally isomorphic to the cohomology H k(dk) and d, defines
an isomorphism dj, : Ak — BRHL,

Fix ¢ € Det(C*) and ag € Det(Ak) Let di(ag) € Det(B*+1) denote the
image of az under the map Det(A*) — Det(B**!) induced by the isomor-
phism dj, : A¥ — BF+1 Then there is a unique element hy € Det(H k) such
that

(2.8) Ck, = LBk HF AF (dm(am) ® hg ® CLE),

where pigr i 4x is the fusion isomorphism, cf. (2.6), see also [5, Subsection
2.3].
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Define the canonical isomorphism
(2.9) bce = (e ,q)  Det(C*) — Det(H*(d)),

by the formula

(2.10) poe g @yt (~D)N @ hg @ !,

where

(2.11) N(C®) = % Z dim A* . (dimA/l_€ + (—1)’”1).
k=0,1

It is easy to check that ¢¢. is independent of the choices of ¢z, aj, hy and
the decomposition (2.7).

2.4. The fusion isomorphism for Zs-graded complexes

Let C*=C"®C! and C*=C%®C! be finite-dimensional Zo-graded
k-vector spaces. The fusion isomorphism

Hew 6o Det(C®) @ Det(C*) — Det(C* @ C*),

is defined by the formula

(2.12) Hes oo i = (_1)M(C.’C')“cﬁ,éﬁ ® /‘;,éw
where
(2.13) M(C*,C*) :=dim C" - dim C°.

The following lemma is a Zo-graded analogue of [5, Lemma 2.7] and [11,
Lemma 2.4]. The proof is a slight modification of the proof of [5, Lemma
2.7].

Lemma 2.1. Let (C*,d) and (C*,d) be Zy-graded complezes with finite
dimensional k-vector spaces. Further, assume that the Euler characteristics
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x(C*®) = X(é') = 0. Then the following diagram commutes:
(2.14)
Det(C*) @ Det(C*®) Det (H*(d)) ® Det (H*(d))

MC'E.J, J/IU‘H’(d),H'(EZ)

Det(C* &%) 229, Dot (H*(d® d)) = Det (H*(d) & H*(d)).

Do QP
_

Proof. Proceeding similar procedures as the proof of Lemma 2.7 of [5], cf.
[5, p. 152-153], we conclude that to prove the commutativity of the diagram
(2.14) it remains to show that, mod 2,

(2.15)
N(C* @ C®) +N(C®) + N(C*) + M(C*,C*) + M(H®, H*)
= Z (dimA/T€ . dimgm—kdimHE-dimgm—i—dimAE-dimﬁE).
k=0,1

Using the identity

(2.16) (w+y)($+2y+ (=17 _a +2(—1)j) Yy +2(_1)j) o

where z,y € C, j € Z>(, we have

(2.17) N(C* @ C*) ~N(C*) =N (C*) = 3 dim A" - dim A",
k=0,1

By (2.7) and the equalities dim AR+ = dim BE, dim AFH = dim EE, we have

(2.18) dim C* = dim A% + dim AF*1 + dim H”,
dim C* = dim A* + dim A**1 + dim H*.
By (2.13), (2.18) and a straightforward computation, we obtain, modulo 2,
(219)  M(C*,C*) + M(H*, H*) + > (dim A* - dim A
k=0,1
+dim A* - dim A 4 dim A* - dim H)
= Z dim A* - dim A* + dim A - (dimflﬁ + dimﬁi)
k=0,1
+ (dim H° + dim H') - dim A"
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By (2.17), (2.19) and the assumption that the Euler characteristic of the
complex (C*, d) (resp. (C*,d)) is zero, i.e., Y ;o dim H* =0 (mod?2) (resp.
> k=01 dim H* = 0(mod 2)), we obtain the equality (2.15). O

2.5. The refined torsion of a finite dimensional Z»-graded
complex with a chirality operator

Let (C*®, d) be a Zy-graded complex defined as (2.2). A chirality operatoris an
involution I' : C* — C* such that I'(C*) = C*1 k=0, 1. For ¢ € Det(CF),
we denote by DI'c; € Det(Ck*1) the image of c; under the isomorphism
Det(C*) — Det(Cm) induced by T’

Fix a nonzero element ¢ € Det(C’ ) and consider the element

(2.20) cr = (=) ¢ @ (Deg) ™! € Det(C*),
where
(2.21) R(C*) == L dim C? - (dim C° + 1),

The element defined in (2.20) is a Zs-graded analogue of the Z-graded
one as defined in [5, (4-1)], by Braverman—Kappeler, and is chosen to fit the
Zo-graded setting.

Definition 2.1. The refined torsion of the pair (C*,T) is the element
(2.22) pr = pcer = dce(cr),
where ¢ce is the canonical map defined by (2.9).

The following is the Zo-graded analogue of Lemma 4.7 of [5].
Lemma 2.2. Let (C*,d) and (C~" ci) be Zy-graded complezes deﬁned as
(2.2) and let T': C* — C*, [':C*— C® be chirality operators. Then T :=

rer:Cc*o C*—C* C' 1s a chirality operator on the direct sum complex
(C*®C* d®d) and

(2.23) P = Moy me(d) (PP © PF)-
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Proof. Clearly, I2=1 and f(C”} o 5’5) = Ck+l g CF+L, Hence, T is a chi-
rality operator. By Lemma 2.1, to prove (2.23) it is enough to show that

(2.24) Cp = Ko o (cr ® Cf).

Fix nonzero elements cg € Det(CP), & € Det(CY) and set &5 = Ieo &, (Co ®
Z). We denote the operators induced by ' and I' on Det(C*®) and Det(C*)
by the same letters. Thus,

Tég = (T & T) o0 pes galcy ® &) = pen e (Teg @ Tép).
Hence, it follows from (2.12) and (2.20) that:

(_1)M(c-,é-)+R(C°)+R(é°) 85 ® (fég)_l

(225) )uoo,é' (CF ® cf‘)
= (—1)M(CTONHR(CIHRC)-R(C*&C?) |

Cf‘-
Using the identity (2.16), we obtain from (2.21)
(2.26) R(C*) + R(C*) — R(C* & C*) = dim C° - dim C°.

Using the isomorphism I : co — C’I, one sees that dim C° = dim C'. Com-
bining this fact with (2.13) and (2.26), we conclude that

(2.27) M(C*,C*) +R(C*) +R(C*) —R(C*®C*) =0 mod 2.

The identity (2.24) follows from (2.25) and (2.27). O

2.6. Dependence of the Zs-graded refined torsion
on the chirality operator

Suppose that I';,t € R, is a smooth family of chirality operators on the
Zs-graded complex (C*,d). Let T : C% — C*+1 k = 0,1, denote the deriva-
tive of I'y with respect to ¢. Then, for k = 0,1, the composition ol maps
C* into itself. Define the supertrace ’I‘rs(ft ol'y) of oy by the formula

(2.28) Trg(Ty o Ty) 1= Tr(Ly 0 Ty|o) — Tr(Ly o Ty ).

The following proposition is the Zs-graded analogue of Proposition 4.9
of [5]. We modify the proof of Proposition 4.9 of [5] slightly to fit our setting.



Refined analytic torsion for twisted de Rham complexes 409

Proposition 2.1. Let (C*®,d) be a Zy-graded complex of finite-dimensional
k-vector spaces and let Ty : C¥ — C*+1 t € R, be a smooth family of chirality
operators on C*. Then the following equality holds:

d .
(2.29) i s Trg(Ty o Iy) - pr,.

Proof. Let T'; 5 denote the restriction of I'y to C?. We denoted the map
Det(C?) — Det(C1) induced by I'; by the same symbol I'; above. To avoid
confusion we denote this map by Fggt in the proof.

For {p € R, we have I'; g =I', 5o I'; Iy 5. Hence,

d

dt

d
Det
Ft’g - dt

| Det(yg o Ty, TP | = Te(l, g0 T, )T,

t:tg t:to

where for the latter equality we used the fact that for any smooth family
of operators A; : C' — C1, one has & Det(A;) = Tr(A:4;") - Det(A;) and
that F;)lﬁ =T, 1. Hence, for any nonzero element ¢ € Det(C?), we have

d e - e +
(2.30) a(l“?,at(%))i =+ Tr (TygoTyr) - (T5 ()

By (2.30) and the definition (2.20) of ¢r, we obtain

d

(2.31) o

r, = — Tr(Ft,ﬁ © Ft,i) *Cry.

Since I'; g o I'; 1 = 1, we have

d . .
0=—Tr([ygol 1) =Tr(Tygoly 1) + Tr(lygo L'y 7).

dt
Hence,
(2.32) Tr(Tygolyg) = —Tr(Iy 1o Ty g).
Combining (2.31) with (2.32), we obtain (2.29). O

2.7. The signature operator

We now introduce the Zs-graded analogue of the Z-graded finite dimensional
odd signature operator of [5, Section 5]. The signature operators By, k = 0,1
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are defined by the formula
(2.33) B,; = Fd,; + dml“.

Define

(2.34)
Ch = Ker(dzy o T) N CF = T(Kerdggy N €51, CF = Kerdg 0 C*.

Let BI%E denote the restriction of By, to Ci. Then one has

(2.35) Im B} € Im(T" o dg|cx) € T'(Ker djgleonrr) € CF;
(2.36) Im B2 € Im(dp o Tler) € Im(dj | gmer) € CF.
Hence,

Bf =Tody:CY —Ch, Br =dgyol:CF — k.
Note that By =I'o Bzg ol
The following lemma is the Zo-graded analogue of [5, Lemma 5.2]. The
proof is a verbatim repetition of the proof of [5, Lemma 5.2], we skip the
proof.

Lemma 2.3. Suppose that the signature operators By, k = 0,1 are bijective.
Then the complex (C*,d) is acyclic and

k k k
2.8. Calculation of the refined torsion in case B is bijective

In this subsection, we compute the Zo-graded refined torsion in the case that
Bj,k = 0,1 are bijective. Assume that the signature operators B,k = 0,1
are bijective. Then, by Lemma 2.3, the complex (C*®,d) is acyclic. Note
that I'B; T = B{“. Hence Det(By ) = Det([)’%'). Then we have the following
definition.

Definition 2.2. The graded determinant of the signature operator Bj is
defined by the formula

(238)  Detg(Bg) := Det(B:)/ Det(~B; ) = Det(B:)/ Det(—B).
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The following proposition is the Zg-graded analogue of [5, Proposition
5.6]. We modify the proof of [5, Proposition 5.6] slightly to fit our setting.

Proposition 2.2. Suppose that the signature operators Bi,k = 0,1 are
invertible and, hence, the complex (C*®,d) is acyclic. Then

(2.39) pr = Detg: (Bp).

Proof. We choose the decomposition (2.7) to be Cck =k & C’k and define
elements cj, as follows. Fix a nonzero element a € Det(Ck ) and set

¢k = por or (Paggy @ ag),

where pgi cr is the fusion isomorphism, cf. (2.4), see also [5, (2-5)]. Note
that, by (2.5),

(2.40) e = e orrT (a7 @ Lag)
= (~1)dim O dim O perr g (Lag ® agey)
_ (_1)dimCF-dimCF S

Thus, from (2.20), we obtain

(2.41) or = (-1 g @ (Tep) ™

0 : 1.3; 1 _
— (_1)R(C )+dim C} -dim C* | G ®ci 1‘

Hence, by (2.22) and (2.10), to compute pr we need to compute the elements
h; € Det(H*) = k.

If L is a complex line and z,y € L with y # 0, we denote by [z : y] € k
the unique number such that z = [z : y]y. Then

(2.42) hi = ler : por o (dprogT @ ag)]

= lucr or (Paggg ® ag) = per o (diggagr © ag)]
= [Pags1 © dprag]
a7 de+1ak+1]

= Det (de)
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Combining (2.10) and (2.42), we obtain

(243)  doe(cg @ c;h) = (=N . Det(I'dg) - Det(Tdy) "
— (—1N@)HdmCL . Deg(Tdy) - Det(—Tdy) .

Combining (2.22), (2.38), (2.41) and (2.43), we have

pr = ¢ce(cr) = (_1)R(c-)+dimci-dimciw\/(c')mimCi -Detgr(Bg)

Hence, we are remaining to show that

(2.44) ) ) )
F(C*) :=R(C*) +dimC; - dim C + N(C*) +dimC} =0 mod 2,

here we use the fact that FBSFF = B; . By the fact that FB{FF = By and
(2.21), we have

(dim €9 + dim C°) - (dim €9 + dim C° + 1)
(dim C% + dim CL) - (dim €% + dim CL + 1)
(dim ¢9)? + L(dim C1)? 4 dim €Y - dim CL
+1dimCY + LdimCL.

(2.45) R(C*)

NI NI N

Recall that, (2.11),

(2.46)  N(C*) = LdimCY(CY +1) + SdimCL(CL - 1)
= 1(dim 02)2 + 3 dim C’_?_ + 3(dim C’}_)2 — % dim Ci.

Combining (2.44) to (2.46), we have

(2.47) ) ) ) ) ) )
F(C*) = (dim C?)? + (dim C})? 4+ 2dim CY - dim C} + dim CY + dim C}..

By (2.47) and the fact that for any « € Z, z(x + 1) = 0 (mod 2), we obtain
F(C*) =0. 0
2.9. Calculation of the refined torsion in case B is not bijective

In this subsection, we compute the Zs-graded refined torsion in the case
that By, k = 0,1 are not bijective. Note that the operator B,% maps C* into
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itself. For an arbitrary interval Z, denote by C’% C C* the linear span of the
generalized eigenvectors of BI%, corresponding to eigenvalue A with A € Z.

Since both T and dj, commute with By (and, hence, with B2), T(Ck) c
CEH1 and dj(C%) C C%F. Hence, we obtain a subcomplex C$ of C* and
the restriction I'z of I" to C7 is a chirality operator for C7. We denote by
H3(d) the cohomology of the complex (C7,dz). Denote by dk 7 and By, 7 the
restrictions of di and By, to C%. Then By 1 =Tzdp 1 + dizg L
Lemma 2.4. If0 ¢ Z, then the complex (C3,dz) is acyclic.

Proof. If, for k= 0,1, x € Kerdj, 7, then BI% 7T = (dpT)?z € Imdj7 £ C

Ker d, I Since the operators B C’f— — C%, k = 0,1 are invertible, we con-
clude that Ker dg RT = = Im dk+1 7 [l

For each A >0, C*®*= C[’O/\]@C’(‘)\m) and H(’)\voo)(d)zo, whereas

Hg, )\](d) > H*(d). Hence there are canonical isomorphisms
@y : Det(H{) o)(d)) — C, Wy : Det(Hp 5 (d)) — Det(H*(d)).

In the sequel, we will write ¢ for ®(t) € C.
The following proposition is Za-graded analogue of [5, Proposition 5.10].

Proposition 2.3. Let (C*®,d) be a Za-graded complex of finite dimensional
k-vector spaces and let I" be a chirality operator on C*. Then, for each A > 0,

pr = Detgr(B?)\’oo)) " P,

where we view pr, ,, as an element of Det(H*(d)) via the canonical isomor-
phism WUy : Det(H[’0 /\](d)) — Det(H*(d)).

Proof. Recall the natural isomorphism

(2.48) i i ) ) B
Det (Hfgw (d) @ H, o) (d)) > Det (H['fw (d) ® H(’gm)(d)) — Det(H*(d)).

From Definition 2.1, Proposition 2.2 and (2.48), we obtain the result. O

3. Graded determinant of the twisted odd
signature operator

In this section, we define the graded determinant of the odd signature oper-
ator, cf. [1, 12], twisted by a flux form H, of a flat vector bundle E over a
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closed oriented odd-dimensional manifold M. We use this graded determi-
nant to define an element of the determinant line of the twisted de Rham
cohomology of the vector bundle E. We also study the relationship between
this graded determinant and the n-invariant of the twisted odd signature
operator.

3.1. The twisted odd signature operator

Let M be a closed oriented smooth manifold of odd dimension m = 2r — 1
and let E/ be a complex vector bundle over M endowed with a flat connection
V. We denote by QP (M, E) the space of p-forms with values in the flat bundle
E ie, QP(M,E) =T(AP(T*M)r ® E) and by

V:Q*(M,E) — QN (M, E)

the covariant differential induced by the flat connection on E. Fix a Rie-
mannian metric g™ on M and let % : Q*(M, E) — Q™*(M, E) denote the
Hodge %-operator. We choose a Hermitian metric h¥ so that together with
the Riemannian metric ¢™ we can define a scalar product < -,- >3; on
Q*(M, E). Define the chirality operator I' = T'(¢™) : Q*(M, E) — Q*(M, E)
by the formula, cf. [5, (7-1)],

a(q+1)

(3.1) Tw:=1(-1)"%" xw, weQI(M,E),

where 7 given as above by r = mT‘H The numerical factor in (3.1) has been
chosen so that I'? = Id, cf. Proposition 3.58 of [3].

~ Assume that H is an odd-degree closed differential form on M. Let
QUM, E) := Q" (M, E), QY(M,E) := Q°(M,E) and V7 .=V + HA -.
We assume that H does not contain a one-form component, which can be
absorbed in the flat connection V.

Definition 3.1. The twisted odd signature operator is the operator
(3.2) B = B(VH M) .=1TVH + VAT : Q*(M, E) — Q°(M, E).
We denote by Blg the restriction of BY to the space QE(M, E),k=0,1.

3.2. (-function and (-regularized determinant

In this subsection, we briefly recall some definitions of (-regularized determi-
nants of non-self-adjoint elliptic operators. See [5, Section 6] for more details.
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Let D : C*°(M,E) — C>*(M, E) be an elliptic differential operator of order
n > 1. Assume that 6 is an Agmon angle, cf. for example, Definition 6.3
of [5], for D. Let I : L?(M, E) — L*(M, E) denote the spectral projection
of D corresponding to all nonzero eigenvalues of D. The (-function (y(s, D)
of D is defined as follows, cf. for example, [5, Subsection 6.4],

dim M
(3.3) Co(s,D) = TrIID,*, Res > m; .

It was shown by Seeley [20] (see also [21]) that (y(s, D) has a meromorphic
extension to the whole complex plane and that 0 is a regular value of (y(s, D).

Definition 3.2. The (-regularized determinant of D is defined by the
formula

d
Det)(D) := - —
ety(D) eXP< ds

C9(37 D)> .
s=0
We denote by

d

- % C9(87D)'

s=0

LDet})(D) =

Let Q be a zeroth order pseudo-differential projection, i.e., a zeroth-order
pseudo-differential operator satisfying Q% = Q. We set

3.4 2(5.Q.D) = TrQID*. Res> oM
( ) C( 7Q7 ) g n

The function (s, @, D) also has a meromorphic extension to the whole
complex plane and, by Wodzicki, [24, Section 7], it is regular at 0.

Definition 3.3. Suppose that @ is a zeroth-order pseudo-differential pro-
jection commuting with D. Then V :=Im @ is D invariant subspace of
C*®(M, E). The (-regularized determinant of the restriction Dy of D to
V' is defined by the formula

Dety(D|y) := elPets (Dlv)

where

d
(35) LDety(Dlv) = —2| _ ¢o(5,Q. D).

S 1s=0
Remark 3.1. The prime in Det) and LDetj indicates that we ignore the
zero eigenvalues of the operator in the definition of the regularized



416 Rung-Tzung Huang

determinant. If the operator is invertible we usually omit the prime and
write Dety and LDety instead.

3.3. The graded determinant of the twisted odd
signature operator

Note that for each k = 0,1, the operator (B)2 maps QF(M, E) to itself.
Suppose that 7 is an interval of the form [0, A, (A, p], or (A, 00) (1 > A > 0).
Denote by II(gn)2 7 the spectral projection of (B™)2 corresponding to the set
of eigenvalues, whose absolute values lie in Z. set

Q3 (M, E) = Mgy 7(Q°(M, E)) C Q*(M, E).

If the interval Z is bounded, then, cf. Section 6.10 of [5], the space Q3 (M, E)
is finite dimensional.
For each kK = 0,1, set

(36) OF 2(M, E) := Ker(VIT) N Q5(M, E) = (T(Ker V) N Q& (M, E);
7 QF (M, E) := Ker(TVH) N Q5 (M, E) = Ker VI 0 Q5 (M, B).

Then

(3.7) OE (M, E) = 0F 2(M,E)® QF 7(M,E), if 0¢7T.

We consider the decomposition (3.7) as a grading of the space Q%(M ,E), and
refer to Q’;I(M, E) and Q]iJ(M, E) as the positive and negative subspaces
of Q%(M, E). Denote by B and B]%II the restrictions of B to the subspaces
Q% (M, E) and Q&(M, E), respectively. Then Bgz maps QiI(M, E) to itself.

H,+ i K
Let BE,I denote the restriction of B]%Z to the subspace QILZ(M, E). Clearly,

the operator Bgzi are bijective whenever 0 ¢ Z. Note that FB({){’I_F = B?’;.
Hence Detg(Bg’If) = Detg(B? ;) Then we have the following definition.

Definition 3.4. Suppose that 0 ¢ Z. The graded determinant of the oper-
ator Béq 7 is defined by

Detg( (—I){;_) Detg(BfI’+)

3.8 Dety, o(BE ) := A 0L 7 c\{0Y,
(3.8) er0(Bg 1) Detg(B1, ) Detyl(_BI;) \{0}

where Detg denotes the (-regularized determinant associated to the Agmon
angle 0 € (—m,0), cf. for example, Section 6 of [5].
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We define, cf. (3.5),

(3.9) LDety o(Bg'y) = LDetg(Bg';") — LDety(—B';")
= LDetg(BL") — LDeto(—BI"H).

It follows from formula (6-17) of [5] that (3.8) is independent of the choice
of § € (—m,0).

3.4. The canonical element of the determinant line

It is not difficult to check that (VH)2=0. Clearly, V7 : QF(M, E) —
QMY (M, E) and T': QF¥(M, E) — Q¥ (M, E). Hence we can consider the
following twisted de Rham complex with chirality operator I':

(3.10)

(M, E),v") .. T 00w, B) X5 o' (v, B) Y5 o0, B) s

We define the twisted de Rham cohomology groups of (Q*(M, E), V) as

 Ker(VH: QF(M, E) — Q" (M, E))

H*(M, E,H) = H* (V) : il § :
Im(VH : Qk1(M, E) — QF(M, E))

k=0,1.

The groups H*(M, E,H),k = 0,1 are independent of the choice of the Rie-
mannian metric on M or the Hermitian metric on E. Suppose that H is
replaced by H' = H — dB for some B € Q(M), there is an isomorphism
ep:=eB A Q*(M,E) — Q°(M, E) satisfying

£BOVH:VH oEpR.

Therefore ep induces an isomorphism on the twisted de Rham cohomology,
also denote by ep,

(3.11) ep: H*(M,E,H) — H*(M,E, H').

Denote by (Vé{ )* the adjoint of VEH with respect to the scalar product
< +,- >pr. Then the Laplacians

H .__ H\xx—H H H \x _

are elliptic operators and therefore the complex (3.10) is elliptic. By Hodge
theory, we have the isomorphism Ker A = H*(M, E, H),k = 0, 1. For more
details of the twisted de Rham cohomology, cf. for example [16].
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Since V commutes with B, the subspace Q%(M, E) is a subcomplex
of the twisted de Rham complex (Q°(M, E), V). Clearly, for each \ > 0,
the complex QZ/\ OO)(M, E) is acyclic. Since

(3.12) Q° (M, E) = Q (M, E) & QF) \(M, E),
the cohomology Hp, /\}(VH) = H, )\](M, E, H) of the complex (Q[.o /\}(M, E),

vH ) is naturally isomorphic to the cohomology H*(M, E, H). Let I'z denote
the restriction of I' to (M, E). For each A > 0, let

(3‘13) PTio,a) = Plo,x (vHv gM) € Det (H[.O,)\} (M, E, H))

denote the refined torsion of the twisted finite-dimensional complex
(Q[.o, )\](M , B), V) corresponding to the chirality operator Llo,x); cf. Defini-
tion 2.1. We view pp,, ,, as an element of Det (H*(M, E, H)) via the canon-
ical isomorphism between H®(M, E, H) and H[.(),/\](M’ E H).

Proposition 3.1. Assume that 6 € (—m,0) is an Agmon angle for the oper-
ator Bgl. Then the element

(3‘14) PH = p(vH7gM) = Detgrﬁ(Bé_{()\,oo)) Pl € Det (H.(Mv E, H))

is independent of the choice X\ > 0. Further, py is independent of the choice
of the Agmon angle € (—m,0) of Bgl.

Proof. Clearly, for 0 < A < p, we have

(3.15) Detgr(BY 5 o0)) = Deter(BE 5 ) - Deter (B, o))
From Proposition 2.3, (3.15) and (6-17) of [5], we obtain the result. O

3.5. The n-invariant

In this subsection, we recall the definition of the n-invariant of a non-self-
adjoint elliptic operator D, cf. [12], [5, Subsection 6.15].

Definition 3.5. Let D : C*°(M, E) — C*°(M, E) be an elliptic differential
operator of order n > 1 whose leading symbol is self-adjoint with respect
to some given Hermitian metric on E. Assume that 6 is an Agmon angle
for D, cf. Definition 6.3 of [5]. Let IIs (resp. II <) be a pseudo-differential
projection whose image contains the span of all generalized eigenvectors of D
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corresponding to eigenvalues A with Re > 0 (resp. with Re < 0) and whose
kernel contains the span of all generalized eigenvectors of D corresponding
to eigenvalues A\ with Re < 0 (resp. with Re > 0). We define the n-function
of D by the formula

779(8, D) = CQ(S,H>7 D) — Cg(s, H<, —D).

Note that, by the above definition, the purely imaginary eigenvalues of
D do not contribute to (s, D).

It was shown by Gilkey, [12], that ny(s, D) has a meromorphic extension
to the whole complex plane C with isolated simple poles, and that it is
regular at 0. Moreover, the number 7(0, D) is independent of the Agmon
angle 6.

Since the leading symbol of D is self-adjoint, the angles +m/2 are prin-
cipal angles for D cf. [5, Definition 6.2]. Hence, there are at most finitely
many eigenvalues of D on the imaginary axis. Let m (D) (resp. m_(D))
denote the number of eigenvalues of D, counted with their algebraic mul-
tiplicities, on the positive (resp. negative) part of the imaginary axis. Let
mo(D) denote the algebraic multiplicity of 0 as an eigenvalue of D.

Definition 3.6. The n-invariant n(D) of D is defined by the formula

~ 19(0,D) +m4 (D) — m_(D) + mo(D)
(3.16) n(D) = 2 + 5 0=

Since 1(0, D) is independent of the choice of the Agmon angle 6 for D,
cf. [12], so is (D). Note that the definition of n(D) is slightly different from
the one proposed by Gilkey in [12]. See [5, Remark 2.5].

Denote by n(V#) = n(BE) the n-invariant of the restriction BE of the
twisted odd signature operator B to QO(M, E).

3.6. Relationship with the n-invariant
In this subsection, we study the relationship between (3.8) and the

n-invariant of Bé{ Ao
To simplify the notation set

(3.17) (V) = 77( é{um))
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and
(3.18)
£y = Ex(VH, gM g) = %(LDetgg ((BI7% ))?) — LDety ((Bf&oo)ﬁ)).
Let Pk =0,1 be the orthogonal projection onto the closure of the

E)Z’
subspace QF (M, E). Set

(3.19) df | = rank(Id —P*

E,[O,A]) =dim QL (M, E), k=01

If Z C R we denote by Lz the solid angle
Lz ={pe? : 0 < p < o0,0 €T}

Proposition 3.2. Let V be a flat connection on a vector bundle E over
a closed Riemannian manifold (M, gM) of odd dimension m = 2r — 1 and
H is an odd-degree closed differential form, other than one form, on M.
Assume 6 € (—m/2,0) is an Agmon angle for the twisted odd signature oper-
ator Béf()\ 00) such that there are no eigenvalues of BY in the solid angles
L_z/2,6) and L(z/264x)- Then, for every A >0, cf. (3.9),

. im .
(3.20) LDetg, ¢ (Bg<>‘7oo)) =&, —imn (V) — — g (—l)kdk)\.
k=0,1

Proof. From Definition 3.6 of the n-invariant it follows that:

H+ . H,+
(3.21) n(—BL(Am)) = _77<Bi,(x,oo)>'
By the fact that FB{JJOO)F = Bé{(’;m), we have

H,+ _ H,-
(3.22) 77<BI,(>\,oo)) = 77(86,()\,00)>'

Combining (3.17), (3.21) with (3.22), we have

(3.23)
1(Bl ) (Bl ) = (Bl ) + (i) = m(v™)
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By [4, (4.34)], for k =0, 1, we have

(3.24) LDetg(iBg’;)— L LDetog (( 5“, ))2>

-2 k,(A,00
H, 2
€29 (07 (Bk,(—;\_,oo)) )
2

_in n( iB}Z;) -
and, by [, (6-6)] and (3.19), we have

(3.25) (oo (0, (Bgf&oo)y) — (oo (0, (Bfej@o)ﬁ) =-> (—1)kd,§A.

k=0,1

Combining (3.18), (3.23), (3.24) with (3.25), we obtain the result. O

4. Metric anomaly and the definition of the refined analytic
torsion twisted by a flux form

In this section, we study the metric dependence of the element py =
p(VH, gM) defined in (3.14). We then use this element to construct the
twisted refined analytic torsion, which is a canonical element of the determi-
nant line Det(H®(M, E, H)). We also show that the twisted refined analytic
torsion is independent of the metric ¢™ and the representative H in the
cohomology class [H].

4.1. Relationship between pg(t) and the n-invariant

Suppose that g, ¢ € R, is a smooth family of Riemannian metrics on M.
Let

pr(t) = p(V", g/") € Det(H* (M, B, H))

be the canonical element defined in (3.14).

Let I'; denote the chirality operator corresponding to the metric g, cf.
(3.1), and let B (t) = B(VH, gM) denote the twisted odd signature operator
corresponding to the Riemannian metric g and let BY*(t) denote the
restriction of B (t) = B(VH, gM) to Q% (M, E).

Fix to € R and choose A > 0 such that there are no eigenvalues of (B
(to))? of absolute value . Further, assume that A is big enough so that the
real parts of eigenvalues of (l’)’{}’\’oo)(to))2 are all greater than 0. Then there
exists 6 > 0 small enough such that the same holds for the spectrum of
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(BH(t))2 for t € (tg — d,t9 + 0). In particular, dr . cf. (3.19), is independent
of t € (tg — 8,tg + ). Set ’

UA(VH; t) = W(Bé{(x,oo) (t))7 é-/\(ta 6) = gk(vagi\/[? 9)

By definition (3.14),

PH(t) = Detgr,0(Bg(A,m) (t)) “ Py

Assume that 6y € (7/2,0) is an Agmon angle for B (ty) such that there
are no eigenvalues of B (tg) in L_z/2,6, and L(_z /2 6,4x)- Choose § > 0 so
that for every t € (tg — d,t9 + d) both 6y and 6y + m are Agmon angles of
B (tg). For t # to, it might happen that there are eigenvalues of Bf(A 00) (t)
in L(_r/2,0,] and L(_r/2,6,+x)- Hence, (3.20) is not necessarily true. Hov;/ever,
from the independence of the Agmon angle of the (-function, cf. [5, (6-16)],
and (3.18), we conclude that for every angle § € (—m/2,0), so that 6 and

0 + m are Agmon angles for Bl%:{(k 00) (1),

Ex(t,0) = &x(t,0p) modmi.
Hence, from (3.20), we obtain

(41) pH(t) — iegk(t)eo) . e_iﬂ—nk(szt) . e% Zk:(},l(*l)kdlg,)\ . th,[O,/\]'

Lemma 4.1. Under the above assumptions, the product
& (t:0o) “Pry o € Det(H®(M, E, H))
is independent of t € (to — 6,t0 +9).

Proof. Let 'y denote the chirality operator corresponding to the metric gi\/f .
Following the Z-graded case, cf. [18], as well as the Zs-graded case, cf. [16],
we set

(12) 1= 3 DF [ [emp(uC?Plos o)
k=0,1 0 h
=T(s) 3 (155, Vg army)-
k=0,1

Using the fact that

T(T V)| e

_ H 2
e anmle= (VT gm oy
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we also have

(4.3)
f(s,t) =— Z (—l)k/ w1 Ty [exp (—'LL(VHFt)Q‘QE (M E))}du
k=01 0 I
= 1) 3 V(5 (TP g )
k=0,1 o

We denote by Iy the derivative of Ty with respect to the parameter ¢. Then

(4.4)
d HA\2 . H\2
TV Plas | ons = RO or vy

+ (0, vH I (V)| o

)}Qi,()\,oo)(M7E) +,()\,:x:)(M7E)7

where we used that I'? = 1. Similarly, we have

d Hw \2 Hpr\2p 71
(45) S (VAT ‘Qg(m)(M,E) = (VIT) Ftrtlﬂ’i,(x (M, E)

,00)

+ (VAT (VT | o (ML)

,00)

If A is of trace class and B is a bounded operator, it is well known that
Tr(AB) = Tr(BA). Hence, by this fact and the semi-group property of the
heat operator, we have

(4.6) Tr [(rth)\Q,;

+,(X,00)

0,00,V

(M,E) )‘inm)(M,E)

X exp (—u(FtVH)Q‘QE

+,(X,00)

="Tr _eXp (—%(FtVH)ﬂQi(A (M,E))(Fth)’QE

,00) +,(X,00)

)]

(M,E)
DTV o
+,(X,00)

= Tr |DTy(DVH) | e

+,(X,00)

(M,E) €xp (*%(Fth)2 ‘QE

+,(X,00

u
(M,E) &XP (_g(rth)2‘Qﬁ

+.(X,

)]

s
- exp (—%(FtVH)Q ‘Q’E

+,(X,00

)(M,E)) (Pth) ‘Qi(xw (M,E)}

= Tr _ftFt(FtVH)\Qi,(m)(M,E) exp (_U(Pth)z‘Qz’;,(m)(M,E))
H
X (ljtv )‘Qg,(m)(M,E)}
=Tr _ftFt(FtVH)2’inw)(M’E) exp (_U(Fth)Q‘QEW(X‘OO)(M,E))}’
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here in the last equality we used the fact that

(Fth”QE FtVH

+.(X,

= (Fth)z‘m

+,(X,00

—u(Ty V)2
Oo)(M,E)eXp( u(l V) ‘Q’i,(xm

)(M,E))( ”Qiﬁm)(M,E)

\(M,E) P (—u(CeV )|

+,(X,00

)(M,E)) :

By (4.4), (4.2) and (4.6), we have

(4.7) %f(s,t) - Z (_1)k/°° u T T [—QUFtFt(FtVH)Q‘QE

k=0,1 0 +nem) (MF)
X exp (_“(Fth)Q|QE+ ()\.oc)(M7E)):| du.
Similarly, we have
d oo .
(4.8) —f(s,t) = — (—1)’“/ u ! Tr [—zurtrt(vf’rtﬂm (M.E)
dt 0 —,(\,00) ’
k=0,1
X exp (—U(VHI‘t)2|Q,;7.MM(M,E))} du.

By (4.7), (4.8) and the fact that I';['; = —I';I';, we conclude that

= S0 [ [Firesn (B 0

k=0,1 0
— s 3 (-1 / w Ve [T exp (—u(BE, ) (6)%)]
k=0,1 0

where we used the integration by parts for the last equality. Since (B (t))?
is an elliptic differential operator, the dimension of Q[.o /\](M , ) is finite. Let

£ # 0 be a small enough real number so that (B (t))? + ¢ is bijective and
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20 is an Agmon angle for (B (t))? + . Then we can rewrite (4.9) as

(4.10)
1 .
%f(s,t) =—5 Z (—1)k/0 w1 Tr [FtI‘t exp (—u((Bf(t))2 + 6))]du
k=0,1
—s Z (—l)k/ ws ™ Tr [ftft exp (—u((l’)’,{{(t))2 + E))}du
k=0,1 1

1
+s ) (-Uk/ ut Ty [Ftrt P (_“(Big[o,ﬂ(t))z)}d“

£=0,1 0

b 30 [T [fr e (B 1))

k=0,1 1

Since I',T; is a local quantity and the dimension of the manifold M is odd,
the asymptotic expansion as u | 0 for Tr {]I:tl“t(exp(—u(BH(t))2 + E)} does
not contain a constant term. Therefore, the integrals of the first term on
the right-hand side of (4.10) do not have poles at s =0. On the other

hand, because of exponential decay of Tr {1'“1tI‘t(fe><p(—u(BH(t))2 + 8)} and
Tr [I"tft(exp(—u(lg[]g’/\
and the fourth term on the right hand side of (4.10) are entire functions in
s. Hence we have

}(t))Q)} for large u, the integrals of the second term

d _ k ! s—1 -
(1) | fst) = (s 3 (-1 / WLy [rtrt o (MyEJdu) .
k=0,1 0 [0,
_ _1\k I
=3 (—)F T [rtrt o (M,EJ
k=0,1 [0:A]
and, by (4.2),
a _a 1k H\2| _
@) gl sten =gl X (s @V Ploe ) =0
By (3.18) and (4.2), we know that
(4.13) ) :
Ealt,00) = =3 limao [F(s.) = < 30 (16O OV P e )]

k=0,1
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Combining (4.11) to (4.13), we obtain

d .
(4.14) | e t.00) = —kzo:l by [Ftrt

QﬁM](M,EJ
Combining (2.29) with (4.14), we obtain

LANES

dt : th,[O,)\]) = 0.

g

We need the following lemma, which is a slight modification of the result
in Subsection 9.3 of [5].

Lemma 4.2. For any t1,t2 € (tg — 0,to + 9), we have
nA(VH,tl) — nA(vH,tQ) = H(Bé{(tl)) — H(Bgl(h)), mod Z.

Let B . = By(VE . ¢M): Q%(M, E) — Q°%M, E) denote the even
part of twisted odd signature operator corresponding to the metric g™ and
the trivial line bundle over M endowed with the trivial connection Viyiyial-
Put

Thrivial = 35 77(0 Btrlwal)

We novv need to study the dependence of n(BH ) on the Riemannian
metric g™ . This was essentially done in [1] and [12].

Lemma 4.3. The function n(BE (t)) — rank(E)nuivia(t) is, modulo Z, inde-
pendent of t € (tg — 0,tp + 9).

2. Removing the metric anomaly and the definition of the
twisted refined analytic torsion

The following theorem is the main theorem of this subsection.

Theorem 4.1. Let M be an odd-dimensional oriented closed Riemannian
manifold. Let (E,V,h") be a flat complex vector bundle over M and H is a
closed differential form on M of odd degree, other than one form. Then the
element

(4.15) p(VH gM) . eimlrank(E)nusiar ¢ Det (H*(M, E, H)),

where V.=V + H A - and p(VH,gM) € Det (H*(M,E,H)) is defined in
(3.14), is independent of g™
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Proof. Consider a smooth family g/,¢ € R of Riemannian metrics on M.
From (4.1), we obtain for t € (ty — d,tg + )

(4_16) pH(t) . eiﬂ(rank(E))mrivial — ieﬁx(tﬂo) . e—in(VHﬂf) . e%’ > o (—D)Fdg 5

DTy o eiw(rank(E))mr;vml
t,[0, .

Combining (4.14), (4.16) with Lemma 4.3 we conclude that for any t1,%2 €
(to — 6,0 + 0)

pH(tl) . eiﬂ(rank(E))ntrivial — :I:pH(tQ) . eiﬂ'(rank(E))nt,.ivial'

Since the function pf(t) - elm(rank(E))nuivia s continuous and nonzero, the
sign in the right-hand side of the equality must be positive. This proves the
statement. (Il

Definition 4.1. Let M be an odd-dimensional oriented closed Riemannian
manifold. Let (E,V,h¥) be a flat complex vector bundle over M and H is
a closed differential form on M of odd degree, other than one form. The
twisted refined analytic torsion pa, (V) is the element of Det (H’(M, E, H))
defined by (4.15).

4.3. Variation of twisted refined analytic torsion with respect
to the flux in a cohomology class

Suppose that the (real) flux form H is deformed smoothly along a one-
parameter family with parameter v € R in such a way that the cohomology
class [H] € H'(M,R) is fixed. Then L H = —dB for some form B € Q°(M)
that depends smoothly on v. Let 8 = B A-. Fix vg € R and choose A > 0
such that there are no eigenvalues of (B)2(vg) of absolute value . Fur-
ther, assume that A is big enough so that the real parts of eigenvalues of
(B{/I\’OO) (v9))? are all greater than 0. Then there exists § > 0 small enough
such that the same holds for the spectrum of (B (v))? for v € (vg — 6, v +
9). For simplicity, we often omit the parameter v in the notations of opera-
tors in the following discussion.

We have the following two lemmas, see also Lemmas 3.5 and 3.7 of [16].
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Lemma 4.4. Under the above assumptions, we have

d K
%5)\ = Z (_1) Tr(ﬂ‘ﬂf;o,x](MvE))'
k=0,1
Proof. As in the proof of Lemma 4.1, we set
(4.17)
flsv) =Y (_1)k/ u' ™ Ty [exp (—u(rvH)Q}QE+ . m)(M’E))]du.

k=0,1 0

We note that B, hence (3, is real. By (4.17) and the fact that

Lt =[5,V
we have
(4.18)
@ faw) = P |t e B I s

x exp (— u(FVH)Q‘QiM’W)(ME))] du
+ kzojl(—nk /OOO u* ! Tr [—u(FVHF[ﬂ, Vi Dles , )
<exp (<uCV? g )| du

Using the fact that I'? = 1, we have

(419)  Tr [(F@’VHFVH) {Qi(/\m)(M,E) exp (_U(FVH)Q‘inw)(M,E))}

2
=Tr [(Fﬂl“) ‘Qﬁ,(A,M(M,E) ’ (FVH) ‘Qg(w)(M,E)
X exp (_U(FVH)Q‘Qi(x,m)(M’E))} .
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By using the trace property, I'> = 1, and the semi-group property of the
heat operator, we have

(4.20)
Tr [(vaqﬁrvH) |Q’j_ ooy (M, E) TP (~u(rvi)? ‘Q’j_ nroey (M, E))}
=Tr | (PVHT - TATVY) |or () P (=2u(TV)?|ge ()
" exp (_%“(FVH>2‘QE B e >(M,E))}
= Tr | exp (—5u(TV7)?| e C L E) (VAT TV | E o (ME)
~exp (—zu(TV1)? ‘Q’j_ ooy (M, E))}
7l H 1 H)
= _(FﬁFV )‘Q’i ooy (M, E) TP (—3uV ‘Q’; ooy (M, E))
- exXp (_l“(FvH ‘Q’“ 5 nsey (M, E)) (FVHF)|Q’~+<1A oo)(M,E)}
2
=Tr F/BF)‘Q’““ o (M,E) -(V1T) ‘Q“’A o (M,E)
X eXp( (VHF ‘Q’““ ) (M,E) )]
For the last equality of (4.20), we used the fact that
VH’Q’;Q,OO)(M,E) exp (—u(PVH)? ‘Qi oy (M, ) ([ viT) \QH& (M)
2
= (V1) |Q?\m)(M,E) exp (—u(V"T)? ‘Q’“*A (M, E))
By combining (4.19) with (4.20), we obtain
(4.21)
Z (—1)k/ u® Tr [(F[@ VH]FVH)‘Q% s ooy (MLE)
k=0,1 0 o
X exp (—u(FVH ’Qi N )(M,E))}du
= X0 [ ([l 0 e o
x exp (—u(I'VH)? ‘Qﬂi N )(ME))}

_Tr[(rﬁr)}gm’ () - (vHT)? |

Hew )(MvE)
xexp(—u(VHF ‘QHA )(ME))}>du
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S [T [0 gy e B

=01 (A, )(MvE)

X exp (—u(B{f\m))ﬂ du.

Similarly, we have

(4.22) Tr [(FVHFVHB) ‘Qi oy (ML) exp (—u(FVH ‘Qi N Oo)(M,E))}
=Tr {mg’; ooy (MLE) (FVH) }Q" E vy (MLE)

x exp (—u (FVH)Z‘QE’M’OO)(M,E))}

and

(4.23) T [(FVH rpvH)

1 [l

(A, 00)

E oo )(M,E)exp( u(TV) ‘Qi(kw)(M,E))}

' (VHF)2|Qﬁ

—, (A, 0

o

(M,E) ) (M,E)

x exp (—u(VHT)? ‘Q’“U ooy (M.E) ]

By combining (4.22) with (4.23), we have

(4.24)
Z (—1)k/0 u® Tr [(FVHFW? V) e (M.E)

+.(A,00)
k=0,1
)|z

x exp (— u(T'VH)? E M)(M’E))}du

= S [T (0 b 07 g

k=0,1

+,(X, )(MvE)

X exp (—u(FVH ‘Qi e ))}

—1Ir [5}9"*& = (MF) (VHFH i (MLE)

<o (TP g )] )

-y (_1)’€/0 u® Tr [ﬁ\% onm (Bl o)) exp (—u(Bf oo))ﬂdw

k=0,1
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Combining (4.21), (4.24), with (4.18), we obtain

d [e.9]
S fs) ==Y (_1>k/ w' T [(0B) g ar.) - (Blhoe))?

k=0,1 0
X €xp (—u(Bg oo))2] du

_ Z / u® Tr [ﬂ‘ﬂfk,oo)(M,E) (B()\oo))

k=0,1
X exp (—u(Bg\ OO))Q)] du

=-2 Z / u” Tr [ﬁ|ﬂ’§/\ o(ME) (Bfi,@)?

k=0,1
X exp (—u(Bg’m))Q)] du,

where for the latter equality we used the fact that Tr( B‘Qk ME)) =
fo.n (M,

FBF‘Qk ME)) The rest is similar to the proof of Lemma 4.1. U

Lemma 4.5. Under the same assumptions, along any one parameter defor-
mation of H that fizes the cohomology class [H], the element can be chosen
so that

d
doPTon T 7 Z (-1 Tr ﬁ‘Qk ME))'OF[O AD
k=0,1
where we identify Det (H*(M, E,H)) along the deformation using (3.11).

Proof. In order to compare the elements pr, , € Det (H*(M, E, H)) at dif-
ferent values of v. We choose a reference point, say v =0, and let H ©)

p(FO[()W be the values of H, pr,, ,,, respectively, at v = 0. By (3.11), we have

the isomorphism
Det(ep) : Det (H*(M, E, H?)) — Det (H*(M, E, H)).

Since e = €’ on Q*(M, E), we have, for k = 0,1,

& (Det(en)) Mprgy = — 3 (1) TH(

E A](]\LE))(Det(é—B))_lpF[o,,\] :
k=0,1
The result follows. O

The argument of the following lemma is similar to the argument of
Lemma 9.4 of [5].
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Lemma 4.6. For any vi,ve € (vo — d,v0 + 9), we have
(V1) = (VP v2) = n(Bf (v1)) — n(B (v2)), mod Z.

Again we need to study the dependence of n(Béq ) on the parameter v.
As Lemma 4.3, this was essentially done in [1] and [12, P. 52].

Lemma 4.7. The function n(B(—’)q(v))—rank(E)ntrivial(v) is, modulo 7,
independent of v € R.

Now we have the main theorem of this subsection.

Theorem 4.2. Let M be an odd-dimensional oriented closed Riemannian
manifold. Let (E,V,h¥) be a flat complex vector bundle over M. Suppose
that H and H' are closed differential forms on M of odd degrees representing
the same de Rham cohomology class, and let B be an even form so that H' =
H — dB. Then the refined analytic torsion pa(VH') = Det(e)(pan(VH)).

Proof. Again we choose a reference point, say v =0, and let H©), pl@[z N
be the values of H, pr,,, respectively, at v = 0. By (3.11), we have the
isomorphism

Det(ep) : Det (H*(M, E, H")) — Det (H*(M, E, H)).

Recall that eg = €8 on Q*(M, E). By combining Lemmas 4.4, and 4.5 with
Lemma 4.7, we conclude that (Det(eg)) ™! pan(V*) is, up to sign, invariant
along the deformation. Since the function (Det(cg)) ™! pan (V) is continuous
and nonzero, the sign in the right hand side of the equality must be positive.
This proves the statement. O

5. A duality theorem for the twisted refined analytic torsion

In this section, we first review the concept of the dual of a complex and con-
struct a natural isomorphism between the determinant lines of a Zo-graded
complex and its dual. We then show that this isomorphism is compatible
with the canonical isomorphism (2.9). Finally, we establish a relationship
between the twisted refined analytic torsion corresponding to a flat con-
nection and that of its dual. The contents of this section are Zs-graded
analogues of Sections 3 and 10 of [5]. Throughout this section, k is a field
of characteristic zero endowed with an involutive automorphism 7 : k — k.
The main examples are k = C with 7 being the complex conjugation and
k = R with 7 being the identity map.
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5.1. The Zs-graded 7-dual space
If V,W are k-vector spaces, a map f:V — W is said to be 7 — linear if
f(xiv1 + 29v9) = 7(21)v1 + T(22)V2, for any vy, vy € V,z1, 29 € k.

The linear space V* = V*  of all 7-linear maps V — k is called the 7 —
dual space to V. There are natural 7-linear isomorphisms, cf. [5, Subsection
3.1],

(5.1) ay : Det(V*) — Det(V)™L, By : Det(V) — Det(V*)7L.
Then for any v € Det(V'), we have, cf. [5, (3-8)],
(5.2) (o' (@) " = (=)™ By (),

Let V and W be k-vector spaces, then, for any v € Det(V),w € Det(W), we
have, cf. [5, (3-9)],

(5.3) (,uv,w(v ® w))il = ayew O {y W (04‘_/1 (1)71) ® a;vl(wfl)).

Let T: V — W be a k-linear map. The 7 — adjoint of T is the linear
map

T W= V*
such that
(T*w*)(v) = w*(Tv), for all v € V,w* € W*.
If T is bijective, then, for any nonzero v € Det(V'), we have, cf. [5, (3-11)],
(5.4) T* oy ((TU)_I) =ay (v,
Let VO V1 ..., V™ be finite-dimensional k-vector space, where m =

2r — 1 is an odd integer. Denote by Vo = @’;& V2and V1= @7;:_(} V2t
Let V* =V9@ V! be a finite-dimensional Zs-graded k-vector space. We
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define the Zy — graded (7—) dual space V=VigVl by
VE = (VF* k=01

Then (5.1) induces a 7-linear isomorphism

(5.5) aye : Det(V*) — Det(V*),
defined by
(5.6) ays(v5 @ (v1) ") = (DMY) - api (o) @ aye(vg),

where vy, € Det(VE), k =0,1 and, cf. (2.13),
M(V®) = M(V*,V*) =dim VO - dim V7.

5.2. The dual complex of a Zs-graded complex

Consider the Zg-graded complex (2.2) of finite dimensional k-vector spaces.
The dual complex of the Zg-graded complex (2.2) is the complex

(5.7) C*dr) « - Lo o0 &g g0 4

where Ck = (C’m)* and d* is the 7-adjoint of d. Then the cohomology
H*(d*) of C* is natural isomorphic to the 7-dual space to H**1(d) (k = 0,1).
Hence by (5.5), we obtain 7-linear isomorphisms

(5.8) ace : Det(C*) — Det(C*),
’ e (q) : Det(H*(d)) — Det(H®(d*)).
The following lemma is the Zs-graded analogue of Lemma 3.6 of [5]. The
proof is similar to the proof of Lemma 3.6 of [5]. We skip the proof.

Lemma 5.1. Let (C®,d) be a Zg-graded complex of finite dimensional
k-vector spaces, defined as (2.2). Further, assume that the Fuler charac-
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teristics x(C*®) = X(C“) = 0. Then the following diagram commutes:

Det(C*) —2%° Det(H*(d))
(5.9) ac-l la”‘” ,

Det(C*) —22 Det (H*(d*))
where ¢ce and ¢, are defined as in (2.10).

5.3. The refined torsion of the Zs-graded dual complex

Suppose now that k is endowed with an involutive endomorphism 7. Let c*
be the 7-dual complex of C' and let ace : Det(C*) — Det(C*®) denote the
T-isomorphism defined in (5.8). Let I'* be the 7-adjoint of I'. Then I'* is a
chirality operator for the complex Ce.

The following lemma is the Zs-graded analogue of Lemma 4.11 of [5].

Lemma 5.2. In the situation described above,

(5.10) pr- = e a)(pr)-

Proof. Fix ¢5 € Det(C?) and set

(5.11) ép = OZE%((FC())_I) € Det(aﬁ).

Then, by (5.4),

(5.12) [*é = agi(cs') € Det(CO).

Using (5.2), we obtain from (5.11) and (5.12), that

(5:13)  Beolep) = (—1)IC - (g) Y, or(Teg) = (—1)TC" g5,
Combining (5.6), (2.20), (5.11) to (5.13), we have

(5.14) age(cr) = (—1)ME)+dmC

By (2.22), pr = ¢¢s(cr). Therefore, from Lemma 5.1, we obtain

1)/\/1(0')+dimc6 i

(515) aH.(d) (pr) = ¢6’° O Qe (CF) = (— Pr* .
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By (2.13) and the fact dim C° = dim C!, we obtain

(5.16) M(C*) + dim €% = dim C" - dim C° 4 dim C°
= dimC?- (dim O+ 1) =0, mod 2.

Combining (5.15) with (5.16), we obtain (5.10). O
5.4. The duality theorem

Suppose that M is a closed oriented manifold of odd dimension m = 2r — 1.
Let £ — M be a complex vector bundle over M and let V be a flat connec-
tion on E. Fix a Hermitian metric h¥ on E. Denote by V'’ the connection
on E dual to the connection V, cf. [5, Subsection 10.1]. We denote by E’
the flat bundle (E, V'), referring to E’ as the dual of the flat vector bundle
E. Using the construction of Section 5.1, with 7: C — C be the complex
conjugation, we have the canonical anti-linear isomorphism

(5.17) o : Det (H*(M,E,H)) — Det (H*(M,E', H)).

The following theorem is the main result of this section and is the twisted
analogue of Theorem 10.3 of [5].

Theorem 5.1. Let E — M be a complex vector bundle over a closed ori-
ented odd-dimensional manifold M and let V be a flat connection on FE.
Denote by V' the connection dual to V with respect to a Hermitian metric
hE on E and let H be an odd-degree closed form, other than one form, on
M. Then

(5'18) a(pan(vH)) = pan(le) : €2m(ﬁ(vH’gM)_(rankE)n““"al(gM))

)

where o is the anti-linear isomorphism (5.17) and g™ is any Riemannian
metric on M.

The rest of this section is concerned about the proof of Theorem 5.1.
5.5. A choice of A
Assume that no eigenvalue of BH lies in the solid angles Lj_g_r g and

Li_gg4n, cf. [5, Subsections 10.4 and 10.5], then it follows that no eigenvalue
of (B{{m)) lies in the solid angles L{_29 29127]-



Refined analytic torsion for twisted de Rham complexes 437

Let B denote the twisted odd signature operator associated to the
connection V’, the odd-degree form H and the Riemannian metric g™. One
can check that

(5.19) (VI = VHT and (V'H)* = VT,

Using (3.2), (5.19) and the equality I'* = I, one can see that the adjoint B’
of BH satisfies

(5.20) (BHy = B,

The choice of the angle 6 guarantees that +260 are Agmon angles for the
operator (I'V'H)2 = ((FVH)Z)*. In particular, for each A > 0, the number
(V' gM 0) can be defined by the formula (3.18), with the same angle
and with V¥ replaced by V'# everywhere.

The following lemma is twisted analogue of Lemma 10.6 of [5] and the
proof is similar to the proof of Lemma 10.6 of [5]. We skip the proof.

Lemma 5.3. Let 0 be as above and let A > 0 be big enough so that the oper-
ator Bg\ 00) does not have purely imaginary eigenvalues, cf. [5, Subsection

10.5]. Then
EA(V/HagMa 9) = gA(VngM?e)v

and

(5.21) (V") = (v,

where Z denotes the complex conjugate of the number z € C.
5.6. Small eigenvalues of BH and B'H

We define Qli,z(Mv E'),Qk (M, E'), and QF(M, E') in similar ways as Q’iI
(M, E),Qk (M, E) and QF(M, E), respectively. As (3.19), for k = 0, 1, set

(5.22) df, = dim QL (M, E), df, =dimQ} (M, E).
From the fact that FB?&T OO)F = B:{T’T (Aoo)’ we conclude that

(5.23) F(Q]i’[07/\}(M, E)) - (Q%N(M, E)), k=0,1.
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Therefore
:t _ _
d dﬁl N k=0,1.
Hence
(5.24)

Yo (W, =dy, —dp, = dg, +d, = dimQfy (M, E), mod 2Z.

From (5.20) and (5.23), we obtain

(5.25) dim Qff (M, E) = dim Q[lo N(M, E) = dim Qfy (M, E')
= dim Qg 5 (M, E').

Hence by (5.24) and (5.25), we have

(5.26) > (-DkdG, = dimQf) (M, E), mod 2Z.
k=0,1

By definition (3.16), we obtain
(5.27) 21(Bjlig.) = dimQf) (M, E),  mod 2Z.

From (3.17), (5.26) and (5.27), we obtain, modulo 27Z,

(5.28) 20(B5' (V) = 20(Bg s o0y (V) + 20(Bglg )
= (VH) + ) di
k=0,1
Similarly,
(5.29) (B (V') =2\ (V'H) + D d,, mod 2Z.
k=0,1

5.7. Proof of Theorem 5.1

Let pf | be the twisted refined torsion of the complex Q[O )\](M E') asso-

ciated to the restriction of I' to Q[’O N (M, E").
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By Lemma 5.2, (5.17) and the fact that I'* =T', cf. [3, Proposition 3.58],
we obtain

(5.30) Pl = @(Pr.)-

From (3.14), (3.20) and Definition 4.1, we obtain

(5.31) pan(V™) = pris.y - exp (0(VH, g™, 0) — imin (V)
im _ .
- 5 (_1)kdk7)\ + 17T(rank E)ntrivial) .
k=0,1

Since « is an anti-linear isomorphism, a(pan - 2) = a@(pan) - Z for any z € C.
Hence, from (5.30) and (5.31), we get

(5.32)
a(pan<vH)) = pi_‘[o‘)\] - €Xp <g/\(vH7 gM7 9)

- im .
+imin (V) + 5 kgl(_l)kd@‘ — im(rank E)ntrivial).

Using Lemma 5.3 and the analogue of (5.31) for p.,(V'"), we obtain from
(5.32)

(5.33) o (pan (V1)) = pan (V) - exp (20 (V)
+im Z ( 1)kdi/\ — im(rank E)ntrivial>.
k=0,1 7
From (5.33) and (5.29), we obtain (5.18). O

6. Comparison with the twisted analytic torsion

In this section, we first define the twisted Ray—Singer metric
| - ||%§t(H.(M pry and then calculate the twisted Ray-Singer norm

HPan(VH)H%St( He(M,E,H)) of the twisted refined analytic torsion. In particu-
lar, we show that, if V is a Hermitian connection, then

Hpan<vH)”%St(H‘(M,E,H)) =1



440 Rung-Tzung Huang

6.1. The twisted analytic torsion

Let £ — M be a complex vector bundle over a closed oriented manifold M
of odd dimension m = 2r — 1. Let V be a flat connection on E and H be
an odd-degree closed form, other than one form, on M. Fix a Riemannian
metric ¢™ on M and a Hermitian metric ¥ on E. Let V" denote the
adjoint of V# := V + H A - with respect to the scalar product < -,- > on
Q°*(M, E) defined by h* and the Riemannian metric g™ .

Now let

N A A e

be the Laplacian twisted by the form H. We denote by AEH the restric-

tion of AH to Q]_“(M, E),k =0,1. Assume that Z is an interval of the form
[0, A], (A, 1], (A, 00) (e > A > 0) and let HAEH7I be the spectral projection of
A,—CH corresponding to Z, cf. Subsection 3.3. Set

(M, E) == Tlan £(2(M, E)) € Q*(M, E).
Let AkHJ denote the restriction of Ag to Qg(M , E) and define

(6.1)
1 .
TS = TFS(V) i= exp (5 D (~1)F* LDet., (V¥ H)
k=0,1

‘QE:_(M,E))'

It is not difficult to check that, for any nonnegative, real numbers u > A > 0,

RS _ 7RS RS
(6.2) Ty = T~ Tluoo)-

Note that if nz is the unit volume element of HE(M, E . H),k=0,1, then
1 _ N
(6.3) T(M, B, H) = (T§) " -ng ©ny" € Det (H*(M, E, H))

is the twisted analytic torsion, introduced by Mathai and Wu in [16].
For each A > 0, the cohomology of the finite dimensional complex (Q[.o Al
(M, E),vH ) is naturally isomorphic to H*(M, E, H). Identifying these two

cohomology spaces, we then obtain from (2.9) an isomorphism

(6.4) ox=dqs () Det (2% (M, E)) — Det (H*(M, E, H)).
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The scalar product < -,- > on Q[o /\](M E) C Q*(M, E) defined by g™ and

h¥ induces a metric || - H ) on the determinant line Det (2 0]

Det (23, ,,(M,E)
(M,E)). Let ||-|[x» denote the metric on the determinant line Det (H*
(M,E, H)) such that the isomorphism (6.4) is an isometry. Then, for ¢ €

Det (Q[O )\](M,E)), we have

(6.5) €l (a5, a1.57) = 152l
Using the Hodge theory, we have the canonical identification
H*(M,E,H) = Ker A, k=0,1.

By their inclusion in QF (M, E), the space of twisted harmonic forms Ker AEH

inherits a metric. We denote by | - ]Det ( He(M.E H)) the corresponding metric

on Det (H'(M, E, H)) By definition,

(66) H ||Det( {0}(M E)) = | ' ’Det (H'(M,E,H))'

The following is twisted analogue of [2, Proposition 1.5]. See also [19] for
the contact version.

Proposition 6.1.

RS

(67) H ’ H)\ = ’ ’ ‘Det (H’(M,E7H)) ’ T(U,)\]'

Proof. For k=0,1, fix ¢ € Det (Qfy, (M, E)) = Det (H*(M, E, H)) and
i € Det (Qk

(0] (M, E)) Then, using the natural isomorphism

Det (QEO}(M,E)) ® Det (Q’(EO,A](M7 E)) = Det (QE (M
k

)®Q@MMLED
= Det (Q[o )

0}
(M

we can regard the tensor product cj := ¢ @ ¢} as an element of Det (Q’[’“O N
(M, E)). Denote by

OB (M, E) = Kee VI N QE (M, E), Q8 (M, E) = Ker VI 0 Ok (M, E).
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Since the complexes Q’(EO )\](M ,E),k=0,1, are acyclic, it is not difficult to

see that each Q(o N (M, E) splits orthogonally into

(6.8) Qo (M, E) = Q5 (M, B) @ Qg

e (M. E).

Al

Take aj, € Det (QfOJC\] (M, E)) so that = VH (az7) A aF. Denote by ¢ =
d @, where ¢’ = ¢f ® ¢} “Land ¢/ = g ® c”i_l. Then
(6.9)

X HC//

le HDet( WAMLE)) ”c,”Det (¢22,, (M. ) [ (F, ,,(M.B))

= ||C/||]Det (Qn (M7E)) X Ha(_)HDet (Q?6+/\](M’E))
-1
H —
x |IV7(a )HD t(QO_ (ME)) X <Ha1||Det (Q(iéfA](M,E)))

< IV @l (5 1))

(0,2]

where | - ||y denotes the naturally induced norm on the subspace V. The
space Q](CO /\](M , ) splits orthogonally into eigenspaces.

0f) (M, B) = ©,<x0f,, (M, E).

Given v € (0, A], we choose an orthogonal basis (vy,...,vy,) of each eigen-

space Q'E j}f(M E) and choose the element ag , = v1 A -+ Ay, € Det (H’C o+

{v}
(M, E, H)), where nj, = dim Q]EJ]T(M E). Then

Hy/ _
(6:10) V™m0 lyer (0577~ (a1, )

p— H ... H [
= ||V v1 A\ AV Un’“”Det (Q’Ej}l’*(M,E))

o H o o e H T+ 1.
BRI C ) R A G )
Nk
=V e atsan ) 7 0 e s o)
Nk
=v?: Hal_f,VH

Det (QF5(M.E))"
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By combining (6.9) with (6.10), we obtain

T
(6.11) HCHDet (Q[-ON(M,E)) = ¢ HDet (ng}(ME))
HyzH* (=02
x H (Det—r (V*V )‘Q{“O.M(M,E)) :
k=0,1 '
By (6.1), (6.5), (6.6) and (6.11), we obtain the result. O

By (6.7), we have, for 0 < A\ < p,
(6.12) -l =11 llx - TR

The twisted Ray-Singer metric on Det (H*(M, E, H)) is defined by the
formula

(6.13) |- 1R

— .|\ - TRS
Det(H°(M,E,H)) DY TNy A20.

It follows immediately from (6.2) and (6.12) that || - HDet (1o (1.5 is inde-

pendent of the choice of A > 0. Note that for A = 0, by (6.3) and (6.13), we
have

RS _
(0 B =1

He(M,E,H))

Theorem 6.1. Let E be a complex vector bundle over a closed oriented
odd-dimensional manifold M and let V be a flat connection on E. Further,
let H be an odd-degree closed form on M and denote by V7 :=V + H A -.
Then

mImn(VH gM)

H\ RS _
(6.14) loan (VIS = ,

H*(M,E,H))
where
n(V7, g™) =n(Bs(V", gM)).

In particular, if V is a Hermitian connection, then ||pan (V)
=1.

HRS
Det (H*(M,E,H))

The rest of this section is concerned with the proof of Theorem 6.1.
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6.2. Comparison between the twisted Ray—Singer metrics
associated to a connection and to its dual

We assume that 6 € (—7/2,0) is any Agmon angle for the twisted odd sig-
nature operator B such that no eigenvalue of B lies in the solid angles
Li_o—r—r/2) Li—r/2,0)> Li—0,x/2) and L(z/2947]5 cf [5 Subsection 11.4]

As in Subsection 5.4, let V'’ be the connection dual to V with respect
to the Hermitian metric hE and let E' denote the flat bundle (E,V’). Let
H be an odd-degree closed form, other than one form, on M and denote by
VH .=V +HA-. Let

A/H — (V/H)*V/H + v/H(v/H)*,

denote the twisted Laplacian of the connection V' twisted by the form H.
For any A > 0, we denote by

0% (M, E') C Q*(M, E')

the image of the spectral projection Ia:# g y), cf. Subsectlon 3.3. As in Sub-
section 6.1, we use the scalar product induced by g™ and h¥ on Q[ }(M E')
to construct a metric || - ||} on Det (H*(M, E’, H)) and we define the twisted
Ray-Singer metric on Det (H*(M, E', H)) by the formula

(6.15) [RE

1H
Det(H'(M,E’,H)) =157 )(V ); A=0.

As the untwisted case, cf. [5, Subsection 11.6], we have the following identi-

fication,

Q['07/\](M,E) Q’[gj\] (M, E)*,
which preserves the scalar products induced by ¢™ and h¥ on Q[.o Al (M, E")
and Qfg )\]'(M E)*. Hence, the anti-linear isomorphism «, cf. (5.17), is an
isometry with respect to the metrics || - ||y and || - ||}. In particular,

lpan(V ) = ll(pan (V)5
It follows from (5.18) that:
(6.16) 19an (V)3 = llpan(V 7)1y - 27 im (V0™

We need the following lemma. For untwisted case, cf. for example,
[4, Lemma 8.8].
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Lemma 6.1.
(6.17) T(l‘}?oo
Proof. From (5.19), we have

(6.18) (VHVH =

As in (6.8), we have

Qk

(6.19) a

Q?)\,oo) (M7 E)

The operator V maps Q/’(C ot

H H

= (VAP |

Hence, by (6.20), we have

(6.21)

LDet’_ ((V"")*v'") ‘Q"  (M,E)

From (6.18), we obtain

log T} ) (V)

k=0,1

—1)¥LDet’

where we use (6.21) for the last equality. This proves the lemma.

vy =

)(M E) isomorphically onto O

=1 ) (-)"'LDet’,
) (=1)F LDet”

(—1)**! LDet’

(-1 LDet/

445

RS

(A,00) (VH)

D(VHTVHAD)D = Dv/H (VH )T

(M, E)@Q’g+ \(M, E).

o0)

QFL ooy (M, E) and

VH) }Q" 3

A\, o0)

;(M,E))

= LDet’ , (V*(V"™)*)| e

(nowy (MLE)

((VH)*VH) ’ngw)(M,E)

(FV/H(V/H ’Q’“ o (M.E)

(V/H(V/H *) o

(X, oo) ~(M,E)

(V/H(V/H )‘Q’“’ y(M,E)

((VIH)*VIH) ‘ngm)(M,E)’
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Hence, from (6.13), (6.15) to (6.17), we conclude that

(6.22)
Hy RS _ 1H\ | RS . J2r Imp(VH M)
1pan(V )HDet (H*(M.E,H)) lpan(V )HDet (He(M,EH)) © :
6.3. Direct sum of a connection and its dual
Let

= (V 0
(5 o)

denote the flat connection on F @ E obtained as a direct sum of the con-
nections V and V’. Denote by

H
= \Y 0
v = ( 0 V/H > .
Then a discussion similar to [5, Subsection 11.7], where the untwisted case
was treated, one easily obtains that,

pan(V) = (M, E,H),H*(M,E',H) (Pan(VH) @ pan(V'H))

and

— H\||RS
pan(v )HDet (H'(M,EEBE/,H)

_ H\||RS ) /H\ || RS
= lloan(TIIR ) Do (TIES

ot (H*(M,E,H He(M,E'H)

Combining this later equality with (6.22), we obtain

o H\|IRS
Hpal’l(v )HDet(H'(M,E@E’,H)
2 _9rIm H M

= (Hpan(vH)HEZ( ) .o~ 2m Imn(VH.g™)

He(M,E,H)
Hence, (6.14) is equivalent to the equality

— H\||RS
(6.23) ||pan(v )HDet (H‘(M,EEBE’,H)

=1.

By a slight modification of the deformation argument in [5, Section 11,
p. 205-211], where the untwisted case was treated, we can obtain (6.23).
Hence, we finish the proof of Theorem 6.1.
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