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Once-punctured tori and knots in lens spaces

Kenneth L. Baker

We determine the non-null homologous knots in lens spaces whose
exteriors contain properly embedded once-punctured tori. All such
knots arise as surgeries on the Whitehead link and are grid number
1 in their lens spaces. As a corollary, we classify once-punctured
torus bundles that admit a lens space filling.

1. Introduction

Say a knot whose exterior contains a properly embedded once-punctured
torus is an OPT-knot. In this article, we determine every non-null homologous
OPT-knot K in a lens space X �∼= S1 × S2 up to homeomorphism of the pair
(X, K). As a corollary, when combined with previous work of the author [1],
we determine all once-punctured torus bundles that admit a lens space
filling. See Theorem 1.1 and Corollary 1.3, respectively.

The lens space L(r, q) is obtained by −r/q Dehn surgery on the unknot
in S3 for coprime integers r and q. Recall that L(r, q) ∼= L(r′, q′) if and only
if r′ = ±r and q′ = ±q±1 modulo r.

Let K be an OPT-knot in a lens space X �∼= S1 × S2 and let S be a once-
punctured torus properly embedded in its exterior E(K) = X − N(K). Let
s be the minimal positive integer for which s[K] = 0 in H1(X). We say s
is the order of K. Observe that s is the number of times a meridian of K
minimally intersects ∂S on ∂E(K). Let r be the order of X �∼= S1 × S2 so
that H1(X) ∼= Z/r, X ∼= L(r, q) for some q, and 0 < s ≤ r.

Let W denote the Whitehead link depicted on the left of figure 1. Let
W (γ1, γ2) denote Dehn surgeries of slopes γ1 and γ2 on the two components
of W in the standard coordinates. Let Y denote the link of the “twisted” two-
chain with axis depicted on the middle and right of figure 1. Let Y (γ1; γ2, γ3)
denote Dehn surgeries of slope γ1 on the axis and γ2 and γ3 on the other
two components. Note the symmetries of W and Y which give W (γ1, γ2) =
W (γ2, γ1) and Y (γ1; γ2, γ3) = Y (γ1; γ3, γ2). We say a knot K is unknotted if
its exterior is a solid torus and is trivial if it is the boundary of an embedded
disk. The type of a torus knot is defined in Section 3.
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Figure 1: The Whitehead link W and the “twisted” two-chain with axis Y .

Theorem 1.1. If K is a non-null homologous OPT-knot in a lens space
X �∼= S1 × S2 then up to homeomorphism for some integers k, � �= 0 either

(I) K is the type {2, 3} torus knot in L(6k − 1, 2k − 1) arising as the core
of the −6 + 1/k surgery in W (−1,−6 + 1/k),

(II) K is the type {2, 4} torus knot in L(8k − 2, 2k − 1) arising as the core
of the −4 + 1/k surgery in W (−2,−4 + 1/k),

(III) K is the type {3, 3} torus knot in L(9k − 3, 3k − 2) arising as the core
of the −3 + 1/k surgery in W (−3,−3 + 1/k),

(IV) K is the knot in L(9k − 3, 3k − 2) arising as the core of the −3 surgery
in W (−3,−3 + 1/k),

(V) K is the knot in L(8k� − 2, 4k� − 2k − 1) arising as the core of the −2
surgery in Y (−2; 1/k, 1/�), or

(VI) K is an unknotted knot in L(r, q) arising as the core of the −r/q
surgery in W (−r/q,∞), |r| �= 1.

See figure 2. The once-punctured torus compresses in the exterior of K if
and only if K belongs to family (VI).

Figure 2: Surgery descriptions of the five knotted families of non-null homol-
ogous OPT-knots in lens spaces.
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Remark 1.1. Table A.5 of [2] (with the Kirby calculus of Lemma 2.2)
identifies W (−2,−4 + 1/k) as L(8k − 2, 4k + 1) but this is with an ori-
entation reversing homeomorphism. The discrepancy may be noticed by
setting k = +1 in families (II) and (III) above. That W (−2,−4 + 1/k) =
L(8k − 2, 2k − 1) follows from Lemma 7.11.

Proof. If the exterior of K is a solid torus, then it is the core of −r/q Dehn
surgery on the unknot in S3 and belongs to family (VI). Now assume the
exterior of K is not a solid torus. When K is a torus knot then by Lemma 3.1
it belongs to one of the first three families. When K is not (necesarily)
a torus knot then for s ≥ 3 it follows from Theorem 6.1 that K belongs
to family (IV). For s = 2, it follows from Theorem 7.1 that K belongs to
family (V). �

Remark 1.2. The first three families of knots are all torus knots of orders
| − 6k + 1|, | − 4k + 1|, and | − 3k + 1|, respectively. The fourth and fifth
families of knots are not torus knots (except for family (IV) with k = 1
and for family (V) with k = � = ±1) and their orders are 3 and 2, respec-
tively. Consequentially, only the knots in the first and last family represent
generators of homology in their lens spaces.

Remark 1.3. Non-null homologous OPT-knots in S1 × S2 are knots that
transversally intersect once a non-separating torus. For every non-separating
embedding of a torus T in S1 × S2, one may easily construct many OPT-
knots K intersecting T once so that surface S = T − N(K) is incompressible
in the exterior of K.

A (knotted) knot or link in a three-manifold has tunnel number 1 if the
complement of an open neighborhood of some arc properly embedded in the
exterior of the knot or link is a handlebody.

Corollary 1.1. Each non-null homologous OPT-knot in a lens space has
tunnel number 1.

Proof. Theorem 1.1 shows that each non-null homologous OPT-knot in a
lens space arises from Dehn surgery on either the Whitehead link W , which
itself has tunnel number 1 or the link Y . Those knots arising from surgery on
Y have exterior Y ( · ; 1/k, 1/�) for which an unknotted properly embedded
arc through disk bounded by one component of the chain and disjoint from
the other may be seen to be an unknotting tunnel. This all follows more
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simply from Theorem 1.3 since grid number 1 knots are all 1-bridge with
respect to the Heegaard torus and hence tunnel number 1. �

Corollary 1.2. Let k, � be non-zero integers. Up to homeomorphism of
unoriented knot in a lens space: L(6k − 1, 2k − 1) contains exactly one knot-
ted non-null homologous OPT-knot; L(8k� − 2, 4k� − 2k − 1) contains
exactly two if k = ±1 or � = ±1, exactly three if k = � = ±2, and exactly
one otherwise; L(9k − 3, 3k − 2) contains exactly three if k = −3 and exactly
two otherwise. Only L(30, 11) contains three.

Proof. From Theorem 1.1 it is clear that these lens spaces contain at least
as many as claimed. To show they contain no more, we must examine when
these three families of lens spaces coincide. First observe that 2|8k� − 2
and 3|9k − 3 but 2� | 6k − 1 and 3� | 6k − 1; hence L(6k − 1, 2k − 1) contains no
other non-null homologous OPT-knots.

Now notice that since (3j − 2)2 ≡ 1 modulo 9j − 3, if L(9j − 3, 3j − 2) ∼=
L(8k� − 2, 4k� − 2k − 1) for some j, k, � ∈ Z then, from the classification of
lens spaces, it must be the case that (4k� − 2k − 1)2 ≡ 1 modulo 8k� − 2.
One may show that this last congruence holds if and only if either k = 0,
� = 0, or k = �. Since 9j − 3 �= ±2 for any integer j, we must have k = �.
Because −L(8k2 − 2, 4k2 − 2k − 1) = L(8(−k)2 − 2, 4(−k)2 − 2(−k) − 1),
let us assume k > 0. Then since 0 < 4k2 − 2k − 1 < 1

2(8k2 − 2), in order
to have L(8k2 − 2, 4k2 − 2k − 1) = ±L(9j − 3, 3j − 2) one of the following
occurs. If j > 0 then 8k2 − 2 = 9j − 3 and 4k2 − 2k − 1 = 3j − 2 which
implies k = 1 and j = 1. If j < 0 then 8k2 − 2 = −9j + 3 and 4k2 − 2k − 1 =
−3j + 2, which implies k = 2 and j = −3.

Therefore, L(8k� − 2, 4k� − 2k − 1) = ±L(9j − 3, 3j − 2) if either k =
� = ±1 and j = 1 or k = � = ±2 and j = −3. Up to homeomorphism (tak-
ing k = � > 0), these are the lens spaces L(6, 1) and L(30, 11), respectively.
In L(6, 1) = W (−2,−3) there are two homeomorphism types of knotted
non-null homologous OPT-knots, they correspond to the cores of the surg-
eries in the surgery description, and both are torus knots. In L(30, 11) =
W (−3,−10/3) = Y (−2; 1/2, 1/2) there are three homeomorphism types of
knotted non-null homologous OPT-knots, they correspond to the cores of
the −10/3, −3 and −2-surgeries in the surgery description, and only the
first is a torus knot. �

1.1. Lens space fillings of once-punctured torus bundles

By a genus one fibered knot, or GOF-knot for short, we mean a null homol-
ogous knot in a closed orientable three-manifold whose exterior is a once-
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punctured torus bundle; a GOF-knot is the binding of an open book whose
pages are once-punctured tori.

Burde and Zieschang use the homology of once-punctured torus bundles
in their proof that a GOF-knot in S3 is either a trefoil or has exterior
homeomorphic to that of the figure 8, [3]. Gonzáles–Acuña pins this down
concluding that the GOF-knots in S3 are the trefoils and the figure 8, [4].

Passing from S3 to lens spaces, Morimoto describes all the GOF-knots in
a handful of lens spaces, [5]. In [1], we extend Morimoto’s result by classifying
all the GOF-knots in all lens spaces. Using the homology of once-punctured
torus bundles in a manner similar to Burde and Zieschang, Baldwin observes
that if a once-punctured torus bundle is the exterior of a non-null homol-
ogous knot in a lens space of prime order, then the once-punctured torus
bundle is homeomorphic to the exterior of a trefoil, [6]. We now complete
the classification of knots in lens spaces with once-punctured torus bundle
exteriors in Theorem 1.2 and describe the monodromy of a once-punctured
torus bundle admitting a lens space filling in Corollary 1.3.

Let x and y be two simple closed curves on S that transversally inter-
sect once; let τx and τy be right-handed Dehn twists along these curves.
Monodromies of once-punctured torus bundles are considered up to isotopy.

Theorem 1.2. If K is a non-null homologous knot in the lens space X
with a once-punctured torus bundle of monodromy φ as its exterior, then up
to homeomorphism for some integer k �= 0 either

(I) K is a type {2, 3} torus knot in L(6k − 1, 2k − 1) with φ ∼= τxτy,

(II) K is a type {2, 4} torus knot in L(8k − 2, 2k − 1) with φ ∼= τ2
xτy,

(III) K is a type {3, 3} torus knot in L(9k − 3, 3k − 2) with φ ∼= τ3
xτy,

(IV) K is the non-torus knot in L(12, 5) arising as the core of the −3 surgery
in W (−3,−4) with φ ∼= τ4

xτy, or

(V) K is the non-torus knot in L(10, 3) arising as the core of the −2 surgery
in W (−2,−5) with φ ∼= τ5

xτy.

Proof. When K is a torus knot families (I), (II) and (III) follow from
Lemma 3.1. When s ≥ 3 Theorem 6.1 and in particular Lemma 6.15 gives
the knot in family (IV) with k = −1; the knot in family (IV) with k = +1 is
a torus knot. When s = 2 Theorem 7.1 and in particular Lemma 7.14 (with
Lemma 7.10) gives the knot in family (V) with k = −� = ±1; the knot in
family (V) with k = � = ±1 is a torus knot. �
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Remark 1.4. In Theorem 1.2 the first three monodromies are periodic,
the fourth is reducible, and the fifth is pseudo-Anosov (see e.g. [7]). Indeed
the fourth exterior, W (−4, · ), contains an essential Klein bottle. The fifth
exterior, W (−5, · ), is the exterior of figure 8 sister.

Corollary 1.3. Up to homeomorphism, a once-punctured torus bundle
admits a lens space filling if and only if it has monodromy φ ∼= τk

x τ2
y τ �

xτ−1
y

for k, � ∈ Z.

Proof. Let Δ denote the distance of the slope of a lens space filling of a
once-punctured torus bundle from the slope of the boundary of a fiber; see
Section 2.1.

If Δ > 1, then the core of the filling is a knotted non-null homologous
OPT-knot in a lens space with fibered exterior. Hence, φ must be as in
Theorem 1.2. These are equivalent to choosing k ∈ {1, 2, 3, 4, 5} and � = 0
in the expression φ = τk

x τ2
y τ �

xτ−1
y .

If Δ = 1, then the corresponding knot is a (null homologous) genus one
fibered knot. In [1] we show that φ has the stated form and that every such
φ is the monodromy of a genus one fibered knot in a lens space (including
S1 × S2).

If Δ = 0 then the filling is a torus bundle. But this cannot be a lens
space. �

Corollary 1.4. Every non-null homologous knot K in a lens space with a
once-punctured torus bundle exterior admits a non-trivial lens space surgery.
In particular there is a GOF-knot in a lens space with the same exterior
as K.

Proof. The exteriors of the five families of non-null homologous knots in lens
spaces with once-punctured torus bundle exteriors listed in Theorem 1.2 are
W (−1, · ), W (−2, · ), W (−3, · ), W (−4, · ) and W (−5, · ), respectively. The
core of the ∞ filling of the remaining component of W gives a GOF-knot in
L(1, 1), L(2, 1), L(3, 1), L(4, 1) and L(5, 1), respectively. �

Remark 1.5. Each of these GOF-knots in lens spaces that admit non-
trivial lens space surgeries (begetting the knots of Theorem 1.2) may be
visualized up to homeomorphism as the plumbing of the +1-Hopf band in
S3 onto the r-Hopf band in L(r, 1) for r = 1, 2, 3, 4, 5. We say an r-Hopf
link is the two component fibered link in the lens space L(r, 1) with an
annulus fiber whose monodromy is r Dehn twists along the core curve of the
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annulus; that is, the binding of an open book for L(r, 1) with annular pages.
An r-Hopf band is then an annulus fiber of an r-Hopf link. See [8].

1.2. Grid number 1 knots

Recently, the advent of combinatorial link Floer homology for links in S3, [9]
and [10], has brought to attention Cromwell’s arc presentations of links, [11]
and [12]. These may be reinterpreted as toroidal grid diagrams of links. One
observes that analogous toroidal grid diagrams may be defined for knots in
lens spaces too. Grigsby employs this in [13].

We define grid number 1 knots in Section 2.3 and discuss them here.
Let us first note that in an oriented lens space the non-trivial elements of
homology are canonically identified with the oriented grid number 1 knots.
In various senses, these grid number 1 knots are “small” or “fundamental”.
For example, from the presentation of a knot K as a grid number 1 knot one
quickly obtains that the Heegaard Floer knot homology of K is exceptionally
simple with just one generator in each Spinc structure. In fact, each grid
number 1 knot is a “U-knot” as in Definition 5.2 of [14]. The relationship
of a knot having grid number 1 and such particular simple Heegaard Floer
homology is further examined in [15–17]. Indeed, the known knots in S3

that admit integral Dehn surgeries yielding lens spaces, i.e., the classical
Berge knots, all correspond to grid number 1 knots in the resulting lens
spaces; see [18]. Yet another aspect of the simplicity of grid number 1 knots
is demonstrated in the following theorem.

Theorem 1.3. Every non-null homologous OPT-knot in a lens space has
grid number 1.

Proof. Refer to Theorem 1.1 for the classification of non-null homologous
OPT-knots in lens spaces. That the grid number of K is 1 follows from
Lemma 3.2 for the torus knots, from Lemma 6.11 when s ≥ 3, from
Lemma 7.9 when s = 2, and trivially for the unknotted knots. �

This suggests a question. First, let us say a properly embedded, con-
nected, orientable surface S in the exterior E(K) = M − N(K) of a knot K
in some closed orientable three-manifold M is a rational Seifert surface for
K if an orientation on S causes ∂S to be a coherently oriented collection
of circles on ∂E(K). Then the (rational) genus of K is the minimal genus
among all rational Seifert surfaces for K.
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Question 1.1. Do the grid number 1 knots in a lens space have minimal
genus among knots in their homology classes?

Note that since the number of boundary components of a rational Seifert
surface is invariant for knots within a homology class, this question may be
rephrased in terms of Euler characteristics.

Further supporting the simplicity of grid number 1 knots in lens spaces,
Ozsváth and Szabó algebraically prove that a grid number 1 knot in a lens
space representing a generator of homology has fibered exterior, [19]. They
show this using a theorem of Stallings that gives an algebraic characteriza-
tion of fibered orientable three-manifolds, [20], together with a theorem of
Brown about the finite generation of kernels of characters of two-generator
one-relator groups, [21]. In accordance with this notion of simplicity, one
might suspect that all grid number 1 knots have fibered exterior. Alas, this
is not so.

Corollary 1.5. Not every grid number 1 knot has fibered exterior.

Proof. By Theorem 1.2, families (IV) and (V) of non-null homologous OPT-
knots are not fibered if k �= ±1. This with Theorem 1.3 gives the result. �

Because the OPT-knots in families (II), (III), (IV) and (V) do not rep-
resent generators of homology (their orders are strictly less than the orders
of the lens spaces that contain them) the application of Brown’s theorem in
concert with Stallings’ theorem does not work as cleanly. It is not uncom-
mon, as in families (II) and (III) and in L(p, 1), to find grid number 1 knots
that are torus knots, and hence have fibered exterior, but do not represent
generators of homology. Together Theorems 1.2 and 1.3 show that there are
but two non-torus OPT-knots of grid number 1 whose exteriors are fibered
and yet do not represent generators of homology.

Question 1.2. Aside from torus knots and ones that represent generators
of homology, which grid number 1 knots have fibered exterior?

2. Preliminaries

Lemma 2.1. Let S be a once-punctured torus properly embedded in the
exterior of a non-null homologous knot K in a lens space X(�∼= S1 × S2). If
S compresses then K is an unknotted knot.
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Proof. Let S′ be the disk resulting from a compression of S. Then N(N(K) ∪
S′) is a punctured lens space of the same order as K. Since lens spaces are
prime, X − N(N(K) ∪ S′) is a 3-ball. Then E(K) = X − N(K) is obtained
by attaching a 1-handle that is a collar neighborhood of S′ to this ball.
Hence E(K) is a solid torus. �

Remark 2.1. If X = S1 × S2 then this lemma is false. Let K be a knot-
ted knot intersecting S0 = {0} × S2 once transversally. Then K is non-null
homologous and any tubing of S0 − N(K) to itself in the exterior of K
along an arc whose ends approach the same side of S0 forms a compressible
once-punctured torus.

2.1. Slopes and surgeries

A slope is an isotopy class of essential simple closed curves on a torus. If γ and
δ are two slopes, then Δ(γ, δ) denotes their distance, the minimal geometric
intersection number among representatives of γ and δ in the torus. If c and d
are elements of γ and δ respectively then we also write Δ(c, d) = Δ(γ, δ). For
example, in this article we assume that for a meridian μ of K, Δ(μ, ∂S) = s
on ∂N(K).

Given a link K = K1 ∪ · · · ∪ Kn, let K(γ1, . . . , γn) denote the manifold
obtained by γi-Dehn surgery on each component Ki for i = 1, . . . , n. We use
the “slope” γi = · to indicate that a tubular neighborhood of Ki is removed
and left unfilled.

For a knot K in S3, we use standard meridian-longitude coordinates for
its Dehn surgery slopes: Arbitrarily orient K and let 〈[μ], [λ]〉 be a basis for
H1(∂N(K); Z) where μ is an oriented meridian positively linking K once
and λ is the slope of the Seifert surface oriented parallel to K. A slope γ
represented by an oriented essential simple closed curve γ̄ on ∂N(K) is given
the coordinate a/b ∈ Q ∪ {1

0} if [γ̄] = a[μ] + b[λ] in H1(∂N(K); Z).
Let W denote the Whitehead link and Y denote the twisted two-chain

with axis shown in figure 1. The pretzel link N = P (−2,−2,−2) has exterior
homeomorphic to the the so-called “magic” manifold, see Gordon and Wu
[22, 23] and, for our purposes in particular, Martelli and Petronio [2].

Lemma 2.2. As shown in figure 3, N(α, β,+1) = W (α − 1, β − 1),
Y (α; β, +1) = W (α, β − 4), and Y (α; β,−1) = W (−α′,−β − 4). The last
equality requires a mirror, and if α has slope a/b with a > 0, then α′ has
slope a/(b + a).
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Figure 3: Kirby calculus gives the relationships N(α, β,+1) = W (α − 1,
β − 1), Y (α; β, +1) = W (α, β − 4), and, with mirroring, Y (α; β,−1) =
W (−α′,−β − 4).

In particular, we have Y (−2; β, +1) = W (−2, β − 4) and, with mirror-
ing, Y (−2; β,−1) = W (−2,−β − 4).

Proof. These are straightforward applications of Kirby calculus. See chap-
ters 4 and 5 of [24], for example. �

Lemma 2.3 (Martelli–Petronio, [2]). W (α, β) is a lens space if and
only if {α, β} is {−1,−6 + 1/k}, {−2,−4 + 1/k}, {−3,−3 + 1/k}, or
{p/q,∞} for some k, p, q ∈ Z and (p, q) = 1.

Proof. Using Lemma 2.2 this is a direct consequence of the results of Martelli
and Petronio listed in table A.5 of [2]. �

Lemma 2.4 (Proposition 3, [25]). W (p/q, · ) fibers over the circle if
and only if |q| ≤ 1. For each p ∈ Z, W (±p/1, · ) fibers with a once-punctured
torus fiber and monodromy φ ∼= τ∓p

x τy.

Remark 2.2. If q = 0 then W (p/q, · ) is a solid torus and fibers over the
circle with a disk fiber. For q �= 0, we refer the reader to [25] for a proof. Let
us mention, nevertheless, that the monodromy is most directly viewed by
regarding W as the result of −1 surgery on one component of the Borromean
rings (contrast with the link Y ). Then W (±p, · ) may be seen as the pair of
surgeries ±p and −1 on the untwisted two-chain link in the solid torus. A
representative once-punctured torus fiber is a meridional disk tubed once to
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be disjoint from the chain link. Pushing the tube through the surgery solid
torus of each of these link components effects a Dehn twist.

Lemma 2.5. Y ( · ; 1/k, 1/�) fibers over the circle with a OPT fiber if and
only if |k| = |�| = 1. The manifold is a solid torus if and only if k = 0 or
� = 0.

Proof. In the link Y , the axis of the two-chain bounds a disk that intersects a
single component of the two-chain twice and is disjoint from the other com-
ponent. Tube this disk along the first component to form a OPT S disjoint
from the two-chain and incompressible in the exterior of Y . Since trivial
surgery on one component of the two-chain leaves the other component as a
trivial knot, Y ( · ; 1/k, 1/�) is a solid torus if k or � is 0. That the manifold
Y ( · ; 1/k, 1/�) is a solid torus only if k or � is 0 follows from a homology
calculation (as well as the Alexander polynomial calculation below).

If, say, |�| = 1, then by Lemma 2.2 Y ( · ; 1/k,±1) ∼= W ( · ,−4 ± 1/k). By
Lemma 2.4 this fibers (with fiber S) if and only if |k| = 1. By symmetry,
a similar argument works if |k| = 1.

Viewing Y ( · ; 1/k, 1/�) as surgery on the two-chain in the solid torus
complement of the axis of Y , we may compute its Alexander polynomial to
be Δ(t) = k�(t + 2 + t−1) − 1. (The first homology of the infinite cyclic cover
of Y ( · ; 1/k, 1/�) minus the lifts of the chain link is generated as a Z[t±1]
module by α and β. The lifts of surgery on the chain link gives relations

Figure 4: The Alexander polynomial of Y (·, 1/k, 1/�) may be computed from
its surgery description on a two-chain link in a solid torus.
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�(α + t−1α) = β and k(tβ + β) = α from which we obtain the Alexander
polynomial. See figure 4.) Since the polynomial is monic only if |k�| ≤ 1,
Y ( · ; 1/k, 1/�) cannot be fibered unless |k�| ≤ 1. �

2.2. Heegaard splittings and height functions

A lens space X has a unique genus one Heegaard splitting: there is a torus,
unique up to isotopy, that divides X into two solid tori, e.g. [26]. These
are referred to as the Heegaard torus and Heegaard solid tori accordingly.
Endow X with a height function X → [−∞, +∞] where the preimages of
heights in (−∞, +∞) are Heegaard tori and the preimages of ±∞ are the
two unknotted circles. Let T̂ be a the preimage of 0. We refer to the Heegaard
solid tori bounded by T̂ and the objects in them as being above or below
T̂ depending on their relationship with respect to the height function on
X. The colors amber and blue will also be used, respectively. Denote the
amber and blue Heegaard solid tori as Va and Vb. Let Ka = K ∩ Va and
Kb = K ∩ Vb. Let ma and mb be meridians of Va and Vb, respectively.

2.3. Grid number 1 knots

Assume the meridians ma and mb of Va and Vb respectively intersect mini-
mally on T̂ . Therefore in L(r, q) �= S3, S1 × S2 they intersect in r > 2 points.
The (unoriented) grid number 1 knots are defined by unordered pairs of dis-
tinct points {z, w} of ma ∩ mb. Let Da and Db be meridional disks of Va

and Vb with boundaries ma and mb, respectively. Given a pair of distinct
points {z, w} of ma ∩ mb there is a properly embedded arc Ka and Kb in
Da and Db, respectively, with these points as their endpoints. The knot
K = Ka ∪ Kb is then a grid number 1 knot.

If in some direction along mb the two points {z, w} are n apart (i.e., there
are n − 1 points of ma ∩ mb in the interior of an arc of mb between z and
w) then we say K is the nth grid number 1 knot in L(r, q) along mb. Taken
along ma, K is the nqth grid number 1 knot where nq is reduced modulo r.
Because we are working with knots in lens spaces up to homeomorphism
we will understand that saying K is the nth grid number 1 knot means
the count of n is taken with respect to either ma or mb. In this article,
for the torus knots at hand, the geometry will make apparent the correct
choice; for the non-torus knots at hand, the symmetry makes the choice
irrelevant.
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3. Torus knots

A torus knot K in a lens space is an essential simple closed curve on T̂ . The
exterior of a torus knot is a Seifert fiber space over the disk with (at most)
two exceptional fibers and is fibered over S1 unless the curve is isotopic to a
meridian of one of the Heegaard solid tori. In this latter situation, the curve
bounds a disk in the lens space and is hence the trivial knot; its exterior is
the connect sum of the lens space and a solid torus.

If K is a torus knot in the lens space X = Va ∪T̂ Vb, then let δa =
Δ(K, ma) and δb = Δ(K, mb) viewing the curves on the Heegaard torus.
Then we say that K is a type {δa, δb} torus knot. The type of a torus knot
reveals its element of homology with respect to the two canonical generators,
the unknotted cores of Va and Vb.

Lemma 3.1. If K is a non-null homologous torus knot and an OPT-knot
then either K is unknotted or E(K) fibers over the circle with a once-
punctured torus fiber and, up to homeomorphism, for some integer k �= 0,
either

(I) K is a type {2, 3} torus knot in L(6k − 1, 2k − 1) arising as the core of
the −6 + 1/k-surgery in W (−1,−6 + 1/k) with monodromy φ ∼= τxτy,

(II) K is a type {2, 4} torus knot in L(8k − 2, 2k − 1) arising as the core
of the −4 + 1/k-surgery in W (−2,−4 + 1/k) with monodromy φ ∼=
τ2
xτy, or

(III) K is a type {3, 3} torus knot in L(9k − 3, 3k − 2) arising as the core of
the −3 + 1/k-surgery in W (−3,−3 + 1/k) with monodromy φ ∼= τ3

xτy.

Proof. Since the exterior of a non-trivial (and hence non-null homologous)
torus knot is fibered, if it is an OPT-knot with a compressible properly
embedded once-puncutred torus in its exterior, then Lemma 2.1 says that
the knot is unknotted. Therefore let us now assume the once-punctured torus
in the exterior of K is incompressible.

The exterior E(K) of a torus knot K is the union of two solid tori V ′
a

and V ′
b along essential annuli in their boundary. (View Va and Vb as the

Heegaard solid tori above and below the Heegaard torus on which K lies.
Dig out a trench from each along K to form V ′

a and V ′
b .) Let A = V ′

a ∩ V ′
b

be this annulus, and let Di be meridional disks of V ′
i minimally intersecting

A, i = a, b. It may be arranged so that Da and Db are disjoint. Set δi =
|∂Di ∩ A| and let λ = lcm (δa, δb). We may now easily view E(K) as a fiber
bundle over the circle with fiber S composed of λ/δ1 parallel copies of Da
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in V ′
a joined to λ/δb parallel copies of Db in V ′

b along λ arcs in A. In order
for S to be a once-punctured torus, we must have χ(S) = λ/δa + λ/δb − λ =
−1. Rewritten as 1/δa + 1/δb + 1/λ = 1, the solutions are clear. The only
positive integer solutions are {δa, δb} = {2, 3} and {δa, δb} = {2, 4} if δa �= δb

and δa = δb = 3 otherwise. Therefore, the only possible torus knot types of
OPT-knots are {2, 3}, {2, 4} and {3, 3}. We now describe all such torus knots
and their monodromies. To facilitate this, regard the disks Di as regular ideal
δi-gons.

Choosing δa = 2 and δb = 3, the fiber S is assembled from three copies
of Da joined to two copies of Db along 6 arcs. Sliding S around V ′

a ∪ V ′
b

through its monodromy back to itself permutes the three copies of Da around
V ′

a and the two copies of Db around V ′
b . Doing so three times returns each

copy of Da to itself with a π rotation. Doing so twice returns each copy
of Db to itself with a 2π/3 rotation. Hence the monodromy may be now
visualized as a π/3 rotation of a regular hexagon minus an open disk at
the center with opposite sides identified; φ ∼= τxτy. See figure 5(I). Hence by
Lemma 2.4 E(K) ∼= W (−1, · ). Martelli and Petronio then show in table A.5
of [2] that W (−1,−6 + 1/k) = L(6k − 1, 2k − 1) for k ∈ Z are the only lens
space fillings of W (−1, · ).

Choosing δa = 2 and δb = 4, the fiber S is assembled from two copies
of Da joined to one copy of Db along 4 arcs. The monodromy permutes
the two copies of Da. Done twice, each copy of Da returns to itself with
a π rotation. Done once, Db returns to itself with a π/2 rotation. Hence
the monodromy may be visualized as a π/2 rotation of a square minus an
open disk at the center with opposite sides identified; φ ∼= τxτyτx

∼= τ2
xτy. See

figure 5(II). Hence by Lemma 2.4 E(K) ∼= W (−2, · ). Martelli and Petronio
then show in table A.5 of [2] that W (−2,−4 + 1/k) = L(8k − 2, 2k − 1) for
k ∈ Z (see Remark 1.1) are the only lens space fillings of W (−2, · ).

Figure 5: The fibers of torus knots.
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Choosing δa = 3 and δb = 3, the fiber S is assembled from one copy of Da

joined to one copy of Db joined along 3 arcs. The monodromy rotates each
of the two disks by 2π/3 (so that |∂S| = 1). Hence the monodromy may be
visualized as a 2π/3 rotation of a regular hexagon minus an open disk at the
center with opposite sides identified; φ ∼= τyτxτyτx

∼= τ3
xτy. See figure 5(III).

Hence by Lemma 2.4 E(K) ∼= W (−3, · ). Martelli and Petronio then show
in table A.5 of [2] that for each W (−3,−3 + 1/k) = L(9k − 3, 3k − 2) for
k ∈ Z are the only lens space fillings of W (−3, · ). �

Remark 3.1. One may notice that the lens spaces L(9k, 3k + 1) for k ∈ Z

also contain type {3, 3} torus knots. The fibers for these knots however are
thrice-punctured spheres.

Lemma 3.2. If K is a knotted non-null homologous type {δa, δb} torus
knot and an OPT-knot then K has grid number 1 and is the δath or δbth
grid number 1 knot.

Proof. Assume K is a type {δa, δb} torus knot. Let ma and mb be meridians
of Va and Vb that intersect minimally. Then ma ∪ mb forms a toroidal grid.
Beginning at a vertex of the grid, travel along mb in one direction until the
δath vertex (intersection of ma) is reached. Since K is a type {δa, δb} torus
knot, for one of the choices of directions along mb, the original vertex must
now be δb vertices (intersections of mb) away in one direction along ma.
Traveling in this direction back to the original vertex now completes a loop
on T̂ that is at least homotopic to K. If the interior of the part of this loop
that runs along ma is slightly lifted up into Va and the interior of the part
that runs along mb is slightly pushed down into Vb, then the knot created
is the δath grid number 1 knot, counted along mb. Counting along ma, this
would be the δbth grid number 1 knot.

To show that this loop is actually simple and hence the torus knot we
desire, we may simply show that no vertex of the grid in the loop is visited
more than once. Number the intersections of ma and mb from 0 to r − 1 in
order along, say, mb. Then, since X = L(r, q), the intersection points appear
in order along ma as 0, q, 2q, . . . , (r − 1)q reduced modulo r. Therefore the
loop on the grid encounters the following vertices in the order:

0, 1, . . . , δa, δa + q̇, δa + 2q̇, . . . , δa + δbq̇

reduced modulo r for some choice of q̇ = ±q±1.
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Lemma 3.1 gives three families for which we must check that such a
sequence exists with no repetitions (except at the beginning and end). We
do so to complete the proof.

(I) k > 0: The type {2, 3} torus knot in L(6k − 1, 2k − 1) gives the sequence

0, 1, 2, 2k + 1, 4k, 6k − 1.

k < 0: Set k′ = −k. The type {2, 3} torus knot in L(6k′ + 1, 2k′ + 1) ∼=
L(6k′ + 1, 4k′) gives the sequence

0, 1, 2, 4k′ + 2, 2k′ + 1, 6k′ + 1.

(II) k > 0: The type {2, 4} torus knot in L(8k − 2, 2k − 1) gives the sequence

0, 1, 2, 2k + 1, 4k, 6k − 1, 8k − 2.

k < 0: Set k′ = −k. The type {2, 4} torus knot in L(8k′ + 2, 2k′ + 1) ∼=
L(8k′ + 2, 6k′ + 1) gives the sequence

0, 1, 2, 6k′ + 3, 4k′ + 2, 2k′ + 1, 8k′ + 2.

(III) k > 0: The type {3, 3} torus knot in L(9k − 3, 3k − 2) gives the sequence

0, 1, 2, 3, 3k + 1, 6k − 1, 9k − 3.

k < 0: Set k′ = −k. The type {3, 3} torus knot in L(9k′ + 3, 3k′ + 2) ∼=
L(9k′ + 3, 6k′ + 1) gives the sequence

0, 1, 2, 3, 6k′ + 4, 3k′ + 2, 9k′ + 3. �

Remark 3.2. If K is unknotted in L(r, q), then it may be identified as
either the 1st or the qth grid number 1 knot in L(r, q).

4. Fat-vertexed graphs of intersection

Here, we set up machinery used in the remainder of this article. Lither-
land [27] first introduced fat-vertexed graphs into the study of intersecting
surfaces. See Gabai [28], Rieck [29] and Gordon’s survey [30] for the notion
of thin position for knots in closed oriented three-manifolds and its interplay
with intersecting surfaces. Our particular situation takes lead from Goda and
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Teragaito [31] where they examine the intersections between a (punctured)
Heegaard torus and a Seifert surface in a knot exterior.

Recall our discussion in Section 2.2 about Heegaard splittings and height
functions. Put K in thin position with respect to the height function on our
lens space X. Arrange that T̂ is a thick torus with respect to K, which K
intersects, say, t times. Let H(K) be the closure of the tubular neighborhood
N(K). Denote T = T̂ − N(K) = T̂ ∩ E(K). Isotop S rel–∂ in E(K) fixing
T to minimize |S ∩ T | among the positions of S transversally intersecting
T in a collection of simple closed curves and simple proper arcs. Abstractly
cap off S with a disk to form the torus Ŝ. Form the fat-vertexed graphs GS

on Ŝ and GT on T̂ as follows. We will view our diagrams of GT from above.
The fat-vertex of GS is the disk abstractly capping off S. The fat-vertices

of GT are the disks T̂ ∩ H(K), the closures of the components of T̂ ∩ N(K).
We find it useful to regard the fat-vertex of GS as just ∂S and the fat-vertices
of GT as meridional disks of H(K).

The edges of GS and GT are the arcs of S ∩ T . Typically we do not
include the closed curve components of S ∩ T in our graphs, but we will
occasionally bring them into play. The faces of GS and GT are the path
closures of the components of the complements of the edges in S and T
respectively. Here too one may occasionally care to include the simple closed
curves of S ∩ T with the edges in the formation of the faces. A corner of a
face f is a component of ∂f ∩ ∂H(K). An n-gon is a disk face with n edges
and n corners. For n = 1, 2, 3, and 4 we call an n-gon a monogon, bigon,
trigon, and tetragon respectively. By the minimality assumption on |S ∩ T |,
if K is not a torus knot, then we may assume no face of GS or GT is a
monogon (see e.g. Gordon [30]).

Number the intersections of K with T̂ from 1 to t (taken modulo t) in
order around K; the fat-vertices of GT are then labeled correspondingly.
Around ∂S each intersection with ∂T inherits one of these labels. Observe
that ∂S intersects each component of ∂T a total of s times. Consequentially,
the labels {1, 2, . . . , t} appear in order s times around ∂S. Therefore GS and
GT have st/2 edges.

Each edge e of GT connecting vertices i and j is also an edge e of GS

with end points labeled i and j. We say {i, j} is the label pair of the edge e
(as viewed in GS). Since GS has just one vertex, T̂ is separating, and both
S and T are orientable, the two labels of a label pair for an edge in GS must
have opposite parity; all edges on GT connect vertices of opposite parity.
This is the Parity Rule; see [32], specialized to our context. (Since GS has
just one vertex we need not label it. Edges in GT would all have the same
label pair. Edges in GS connect its single vertex to itself.)
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Color each face f of GS amber or blue according to whether a small collar
neighborhood of ∂f in f lies above or below T̂ , respectively. This gives a
“checkerboard” coloring of GS . We may also choose to include the simple
closed curves of S ∩ T on GS and then color the resulting faces according to
the color of the Heegaard solid torus in which their interiors lie.

Let Hi,i+1 be the one-handle of H(K) running from vertex i to vertex
i + 1 and Ki,i+1 = K ∩ Hi,i+1. We say each Hi,i+1 and Ki,i+1 is unknotted if
Ki,i+1 is contained in a meridional disk of the Heegaard solid torus in which
it lies. Denote ∂Hi,i+1 ∩ ∂H(K) by ∂vHi,i+1. We will always assume that
H1,2 is amber. Let Ha = H(K) ∩ Va and Hb = H(K) ∩ Vb.

A set of edges σ = {e1, e2, . . . , ep} in GS each with the same label pair
that together bound a single disk face of GS is called a Scharlemann cycle
of length p. The label pair of σ is the label pair of the edges of σ.

For any set of edges σ, if the subgraph of GT consisting of the edges of
σ and the vertices to which these edges are incident is contained in a disk
on T̂ , then we say the edges of σ lie in a disk. If the subgraph is contained
in an annulus on T̂ but not in a disk, then we say the edges of σ lie in an
essential annulus.

We say two edges of GS , GT are parallel if they cobound a disk formed
by a union of bigons (a “stack” of bigons) in S, T , respectively. We say
two faces f0 and f1 of GS are parallel if there is an isotopy of f0 to f1 in
E(K) keeping ∂f0 ∩ T on T and ∂f0 ∩ ∂H(K) on ∂H(K); in particular if
Int (f0 ∪ f1) ∩ T = ∅ then f0 and f1 cobound a product region in E(K).

5. Scharlemann cycles of length 2 and 3

Lemma 5.1 (Lemma 2.1, [31]). Let σ be a Scharlemann cycle in GS

of length p with label pair {i, i + 1} where p is 2 or 3. Let f be the face of
GS bounded by σ. If the edges of σ do not lie in a disk in T̂ then they lie
in an essential annulus A in T̂ . Furthermore, if Int f ∩ T̂ = ∅, then M =
N(A ∪ Hi,i+1 ∪ f) is a solid torus such that the core of A runs p times in
the longitudinal direction of M .

Lemma 5.2. Continuing Lemma 5.1 in the case that Int f ∩ T̂ = ∅, let V
be the solid torus bounded by T̂ that contains f . Then the core of A runs
p times in the longitudinal direction of V . In particular, the meridian of V
and the core of A have distance p on T̂ .

Proof. Since A ∪ Hi,i+1 ∪ f ⊂ V and (A ∪ Hi,i+1 ∪ f) ∩ T̂ = A, we may
regard M as its restriction to V with M ∩ T̂ = A. Because the annulus
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∂M − Int A in V is not parallel to A through M , it must be parallel to
T̂ − Int A through the solid torus V − M . Therefore a meridional disk of M
extends to a meridional disk of V . Thus, the core of A will run p times in
the longitudinal direction of V as well. Hence, the meridian of V and the
core of the annulus A have distance p on T̂ . �

Lemma 5.3. Let σi and σj be two Scharlemann cycles of length 2 in GS

with disjoint label pairs {i, i + 1} and {j, j + 1}, respectively. If the edges
of each σi and σj lie in an essential annulus on T̂ , then σi and σj lie on
opposite sides of T̂ .

Proof. Let fk be the face of GS bounded by σk, k = i, j. Assume fi and fj

have the same color, say blue. Extend fi and fj across its corners radially
to the cores of Hi,i+1 and Hj,j+1 to form the blue Möbius bands gi and
gj . Since the edges of fk lie in an essential annulus on T̂ , so does ∂gk. By
disk exchanges, eliminate all simple closed curves of Int gk ∩ T̂ that bound
disks in T̂ .

Assume, for either k = i or j, Int gk ∩ T̂ contains a simple closed curve
that is essential on T̂ . Then an innermost such curve on gk bounds a merid-
ional disk D in the amber solid torus; amber since gi and gj each intersect
every blue meridional disk. Because ∂gi and ∂gj are both parallel to ∂D,
they bound disjoint amber meridional disks Di and Dj . These disks may be
taken to have interiors disjoint from gi and gj . Then gi ∪ Di and gj ∪ Dj are
disjoint embedded projective planes in a lens space. This cannot occur.

Since K intersects each gi and gj in a transverse blue arc, Int gk ∩ T̂
cannot contain a simple closed curve that is essential on gk. Therefore
Int gk ∩ T̂ = ∅. Then ∂gi and ∂gj cobound an annulus A on T̂ so that
together gi ∪ A ∪ gj forms a Klein bottle embedded in the blue solid torus.
This cannot occur. �

Lemma 5.4. Let f be the face of a Scharlemann cycle of length 3 with
label pair {i, i + 1} contained in the Heegaard solid torus V whose edges do
not lie in a disk on T̂ . It induces the subgraph Γ of GT on T̂ as indicated
in figure 6 up to homeomorphism. Assume Hi,i+1 is unknotted. Then with
respect to Γ the meridian m of a meridional disk of V that is disjoint from
Hi,i+1 appears on T̂ as shown in figure 7(a) (up to Dehn twists along an
essential simple closed curve C of T̂ that is disjoint from Γ).

Proof. Figure 6 shows f with a labeling of its corners and the induced label-
ing of the endpoints of the edges of Γ. Let C be an essential simple closed
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Figure 6: The face of a Scharlemann cycle of length 3 with labeled corners
and its edges on T̂ .

Figure 7: A priori, two possible meridians for V up to Dehn twists along C.
The viable one is shown in figure (a).

curve on T̂ that is disjoint from Γ. Lemma 5.1 implies the existence of such a
curve. Since f ⊂ V , Int f ∩ T̂ = ∅. Thus by Lemma 5.2 Δ(m, C) = 3. There-
fore, up to Dehn twists along C, there are two possibilities for m. These two
possibilities are illustrated in figure 7.

Let D be a meridional disk of V bounded by m. By isotopies of (D, ∂D)
in (V, ∂V ) (thus keeping m in T̂ ), minimize (|D ∩ Hi,i+1|, |D ∩ f |) lexico-
graphically. Since Hi,i+1 is unknotted, it is straightforward to check that
once minimized |D ∩ Hi,i+1| = 0 and |D ∩ f | = 2. The two intersections of
D ∩ f are arcs on f connecting ewu to the other two edges, see figure 8.
Hence, figure 7 also shows the two possibilities of how m intersects Γ. On D
these two arcs cut off disjoint subdisks. Let d be the one cut off by the arc
on f connecting ewu to evw. Then d ∩ m is an arc on T̂ that joins evw to ewu

at the point nearer vertex i + 1 than the other intersection of m with ewu.
Therefore, m must lie as in figure 7(a) (up to Dehn twists along C). �

Lemma 5.5. Let σ be a Scharlemann cycle of length p in GS, and let f
be the face of GS bounded by σ. If the edges of σ lie in a disk then r = p.
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Figure 8: The two arcs of intersection of the meridional disk D with the
face f .

Furthermore, Int f ∩ T̂ �= ∅, and there must be a component of Int f ∩ T̂ that
is essential on T̂ .

Proof. Let δ be a small disk in which the edges of σ lie. Let {i, i + 1} be the
label pair of σ.

Since lens spaces (other than S1 × S2) are irreducible, disk exchanges
may be performed to replace T̂ with another Heegaard torus T̂ ′ such that
Int f ∩ T̂ ′ contains only curves which are essential on T̂ ′. Similarly δ may
be replaced with a disk δ′ in T̂ ′ such that the edges of σ lie in δ′ and
Int f ∩ δ′ = ∅. Then N(δ′ ∪ Hi,i+1 ∪ f) forms a punctured lens space of order
p. Hence r = p.

If all components of Int f ∩ T̂ were trivial on T̂ then Int f ∩ T̂ ′ = ∅. Then
N(δ′ ∪ Hi,i+1 ∪ f) would form a punctured lens space within a neighborhood
of one of the Heegaard solid tori. This cannot occur. �

Lemma 5.6 (cf. Lemma 2.3, [31]). Let σ be a Scharlemann cycle of
length p in GS with label pair {i, i + 1} and let f be the face of GS bounded
by σ. Suppose that p �= r. Then the edges of σ cannot lie in a disk in T̂ .
Furthermore if Int f ∩ T̂ �= ∅ then the components of Int f ∩ T̂ are trivial
curves in T̂ .

Proof. The proof of Lemma 2.3 of [31] works for our purposes. We have
phrased our lemma to skirt Lemma 2.2 of [31]. Let us sketch the argument:

Assume σ lies in a disk D on T̂ . By Lemma 5.5 p = r, contrary to our
hypothesis that p �= r. Therefore σ cannot lie in a disk.

If Int f ∩ T̂ contains a curve which is essential on T̂ then σ must lie in
an essential annulus A. Then, after suitable disk exchanges with T̂ , we may
assume that there is a curve of Int f ∩ T̂ that bounds a disk δ in f which is
a meridional disk of one of the solid tori bounded by T̂ . We may then find
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an embedded annulus A′ which connects ∂δ and a component of ∂A that is
otherwise disjoint from A ∪ δ ∪ Hi,i+1 ∪ f . Push δ slightly off f towards A′.
Then N(A′ ∪ A ∪ δ ∪ Hi,i+1 ∪ f) is a punctured lens space of order p. This
cannot occur within a lens space of order r �= p. �

Lemma 5.7. Let f2 and f3 be disk faces of GS bounded by Scharlemann
cycles σ2 and σ3 of length 2 and 3, respectively, such that f2 and f3 have
the same color and σ2 and σ3 have the same label pair {i, i + 1}. Let V be
the solid torus bounded by T̂ of the same color as f2 and f3. Let m be its
meridian. Then

(1) σ2 and σ3 each lie in an essential annulus A2 and A3, respectively, on
T̂ ,

(2) two edges of σ3 and one edge of σ2 are mutually parallel in the subgraph
of GT consisting of the edges σ2 ∪ σ3 and the vertices i and i + 1,

(3) the cores C2 and C3 of the annuli A2 and A3, respectively, have dis-
tance 1 on T̂ and

(4) the curves m, C2 and C3 may be oriented so that [m] = 3[C2] + 2[C3] ∈
H1(T̂ ).

Proof. By Lemma 5.6 for at least one of p = 2 or p = 3 the edges σp cannot
lie in a disk on T̂ . Then by Lemma 5.1 the edges of σp must lie in an
essential annulus Ap on T̂ . Let p′ ∈ {2, 3} − {p}. The proof of this lemma is
now broken into the following three claims. �

Claim 5.1. The edges of σp′ lie in an essential annulus Ap′ on T̂ .

Proof. Assume the edges of σp′ lie in an disk. Then by Lemma 5.5 both
r = p′ and there must be a curve of Int fp′ ∩ T̂ that is essential in T̂ . Because
r �= p, Lemma 5.6 implies that Int fp ∩ T̂ may only contain curves that are
trivial in T̂ . Perform disk exchanges to pass to a new Heegaard torus that is
disjoint from Int fp and intersects Int fp′ in only simple closed curves which
are essential on the Heegaard torus. We will retain the former names for all
our objects that may have been affected by these disk exchanges.

By Lemma 5.1 now M = N(Ap ∪ Hi,i+1 ∪ fp) is a solid torus such that
the core of Ap runs p times in the longitudinal direction of M . Also, now an
innermost curve ξ of Int fp′ ∩ T̂ will bound a disk on fp′ that is a meridional
disk of one of the solid tori bounded by T̂ . Since ξ is essential on T̂ it must
be parallel to Ap. Let A′ be an annulus on T̂ giving a parallelism between ξ
and Ap. Note that A′ is disjoint from fp. Then N(δ ∪ A′ ∪ Ap ∪ Hx,x+1 ∪ fp)
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Figure 9: The face f2 of a Scharlemann cycle of length 2.

may be viewed as a two-handle N(δ ∪ A′) attached to M along the core of
Ap. This produces a punctured lens space of order p in our lens space of
order p′. This is a contradiction. �

We may identify f3 and the subgraph of GT induced by σ3 with f and
Γ of figure 6 so that σ3 = {euv, evw, ewu}. Label the edges and corners of f2

as shown in figure 9 so that σ2 = {exy, eyx}. By Claim 5.1 above, the edges
σ3 lie in the essential annulus A3 on T̂ and the edges σ2 lie in the essential
annulus A2 on T̂ . Let C2 and C3 be cores of A2 and A3, respectively.

Claim 5.2. Ignoring the curve m, the subgraph of GT induced by the edges
σ2 ∪ σ3 appears as in figure 10. Furthermore, Δ(C2, C3) = 1 on T̂ .

Proof. Since σ2 does not lie in a disk, we may assume exy, say, does not lie
between euv and evw in GT . Therefore, the endpoint of exy on vertex i either
(1) appears between euv and ewu (i.e. it is separated from the endpoint of
evw on vertex i by the endpoints of euv and ewu) or (2) between evw and
ewu. Since the corner x of f2 on ∂vHi,i+1 is disjoint from the corners u,v,
and w of f3, we may follow it along ∂vHi,i+1 from the endpoint of exy on

Figure 10: Two possibilities for the meridian m of a solid torus that contains
the faces of Scharlemann cycles σ3 = {euv, evw, ewu} and σ2 = {exy, eyx}
on GT .
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vertex i to the endpoint of eyx on vertex i + 1 by following the corners of f3

that flank it.
In case (1), the corner x lies between the corners w and u on ∂vHi,i+1

and so the endpoint of eyx on vertex i + 1 must lie between evw and ewu.
Then in order for exy and eyx to both have endpoints on the corner y of
f2, this corner must also lie between the corners w and u. Consequentially,
the cores C2 and C3 are isotopic on T̂ . If (Int f2 ∪ Int f3) ∩ T̂ �= ∅ then by
Lemma 5.6 the intersection may only consist of simple closed curves that
are trivial on T̂ . Eliminate these intersections by disk exchanges of T̂ so
that (Int f2 ∪ Int f3) ∩ T̂ = ∅. Then by Lemma 5.2 for the meridian m of
the solid torus containing f2 and f3, Δ(m, C2) = 2 and Δ(m, C3) = 3. This
cannot occur since C2 and C3 are isotopic.

In case (2), the corner x lies between the corners w and v on ∂vHi,i+1

and so the endpoint of eyx on vertex i + 1 must lie between euv and evw.
Therefore, the edge eyx lies in the bigon of T bounded by euv and evw.
The corner y then lies between the corners u and v on ∂vHi,i+1 so that
the endpoint of exy on vertex i + 1 lies between euv and ewu. Observe that
Δ(C2, C3) = 1. This completes the claim. �

Claim 5.3. The curves m, C2, and C3 may be oriented so that [m] =
3[C2] + 2[C3] ∈ H1(T̂ ).

Proof. Because Δ(C2, C3) = 1 by Claim 5.2, (Int f2 ∪ Int f3) ∩ T̂ may only
consist of curves that are trivial on T̂ . As in the proof of Claim 5.1, perform
disk exchanges to pass to a new Heegaard torus that is disjoint from Int f2 ∪
Int f3 and retain the former nomenclature. Then Lemma 5.2 implies that
Δ(C2, m) = 2 and Δ(C3, m) = 3. Hence, with respect to C2 and C3, there
are only two possibilities for the (unoriented) isotopy class of m as described
in the claim.

These three claims complete the lemma. The possible arrangements of
the edges σ2 = {exy, eyx} and σ3 = {euv, evw, ewu} with the meridian m of
V are shown in figure 10. �

Lemma 5.8. Continuing Lemma 5.7, if we disregard the other arcs of K ∩
V , the arc Ki,i+1 is isotopic rel–∂ in V to an arc in T̂ with interior disjoint
from the edges σ2 ∪ σ3 of GT that is incident to each vertex of GT between
the consecutive edges of σ3. See figure 11.

Proof. Among meridional disks of V that are disjoint from Ki,i+1 assume D
is one that intersects f2 ∪ f3 minimally. Consider an arc γ of D ∩ (f2 ∪ f3)
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Figure 11: The isotopy rel–∂ of Ki,i+1 onto T̂ .

that is outermost on D and the disk δ that it sections off. By minimality,
γ cannot be boundary parallel on f2 ∪ f3 to an edge of these faces. Because
the two edges euv and evw of σ3 flank the edge eyx of σ2 in GT , γ ⊂ D ∩ f3;
γ could not be outermost on D otherwise. Since γ is not parallel to an
edge of f3 it must be parallel to a corner. Join this rectangle of parallelism
on f3 to δ and perform a slight isotopy to create a bigon B that has one
edge on ∂vHi,i+1, has its other edge on T̂ , and is otherwise disjoint from
Hi,i+1 ∪ f2 ∪ f3. Because B is disjoint from f2 ∪ f3 and two edges of σ3

flank an edge of σ2 in GT , the edge of B on ∂vHi,i+1 must lie between the
two consecutive corners of f3. Thus, Ki,i+1 is isotopic rel–∂ to the edge of
B on T̂ as shown in figure 11. �

Lemma 5.9. Let f and f ′ be the faces of two order 3 Scharlemann cycles
in GS of the same color and with the same label pair {i, i + 1}. Assume
Int (f ∪ f ′) ∩ T̂ = ∅. Let V be the solid torus that contains f and f ′. Then
f and f ′ are parallel in V − IntHi,i+1.

Proof. Since M = V − (N(f) ∪ Int Hi,i+1) is a solid torus on which T̂ ∩ ∂M
is the disjoint union of a disk D and an annulus A that is longitudinal. Fur-
thermore ∂vHi,i+1 ∩ ∂M is three rectangles, one connecting the two com-
ponents of ∂A and the other two connecting the two components of ∂A
to ∂D. Since f ′ is a properly embedded disk in M (with boundary in
(T̂ ∪ ∂vHi,i+1) ∩ ∂M), it must either be boundary parallel or a meridional
disk of M .

Since ∂f ′ traverses the rectangles of ∂vHi,i+1 ∩ ∂M a total of three times
it either traverses the three rectangles each once or it traverses the rectangle
connecting the two components of ∂A thrice. But since one of these rectan-
gles may be traversed by ∂f ′ only in a single direction, if the latter occurs
then ∂f ′ intersects A in three spanning arcs; no disk in a solid torus has
such a boundary. Therefore, the former case occurs and ∂f ′ must intersect
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A twice (and D once). Therefore f ′ cannot be a meridional disk. Hence f ′

is boundary parallel, and it thus follows that f ′ is parallel to f . �

Lemma 5.10. Assume t = 2. If s > 2 then the interior of a bigon of GS

is disjoint from T̂ . If s > 3 then the interior of a trigon of GS is disjoint
from T̂ .

Proof. Let σ be two or three edges of GS that bound a p-gon face f with
Int f ∩ T̂ �= ∅, p = 2 or 3, respectively. Because t = 2, σ is a Scharlemann
cycle of length p. Since r ≥ s > p, by Lemma 5.6 the edges of σ do not
lie in a disk. By Lemma 5.1 the edges of σ lie in an essential annulus A
on T̂ . Furthermore by Lemma 5.6 the components of Int f ∩ T̂ are trivial
curves in T̂ . Indeed, since t = 2 these components must be trivial curves in
T ; otherwise GT would lie in a disk. Since lens spaces are prime and K is
not contained in a three-ball, we may isotop Int f to remove its intersections
with T̂ . This reduces |S ∩ T | contrary to our minimality assumptions. �

6. s ≥ 3 and t = 2

This section is devoted to proving the following theorem.

Theorem 6.1. If s ≥ 3 then s = 3 and K is a knot in W (−3,−3 + 1/k) ∼=
L(9k − 3, 3k − 2) arising as the core of the −3 surgery for some integer
k �= 0 (and for each integer k �= 0 there is such a knot). Equivalently, up to
homeomorphism, K is the |3k − 1|th grid number 1 knot in L(9k − 3, 3k −
2). Furthermore E(K) is fibered with fiber S if and only if k = ±1:

• If k = +1 then K is a torus knot in L(6, 1) with monodomy φ ∼= τ2
xτy.

• If k = −1 then K is a non-torus knot in L(12, 5) monodromy φ ∼= τ4
xτy.

Proof. We give an overview of the proof. Assume s ≥ 3. Theorem 1.1 of [33]
states that a knot in a lens space with an essential once-punctured genus
g surface properly embedded in its exterior such that the boundary of the
surface is distance at least 4g − 1 from the meridian (i.e. 4g − 1 ≤ s) is one-
bridge with respect to the genus one Heegaard splitting of the lens space.
Since our surface S has genus 1 and we are assuming s ≥ 3, it follows that
K is one-bridge. Therefore, t = 2.

With t = 2, the first three subsections here conclude that s = 3 and
that GS must appear as in figure 18(b). Then Lemma 6.10 describes the
lens spaces which contain knots with such surfaces S. Lemma 6.11 identifies
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Figure 12: The four edge class labels of GT .

each knot K as grid number 1. Lemma 6.12 gives the surgery description of
this family of knots. Lemma 6.13 shows that E(K) is fibered if and only if
k = ±1 and that S is an incompressible if and only if k �= 0. Lemma 6.14
shows that if k = +1 then K is a torus knot. Lemma 6.15 shows that if
k = −1 then K has fibered exterior with monodromy φ ∼= τ4

xτy. �
Throughout this section we assume s ≥ 3. As stated in the proof above

for use in the ensuing lemmas, K is therefore one-bridge. Hence K = Ka ∪
Kb where Ka and Kb are unknotted arcs in Va and Vb, respectively. Conse-
quentially, t = 2.

Since t = 2, the graph GT has two vertices and s edges. By the Parity
rule, there are at most four edge classes in GT which we denote 1, α, β, αβ
(see Section 4 of [31] and [34]) as shown in figure 12. Label an edge of GS

by the class of the corresponding edge in GT . The label of an edge is called
its edge class label.

6.1. Bigons of GS

The following three lemmas give strong restrictions on the graph GS .

Lemma 6.1 (Lemma 4.1, [31]). Since s > 2, any two bigons in GS of
the same color have the same pair of edge class labels. Furthermore, the two
bigons are parallel.

Proof. Since the interior of a bigon is disjoint from T̂ by Lemma 5.10, the
proof of Lemma 5.2 [34] continues to hold for us too. Let us sketch the
argument.

Let B1 and B2 be two bigons of GS in, say, Va. Recall H1,2 is the one-
handle neighborhood of K in Va. Then M = Va − (N(B1) ∪ Int H1,2) is a
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solid torus on which T̂ ∩ ∂M is a longitudinal annulus. Since B2 is a properly
embedded disk in M , it must either be boundary parallel or a meridional
disk. A meridional disk will meet ∂M − T̂ minimally once. Because the
corners of B2 must cross ∂vH1,2 twice, B2 must be boundary parallel. It
follows that B2 is indeed parallel to B1. Hence it has the same pair of edge
class labels. �

Lemma 6.2 (cf. Lemma 4.2, [31]). Parallel edges of GS have distinct
edge class labels.

Proof. Assume two parallel edges e1 and e2 of GS have the same edge class
labels with no third edge in between also having the same edge class label. By
Lemma 5.6 these two edges cannot be adjacent in GS . Because Lemma 6.1
implies that two bigons of the same color must have the same pair of edge
class labels, there may be at most two edges between e1 and e2 in GS . If
there are these two edges between e1 and e2, then they must have the same
edge class label. This however contradicts Lemma 5.6. Therefore there is
necessarily just one edge e1 1

2
of GS between e1 and e2, and this edge has a

different edge class label than that of e1 and e2.
Let Bi be the bigon of GS bounded by ei and e1 1

2
. Extend B1 and B2

radially to the core K of H1,2 ∪ H2,1 to form two Möbius bands A1 and
A2 respectively on either side of the torus T̂ . Since e1 and e2 are in the
same edge class, ∂A1 ∪ ∂A2 bounds a bigon B ⊂ T̂ . Thus A1 ∪ A2 ∪ B is a
Klein bottle R in our lens space X on which K lies. Moreover, K lies as
an essential curve on R and R − N(K) is an annulus. Since the curves of
∂(R − N(K)) have induced coherent orientations on ∂N(K), then 2[K] = 0
in H1(X). Hence s = 2 contrary to our assumption that s ≥ 3. �

Remark 6.1. Lemma 4.2 of [31] appeals to a hypothesis that K is hyper-
bolic for its proof. Our proof uses that s ≥ 3 instead.

Lemma 6.3 (Lemma 4.3, [31]). Since s > 2, GS cannot contain more
than three mutually parallel edges.

Proof. This is an easy consequence of Lemmas 6.1 and 6.2. �

6.2. If GS has 3 mutually parallel edges

Since S is a once-punctured torus, GS may have at most three edge classes.
By Lemma 6.3 there are at most three edges in any GS-edge class. In this
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Figure 13: If GS has three mutually parallel edges, no set of more than three
mutually parallel edges, and obeys the Parity rule then, a priori, GS may
be one of the four shown.

subsection, we assume at least one GS-edge class does contain three mutually
parallel edges.

Lemma 6.4. If s ≥ 3 and K is not a torus knot then GS cannot have three
mutually parallel edges.

Proof. After enumerating all possibilities for GS having at most three edges
in any GS-edge class (and three edges in at least one GS-edge class) and
eliminating those that violate the Parity rule, there are four left. These
possibilities are shown in figure 13.

We eliminate the remaining possibilities with Claims 6.1, 6.2, 6.3, and
Lemma 6.5 below. �

Claim 6.1. Figure 13(a) cannot occur.

Proof. In figure 13(a), there must be an odd (and hence nonzero) number
of essential simple closed curves of S ∩ T on GS in order to achieve the
checkerboard coloring. Such simple closed curves must also be essential in
T since GT does not lie in a disk and S is incompressible. However, since
Lemma 6.2 states that the three parallel edges of GS must each have different



376 Kenneth L. Baker

GT -edge class labels, the complement of these three arcs on T must be a
disk. Hence, there can be no essential simple closed curve of S ∩ T on T .
This is a contradiction. Figure 13(a) cannot occur. �

The remaining three possibilities for GS each contain for each color a
trigon and one, two or three bigons. By Lemma 6.2 the three GT -edge class
labels of three mutually parallel edges of GS must be distinct. Then by
Lemma 6.1 the GT -edge class labels for one set of three mutually parallel
edges determines the GT -edge class labels for every other set of three mutu-
ally parallel edges. Furthermore, by Lemma 5.7 a trigon of GS must have
two edges in the same GT -edge class as an edge of a bigon of GS of the
same color. This then implies that the remaining two edges of the trigon
and bigon are labeled with two other distinct GT -edge class labels.

Claim 6.2. Figure 13(c) cannot occur.

Proof. After labeling the sets of three mutually parallel edges in accordance
with Lemmas 6.2 and 6.1, there is no choice of label for the final edge that
is consistent with Lemma 5.7. �

Claim 6.3. Figure 13(d) cannot occur.

Proof. The pattern of GT -edge class labels forced upon figure 13(d) by the
sets of three mutually parallel edges causes the two trigons to have all three
edges with the same GT -edge class label. Because in this case r ≥ s = 9, this
contradicts Lemma 5.6. �

Lemma 6.5. If GS appears as in figure 13(b), then K is a torus knot.

Proof. Assume GS does appear as in figure 13(b). There are two Scharle-
mann cycles of length 3, σ3a and σ3b, bounding amber and blue faces f3a

and f3b, respectively; there are two Scharlemann cycles of length 2, σ2a and
σ2b, bounding amber and blue faces f2a and f2b, respectively.

By Lemma 5.7 we may assume σ3a = {euv, evw, ewu} and σ2a = {exyeyx}
labels the edges as in figure 10. As there are only these five edges in S ∩ T ,
Lemma 5.7 also implies that σ3b = {euv, evw, exy} and σ2b = {ewu, eyx}. With
this labeling, GT and GS appear as in figure 14.

Lemma 5.7 describes how the meridians of Va and Vb may appear on T̂
with respect to GT . The amber meridian ma appears as m in figure 10(i) or
(ii). Similarly, the blue meridian mb appears on T̂ with respect to GT as a
reflection of m across a line of slope 1 in figure 10(i) or (ii).
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Figure 14: Labels for figure 13(b).

Figure 15: The four possibilities considered in Lemma 6.5 for the two merid-
ians of the Heegaard solid tori for figure 14.

Put together, the four possibilities for ma and mb on T̂ are shown in
figure 15. The latter two are reflections of the former two. In (ii) and (iii),
ma and mb define a lens space of order r = 13 which cannot contain our
knot with s = 5. The meridians ma and mb in (i) and (iv) each define the
lens space L(5, 1) which may contain our knot. These meridians (in relation
to GT ) are both of the type shown in figure 10(i).

Lemma 5.8 allows us to obtain a diagram of K on T̂ in relationship to
GT . The amber arc Ka of K is isotopic rel–∂ in Va to an arc in T̂ with
interior disjoint from the edges of GT that is incident to each vertex of
GT between the consecutive edges of σ3a. Similarly, the blue arc Kb of K is



378 Kenneth L. Baker

Figure 16: (i) Isotopies of Ka and Kb onto T̂ . (ii) Result of isotopy of Ka

across a meridional disk of Va back onto T̂ . K is thus a torus knot.

isotopic rel–∂ in Vb to an arc in T̂ with interior disjoint from the edges of GT

that is incident to each vertex of GT between the consecutive edges of σ3b.
The result of these isotopies is shown in figure 16(i). Note that Ka lies above
Kb. The arc Ka, say, now may be isotoped rel–∂ across the meridional disk
of Va so that it lies on T̂ overlapping Kb only at their endpoints as shown
in figure 16(ii). Hence, K is a torus knot. �

Remark 6.2. In fact if GS does appear as in figure 13(b), then K is a type
{2, 3} torus knot in L(5, 1).

6.3. If GS only has fewer than 3 mutually parallel edges

We now may assume no edge class of GS has more than two mutually parallel
edges.

Lemma 6.6. If s ≥ 3 and GS does not have three mutually parallel edges
then GS appears as in figure 18(b).

Proof. After enumerating all possibilities for GS and eliminating those that
violate the Parity rule, there are five left. The two shown in figure 17 cor-
respond to s = 1 and s = 2, respectively, contrary to our assumption that
s ≥ 3. Therefore, we are left to consider the three remaining possibilities
shown in figure 18. We eliminate figure 18(c) in Lemma 6.7 and figure 18(a)
in Lemma 6.8 below leaving figure 18(b) as the only viable possibility. �

We determine the knots K with GS as in figure 18(b) in Section 6.4.

Lemma 6.7. GS cannot appear as in figure 18(c).
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Figure 17: These two possibilities for GS have no set of three mutually
parallel edges and obey the Parity rule, yet have s < 3.

Figure 18: These are the three possibilities for GS that have no set of three
mutually parallel edges, obey the Parity rule, and have s ≥ 3.

Proof. Assume GS does appear as in figure 18(c). The graph GS contains
two Scharlemann cycles of length 3, say σ3 and σ′

3, of the same color and
with the same label pair. Since s = 6, by Lemma 5.10 the faces of σ3 and σ′

3

must have interior disjoint from T̂ . Then by Lemma 5.9 the faces of σ3 and
σ′

3 are parallel. Hence the six edges of GT lie in an essential annulus on T̂ ;
four in one GT -edge class and two in another.

The graph GS also contains three Scharlemann cycles of length 2, say
σ2, σ′

2, and σ′′
2 , of the other color. By Lemma 6.1 all three have the same

pair of GT -edge class labels. Hence, three edges of GT lie in one GT -edge
class and the other three lie in another. This is a contradiction. �
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Lemma 6.8. GS cannot appear as in figure 18(a).

Proof. Assume GS does appear as in figure 18(a). Then GS contains two
Scharlemann cycles of length 2, say σ2 and σ′

2, with faces f2 and f ′
2, respec-

tively, say colored amber and the same label pair. By Lemma 6.1 the faces
of σ2 and σ′

2 must be parallel. Let σ2 = {exy, eyx} with corners x and y as in
figure 9 (setting i = 1). Similarly let σ′

2 = {euv, evu} with corners u and v –
replace x with u and y with v in figure 9. Without loss of generality we may
assume these edges and corners appear on GS and GT as shown in figure 19.
The two pairs of parallel edges in GT hands us two bigons D1 and D2 on T .

The graph GS also contains a Scharlemann cycle σ4 of length 4 bound-
ing a blue face f4. Its four edges coincide with those of the two order two
Scharlemann cycles.

A simple closed curve γ of Int f4 ∩ T̂ �= ∅ that is innermost on f4 bounds
a disk in f4 and must also bound a disk in T . Otherwise γ would be parallel
on T̂ to the core of the annulus in which the edges of σ2 lie. By Lemma 5.1
γ runs twice in the longitudinal direction of Va, hence the disk in f4 that
γ bounds lies in Vb. A neighborhood of this disk together with Va forms a
punctured lens space of order 2 embedded in our lens space X. Hence, s = 2
contrary to our assumptions. Since γ bounds a disk in T an isotopy of IntS
will reduce |S ∩ T |. Hence, Int f4 ∩ T̂ = ∅.

We may now form an embedded once-punctured Klein bottle R′ in Vb by
attaching D1 and D2 to f4 along their common edges. Since ∂R′ ⊂ ∂vH2,1

it must either be a meridian of K or bound a disk on ∂vH2,1. In either case
there is a properly embedded disk in H2,1 with the same boundary as R′.
Together, R′ and this disk form an embedded Klein bottle in the solid torus
Vb. This cannot occur. �

Figure 19: The edges of figure 18(a) on GS and GT with labelings.
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6.4. When GS appears as figure 18(b)

Lemma 6.9. If GS is as in figure 18(b) then GT does not lie in a disk on T̂ .

Proof. Assume GT lies in a disk D in T̂ . By a sequence of disk exchanges, we
may assume the interiors of the two faces of GS are disjoint from D. Then
M = N(D ∪ H1,2 ∪ H2,1) is a genus 2 handlebody.

The two faces of GS are each faces of order 3 Scharlemann cycles. Attach-
ing the two-handle neighborhoods of these two faces to M will produce a
connect sum of two lens spaces each of order 3. This cannot be contained a
lens space, however, since lens spaces are prime. �

Lemma 6.10. Up to homeomorphism, each lens space L(9k − 3, 3k − 2),
k ∈ Z, contains exactly one order 3 OPT-knot, K3

k . Every order 3 OPT-knot
is one of these.

Proof. Observe that the lemma holds for order 3 torus knots by Lemma 3.1.
By Lemmas 6.4 and 6.6, a non-torus knot of order 3 with a properly embed-
ded once-punctured torus in its exterior must have GS appear as in fig-
ure 18(b). As shown, GS contains a single Scharlemann cycle of length 3 σ,
which bounds two faces fa and fb of colors amber and blue, respectively.

Lemma 6.9 together with Lemma 5.1 implies that GT lies in an essential
annulus. With labelings of the edges and corners of fa as in figure 10, GS

and GT may be assumed to be as shown in figure 20. Since handlebodies are
irreducible, these labelings then dictate the positions of the disks fa and fb in
the genus two handlebodies (Va − H1,2) ∪ ∂vH1,2 and (Vb − H2,1) ∪ ∂vH2,1,
respectively. A priori the position of ∂fa is determined up to Dehn twists
along the core curve ha of ∂vH1,2. But since ha is dual to a compressing disk
of the handle body and ∂fa intersects ha algebraically (and geometrically) 3

Figure 20: GS of figure 18(b) and GT with labelings of edges and corners.
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Figure 21: Joining the front to the back with a 2π/3 rotation forms the
trigon face fi of a length 3 Scharlemann cycle with Ki in the solid torus Vi

for each i = a, b.

times, there is at most one configuration for which ∂fa bounds a disk. Such
a configuration is depicted in figure 21. The same argument holds for fb.

Gluing Va and Vb together along T̂ so that the edges of fa and fb meet
correctly on GT reconstitutes our lens space, our knot K and once-punctured
torus S. Observe that since S ∪ K is disjoint from an essential annulus of
T̂ , there is a one-parameter family of possible lens spaces formed by Dehn
twists along this annulus of the gluing map. To determine what lens spaces
are thusly produced, we examine how the amber and blue meridians are
situated on T̂ with respect to one another.

With the given labelings, Lemma 5.4 implies that the amber and blue
meridians, ma and mb, respectively, lie on T̂ with respect to GT as shown
in figure 22 each up to Dehn twists along an essential simple closed curve
C on T̂ that is disjoint from GT . Since both meridians are determined up
to Dehn twists along C, we may fix mb and twist ma. Let τC(ma) denote a
single Dehn twist of ma along C to the right.

In figure 22, orient mb upwards and rightwards. Let l be a vertical
curve oriented upwards. Then {[mb], [l]} forms a basis for H1(T̂ ). Orient
ma downwards and rightwards; orient C rightwards. Then [ma] = [mb] − 6[l]
and [C] = [mb] − 3[l]. Since Δ(ma, C) = 3, [τk

C(ma)] = [ma] + 3k[C] = (1 +
3k)[mb] − (6 + 9k)[l]. Therefore, the lens spaces that may be obtained from
this construction with GT as shown are L(−(6 + 9k), 1 + 3k) for k ∈ Z.
We make the reparameterization k �→ k − 1 and apply homeomorphisms
to obtain L(9k − 3, 3k − 2). Then let K3

k be the knot K in
L(9k − 3, 3k − 2). �

Remark 6.3. Since Δ(ma, C) = 3 and Δ(mb, C) = 3, the curve C is a torus
knot with exterior W (−3, · ); see Lemma 3.1. The order 3 OPT-knots K3

k

in the lens spaces L(9k − 3, 3k − 2) are related by Dehn surgery on C.
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Figure 22: The amber and blue meridional disks intersect the amber and
blue faces, fa and fb, respectively. The amber and blue meridians then lie
on T̂ with respect to GT as shown.

Lemma 6.11. The order 3 OPT-knot K3
k is the |3k − 1|th grid number 1

knot in the lens space L(9k − 3, 3k − 2).

Proof. Write K3
k = Ka ∪ Kb. Recall Ka and Kb are each unknotted arcs in

Va and Vb, respectively. By Lemma 5.4 there are meridians ma and mb of
Va and Vb that bound meridional disks that are disjoint from each Ka and
Kb and intersect GT in a prescribed manner. Attaching ∂Va to ∂Vb so that
they agree on GT may be done so that ma and mb intersect minimally.
Since the vertices of GT mark where K meets T̂ and each vertex of GT is
in its own parallelogram of the toroidal grid ma ∪ mb, K is grid number
1. Since K has order 3, K must be the |r/3|th grid number 1 knot, up to
homeomorphism. �

Lemma 6.12. The order 3 OPT-knot K3
k in the lens space L(9k − 3, 3k − 2)

is the core of the −3-surgery in W (−3,−3 + 1/k).

Proof. By Lemma 2.2 W (−3,−3 + 1/k) = N(−2,−2 + 1/k, 1). Martelli and
Petronio identify this as the lens space L(9k − 3, 3k − 2) in table A.5 of [2].

Let K ′
k be the core of the 3-surgery in W (3, 3 − 1/k). Since the com-

ponent of W with the surgery coefficient 3 bounds a once-punctured torus
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S that is disjoint from the other component C of W , varying the surgery
coefficient on C preserves the surface S and the meridian of the core of the
3-surgery remains distance 3 from ∂S. Hence, for each integer k, K ′

k is a
knot of order 3 in the lens space L(9k − 3, 3k − 2) with the once-punctured
torus S properly embedded in its exterior. Therefore, by Lemma 6.10 the
knot K ′

k must be the knot K3
k . �

Lemma 6.13. The exterior of K3
k in the lens space L(9k − 3, 3k − 2), k ∈

Z, is fibered with fiber S if an only if k = ±1. Furthermore, S compresses if
and only if k = 0 in which case the knot exterior is a solid torus and K3

0 is
unknotted.

Proof. Since K3
k is the core of the −3-surgery in W (−3,−3 + 1/k), its exte-

rior is W (−3 + 1/k, · ). By Lemma 2.4 this exterior is fibered if and only if
−3 + 1/k ∈ Z, i.e., k = ±1.

If k = 0 then K3
0 is the core of three surgery on the unknot in S3 and

hence its exterior is a solid torus and S compresses. If for some k �= 0 the
surface S compresses to a disk S′ then the neighborhood of K3

k ∪ S would
be a punctured order 3 lens space in a lens space of order other than 3; this
cannot occur. �

Lemma 6.14. The knot K3
+1 is a type {2, 4} torus knot in L(6, 1). Its

exterior is homeomorphic to W (−2, · ).

Proof. By Lemma 6.12, K3
+1 is the knot in the lens space L(6, 1) that is the

core of the −3-surgery in W (−3,−2). Then by Lemma 3.1, it is a type {2, 4}
torus knot. �

Lemma 6.15. The knot K3−1 is a non-torus knot in L(12, 5). Its exterior
is the once-punctured torus bundle W (−4, · ) with monodomy φ ∼= τ4

xτy.

Proof. Since the exterior of K3−1 is homeomorphic to W (−4, · ), by
Lemma 2.4 the exterior of K3−1 is fibered with monodromy φ ∼= τ4

xτy. �

Remark 6.4. Lemmas 6.10 and 6.13 may be proven quite explicitly and
graphically using the sutured manifold decomposition (see [35]) of
(E(K), ∂E(K)), K = K3

k . First chop Va ∩ E(K) and Vb ∩ E(K) along the
amber and blue trigon faces of S and then reattaching the resulting pieces
along the remnants of T̂ . This leaves one with a sutured manifold that is
a genus 2 handlebody M with an annular suture A that divides ∂M into
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two once-punctured tori. In particular (M, A) is the result of the sutured
manifold decomposition of (E(K), ∂E(K)) along S.

When (M, A) admits a complete product disk decomposition, S is the
fiber of a fibration of E(K). The monodromy of this fibration may be inferred
from this product disk decomposition. One may thusly recover Lemma 6.14
and Lemma 6.15.

We may now continue in this manner to explicitly see the surgery descrip-
tion of K3

k of Lemma 6.12. One of the remnants of T̂ is an annulus whose
core is the curve C, and therefore lies in the interior of M . In fact one can see
that C transversally intersects a compressing disk of M once and is parallel
to a curve on ∂M that crosses A twice minimally. Moreover, (M − N(C), A)
is homeomorphic to (M ′ − N(C ′), A′) where M ′ is the genus 2 handlebody
closed neighborhood of a theta graph C ′ ∪ a′ formed from attaching the
endpoints of an arc a′ to distinct points on a circle C ′ and A′ is an essen-
tial annulus on ∂M ′ whose core bounds a disk in M that intersects C ′ ∪ a′

only in a′. One may now identify (M ′ − N(C ′), A′) with the exterior of W
chopped along a properly embedded once-punctured torus.

7. s = 2

This section is devoted to proving the following theorem.

Theorem 7.1. If s = 2 then K is a knot in Y (−2; , 1/k, 1/�) = L(8k� −
2, 4k� − 2k − 1) arising as the core of the −2-surgery for some integers k, � �=
0 (and for each pair of integers k, � �= 0 there is such a knot). Equivalently,
up to homeomorphism K is the |4k� − 2|th grid number 1 knot in the lens
space L(8k� − 2, 4k� − 2k − 1). Furthermore E(K) is fibered if an only if
|k| = |�| = 1:

• If k = � = ±1 then K is homeomorphic to a torus knot in L(6, 1) with
monodromy φ ∼= τ3

xτy.

• If k = −� = ±1 then K is a non-torus knot in L(10, 3) with mon-
odromy φ ∼= τ5

xτy.

Proof. We give an overview of the proof. The first two subsections culminate
in Theorem 7.2 showing that if s = 2 then t = 2 and GS appears as in
figure 23. Then Lemma 7.8 describes the lens spaces which contain knots
with such surfaces S. Lemma 7.11 gives the surgery description of this family
of knots. Lemma 7.12 shows that E(K) is fibered if and only if |k| = |�| = 1
and that S is incompressible if and only if k� �= 0. Lemma 7.13 shows that
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Figure 23: The only viable configuration for GS when s = 2. (Simple closed
curves not included.)

if k = � = ±1 then K is a torus knot. Lemma 3.1 then implies K ⊂ L(6, 1)
and has fibered exterior with monodromy φ ∼= τ3

xτy. Lemma 7.14 shows that
if k = −� = ±1 then K has fibered exterior with monodromy φ ∼= τ5

xτy. �

If s = 2 then Theorem 1.1 of [33] give no apriori bounds on t. Neverthe-
less, we will explicitly conclude that here too, t = 2.

When s = 2, the boundary of S runs twice longitudinally along ∂N(K).
Within N(K) there is a Möbius band P with the same boundary as S.
Furthermore we may take K to be the core curve of P . Then S ∪ P is home-
omorphic to Ŝ#P̂ (where P̂ ∼= RP 2 thought of as abstractly capping off P
with a disk). This is a closed non-orientable surface of Euler characteristic
−1, homeomorphic to #3RP 2, and also known as Dyck’s surface. Indeed
for every Dyck’s surface R embedded in the lens space X and orientation
reversing simple closed curve J ⊂ R such that R − N(J) is a once-punctured
torus incompressible in E(J), we have an OPT-knot J with an incompress-
ible once-punctured torus Seifert surface R − N(J).

Lemma 7.1. There is a unique isotopy class of simple closed curves J in
Dyck’s surface R such that J is orientation reversing and R − N(J) is a
once-punctured torus.

Proof. We leave this as a fun exercise. �

7.1. When s = 2 and r = 2

Lemma 7.2. An OPT-knot in L(2, 1) of order 2 is unknotted.

Proof. Let K be a knot of order 2 in L(2, 1) with a once-punctured torus S
properly embedded in its exterior. Extend S radially through N(K) to form
the Dyck’s surface R embedded in L(2, 1).
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Identify Va with S1 × D2 and Vb with D2 × S1. We proceed in the vein
of Bredon-Wood [36]. Isotop R to intersect S1 × {0} transversally. R must
intersect S1 × {0} an odd number of times, d. Re-envision T̂ as the boundary
of a small tubular neighborhood of this circle and adjust Va and Vb accord-
ingly. Then R intersects Va in d meridional disks. The boundary of R ∩ Vb

is then d parallel curves of slope 1/2 on ∂Vb. We will now isotop R to make
d = 1.

Isotop R to meet the meridional disk D = D2 × {1} of Vb transversally.
Then R ∩ D consists of d properly embedded arcs and a collection of simple
closed curves. Disregarding simple closed curves, if d > 1 then an outermost
arc of R ∩ D on D cuts off a unique disk Eb that is disjoint from the other
arcs. The two curves on ∂Vb that Eb meets each bound meridional disks of
Va so that there is a product interval I × D2 between them that is disjoint
from the rest of R and Eb ∩ I × D2 is a spanning arc of the annulus I × ∂D2.
Let Ea be a radial extension of this spanning arc to the arc I × {0}. Use
E = Ea ∪ Eb to isotop a neighborhood of E in R (including any simple
closed curves) to the “other side” of S1 × {0} ⊂ Va by pushing from R ∩
∂E through E to just past ∂E − R. This reduces the number of times R
intersects S1 × {0} by 2. Rechoose T̂ to be the boundary of (a yet smaller)
tubular neighborhood of S1 × {0} and adjust Va and Vb accordingly. Then
R intersects Va in d − 2 meridional disks. Repeat this process until d = 1.

Now that d = 1, R ∩ Vb may be seen to be a properly embedded Möbius
band P with a one-handle attached. We may isotop the feet of this one-
handle into a small disk Δ in P such that both feet are attached to the
same side of Δ. Let J be a core curve of P that is disjoint from Δ. Then
J is an orientation reversing curve in R and R − N(J) is a once-punctured
torus. By Lemma 7.1 J is the unique simple closed curve on R up to isotopy
with these two properties. Therefore J is isotopic on R to K. One now
observes that J , and hence K, is isotopic to the core of Vb. Therefore, the
exterior of K is a solid torus and K is unknotted. (Furthermore the co-core
of the one-handle is a compressing disk for R disjoint from J thereby giving
a compression of S.) �

7.2. When s = 2 and r > 2

In light of Lemma 7.2, we assume r > 2. Since r �= 2, Lemmas 5.5 and 5.6
imply that the edges of a Scharlemann cycle of length two of GS must lie in
an essential annulus on GT .

Theorem 7.2. If s = 2 then t = 2 and GS appears as in figure 23.
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Figure 24: When s = 2 and GS has three, two or one edge classes.

Proof. Assume t > 2. Around the vertex of GS the labels {1, . . . , t} each
appear twice. By relabeling if necessary, GS appears as in figure 24(a), (b) or
(c) according to whether GS has three, two or one edge classes respectively.
Below, Lemmas 7.3 and 7.4 show that GS must have just one edge class and
Lemma 7.5 shows that t cannot be greater than 2. The configuration of GS

is then forced. �

Lemma 7.3. If s = 2 then GS cannot have three edge classes.

Proof. Assume GS has three edge classes. Each edge class of GS must have
at least two edges. By the symmetry of the labelings around ∂S, if an edge
class had just one edge, it would violate the Parity rule. Now since each
edge class has at least two edges then, as evident from figure 24(a), GS has
three Scharlemann cycles of length two with mutually disjoint label pairs.
By Lemma 5.3 this cannot occur. �

Lemma 7.4. If s = 2 then GS cannot have two edge classes.

Proof. Assume GS has two edge classes as in figure 24(b). Each edge class
of GS must have at least two edges. If not then GS appears up to relabeling
as in figure 25(a) or (b) according to whether just one or two edge classes
have just one edge, respectively. Both of these situations fail to satisfy the
Parity rule.

Then as evident from figure 24(b), GS has two Scharlemann cycles of
length two, σ and τ , with disjoint label pairs. By Lemma 5.3 the faces of σ
and τ must have different colors.

There is a tetragon face f of GS . We claim that Int f ∩ T̂ does not
contain any curves that are essential on T̂ .

If not then Int f ∩ T̂ contains a curve that is essential on T̂ . After any
necessary disk exchanges, there is an innermost disk D on f bounded by an
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Figure 25: When s = 2, GS has two edge classes, and some edge class has
just one edge.

essential curve of Int f ∩ T̂ . One of the Scharlemann cycles, say σ, has the
same color as D. Joining the corners of σ along K forms a Möbius band
whose boundary is disjoint and parallel to ∂D on T̂ . Then with the annulus
of parallelism, the Möbius band and D form a projective plane in a solid
torus. This cannot occur.

Given the claim, by disk exchanges we may arrange that Int f ∩ T̂ = ∅.
Opposite corners of f have the same two labels, either {t, 1} or {u, u + 1}.
Extend the corners of f radially to the cores of Ht,1 and Hu,u+1 to form
the twice punctured projective plane f ′. Since the opposite edges of f each
bound (extended) Scharlemann cycles in GS , the boundary components of
f ′ lie in essential annuli and are therefore parallel. Let A be this annulus of
parallelism. Then f ′ ∪ A ∼= RP 2#T 2 is a closed non-orientable surface in a
solid torus. This cannot occur. �

Lemma 7.5. If s = 2 and t > 2 then GS cannot have one edge class.

Proof. Assume GS has one edge class. Then as evident from figure 24(c),
GS has an extended Scharlemann cycle of length two, σ, that contains all of
the labels. (Note that this edge class cannot have just one edge.) Let g be
the bigon face bounded by the Scharlemann cycle in σ.

Since σ pairs edges of GT so that the pairs lie in essential annuli on T̂ ,
no component of GT lies in a disk on T̂ . Therefore we may perform disk
exchanges to eliminate simple closed curves of S ∩ T that are trivial on T̂ .
Then the bigons of the extended Scharlemann cycle give rise to a Möbius
band and a collection of annuli by extending their corners radially to the core
of H1,t = H1,2 ∪ · · · ∪ Ht−1,t. The bigon g gives a central Möbius band A0.
Stepping uniformly away from g, the ith pair of bigons forms an annulus Ai

which shares a boundary component with Ai−1 for i = 1, . . . , t/2. Hence, we
form the long Möbius band A = A0 ∪ A1 ∪ . . . At/2. Since Kt,1 = Ht,1 ∩ K is
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the only arc of K − T̂ not contained in A, we may use A to thin K unless
t = 2. See Section 4 of [33]. �

7.3. When GS is as in figure 23

Lemma 7.6. If s = 2 then S ∩ T contains no simple closed curves.

Proof. By Theorem 7.2, GS appears as in figure 23. Let g be the disk face
bounded by the Scharlemann cycle. Let f be the annulus face.

Since r �= 2 (Lemma 7.2) the two edges of GT lie in an essential annulus
(Lemmas 5.5 and 5.6). By disk exchanges we may assume any simple closed
curve of S ∩ T is essential on T̂ . Since lens spaces are prime and K is not
contained in a ball, these disk exchanges may be realized by isotopies of S
with support in the exterior of K.

If S ∩ T contains a simple closed curve that bounds a disk on S, then
assume D is an innermost such disk. By Lemma 5.6 this disk must lie in the
annulus face f of GS . Form a Möbius band A0 by extending the corners of
g radially to the core of H1,2. Then since ∂A0 and ∂D are disjoint essential
curves on T̂ , they are parallel. Let B be an annulus of parallelism between
these curves on T̂ . Then N(B ∪ A0 ∪ D) is a punctured L(2, 1). Since r �= 2,
this is a contradiction. Hence any simple closed curve of S ∩ T is essential
on S. Such curves are all contained in the annulus face f of GS , and there
must be an even number of them.

We isotop S to reduce the number of these curves. Include all the simple
closed curves of S ∩ T in GS and color the faces so that g (and the corre-
sponding Möbius band A0) is colored blue. Then every blue annulus is dis-
joint from A0 and may be regarded as the horizontal boundary of a twisted I
bundle over A0 in Vb. Moreover, each blue annulus is boundary-parallel into
an annulus of T̂ through the solid torus complement of its corresponding
twisted I bundle in Vb. Isotop an outermost blue annulus onto T̂ and then
push it slightly into Va. This reduces the number of simple closed curves of
S ∩ T by two.

Therefore, if S ∩ T contains a simple closed curve then |S ∩ T | is not
minimized. This is a contradiction to our minimality assumption on |S ∩ T |.
Hence S ∩ T contains no simple closed curves. �

Let us abbreviate “once-punctured Klein bottle” as OPK.

Lemma 7.7. Up to homeomorphism, there is a one-parameter family of
properly embedded, incompressible OPK in a solid torus.
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Figure 26: In each, glue the front to the back with a π twist to form the
solid torus Va containing the (2, 1)-curve Ca. The surface in (a) is the Möbius
band F ′. The surface in (b) and (c) is the OPK F .

Let Ca be a (2, 1)-torus knot on a concentric torus in Va framed by its
parallelism into ∂Va. Given a meridional disk of Va that Ca pierces twice, let
F be the OPK that results from tubing the disk to itself along one half of Ca.
A properly embedded, incompressible OPK in a solid torus is homeomorphic
to F ⊂ Va with some 1

n surgery on Ca, n �= 0. The solid torus Va with F and
Ca is shown in figure 26(c).

Proof. An incompressible OPK F properly embedded in a solid torus Va is
∂-compressible. Performing such a ∂-compression yields either an annulus
or a Möbius band F ′. Undoing the ∂-compression is a ∂-tubing along an arc
in ∂Va with its endpoints on ∂F ′.

Since a properly embedded annulus in a solid torus is separating, it
cannot be ∂-tubed to form an OPK. Thus, F ′ must a Möbius band. Up to
homeomorphism, we may view F ′ ⊂ Va as in figure 26(a). An arc along which
a ∂-tubing of F ′ produces an OPK is a spanning arc of the annulus ∂Va −
∂F ′. Such arcs are related by Dehn twists along the core of the annulus.
Such Dehn twists may be realized by Dehn surgeries along a push-off Ca of
the core of the annulus into Va. A ∂-tubing along one particular arc produces
F with Ca as shown in figure 26(b), which is isotopic to figure 26(c). �

Remark 7.1. Note that a properly embedded OPK in a solid torus is
compressible only if its boundary is meridional. Hence, such an OPK in a
solid torus must be homeomorphic to F in Va (with the trivial surgery on
Ca) as shown in figure 26(c).

Lemma 7.8. Up to homeomorphism, each lens space L(8k� − 2, 4k� − 2k −
1), k, � ∈ Z, contains exactly one order 2 OPT-knot K2

k,�. Every order 2
OPT-knot is one of these.
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Remark 7.2. Observe that L(8k� − 2, 4k� − 2k − 1) and L(8k� − 2, 4k� −
2� − 1) are orientation preserving homeomorphic.

Remark 7.3. By Corollary 6.4 of [36] and the proof of their Theorem 6.1,
a curve of slope (2j, q) on a solid torus bounds an OPK if and only if j is
even and q ≡ ±(j − 1) mod 2j. One may then show that attaching a solid
torus containing a Möbius band so that a Dyck’s surface is formed from
the Möbius band and the OPK in the first solid torus produces lens spaces
homeomorphic to L(8k� − 2, 4k� − 2k − 1) for k, � ∈ Z. In the proof below we
observe this by realizing these lens spaces as surgeries on a pair of torus knots
(at different heights) disjoint from a (compressible) Dyck’s surface in L(2, 1).

Proof. By Theorem 7.2, a non-torus OPT-knot of order 2 must have GS

appear as in figure 23. As shown, GS contains a single Scharlemann cycle
of length 2 which bounds an annulus face fa and a bigon face fb of colors
amber and blue, respectively.

We label the edges and corners of fa and fb so that GS and GT may be
assumed to be as shown in figure 27.

By extending the corners of fa radially to the core of H1,2 we obtain
an OPK f̄a properly embedded in Va. By Lemma 7.7, f̄a appears in Va

as in figure 26(c) up to 1
k surgery on Ca and homeomorphisms, and note

Δ(∂f̄a, ma) = 4k. Similarly fb may be extended to a Möbius band f̄b prop-
erly embedded in Vb and Δ(∂f̄b, mb) = 2.

Together f̄a and f̄b form a Dyck’s surface R embedded in the lens space
and the properly embedded arcs Ka ⊂ f̄a and Kb ⊂ f̄b form the knot K.
Lemma 7.1 shows the embedding of K on R is unique up to isotopy. Since
Kb is necessarily a spanning arc of f̄b, the position of Ka on f̄a is then
determined. Up to homeomorphism and up to surgery on Ca, these are in
the solid tori Va and Vb as shown in figure 28(a) and (b). Observe that Ka

Figure 27: GS of figure 23 and GT with labelings of edges and corners.
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Figure 28: (a) Joining the front to the back with a π rotation forms the
annulus fa with Ka in the solid torus Va up to 1/k surgery on Ca. (b)
Joining the front to the back with a π rotation forms the bigon face fb of a
length 2 Scharlemann cycle with Kb in the solid torus Vb.

and Kb are disjoint from meridional disks of Va and Vb bounded by ma and
mb respectively.

Gluing Va and Vb together along T̂ so that the edges of fa and fb

meet correctly on GT reconstitutes our lens space, our knot K, and once-
punctured torus S. (On T̂ we have ∂f̄a = ∂f̄b equaling GT with the vertices
contracted to a point.) Since S ∪ K = R is disjoint from an essential annulus
of T̂ , there is a 1-parameter family of possible lens spaces formed by Dehn
twists along the core Cb of this annulus of the gluing map (which we may
view as 1/� surgeries on Cb, framed by T̂ ), in addition to the 1-parameter
family obtained from the 1/k surgeries on Ca. To determine what lens spaces
may thusly be produced, we examine how the amber and blue meridians may
be situated on T̂ with respect to one another.

Let us begin with k = 0 for the surgery on Ca (even though S is com-
pressible there) so that ∂f̄a and Cb on T̂ are both parallel to the meridian
ma. Since ∂f̄a = ∂f̄b and Δ(∂f̄b, mb) = 2, we may choose the initial gluing
of Va to Vb so that mb is parallel to Ca forming L(2, 1). Hence, up to homeo-
morphism, for a lens space containing an order 2 OPT-knot, ma and mb lie
on T̂ with respect to GT as shown in figure 29(a) with, say, ma up to Dehn
twists along Ca then Cb. As such, the 1/k and 1/� surgeries on Ca and Cb

effect k and � right-handed Dehn twists.
Let τn

C(γ) denote a n Dehn twists of γ along a curve C to the right
if n > 0 and to the left if n < 0. With C and γ as oriented curves on T̂ ,
then [τC(γ)] = [γ] + (C · γ)[γ] ∈ H1(T̂ ) where C · γ is the oriented algebraic
intersection number.

In figure 29(b), orient mb rightwards and let l be a vertical curve oriented
upwards. Then {[mb], [l]} forms a basis for H1(T̂ ). Orient ma, Cb, and Ca

towards the right. Then [ma] = [Cb] = [mb] + 2[l] and [Ca] = [mb]. Since Ca ·
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Figure 29: (a) The amber and blue meridians then lie on T̂ with respect to
GT as shown up to Dehn twists along Ca and Cb. (b) Redrawn on T̂ with
basis {[mb], [l]}.

ma = 2,
[τk

Ca
(ma)] = [ma] + 2k[Ca] = (1 + 2k)[mb] + 2[l].

Then Cb · τk
Ca

(ma) = −4k so that

[τ �
Cb

(τk
Ca

(ma))] = [τk
Ca

(ma)] − 4k�[Cb] = (1 + 2k − 4k�)[mb] + (−8k� + 2)[l].

Therefore, the lens spaces that may be obtained from this construction are
L(8k� − 2, 4k� − 2k − 1). Write K2

k,� to denote our resulting order 2-OPT
knot K in these lens spaces. �

Lemma 7.9. The order 2 OPT-knot K2
k,� is the |4k� − 1|th grid number 1

knot in the lens space L(8k� − 2, 4k� − 2k − 1).

Proof. In L(2, 1), when k = 0 or � = 0, there are meridians ma and mb for
Va and Vb bounding meridional disks Da and Db disjoint from the knot
K = K2

0,0 such that ma and mb intersect minimally (twice) on T̂ . Indeed
N(Da ∪ Db) is the exterior of this knot. Thus K2

0,0(= K2
0,� = K2

k,0) is the
grid number 1 knot in L(2, 1).

View the surgeries on Ca and Cb as changing the attaching of Va and
Vb by Dehn twists of ma and mb, respectively, on T̂ . Once projected to T̂ ,
Ca equals mb and Cb equals ma in the twice-punctured torus T̂ − N(K) =
N(ma ∪ mb). Then in T̂ − N(K), τk

Ca
(ma) intersects mb algebraically and

geometrically the same number of times, and similarly so does τk
Ca

(ma) and
τ �
Cb

(mb). Thus, after the surgeries on Ca and Cb there are meridional disks
for the new solid tori Va and Vb that are disjoint from K = K2

k,� and whose
boundaries intersect minimally on T̂ . Because K continues to be one-bridge
with respect to T̂ , K has grid number 1.
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Since K has order 2, K must be the |r/2|th grid number 1 knot. Here,
|r| = |8k� − 2|. �

Lemma 7.10. The exterior of the link K ∪ Ca ∪ Cb in L(2, 1) is homeo-
morphic to the exterior of the link Y , the “twisted” two-chain and axis in
figure 1. The −2 surgery on the axis of Y yields L(2, 1), sends the two-chain
to Ca ∪ Cb preserving their framings, and K arises as the core of the surgery.

Proof. Thicken Va and Vb so that they overlap on a T 2 × I and so that the
curve Ca is a meridian of Vb and the curve Cb is a meridian of Va. As such,
they bound meridional disks Db and Da, respectively, that transversally
intersect each other twice with clasp singularities. The exterior of K is the
closure of N(Da ∪ Db) as indicated by figure 29(a) which is a solid torus (cf.
Lemma 7.2). This solid torus has an embedding in S3 as the exterior of the
axis of Y , thereby presenting Ca ∪ Cb as the half-twisted two-chain. Figure 30
shows this embedding of the curves Ca and Cb bounding the disks Db and
Da. Hence the exteriors of Y and K ∪ Ca ∪ Cb are homeomorphic. Moreover,
examining figure 29(a) again, one may expand one of the meridians ∂N(K) ∩
T̂ along T̂ − (Da ∪ Db) to lie upon Da ∪ Db as the green curve γ in figure 30.
Hence, the meridian γ of K is sent to the −2 slope on the axis of Y . Thus
Y has the desired surgery property. �

Lemma 7.11.

• The knot K2
k,� in the lens space L(8k� − 2, 4k� − 2k − 1), k, � ∈ Z is

the core of the −2-surgery in Y (−2, 1/k, 1/�).

Figure 30: The curves Ca and Cb bound disks Db and Da. In green is a
meridian of K (the boundary of vertex 1 in figure 29(a), say) pushed along
T̂ onto Da ∪ Db.
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• The knot K2
k,+1 in the lens space L(8k − 2, 2k − 1) is the core of the

−2-surgery in W (−2,−4 + 1/k).

• The knot K2
k,−1 in the lens space L(8k + 2, 6k + 1) is the core of the

−2-surgery in the mirror of W (−2,−4 − 1/k).

Proof. The first statement follows from the proof of Lemmas 7.8 and 7.10.
The second and third are obtained by then applying Lemma 2.2. �

Lemma 7.12. The exterior of K2
k,� in the lens space L(8k� − 2, 4k� − 2k −

1), k, � ∈ Z, is fibered with fiber S if and only if |k| = |�| = 1. Furthermore
S compresses if and only if k = 0 or � = 0 in which case the knot exterior
is a solid torus and K2

k,� is unknotted.

Proof. Since the exterior of K2
k,� is homeomorphic to Y ( · ; 1/k, 1/�), this

follows from Lemma 2.5. �

Lemma 7.13. The knot K2
+1,+1 is a type {3, 3} torus knot in L(6, 1). Its

exterior is homeomorphic to W (−3, · ). Similarly, the knot K2−1,−1 is a type
{3, 3} torus knot in L(6, 5) and is homeomorphic to K2

+1,+1.

Proof. By Lemma 7.11, K2
+1,+1 is the knot in the lens space L(6, 1) that is

the core of the −2-surgery in W (−2,−3) = W (−3,−2). Then by Lemma 3.1,
it is a type {3, 3} torus knot. Lemma 7.11 gives the last statement. �

Lemma 7.14. The knot K2−1,+1 is a knot in L(10, 3) and its exterior is a
once-punctured torus bundle with monodomy φ = τ5

xτy.

Proof. By Lemma 7.11, K2−1,+1 is the knot in the lens space L(10, 3) that is,
the core of the −2-surgery in W (−2,−5) = W (−5,−2). Its exterior is then
homeomorphic to W (−5, · ) which by Lemma 2.4 is fibered with monodromy
φ ∼= τ5

xτy. �

Remark 7.4. As in Remark 6.4, but with a bit more work, we may here
too use sutured manifolds to obtain explicit proofs of Lemmas 7.8, 7.11,
7.12, 7.13 and 7.14.
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