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Convergence of the parabolic complex
Monge-Ampere equation on compact
Hermitian manifolds

MaTtT GILL

We prove C'*° convergence for suitably normalized solutions of the
parabolic complex Monge-Ampeére equation on compact Hermitian
manifolds. This provides a parabolic proof of a recent result of
Tosatti and Weinkove.

1. Introduction

Let (M, g) be a compact Hermitian manifold of complex dimension n and
w be the real (1,1) form w=+/—13%, .g;;dz' ANdz’. Let F' be a smooth
function on M. We consider the parabolic complex Monge—Ampere equation

det (g7 + 0;05
(1.1) 88(5 = log (gclljet—i_gi; i) —F, g+ 0:0;0 >0,
with initial condition ¢(x,0) = 0.

The study of this type of Monge—-Ampere equation originated in proving
the Calabi conjecture. The proof of the conjecture reduced to assuming that
w is Kahler and finding a unique solution to the elliptic Monge-Ampere
equation

det (g;7 + 0:0;¢)
1.2 1 Y L= F, g4 0,05 0.
(1.2) og detg; , gij T 0i05p >

Calabi showed that if a solution to (1.2) exists, it is unique up to adding a
constant to ¢ [3]. Yau used the continuity method to show that if

/er”:/ W,
M M

then (1.2) admits a smooth solution [29]. The proof of Yau required a priori
C™ estimates for .
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Cao used Yau’s estimates to show that in the K&hler case, (1.1) has a
smooth solution for all time that converges to the unique solution of (1.2) [4].

Since not every complex manifold admits a Kéahler metric, one can nat-
urally study the Monge-Ampere Equations (1.1) and (1.2) on a general
Hermitian manifold. Fu and Yau discussed physical motivation for studying
non-Kéhler metrics in a recent paper [11].

Cherrier studied (1.2) in the general Hermitian setting in the eight-
ies, and showed that in complex dimension 2 or when w is balanced (i.e.,
d(w™ ') = 0), there exists a unique normalization of F such that (1.2) has
a unique solution [7]. Precisely, Cherrier proved that under the above con-
ditions, given a smooth function F' on M, there exists a unique real number
b and a unique function ¢ solving the Monge—Ampere equation

det(g;; + 0;05¢)

1. 1
(1.3) 8 det 9ij

=F+b, g;+0i0;0>0,

such that [,, ¢ w™ =0.
Recently, Guan and Li proved that (1.2) has a solution on a Hermitian
manifold with the added condition

00wk =0,

for kK =1,2. They applied this result to finding geodesics in the space of
Hermitian metrics. Related work can be found in [2, 5, 6, 9, 14, 15, 19-21].

Tosatti and Weinkove gave an alternate proof of Cherrier’s result in [25].
In a very recent paper [26], they showed that the balanced condition is not
necessary and the result holds on a general Hermitian manifold. Dinew and
Kolodziej studied (1.2) in the Hermitian setting with weaker conditions on
the regularity of F' [8].

In this paper, we prove the following theorem.

Theorem 1.1. Let (M,g) be a compact Hermitian manifold of complex
dimension n with Vol(M) = [w"™ = 1. Let F be a smooth function on M.
There exists a smooth solution ¢ to the parabolic complex Monge—Ampére
Equation (1.1) for all time. Let

(1.4) P=¢- /Mw w",

Then @ converges in C*° to a smooth function ¢o. Moreover, there exists
a unique real number b such that the pair (b, o) is the unique solution
to (1.3).
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We remark that the main theorem gives a parabolic proof of the result
due to Tosatti and Weinkove in [26].

The flow (1.1) could be considered as an analogue to Ké&hler—Ricci flow
for Hermitian manifolds. In the special case that —/—100logdetg =
V/—100F (such an F always exists under the topological condition 0{30
(M) =0, e.g.) then taking /—190 of the flow (1.1) yields

/
85; = /=100 log det ¢’
with initial condition w’(0) = w. In general, the right-hand side is the first
Chern form, but if we assume Kéhler, it becomes —Ric(w’).

When (M, g) is Kéhler, Székelyhidi and Tosatti showed that a weak
plurisubharmonic solution to (1.2) is smooth using the parabolic flow (1.1)
[24]. Their result suggests that the flow could be used to prove a similar result
in the Hermitian case. In a recent paper [23]|, Streets and Tian consider
a different parabolic flow on Hermitian manifolds and suggest geometric
applications for the flow.

We now give an outline of the proof of the main theorem and discuss
how it differs from previous results. In Sections 2 through 5, we build up
theorems that eventually show that ¢ is smooth. Like in Yau’s proof, we
derive lower-order estimates and then apply Schauder estimates to attain
higher regularity for the solution.

In Section 2, we use the maximum principle to show that the time deriva-
tive of ¢ is uniformly bounded. We define the normalization

sbzso—/ p W
M

We chose to assume that the volume of M is one to simplify the notation
of this normalization and the following calculations. Then using the zeroth-
order estimate from [26], we prove that ¢ is uniformly bounded.

Section 3 contains a proof of the second-order estimate. Specifically, we
derive that

(1.5) tryg’ < CpeC2(WParxio.m ¢=infarxpo.n) )
<eA(S“pM><[O,T) e—infaryo, 1) ¢) _eA(S“pI\/IX[O,T) 95—‘/5))
X e )
where [0,7") is the maximum interval of existence for ¢ and Cp, Co and A

are uniform constants. This estimate is not as sharp as the estimate

(eA(supM @—inf s @) _eA(supM Ap—Lp))

tryg’ < Ce ,
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from Guan and Li or the estimate
trgg’ < CeAlp—infar )

from Tosatti and Weinkove in the case n = 2 or w balanced. Cherrier also
produced a different estimate. These estimates are from the elliptic case, but
they suggest that (1.5) could be improved. The proof of (1.5) follows along
the method of Tosatti and Weinkove in [25], but there are extra terms to
control that arrive in the parabolic case.

In Section 5, we derive a Holder estimate for the time-dependent metric
g;=- This estimate provides higher regularity using a method of Evans [10]
and Krylov [16]. To prove the Holder estimate, we apply a theorem of Lieber-
man [17], a parabolic analogue of an inequality from Trudinger [27]. The
method follows closely with the proof of the analogous estimate in [25], but
differs in controlling the extra terms that arise from the time dependence
of .

We show that ¢ is smooth and also prove the long-time existence of the
flow (1.1) in Section 5. The proof uses a standard bootstrapping argument.

Section 6 uses analogues of lemmas from Li and Yau [18] to prove a
Harnack inequality for the equation

O _ iy s
ot = azaju,

where g”j 0;0; is the complex Laplacian with respect to ¢'. This differs from
the equation

<A —q(z,t) - ;) u(a,t) =0

considered by Li and Yau, where A is the Laplace-Beltrami operator.
In Section 7, we apply these lemmas to show that time derivative of ¢
decays exponentially. Precisely, we show that

8% _
< nt
’ 9| = Ce ™",

for some 1 > 0. From here we show that ¢ converges to a smooth function
Do as t tends to infinity. In fact, the convergence occurs in C*° and @ is
part of the unique pair (b, ) solving the elliptic Monge-Ampere equation

det(g;; + 0i0;¢0)
det g;;

log = F + b,
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where

. / <log det(g;j + 0i0jPoc) F) r

This provides an alternate proof of the main theorem in [26].
2. Preliminary estimates

By standard parabolic theory, there exists a unique smooth solution ¢ to
(1.1) on a maximal-time interval [0,7), where 0 < T" < o0.

We show that the time derivatives of ¢ and its normalization ¢ are
bounded. This fact will be used in the second-order estimate.

Theorem 2.1. For ¢ a solution of (1.1) and ¢ as in (1.4),
dp 9

2.1 — | <O, |=|<C

21) ‘ ot|— 7’ ‘ ot|— 77

where C' depends only on the initial data.

Proof. Differentiating (1.1) with respect to ¢ gives

oy ij
(2.2) 2 = 9" 005,

where ¢; = %—f. So by the maximum principle,

Oy Op
. — < —_— .
(2.3) 'at(x,t)’_ngAI}‘at(x,O)‘

From the definition of ¢,
op i dp
‘ < |22 W < .
(2.4) ‘—‘Gt +/‘8tw_20

ot 0

We show that ¢ is bounded in M x [0,T') using the main theorem of [26].

Theorem 2.2. For ¢ a solution to (1.1) and ¢ the normalized solution,
there exists a uniform constant C' such that

sup [p| < C,
M x[0,T)

where [0,T) is the mazimum interval of existence for ¢.
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Proof. We can rearrange (1.1) to

det ¢/~ o
(2.5) log _p_ %2
Since ‘%—f is bounded by the previous theorem, this is equivalent to the

complex Monge-Ampere equation of the main theorem in [26]. This implies
that sup,; (., t) —infar (., t) < C for some C depending only on (M, g)
and F'.

Fix (z,t) in M x [0,T). Since [,, ¢ w"™ = 0, there exists (y,t) such that
&(y,t) = 0. Then

(2.6) Pz, )] = |p(2,t) = Py, )| = [@(z, 1) — @(y, )] < C

Thus ¢ is a bounded function on M x [0, 7). O

3. The second-order estimate

In this section, A = gi3 0;0; will denote the complex Laplacian corresponding
to g. Similarly, write A’ = ¢/¥ 0;0; for the complex Laplacian for the time
dependent metric ¢’. We prove an estimate on tryg’ = g% ggj =n+ Ap.

Theorem 3.1. For ¢ a solution to (1.1) and ¢ the normalized solution,
we have the following estimate

trgg’ <O ¢C2(SuPar 0, 1) P—Infarxio, 1) P)

(BA(S“PMX [0,7) P=infarxo, 1) %Z’) 7eA(5"pJVI><[O,T) ‘5*‘5))
X e )

where [0,T) is the mazimum interval of existence for ¢ and Cy, Co, and A
are uniform constants. Hence, there exists a uniform constant C' such that
trgg’ < C and also

1

5935309

Proof. This proof follows along with the notation and method featured in
[25]. For brevity we omit some of the calculations and refer the reader to
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[12, 25]. Let E; and E> denote error terms of the form

’El‘ < Cltrg/g,
|Eo| < Cg(trg/g)(trgg’),

where C] and Cy are constants depending only on the initial data. We call
such a constant depending only on (M, g) and sup,, F' a uniform constant.
We remark that by the flow Equation (1.1) and estimate (2.1), an error term
of type E1 is also of type Fo and a uniform constant is of type E7. In general,
C will denote a uniform constant whose definition may change from line to
line. For a function ¢ on M, we write @; for the ordinary derivative

i = ;.

Similarly, ¢; will denote the time derivative of ¢. If f is a function on M,
we write 0f for the vector of ordinary derivatives of f.
We define the quantity

(3.1) Q = log trgg’ + eA(supr[o,T) 95—¢)'

We note that the form of @ differs here than in [25], Yau’s estimate [29] and
Aubin’s estimate [1]. They consider a quantity of the form logtryg’ — Aep.
The exponential in the definition of @ helps to control a difficult term in
the analysis.

Fix t' € [0,T). Then let (xo,tp) be the point in M x [0,t'] where Q
attains its maximum. Notice that if {9 = 0 the result is immediate, so we
assume tg > 0. To start the proof, we need to perform a change of coordi-
nates made possible by the following lemma from [12].

Lemma 3.1. There exists a holomorphic coordinate system centered at xg
such that for all i and j,

(3.2) 9;5(x0) = 6ij,  0jg;3(x0) =0,
and also such that the matriz ¢;3(xo,t0) is diagonal.
Applying A’ — % to Q,

(3.3)
N D 0= Nirgg'  10trgd'ly  A(9p/0t) 192 (AGuDs o) 6-)
ot trgg’ (trgg’)? trgg’ ot
(34) + A,eA(SupMX[O,T) 55—4.5).
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First, we will control the first and third terms in (3.3) simultaneously. We
apply the complex Laplacian A to the complex Monge-Ampere equation
8@ oo
(35) Ao- —g"g"1 g0y g,0i9 )= + 9" 9" Oygls + 97 9P 9 Ok gpaOigi;
— g OBrg5 — AF

= 9" eiai — ) _ 9" 9" 0950895 + Bn.
ik Y

For the first term in (3.3), following a calculation in [25] (see Equation (2.6)
in [25]) gives:

(3.6) N'trgg' = g% our — 2Re | > g Oge15 | + B2
i7k i7j7k

We will now handle the 2Re (Z”k g’ﬁ&igj,;cpkﬁ) term in (3.6) using a trick
from [12]. Using Lemma 3.2, at the point (xo, to),

(3.7) > 9 g =YY 9" 0950k + B
ik i ik

Hence,
(3.8) 2Re [ > g"Ogn005 || < DD 979" 0ngl50595

1,5,k i j#k

+3 " 9"9}50:9;70i95 + Er
i j#k
< Z Z gliigljjakg;;akg}; + Es.
i itk

Putting together (3.5), (3.6), and (3.8) gives

de
(3.9) N'tryg' — A— > Zg/“gwﬁjgwa-gﬂ + B,

7.]

Now we will control the |( gg,)‘g term in (3.3). By Lemma 3.2 we have

at (xo,to),

(3.10)  Oitrgg =il =0, ;5= 0505= 095 — Y dig;-
j j j j
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So
(3.11)
Wtrgg’\z
trog’  t ngaﬂgwakgkz Re ngaﬂgwakglm + Er.

As in Yau’s second-order estimate, we use Cauchy—Schwarz on the first term
n (3.11) (see [25] Equation (2.15) for the exact calculation).

(3.12)

/zzaj glj 8]~:ng < Z g/ug/]] aj glj &gﬁ'
05,k Y]

To deal with the second term in (3.11), since (o, to) is the maximum point
of Q, 0;Q = 0 implies

3.13 & (Supr[o,T)SZ’_SZ’).

Using Equations (3.13) and (3.10) we can bound the difficult term

(3.14) -Re Zg’ii 97089
ijok
A

/

trgg

SUP [0, 1) P~ LP)QRG ng jgz]a_(p + By

trgg i

s_z Ot .
< AQ‘aSOIZ/eA(SuPMX[OwT) ¢—9) + (t(rr;]jg) A(SUPMx[o,T) ?—p) + F;
< A2 ‘8S0’§/6A(SUPMX[O,T) ¢—¢) + C(tl‘g/g) A(Sup s xjo,7) P~ ) + En,

where for the last inequality we used the fact that trgg’ is bounded from
below away from zero by the flow Equation (1.1) and estimate (2.1).
Plugging (3.12) and (3.14) into (3.11) gives

(3.15)
|8trgg’|2

(trgg’)?

- (tr 77 Zg'“g'“aaguaggﬁ Al EtPaoie) £

+ C(trg,g)e (SUPMX 0,T)<P @) + El-
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Combining (3.9) and (3.15) with (3.3) at the point (zo,to), we obtain the
inequality
(3.16)

1
trgg’

0> > 97095059+ B | —

1 -
§ :g/zzg/ﬂ 8392583932
1,7 bJ

tryg’
_ A2‘a(p‘3,ez4(supr[o,T) ¢=p) _ trg/geA(Sllpr[O,T) 6—P) 1+ B

+ A%‘fef“supww 70 4 (—An + Atrgg + A? Iasolf,,) AP 0.7 P—F)

_A(C + n)eA(SupMX[O,T) ) + (A _ 1)trg,geA(5uPM><[o,T) p—p) _ C1t1"g/g
—A(C + n)eA(Supr[o,T) P—p) + (A - 1= Cl) trg/g.

(AVARAVS

Taking A large enough so that
(A —1- Cl) >0

implies that at (xg, tg),

(317) trg/g(gjo’ tO) < CeA(Supr[o,T) p—infarxo,m) 527)
Then
1 _q det g’
3.18 trog (o, to) < trgg)" !
( ) Tqg (3307 0) = (n _ 1)' ( Ig g) detg
1 —1 _ 9¢
= Gy (eg)" e

< C’eA(nfl)(Supr[o,T) p—infarxio,m) 95)

For all (z,t) in M x [0,1']
(3.19)
log tI'gg/(iL‘, t) + eA(SuPMx[o,T) G—(z,t)) < log (CeA(n_l)(SupMX[O,T) @—inf rr % (0,1 @))

+ eA(Supr [0,T) ¢—infarxio, 1) @)

(3.20) trgg’ < Cre“2WParxio.n @=infarxio. ) @)

<eA(S“PM><[o,T) P—infrryio, ) J’) _eA(S“PMx [0,7) ¢—¢’)>
X e
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4. The Holder estimate for the metric

The estimate in this section is local, so it suffices to work in a domain in C".
To fix some notation, define the parabolic distance function between two
points (z,t1) and (y,t2) in C* x [0,T) to be |(x,t1) — (y,t2)| = max(|x —
yl, [t — t2]'/2).

For a domain © € C" x [0,7) and a real number « € (0, 1), define for a
function ¢ on C" x [0,7T),

o2, t) — (o, to)]

Plateo) = By @) = (zorta)”
and
(4.1) [Plae = sup [@a, ()
(z,t)eN
We will show that
[ggg]a,Q <C,

for an appropriate choice of €. The smoothness of ¢ and ¢ will follow. Given
the Holder bound for the metric and the second-order estimate for ¢, we
can differentiate the flow and apply Schauder estimates to achieve higher
regularity.

Theorem 4.1. Let ¢ be a solution to the flow (1.1) and 9;3 = gi; + ¥i5-
Fiz e > 0. Then there exists o € (0,1) and a constant C depending only on
the initial data and € such that

(42) [g;j]a,Q S Ca

where Q = M x [e,T).

We apply a method due to Evans [10] and Krylov [16]. The proof itself
is essentially contained in [17] and [13], but only in the case where the man-
ifold is R™. Hence, we produce a self-contained proof in the notation of this
problem. The method of this proof follows closely with the analogous esti-
mate in [22, 25]. The main issue is applying the correct Harnack inequality
to get the estimate.

Proof. Let B € C™ be an open ball about the origin. Fix a point tg € [¢,T).
To prove (4.2) it suffices to show that for sufficiently small R > 0 there exists
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a uniform C and 6 > 0 such that
ZOSCQ (¢re3.) + 08 (91) < CR?,

where {v;} is a basis for C" and Q(R) is the parabolic cylinder
Q(R) = {(z,t) € Bx [0,T)||z| < R,tg — R* <t < ty}.
We rewrite the flow as

(4.3) = logdet gj; + H,

e

ot

where H = —logdet g;; — F. We define the operator ® on a matrix A by
®(A) =logdet A,

then (4.3) becomes

Oy

(4.4) =

=®(¢') + H.

By the concavity of ®, for all (x,t1) and (y,t2) in B x [0,T),

b/ :2)) (95t 1) = s0:1)
Zﬁ@c,tl) 2 (ota) — H(@) + H(y).

The mean value theorem applied to H shows that

(45 rtet) = o)+ X S ) (s 0nt) — o)

< Clx — yl-

Now we must recall a lemma from linear algebra.

Lemma 4.1. There exists a finite number N of unit vectors v, = (Y1, - .,
Yon) € C" and real-valued functions B, on B x [0,T), for v=1,2,...,N
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with
(4.6) (i) 0<C1<pB, <
(i) ,-..,yN containing an orthonormal basis of C"
such that
0P

oa,= (g y’tQ ZIBV yatQ YviVvj-

ij

We define forv=1,..., N

Y

n
Wy = 8%, a’YVQO = Z Vi VvjPij-

ij=1
We write wg = %t and By = 1. Then using the linear algebra lemma, (4.5)
can be rewritten as
N
(4.7) S By, t2) (wn s ) — wy(,41)) < Cla — g,

v=0

Letting v be an arbitrary unit vector in C", we differentiate the flow (1.1)
along v and #4:

Oy _ P NV o9 /

/
<9 ngww + Hys,

dac(9) =

¢'". Applying % to (4.4) gives

dp i
(49) aitt - /Jgpzﬂ

From (4.8) and (4.9) we have a bounded function h (depending on ¢’/ which
is bounded by Theorem 3.1) such that

ow -~
4.1 S L 9,050, > h.
(4.10) o+ 970050, = h
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Recall that tg is a fixed point in [¢,T). Pick R > 0 small enough such
that to — 5R? > to/2. We define another parabolic cylinder

O(R) = {(z,t) € B x [0,T)||z| < R, tg — 5R* <t <ty — 4R?}.
Fors=1,2and v =0,1,...,N, let

Mg, = sup wy,, mg = inf w,,
Q(sR) Q(sR)

and
N

QP(SR) = Z (Msu - msy) .

v=0

We let [ be an integer such that 0 <[ < N and v = My — w;. To continue
we need Theorem 7.37 from [17]. We say that v € VV;’ZIJrl if vg, vij, Vi3, v,
and v are in L2, We restate the theorem as follows.

Lemma 4.2. Suppose that v(z,t) € W22ﬁ1+1 satisfies

ov 1ij
- Y0:.0-v <
5 +g70;0;v < f

and v >0 on Q(4R). Then there exists a constant C and a p > 0 depending
only on the bounds of ¢’ and the eigenvalues of ¢ such that

1/p
1
— P < C | inf v + R/t n >
R2n+2 (/@(R) ) <Q(R) HfH +1

Since v satisfies —% + g’ﬁ@iajv < —h, we can apply the Harnack
inequality to obtain

1/p
1
4.11 ——= / Mo — wy p < C ( My — M, +R2n/2n+1 )
( ) R2n+2 ( @(R)( 2 ) ( 2 )

For every (z,t1) and (y,t2) in Q(2R), (4.7) gives

Biy, ta2) (wily, t2) — wi(z, 1)) < CR+ Y By (w2, t1) — wy(y,t2)) .-
v#l
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The definition of mg; allows us to choose (x,t;) in Q(2R) such that
wy(z,t1) < mg; + €. Since ¢ is arbitrary,

wi(y,t2) —may < CR+Cy > (May — wy(y, t2)) -
v#£L

After integrating over ©(R) and applying (4.11), we have

1 1/p
4.12 - / w; — moy )P

p\ 1/p
1
< =0 M v v
1 1/p
< C?)R + C’4 onta (/ (M2l/ - wu)p>
; R2n+2 o(R)
< C5 ) (Mg, — M,) + CeR?™?"*!

v#£L

where on the last line we used the fact that R < 1 is small. Adding (4.11)
and (4.12) yields

N
(413> Mo — mog < Cy Z (M2V _ My) + CsRQn/2n+1
v=0
N
<0y Z (M2Z/ - M, +m, — m2y) + CSRZn/2n+1
v=0

= Cr (¥(2R) — (R)) + CsR*"/2"1,
Summing over [ shows that
»(2R) < Cy ($(2R) — ¢(R)) + CroR*"/>"+!
and thus for some 0 < A < 1,
$(R) < Mp(2R) + Cyy R#/#0H1,
Applying a standard iteration argument (see Chapter 8 in [13]) shows that
¥(R) < CR,

for some § > 0, completing the proof. O
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5. Long-time existence and smoothness of the
normalized solution

In this section, we show that the solution ¢ and its normalization ¢ are
smooth and exist for all time, hence proving part of the main theorem. The
proof uses a standard bootstrapping argument.

Theorem 5.1. Let (M, g) be a Hermitian manifold and F a smooth func-
tion on M. Let ¢ be a solution to the flow

Oy ~log det(g;; + ¢i;) F
ot det(g,;)

and let ¢ = ¢ — fM @ w™. Then there are uniform C° estimates for ¢ on
[0,T). Moreover, T' = cc.

Proof. Differentiating the flow with respect to z* gives

47

’L'_. a
5 9" 0050 — Fr, — 5 logdet g;5.

(5.1) oF

The second-order estimate implies that the above equation is uniformly
parabolic. Theorem 4.1 shows that the coefficients in the above equation
are Holder continuous with exponent «. Using the Schauder estimate (see
Theorem 4.9 in [17], for example) gives a uniform parabolic C?T® bound on
¢k- Similarly, one obtains a uniform parabolic C**® estimate for ¢y,

But the better differentiability of ¢ allows us to differentiate the flow
again and obtain a uniformly parabolic equation with Hélder continuous
coefficients. The Schauder estimate will give a uniform parabolic C?T¢ esti-
mate on ¢y, ¢, and ¢z;. Repeated application shows that ¢ is uniformly
bounded in C'*°. Hence ¢ and thus ¢ are smooth. We note that ¢ is not
necessarily bounded in C°. The above iterations only provide regularity for
the derivatives of ¢.

To see that T' = oo, suppose that for 7' < oo, [0,7") is the maximal inter-
val for the existence of the solution. Since ¢ is smooth, we can apply short
time existence to extend the flow for ¢ to [0,7 + €), a contradiction. O

6. The Harnack inequality

We begin this section by proving lemmas analogous to those of Li and Yau
18] for the equation 2% = ¢/9;0:u for a positive function u on a Hermitian
ot J
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manifold (see [28] for the proof of these lemmas in the Kéhler case). The
lemmas lead to a Harnack inequality, which in turn shows that the time
derivative of ¢ decays exponentially. This allows us to prove the convergence
of ¢ as t tends to infinity.

In this section, we again use the notation u;
ordinary derivatives of a function v on M.

Let u be a positive function on M. Consider the heat-type equation

= % and u; = J;u for the

_ i
Uy =g ]uija

where ggj denotes the time dependent metric g;; + ;5. Define ¢ = ¢ —
f W

Define f =logu and F = t(|0f|?> — af;) where 1 < a < 2. We remark
that this F' is different from the one in Equation (1.1). Then

9" 5~ fe = —10f P,
where Jf is the vector containing the ordinary derivatives of f and
0f1* = g7 0i10;.
Also write
(X,Y) = g XY
for the inner product of two vectors X and Y with respect to gl’.j.

We now prove an estimate that will be useful in applying the maximum
principle to F.

Lemma 6.1. There exist constants C1 and Cy depending only on the bounds
of the metric g' such that for t > 0,

7 t
9" Fg = Fi > o (jof* - )" = 2Re (8f,0F) — (|0f]? — auf)
— C1t|0f|* — Cot.

Proof. First calculate F = —tg'" fi; —t(a = 1)f. Then

(61) (977 fg)e = F = 7F = (@ =



294 Matt Gill

and
D)
(62) F = |0f—afi+1t <g’“fn-f;+g/”fift;+ < 2 ”J) fifs - aftt)
=raf|2—aft+2tRe<af,a<ft>>+t(a ’”)fzf ol

We calculate ¢'*'F, 7 to get the desired estimate.

©63)  g"Fe=tg"[(97) £ty + (97) fafi+ (97) fifa
+ (9 ),fikf’- +g' awil; + g/ijfikfji
+ ( /”) fifjk +g'" i+ 9 ]fzf]kl O‘ftkl_}'

Now we control all of the above terms using the bounds on the metric
obtained in Theorem 3.1 and the higher-order bounds from Theorem 5.1.
For the first term of (6.3),

tg™ () _fifs| < cutior

Let ¢ > 0. We bound the second and third terms of (6.3) with the inequalities

_ - t _
1kl 113 < 2 2 2

tg™ () fafs| < Zlof* +tel0ds]
and

t/kl' 1ij ‘—*<t82 tel D2 |2

gu 9" ) fifz) < ZIOfF + tel DS
where

0011 = g™ 9" fufir |D* 1P =g™g" firtsi:

Term six is equal to t|D?f|? and term eight equals t|00f|?. The fifth and
ninth terms of (6.3) combine to give

(6.4)
tg/kzglijfik[fj + tg/kfg/ijfi fjkl_ — 2¢Re <8f, ( /klf )> /z] ( /kl) fklf]
- tg/i] ( lkl) flfkl
> 21Re (01,006 7)) — “10f12 — 1100
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We use the definition of F' to show

(6:5) tg™ 9" fuf; + tg™ 9" fifiur
> “2Re (0,0F) - 2t(a — VRe (01,0 (f)) — L10f? ~ te]0df -
Applying Equation (6.2) to (6.5) gives
tg™ ' fuat; +t9™ 9" fifa
> —2Re (0f,0F) — (o — 1)Fy + (o — 1) (|0f* — aufy)
ttla=1) (07 ) 5fs ~ tala =~ 1) ~ L1051 - 00 P
> —2Re (0f,0F) — (a — 1)Fy + (o — 1) (|0f* — aufy)
— Cotaf P — tafa—1) fir — £|8f]2 — 120 f 2.

The final term of (6.3) becomes, using (6.1)

a _
—atg klftk:l =at ( /kl> Jui — 875 (9’“ka>

> *% — te|0df|? — ?F + aF +ta(a — 1) fu.

We put all of the above in to (6.3), which shows that
g*'Fy > F, — 2Re (0f,0F) — (|0f* — afi) + t(1 - 46)I85f|2
+t(1—2¢)|D*f|* — ¢t (01 + O+ ) 0f|* —
Taking e sufficiently small and applying the arithmetic-geometric mean

inequality

(10512~ f)%,

1
n

3712 1 1kl p 2
0017 = = (1) =
we see that
7 t
9" Fg—F > o (10f] - £)? = 2Re (0f,0F) — (|0f* — afy)

— Ct|of|* ~
O

Using the previous lemma, we derive an estimate which will be used to
prove the Harnack inequality.
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Lemma 6.2. There exist constants C7 and Cy depending only on the bounds
of the metric g’ such that for t > 0,

’af|2 —afy < Cl—l—%-

Proof. Fix T > 0 and let (x,%y) in M x [0,7] be where F' attains its max-
imum. Note that we can take ¢ty > 0. Then at (xg,%y), from the previous
lemma,

66) 52 (0fP — £)° — (01 — afy) < Catolof P + Cato,

First, we assume that fi(xo,t9) > 0, then the « in the above inequality can
be dropped to give

2% (lof* — ft)2 — (|0f1? = fi) < Citolof|* + Cato.

We factor the above to obtain
1 2n
o (11 = f) <|3ﬂ2 — fi— ) < C1|0f|* + Cs.
n to

Hence,
2 Cs
0f] *ft§C3|af‘+C4+g-

There exists a constant Cg such that
1
Cs]0f| < <1 — a) 10| + C.

We plug this in to the previous inequality, showing that

1 C
(6.7) —|Of* — fi < Cr + =2

(6% to
At the point (zg,ty), we have

F(l’o, to) = to (|8f|2(:1:0, t[)) - O[ft(f,UO, to)) < Cgto + 05.

Hence for all z in M,

F(z,T) < F(xo,t0)
< Cstog + Cj
< CgT + Cs

completing the proof for this case.
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Now we consider the case where fi(xo,%p) < 0. Using (6.6) at the point
(1"07 tO)u

t
o |0 10117 < Cuto|0f? + Cato — aufi.

We factor the above to obtain
1 1 a
AP [ —|0fP—=—=C1 ) <Cy— —f;.
o1 (510 - 1~ C1) < Ca- 25
Hence,

C 1
Lo

2
. < = _ -
(6.5) o< Cat =3

We use (6.6) again and the condition that f;(zo,t9) < 0 to see that

t
ﬁff + afy < Citoldf)? + |0f|? + Cato.

By factoring the above, we show that

2no

1 9 1 2
—(— _f 2 < il )
2n( ft)( ft o ) < C1|of] +t0|af| + (s
And so
C 1
(6.9) —fi < Cs+ = + S |of .
o |2

We plug (6.9) into (6.8), arriving at

Cy, Cs Cg 1
2 o a5 M6 Lige2
|0f]* < C5+ o + 5 +2t0+4\8f]

This provides the following estimate for |0 f|*:

C
(6.10) 0f> < C7 + ?8
0
Similarly, we can show that
C
(6.11) —afy <Cy+ %-
0

We add (6.10) and (6.11) to obtain the estimate

C
0f1* —af; < Cpy + %02.
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Repeating the argument after (6.7) completes this case and hence the
proof. O

We use the previous lemma to derive a Harnack inequality similar to
that of Li and Yau in the case of a Hermitian manifold.

Lemma 6.3. For 0 <t < to,

c
t 2 C
sup u(z,t1) < inf u(w,t) (2 ) exp S+ Ot —t) ),
zeM zeM t1 to — 11

where C1,Cy and Cs3 are constants depending only on the bounds of the
metric g'.

Proof. Let x,y € M, and define 7y to be the minimal geodesic (with respect to
the initial metric g;;) with v(0) =y and v(1) = 2. Define a path ¢ : [0,1] —
M x [t1,t2] by ((s) = (v(s), (1 — s)ta + st1). Then using Lemma 6.2,

ule,t) _ [t d
012 log = [ as
1
= | 200 - 2= t0)£0) s

1 . 2 <12
ts —t al7| > ol
<[ - of| — +
/0 o ( fl (t2 —t1) (t2 —t1)
to —t
—i—Cl(tQ—tl)—i-Cg 2 lds

ds

1
Co to —t1
< / + Ci7(ta — t1) + Cis
A t

oty — 1

t
+ Cl(tg — tl) + Cs log <752> .
1

Exponentiating both sides completes the proof. O

7. Convergence of the flow

With the Harnack inequality, we complete the proof of the main theorem by
showing the convergence of ¢ (cf. [4]).
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Proof. Define u = %—f. Then

ou _
ot 9

Let m be a positive integer and define

’”8@6511.

Em(z,t) = sup u(y,m — 1) — u(z,m — 1+ 1),
yeM

(2. 8) = u(z,m—1+1) — inf uly,m —1).
Ym(x,t) = u(x,m + 1) ylélMu(ym )

These functions satisfy the heat-type equations

., ~
B — 3 m 14 1010560,
. ~

Do — 5 m — 1+ )05,

First consider the case where u(x,m — 1) is not constant. Then &, is
positive for some x in M at time ¢ = 0. By the maximum principle, &, must
be positive for all x in M when ¢t > 0. Similarly, ¥, is positive everywhere
when ¢ > 0. Hence, we can apply Lemma (6.3) with ¢; = % and to =1 to
obtain

1
sup u(x,m — 1) — inf u <:L‘,m - 2> <C <sup u(z,m —1) — sup u(z, m)),

zeM zeM zeM zeM

1
sup u <x,m— > — inf u(z,m—-1)<C < inf w(z,m)— inf u(z,m— 1)>
zeM 2 zeM zeM zeM

We define the oscillation 6(t) = sup,¢r u(x,t) — infyepr u(z, t). Adding the
above inequalities gives

G(m—l)—l—@(m—;) < C(0(m—1) — 0(m)).

Rearranging and setting § = % < 1 yields
O(m) < 50(m —1).
By induction,
o(t) < Ce™™,

where n = —log §. Note that if u(z, m — 1) is constant, this inequality is still
true.
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Fix (x,t) in M x [0,00). Since

&pn

=0
6t ’

there exists a point y in M such that 2 5 2 (y,t) = 0.

() S wn|=| w0 -G
| 9¢ Op
~ |G - i)
< Ce ™,

Consider the quantity Q2 = ¢ + —e ~7t, Then by construction,

Q2

X2 <0.
ot
Since (5 is bounded and monotonically decreasing, it tends to a limit as
t — 00, call it po. But
C
lim ¢ = lim Qo — lim —e " = @
t—o0 t—o0 t—oo 1)
To show that the convergence of ¢ to ¢ is actually C°°, suppose not. Then

there exists a time sequence t,, — oo such that for some € > 0 and some
integer k,

(7.2) |o(z,tm) — Pooller >, VYm.

However, since ¢ is bounded in C°° there exists a subsequence t,,, — oo
such that @(z,t,,,) — @L, as j — oo for some smooth function @ . By (7.2),
Pl # Poo- This is a contradiction, since ¢ — @oo pointwise. Hence the con-
vergence of @ to P is C°.

We observe that ¢ solves the parabolic flow

n

, det(g;; + 0;0;
8790 — log € (gl.] ) _F ag&
ot det g;; m Ot

Taking t to infinity, we see that ¢, solves the elliptic Monge-Ampere equa-
tion

det(g;; + 0i0;¢0)
det g;;

log = F + b,



Parabolic complex Monge-Ampere equation 301

where

det(g;7 + 0;0; P00
b:/ (log et(9is i® )F> w".
M det g;;

This combined with Theorem 5.1 completes the proof of the main theorem,
and also provides a parabolic proof of the main theorem in [26]. O
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