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Q-curvature flow on S”

PAk TuNGg Ho

In this paper, we study the Q-curvature flow on the standard sphere
S™ and prove that the flow converges exponentially for all initial
data.

1. Introduction

The @Q-curvature is a notion introduced by Branson initially defined on
manifolds of dimension four, and is a direct generalization of the Gaus-
sian curvature on compact surface. If ¥ is a compact surface with Rieman-
nian metric g, under the conformal change of metric § = e**g¢, we have

AG = e_QwAg and —Ajw+ Ky = ngzw,

where A, and K, (respectively Aj and Kj) are the Laplace-Beltrami oper-
ator and the Gaussian curvature of the metric g (respectively of g). This
implies the invariance of the integral

/ K;dVy = / Kge 2v dVy = / K,dV,
) % %

under conformal changes of the metric. In fact, the Gauss—Bonnet Theorem
asserts that

[ 5y av, =23,
b

where x(X) is the Euler characteristic of X.
Now, consider a compact manifold M of dimension four with Riemannian
metric g. The Q-curvature is defined by

_ !

Q=—¢

(AgRg — Rf, + 3’Ricg’§>7

where R, and Ric, denote the scalar curvature and the Ricci tensor of
g. Moreover, the Paneitz operator associated with the metric g acts on a
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smooth function f on M via
Py f = A2 (2 i
o = Ay f +dy gRgg—QRlcg af | .

The Q-curvature plays an important role in conformal geometry, see [4, 8—
10]. Indeed, it enjoys similar properties as the Gaussian curvature in dimen-
sion two. Under a conformal change of metric § = ¢?*g, the Q-curvature of
g can be written as

Qg = " (Pyw+ Qy),

and the Paneitz operator associated with the metric g is related to the
Paneitz operator associated with the metric g by

Pif =e P, f.

Moreover, we have the following Gauss—Bonnet—Chern theorem:

[ (@ W) av, = swxan),
M

Here W denotes the Weyl tensor of M.

Fefferman and Graham [16, 17| generalized the concept of Q-curvature
to higher dimensional manifolds. They showed that on an even-dimensional
Riemannian manifold (M™, g) there exists a self-adjoint operator P, with
leading term (—Ag)”/ 2 such that the Q-curvature Q4 transforms accord-
ing to Q3 = e ™ (Pyw + Q) under the conformal change of metric § =
e2wg‘

As in the two-dimensional case, it is natural to ask whether on an even-
dimensional Riemannian manifold (M™, g) there exists a conformal metric
of constant @-curvature. This problem has been studied in [5, 10, 12, 20].
More generally, one can ask the following prescribing @)-curvature problem:
Given a smooth function f on M™, find a conformal metric § = e?“g for
which Q5 = f. This problem has been studied in [1, 2, 6, 7, 13-15, 19, 21].
The flow technique has been introduced to tackle these problems. In [5],
Brendle studied the Q-curvature flow on S%:

(1) 2 9(0) = ~(Qy0 ~ Qu)ol1)
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where @g(t) denotes the mean value of Q4. He proved that if the initial
metric is conformally equivalent to the standard metric on S*, then the
Q-curvature flow converges exponentially to a metric having constant sec-
tional curvature. In [6], Brendle obtained related results. On the even-
dimensional Riemannian manifold (M™, g), he considered the following:

9 Q
ag(t) == (Qg(t) - g](:)f> g9(t),

where @g(t) and f are the mean values of Qg(r) and f, respectively. He proved
the existence of a solution of the flow for all time and convergence to a metric
Joo With Qg /f = @gw /f, provided that the operator P, associated to the
initial metric g is weakly positive with kernel consisting of the constant func-
tions, and [;, Qg dVy < (n — 1)!wy,, where wy, is the volume of the standard
sphere S™. See also [2, 19].

Following the arguments of Brendle in [5], we prove the following:

Theorem 1.1. Suppose that the initial metric is conformally equivalent to
the standard metric on S™. Then the Q-curvature flow (1.1) exists for all
time, and converges exponentially to a limiting metric. The limiting metric
has constant sectional curvature and is obtained from the standard metric
by pull-back along a conformal diffeomorphism.

We remark that Theorem 1.1 is not covered in [6] since [,, QqdV, =
(n — 1)lw,, for the metric g being conformally equivalent to the standard
metric on S™. The organization of the paper is as follows. In Section 2, we
give some properties of the Q-curvature flow. In Section 3, we modify the
Q-curvature flow by conformal transformations. This allows us to prove that
the solution of the flow is bounded in W22 on every finite time interval.
In Section 4, we prove that the solution of the flow is bounded in W™?
on every finite time interval, which implies that the flow exists for all time.
In Section 5, we prove that the solution of the flow is uniformly bounded in
W2, We show that the flow converges exponentially to a metric of constant
Q-curvature as t — o0.

Notation. All norms we use are taken with respect to the standard metric g
of S™. For example, ||f||}, = [q. |f[PdVg,. The letter C represents a generic
constant which may vary from line to line.
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2. Some properties of the Q-curvature flow

From now on, we denote gy the standard metric on the sphere S™. The
explicit formula for P, on S™ is given by (see [3])

(n—2)/2
(2'1) Pgo = H (_Ago"i_k(n_k_l))v
k=0

where Ay, is the Laplace-Beltrami operator of gg. The Q-curvature of g is
equal to

ng = (n - 1)'

Let g be a metric on S™ which is conformally equivalent to the standard
metric gg. If we write g = e""gq, then

(2.2) P, =e"P,,
and the @Q-curvature of g is given by
(2.3) Qg =€ " (Qq, + Pgyw) = e " ((n — 1)! + Pyyw).

It follows that the quantity fSn Qg dV, is conformally invariant. The
Q-curvature flow is defined as

(24) 9 0(1) = ~(Qu) ~ Byi)al0)

Here @g(t) denotes the mean values of @), that is

— Jsn Quty Aty
(2.5) O, = 257290 29
9O [e dVy

Suppose that g(t) is a solution of the @-curvature flow, and that the initial
metric is conformally equivalent to standard metric go on S™. Then the
metric g(t) can be written as g(t) = e**®) gy, where w(t) is a real-valued
function on S™. It follows that the equation of the Q-curvature flow (2.4)
can be written as

9 1
(2.6) 500 = =5(Qg0) — Qyer))-
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First, we have the following:

Proposition 2.1. The volume of S™ does not change along the Q-curvature

flow.

Proof. We have

d d 0
et _ 2 nw(t) _ nw(t) ¥
o </Sn dVg(t)> o (/Sn e dVgo> /n ne atw(t) dVy,

n _
=-3 /S (Qg(r) = Qo)) Vg = 0,

where we have used (2.5) and (2.6). O

We claim that Qg(t) is independent of ¢. To see this, we note that
J gn Qg(t) AVg(1) is conformally invariant, which implies that f gn Qq(t) AVy(1) =
f gn Qg, dVg0 (n—1)! f gn dVy,. On the other hand, the volume does not
change along the @-curvature flow by Proposition 2.1. Hence, if we let

‘= (n—1)! fSn dVy,
fSn dV;J(O)

then

fS” Qg(t) dVg(t) — fS" ng dviqo _ (n - 1)! fS" dVgo —
Jsn WVt Jsn WV Jsn AVg(0)

27)  Quu =
In particular, the equation of the Q-curvature flow (2.6) can be written as

28) Srult) = —5(Qu — 0).

The Q-curvature can be viewed as a gradient flow to a certain functional.
This functional is given by

By, [w] :;‘/ nggde;,OJrn'/S wdV,

" dV,
(2.9) (n —1)! / dVy, log <f5" 9“).

fS“ d‘/go
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The functional Fg, is non-increasing along the @-curvature flow:

Proposition 2.2. We have

d
2 Boolw(®)] = _g / (Qqy — 0 AVypr)-

In particular, we have
Eg w(t)] < Eg[w(0)]  for allt > 0.

Proof. By (2.3), (2.7)-(2.9), we obtain

d ow
Bl =n [

dt
ow
n [q, e SLdV,
—(n—1) d ) Sn at “Vgo
(n=1) </n Vgo) < fS" em dVy, )
n
=-3 /S @y — Dy WVy(r)

(n—1)! [q. dVyg, n
g d‘fg(t) : 2/ Qo = D V(o

(Pyow + (n — 1)!) dVy,

n

=3 ( / (Qqty = 9 Q) AVgr) — 4 /S (@) —9) dVg<ﬁ>>

Sn

n

= 2/ (Qqry — )% dVy(r)-
Sn

Therefore, the functional E, is non-increasing along the flow. From this the

assertion follows.

We have the following proposition which is essentially due to Wei and

Xu [21]:

Proposition 2.3. We can find positive real numbers nn and C such that:

for every function w satisfying fSn e"x dVy, = 0, we have

By [w] > 77/ ((=Ag)iw)?dV,, — C.

n
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Proof. According to Theorem 2.6 in [21], there exists 0 < a < 1 such that

e dy,
log (fs go)

fS" d‘/go
< n a fS" w‘Pgodego +2(7’L— 1)| fS"wd‘/go ’
2(n —1)! Jon AV, Jsn AV,
for every function w satisfying | gn € dVy, = 0. Proposmon 2.3 follows
from the inequality [, wPgwdVy, > C [q. ( Ago) ) dVy, — C. O

3. Estimates in W 222

Proposition 3.1. Let w be a smooth function on S™. Then there exists a
unique vector p € B™ such that

1—|p?
nw + + dV, =0
/e (p T 2 s pr e ) D

The proof of Proposition 3.1 can be avoided, since it is identical to
the proof of Proposition 6 in [5]. Therefore, if g(t) = e?*®gq is a solution
of the Q-curvature flow where w(t) is a real-valued function on S™, then
it follows from Proposition 3.1 that for every ¢ > 0, there exists a unique
vector p(t) € B™ such that

enw(t) 1 - |p(7f)‘2 T _
@0 [ {00+ gy 0)) ¥ =0

We define a diffeomorphism ¢(¢) : S™ — S™ by

L p(e)
T 20, 2) + o - TP

(3.2) p(z,t) = p(t) +
For every vector ¢ tangent to S™ at x, we have

b0, )
R T (& TR 2 o)

Since (x,&) = 0 and |z| = 1, it follows that

B 1 [p(t)]? ?
[o(6)-€]" = <1 2000, 4) + rp<t>|2> €F*

p(t)«€ =
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Therefore, ¢(t) is a conformal mapping. Moreover, the pull-back of the stan-
dard metric gg is given by

: e {G A
t = .
0w = (s v poe)
If we consider the metric §(t) = e*?() gq, where
1—|p(t)?

(3.3) w(p(x,t),t) + log ( > = w(z, 1),

1+2(p(t),z) + [p(t)[?

then the metric g(t) is related to the metric g(t) by ¢(t)*g(t) = g(¢).
We will show that the function @ (t) is uniformly bounded in W22,

Proposition 3.2. There exists a constant C depending only on the initial
data such that [|w(t)|| 5. < C for allt > 0.

Proof. By (3.1) and (3.2), we have

(3.4) / "Wz, 1) dVy, =0,

which implies that

(3.5) /S "W qv,, = 0.

By Proposition 2.3, we obtain

By [i(t)] > 1 / (~Ag) () vy, - C

n

for some constant 1 > 0. Moreover, the functional E, is invariant under
conformal transformations (see [10], part (a) of the proof of Theorem 4.1).
Therefore, by Proposition 2.2, we have

Eg,[w(t)] = Eg, [w(t)] < Eg,[w(0)].

From this it follows that

[ (antam)y a, <c.
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which implies that

() — DOy 5.2 < C.

Here C' is a constant depending only on the initial data. Using Trudinger’s
inequality, we obtain

/ O30 gy < ¢

Since

/ enﬁ)(t) d‘/go = / enw(t) dvt(}o = / d‘/vg(t) = / d‘/g(O) = / enw(O)dVbo

by Proposition 2.1, we conclude that

@(t) > —C

for some constant C' depending only on the initial data. Putting all these
together, we obtain

[@(@)lly 5.2 < C,
as required. O

Proposition 3.3. There exists a constant C such that

L 1og(1 — Ip(t) )

g forallt > 0.

= ‘/s "D (Qz0) — Q) dVy,

Proof. By (3.4), we have

d nw
7 (/Sn e (z,t) dVg0> =0.

Hence, by (2.8), we obtain

nw() 0 " ow
[0Sty dvy, = < [ e Ot v,

n

n

— 5 /n enw(t)(Qg(t) — q)gp(xﬂf) dVgo-
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On the other hand, by (3.2) and (3.4), we have

nw 0
/n € (t)aw(fl}, t) d‘/QU

N /S enw(t)1_\2p(t)2 [P(8) = (0 (1), (. 1)) (@, 1)] dVy,

= 1_|2p(t)|2 Kp(t),/syn ™ Wop(a, 1) dVgo>P'(t)

(00, [ e Opte.av, ) oio)

= [ e [0 = 0. el )l )] v,

Putting these facts together, we obtain

nw(t 2 / /
/ne ()W [D'(8) = (' (1), (. 1)) p(, 1)] dV,

n

T2 /S " (Qyy — a)pla, t) dVy,.

This implies

nw(t 2 / /
[ e W OP — 60 000 a1,

From this it follows that

emb(t) 2 / 2 )2
[0 I OF = 6).0?] v,

(3.6) ~
=5 [ Qg - .a v,

Therefore if we define

a—/ \/1—wi+ldvgo—/s Jx%+x%+-~-+x%dvgo,
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then we have
2
21,/ 2 / _ / T
o = ([ VIar - W, )

< ([ e @ op - w0 av, ) ([ e, )

=) (5 [ 0@ - 0.2} v,

X (/ e () dVgo>

(A= ORI @1 [ O @y - )V,

X (/ e () dVgo> .
Sn

Here we have used (3.6). Using Proposition 3.2 and Trudinger’s inequality,
we obtain f gn e_"ﬁ’(t)d‘/gD < C. Thus, we conclude that

<

13

P'()] < C(L—Ip(t))

/Sn "D (Qy) — q)x dV,

From this the assertion follows. O

Proposition 3.4. For every real number T > 0, there exists a constant

C(T) such that ———= < C(T) for all0 <t <T.

Proof. Integration by parts gives
/S O ( Q) — q)w dVy, = /S (Pp(t) + (n = 1)! = g™ )z vy,

- [ )z,

’lIJ(t)PgO.% de}o

n

(n—2)/2
a(t) [[ (~Dg +En—k—1)zdy,
" k=0
(n—2)/2
() [[ (n+kn—k—1)zdV,
k=0

I
— — —
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Here we have used (2.1), (2.3), (3.5) and the fact that the coordinate func-

tions are eigenfunctions of A, . This implies ’ Jon e (t) (Qgr) — Q)T dVgO} <C

by Proposition 3.2. Using Proposition 3.3, we obtain ‘% log(1—[p(t)|*)| < C.

From this the assertion follows. 0

Corollary 3.1. Given any T > 0, there exists a constant C(T') such that
[w(®)lly5.2 < C(T)

forall 0 <t <T.

Proof. This follows from Propositions 3.2 and 3.4. U
4. Global existence
Following the proof in Section 4 of [6], we have the following:

Proposition 4.1. Given any T > 0, there exists a constant C(T') such that
lwE)|lwne < C(T) for all0 <t <T.

Proof. We define

0
v —Ew(t)
tw(t) e v(t),

Pyw(t) = —2e2vGy(t) — Qg + g™,

From this we deduce that

& ([ eawrav,)
0

— / (2P, w(t)) Py, <3tw(t)> dVy,
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=2 /n (—2e%w(t)v(t) — Qg, + qem”(t)) Py, (e*%w(t)v(t» dVy,
=4 /S e%w(t)v(t)Pg0 (e_%w(t)v(t)) aVy,
=2 | QuPy (75 0u(t)) vy,

Sn
+ 2q/ enw(t)PgO (e‘gw(t)v(t)) dVy,.

This implies

+ lower order terms.
Here, we adopt the convention that
1
(_Ago)m+2 = vgo(_Ago)m

for all integer m. The right-hand side involves derivatives of v and w of order
at most 5. Moreover, the total number of derivatives is at most n. Therefore,

we obtain

& ([ atoran,)

+C Z / Vero(®)] - [Vgzv(t)] - [Vgw(t)] - [Vgrw(t)] dV,

e Z/ V8 o(t)] - [V w(t)] - [V ()] ® d,.

llv ° m
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The first sum is taken over all m-tuples ki, ..., ky,, with m > 3 satisfying the
conditions

0<k; < for 1 <i <2,

0<k; < for 3 <i < m,

oS3

i+ +kp <n.
To estimate this term, we choose real numbers p1, ..., pn, € [2,00) such that

< for1<i<2,

bi
£<k:i for 3 <i<m,
Di
1 1
7+...+7:1'
D1 Pm

Moreover, we define real numbers 61, ..., 6,, by

_l’_

|3

€[0,1] for1<i<2,

5
S
Il
T3
|3

0; = ——"€(0,1) for 3<i<m.
2

Then we have 61 + -+ + 6, < 2; hence 63+ -+ 0, < (1 —601) + (1 — 62).
Since [lw(t)|l 3.2 < C(T) for all 0 <t <T by Corollary 3.1, this implies

that for all 0 <t <T

2 (<—Ago>%v<t>)2dvgo

+co Y / Va1 V0] V(0] [V u(0)] v,
kly’
< oORy5a+C 3 VROl - V00
kly:
¥ <>||Lp3---uv ()0
<Oy 50+ C 3 WOl ygegrons - 1Ol gons
klya

' H'U)( )HWk?’ P3+" 200 ”w( )Hka*ﬁJr%,z
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+(1-0 01+6
< — o34 +C Z o) D o)1 4%
kl) )
1-03)++(1-0,, Os+-+0,,
-uw<t>u§ﬁz) >u Ot
1 0 +1 0
< @) g2 +O@) S o))
0.+6 Os+--+0,,
@10 - Jlw ()| G

2(03+---+0m)

<O Y lo@IEs - o)y

< C(D)[lo@)[|72 (lw(®)[fynz + 1).

The second sum is taken over all m-tuples Iy, ..., l,, with m > 1 satisfying
the conditions

n
0§l1<§7
1<li§g for 2 <i<m,

To estimate this term, we choose real numbers g1, .., ¢m € [2,00) such that

n on
h<—, —<l; for2<i<m,
q1 ¢
1 1 1
- < —+ -4+ —< 1
2 q1 dm

Moreover, we define real numbers p1, ..., pm by

h—2>+3
pP1 = zll 6[071]7
2
li— =
pi=——2€(0,1) for2<i<m.
2

Then we have p;+---+ pp <2; hence po+---+ pp <2 —py. Since
|w(t)|lyy 5.2 < C(T) for all 0 <t < T by Corollary 3.1, this implies that for
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al0<t<T

=2 [ (- Agoﬁv(w)?dvgu
+C Z/ Vll vlz ()|...|V§;§,w(t)|eaw(t)dvgo

l17 7

< —[lo@®)I2 5. +C(T Z IV ()] Lo

l17 7

IV w(t)|| e - |Vt >\|m
<~ 5. + C(T ZHU g

117 7771,
o T [ e
1—p1
< o), nz+c ) > Hv H i \()HW
lyyeeisdom
1—p2)+-4+(1—pm -
Lo e (MO [ S

< @y s +O@) X @I ol g.. - lw@gE "

liyeeidm
2=2p1 2(pa+--+pm)
2— 2

) N ol w)lly.s "

l1, Sl
< M)z + D(lw®)[Fyne +1).

Thus, we conclude that

% ( /Sﬁpgow(ﬂfdvgo) < O ([lo(®)z2 + D(lw(®)[fm2 + 1)

for all 0 <t < T'. Hence, by the definition that v(t) = —%egw(t)(Qg(t) —q),
we obtain

i ( [ Puwvyav, + 1>

<o) ([ @ - aPav +1) ([ (auoyav, 1),
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for all 0 <t < T. On the other hand, we have

r 2 2
| @ = 0 Vi dt = =B () =~ By (0] < ©

by Proposition 2.2. Thus, we conclude that

| @t av,, < e

for all 0 <t < T. This completes the proof. O

Once we know that the solution is bounded in W™2, it is not difficult to
derive uniform estimates on any fixed time interval [0, 7']. This implies that
the flow exists for all time. More precisely, we have:

Proposition 4.2. Given any T >0 and k > n/2, there exists a constant
C(T) such that ||w(t)||were < C(T) for all0 <t <T.

Proof. Note that

d —nw n
dt </ |(A9°)kw(t)|2dvgo) < /ne O)(= 2, w(t)? dVy,
* C Z / ‘v ’ |v]9€f7)”w(t)‘ dvgoa

kl: 7
which implies that for 0 <t < T

% (/S ](—Ago)kw(tﬂzdvgo) < —C(lT)/ (=g Fw(B)]? AV,

+o 2 / V(0] 4V,

kl, 7

since ||w(t)||wn2 < C(T) for 0 < ¢ < T by (4.1). Here the sum is taken over
all m-tuples k1, ..., km, with m > 3, which satisfy the conditions

1§ki§2k+g and Ky + -+ K, < 4k +n.

Now we choose real numbers py, ..., pm, € [2,00) such that

1 1
ki <2k+ 2 and — 4 .-.— =1.
Di P1 Pm
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Moreover, we define real numbers 61, ..., 6, by

b — maxd w2
L 2k—2 [

Since m > 3, we can choose pi, ..., oy, € [2,00) such that

01+ 40, <2.

From this, it follows that for 0 <t < T

d

) ||3v2k 2

C(T) Hw( )||W2k+f 2 + C Z ||Vk1 )||LP1 te ||V’g€glw(t)Hme

ki,...,
< - C(IT) [w(®)l 2+ .2 +0k12m|\w P 100
= ﬁ\\w( M2tz .2 +Ck1;km l[w(t ||V[1/n021>+--~+<179m>”w(t)me%g
< — GOy s+ C(O) Pyl
< — g0 lyaers 2 +CT)

Thus, we conclude that

()l < C(T)

for any £ > n/2 and for all 0 <t < T.

5. Uniform estimates independent of time

For brevity, let
F(t) = /S (Qyry — 0 dVy(1)-

Proposition 5.1. We have F(t) — 0 as t — oo.

O14 40,
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Proof. Let € > 0. By Proposition 2.2, we have

[ee]
/ F(t)dt < C.
0
Hence, given any n > 0, we can find ¢g > 0 such that

(5.1) F(ty) < and /00 F(t)dt <n.

We want to show that F(t) < e for all ¢t > to. To this end, we define
(5.2) t1 = inf{t >ty : F(t) > €}.
This implies that

F(t) <e foralltg <t <t.

Since

F(t) = /Sn(Qg(t) —q)? dVy)
= /S Q5 W) — 24 /S Qyr) WVy() + ¢ /S dV(r)

= /S" QZ(t) dVy@y — q(n —1)! /n Vg,
by (2.7), we have
(5.3) i Q2 V) < q(n —1)! /S AV, +e
for all tg <t < t;. By Proposition 3.2 and Trudinger’s inequality, we have

(5.4) / gy, < C.
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Using (2.3), (5.3), (5.4), and Holder’s inequality, we obtain

| =D+ Pyt v,

< (/ e—mb(t)((n _ 1)! +Pgoﬁ)(f))2 d‘/;;f)) 4 </ e3mI)(t) dVSn) !
S"'L n
= (/ Qg%;(t) dVé(t)) 4 </ emi(®) dVS“) '
Sn sn
< <q(n— 1)1/ dv,, +e>4 (/ e3na() dV5n>4 <C
n S'n,

for all tg <t < t;. This implies that
[Py (t)|2 dVy, < C
Sn
for all tg <t < t;. Using standard elliptic regularity theory, we obtain

(5.5) [w(t)] < C forall tg <t < ty.

Here C' is a constant which only depends on the initial data.
By (2.2), (2.3) and (2.8), we have

0 0
Q0 = 57 (7O ((n = 1)1+ Pu(®))

—nw 0 —nw o
= —ne”O((n = DI+ Pyuw(t) 2 w(t) + e O, <8tw(t)>
n 1
= §Qg(t)(Qg(t) —q) — §Pg(t)Qg(t)'

From this, it follows that

d

2
at - (Qg(t) - q) dVy()

0 2
= / 2(Q) = 4) 5 (Qu(ey) V) + /S Qo) = 9)" 3 Vot

n

n

3 2
~— 9 / (Qu() — @) dVye) + nq/ (Qgry — )" dVy)

(5:6) = | Qo PatyQ@oe Vo)
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Using the Gagliardo—Nirenberg inequality, we have

1Q30) = allis < CllQaw = allE= - Q5 = allyrs2

which implies
3 2 3
/S” (Qg(t) B q) Vg, <C (/n (Qé(t) - q) dvgo) </S” Qg(t)PgoQg(t)dVg(J) .
Using (2.2), we obtain
/ : e "0 (Qz0) — )" dVie)

<C (/n o () (Qé(t) - q)2 dvg(t)> (/Sn Qit)Psv) Qa0) dVg@)) )

Since the function w(t) is uniformly bounded for ¢ty <t <t; by (5.5), it
follows that

3
/n (Qawy — )" AV
2 3
<C (/ (Qs0 — ) dvg(t)) (/S Q1) Py Qg dVg(t)>

for all tg <t < t;. This is equivalent to

/ (Quy — ) Yy

(5.7) <C ( /S Qo —a)° dVg(t>> < /S ) Qg(t>Pg<t)Qg<t>d%<t>>

for all tg <t < t;. Combining (5.6) and (5.7), we have

d

2
di s, (Qato = 9)" Vo

1

2
<C (Qupy — 9)* dVyy + C < /S (Qqry — Q)2dVg(t>)

for all tg <t < t1. Hence, there exists a constant C, which depends only on
the initial data, such that
d

GEO < CE® +F(1?)
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for all ty <t < t1, which implies that

< F(h) - Flto) < C | (F(t) + F()2)dt < C(1+ .

to

N

Here we have used (5.1) and (5.2). But this is impossible if we choose 7
sufficiently small. Thus, we conclude that F(t) < e for all ¢ > ¢y. This proves
the assertion. O

Proposition 5.2. There exists a constant C' which depends only on the
initial data such that || (t)||wn2 < C for all t > 0. Moreover, we have

/ ((n_ 1)'+Pgou~}(t) _qenﬁ)(t))de;;D —0

ast — 0o.

Proof. By Proposition 5.1, there exists a constant C' such that F'(t) < C for

all t > 0. This implies that [, Qf}(t) dVyy < C for all t > 0, hence [, Q?}(t)

dVgy < C for all t > 0. By (2.3), it is equivalent to
(5.8) / e (= 1)1 + P,y (1))2dV), < C for all £ > 0.

Following the arguments in the proof of Proposition 5.1, we obtain J g |(n —
1)! + Py, d(t)|2dV,, < C for all t > 0. From this it follows that

(5.9) lw(t)| < C forallt>0.

Combining (5.8) and (5.9), we conclude that
/ (n—1)! + P,y (t))2dV,, < C for all £ > 0.

Therefore, the function w(t) is uniformly bounded in W™2. Moreover, we
have

/ ((n = 1) 4 Py (t) — ge™*®)2 av,,

<C [ e™O((n 1)+ P w(t) — ge"*®)2 av,
Sn
= CF(1).

Here we have used (2.3). By Proposition 5.1, F'(t) converges to 0 as ¢t — 0.
From this, the assertion follows. O
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Proposition 5.3. We have

— 0

Hw g (1= 1!

n q wa

ast — oo.

Proof. Suppose it is not true. Then there exists a sequence of times {tj : k €
N} such that t; — oo as k — oo and

> 0.
Wn.2

lim inf
k—oo

_ _lo(n—l)!
w(ty) — —log . '

By Proposition 5.2, the sequence {w(t) : k € N} is uniformly bounded in
W™2. Hence, by passing to a subsequence if necessary, we may assume that
W(ty) converges to a function u in the C°-topology. The function u is a weak
solution of the equation

Pyju+ (n—1)! = ge™.

Standard elliptic regularity theory implies that « is smooth. According to
a theorem of Chang and Yang in [11] (see also [18]), there exists a vector
p € B™ such that

1—[p|?

(n—1)!
T+ 2(p,a) +pl? ' n

(5.10) u(x) = log

log

for all z € S™. Using (3.5), we obtain [, "z dV,, = 0. Hence, by (5.10),

we have
1—[p? >"
x,p)dVy, = 0.
fgw,<1+2<p,x>+|p\2 (e 2) dVy

By a change of variable, we also have

1—|p? >”
,p)dV,, = 0.
/n<12<p,x>+|p|2 (@) Vs

Hence,

(RS AEL ) -
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Since the integrand is pointwise non-negative, it follows that p = 0. Thus we
conclude that

1 - !
u = — log (n—1)
n q
by (5.10). From this, it follows that
1 - !
Hu?(tk) — —log (n—1) 0
n q Co
as k — oo. This implies
H(n ) —qe o

as k — oo. By Proposition 5.2, we have
[ (Pagilte) + (0= 1)1 - ge ™2 av,, 0
as k — oo. Thus, we conclude that
| ait))?av,, —o

as k — oo. From this it follows that

(n ; 1)! HW“

1

as k — oo. This is a contradiction. O

Proposition 5.4. We can find positive real numbers ty and C such that

w(t) — — log

1 (n—1)!
n q

H < C/ Qo) — 0)* Ve
W»,L,Q Sn

for allt > tgy.
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Proof. For abbreviation, let

By Proposition 5.3, ||z(t)||co — 0 as ¢ — oo. This implies

| Poz(t) = a0 v,
< 2/ (Pouz(t) + (n = 1)! = (n — 1)le™®)2 gy,
Sn
+ 2/ (n = 1)1 = (n = 1)1e™® — nlz(t))2 v,
S‘n,

5 / (Pyid(t) + (n— 1) — g2 qv v [ 2@t av,
Sn Sn

IA

<9 / Q) — ) Vi) + o201,

where we have used (2.3) in the last inequality. Since w(¢) is uniformly
bounded by Proposition 5.2, it follows that

[ astt) = e vy, <€ [ (Quy ~ 0 Vi + o(0)20) -

Sn

Moreover, we have

/ nz(t)x dVy,

= / (e — 1 —nz(t))x dVy,

<C SnZ() dVg, < o(D)[|z(8)]| 2

Here we have used (3.5) in the first equality. Using the estimate

/n z(t)x dVy,

2

i

I=()lws < C [ (Puate) = nle()? avy, + €

we obtain

2@ lwn2 < C | (Qary — 0)* dViy + 0o(L)]|2(8) | 2

Sn

From this, the assertion follows. [l
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Proposition 5.5. For every t > 0, we have

(n ; 1)! HW

o . 1
/ / (Qa(r) — q)? dVypydr < C Hw(t) - log
t n
Proof. By Proposition 5.3, we have lim; o Hu?(t) — %log @HW’ = 0.
This implies
lim B, fi(t)] = 0.

Since the functional Ey is invariant under conformal transformations (see
[10], part (a) of the proof of Theorem 4.1), it follows that

lim Eg [w(t)] =0.

t—o00
By Proposition 2.2, we obtain

| Quio — 02 Vyir = 3B )] = 5 B[00
t S“

On the other hand, we have
B Jn " dV,,
n!/ deO—(n—l)!/ dVy, log | =F———
" ’ Sn ! fS” dVgo

log(e"®) dV,,
gn!/ lDdVgo—(n—l)!/ d,Vgo-fS og(e™) dVa _
Sn Sn fS" d‘/go

by Jensen’s inequality. Hence, by (2.9), we have

1 — 1!
B o) < 5 [ a0 Raav;, < ¢t - tog "=
2 n n q Wn.2
Thus, we conclude that
& - 1 n—1)!
/ /(Qm>qfw%wTSCWm>l%(w
t n n q Wn.2

as required. O
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Corollary 5.1. There exists a constant C' such that

/ / (Qg(r) — @)*dVy(rydr < C / Qo) — 0)* dVypr)

fort > tg.
Proof. This follows immediately from Propositions 5.4 and 5.5. U

Corollary 5.2. We can find positive constants C' and o such that

/ (/S (Qg(T) - q)2 dVg(T)) dr < Ce_at
t n

for allt > 0.
Proof. 1f we let f(t) f fS" Qy(r) —q)? dVy(r) dr, then by Corollary 5.1,
we have
df (t
ft) < —Cj;(t) for all t > tg.

Integrating it, we obtain

_C(t—to) < (@)
= f(to)

e for all t > ¢.

In particular, we have

/ / Qg Zav, g(r) dr < Ce™2

for suitable constants C, a > 0. This implies that

i 2 : k
/k ( /ﬂ (Qyry — ) dvgm> dr < Ce®

by Holder’s inequality. Summation over k gives

/k ( /S (ng—qﬁdvgm) dr < Ceoh

From this the assertion follows. O
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Proposition 5.6. There exists a wuniform constant C  such that
|lw(@)|lwne < C forallt > 0.

Proof. By Proposition 3.3 and Holder’s inequality, we have

’ / Q) — D)r V)

<C </n(Q§(t) —q)? dVg(t))2
=C </Sn(Qg(t) - Q)Qd%(t)>2 :

/0 ( /S (Qg@)—qfdvg(t)) it <C

by Corollary 5.2. Hence, there exists a constant C', which depends only on
the initial data, such that —L__ <O for all t >0. On the other hand,

d
log(1 —
o og(1 — |p(t)

Moreover, we have

1=[p@®)?
by Proposition 5.2, we have ||@(t)|lwn2 <C for all t>0. Thus, we
conclude that [[w(t)|lwn2 < C for all t > 0. O

Proposition 5.7. There exist positive constants C and o such that
|w(tz) —w(ty)]|L: < Ce ™
for all t1 < to.

Proof. By (2.8), we have

1 ("
wlta) = w(t) = =5 [ (@) = a)ar

which implies

ta

o(ta) — w(tr)|z < C ( / (QQ(T)—quvg(T)) dr < Cemt

t1
by Corollary 5.2. This proves the assertion. (]

Since w(t) is uniformly bounded in W™? by Proposition 5.6, it is not
difficult to derive uniform regularity estimates for w(t) by following the
proof of Proposition 4.2. Exponential convergence follows from Proposition
5.7. This proves Theorem 1.1.
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