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Explicit construction of moduli space of bounded
complete Reinhardt domains in C”

RoNG Du, YUN GAO AND STEPHEN S. T. YAU

One of the most fundamental problems in complex geometry is to
determine when two bounded domains in C™ are biholomorphically
equivalent. Even for complete Reinhardt domains, this fundamen-
tal problem remains unsolved completely for many years. Using
the Bergmann function theory, we construct an infinite family
of numerical invariants from the Bergman functions for complete
Reinhardt domains in C™. These infinite family of numerical invari-
ants are actually a complete set of invariants if the domains are
pseudoconvex with C' boundaries. For bounded complete
Reinhardt domains with real analytic boundaries, the complete
set of numerical invariants can be reduced dramatically although
the set is still infinite. As a consequence, we have constructed the
natural moduli spaces for these domains for the first time.

1. Introduction

One of the basic problems in complex geometry is to find a reasonable object
which parametrizes all non-isomorphic complex manifolds. This is the well-
known moduli problem. Let D; and Dy be two domains in C™. One of the
most fundamental problems in complex geometry is to find necessary and
sufficient conditions which will imply that Dy and Dy are biholomorphically
equivalent. For n = 1, the celebrated Riemann mapping theorem states that
any simply connected domains in C are biholomorphically equivalent. For
n = 2, there are many domains which are topologically equivalent to the ball
but not biholomorphically equivalent to the ball (see [14]). Poincaré studied
the invariance properties of the CR manifolds, which are real hypersurfaces
in C™, with respect to biholomorphic transformations. The systematic study
of such properties for real hypersurface was made by Cartan [2] and later
by Chern and Moser [3]. A main result of the theory is the existence of
a complete system of local differential invariants for CR-structures on real
hypersurface. In 1974, Fefferman [5] proved that a biholomorphic mapping
between two strongly pseudoconvex domains is smooth up to the boundaries
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and the induced boundary mapping is a CR-equivalence on the boundary.
Thus, one can use Chern—Moser invariants to study the biholomorphically
equivalent problem of two strongly pseudoconvex domains. Using the Chern—
Moser theory, Webster [18] gave a complete characterization when two ellip-
soids in C™ are biholomorphically equivalent. In 1978, Burns et al. [1] showed
that the “number of moduli” of a “moduli space” of a strongly pseudoconvex
bounded domain has to be infinite. Thus the moduli problem of open mani-
folds is really a very difficult one. Lempert [10] made significant progress in
the subject. He was able to construct the moduli space of bounded strictly
convex domains of C" with marking at the origin. Although the theory
established by Lempert is beautiful, the computation of his invariants is a
hard problem. For more details on the global and local equivalence problem
for real sub-manifolds in C™, we refer the readers to the survey paper by

Huang [8].
Recall that an open subset D C C™ is called a complete Reinhardt
domain if, whenever (z1,...,2y,) € D, then ({121, ...,(u2,) € D for all com-

plex numbers ¢; with |(;| < 1. There is a beautiful theorem of Sunada [17]
which relates two such domains by a permutation map. For constructing the
biholomorphic moduli space of bounded complete pseudoconvex Reinhardt
domains with C! boundary in C?, by using a result of Sunada one may
identify this moduli space with the quotient space of curves in R? < given in
polar coordinates by r = f(6) where f:[0,%] — Ry is C! satisfying

f<0>=1=f(g), foy=0=¢(3)
J'(8) + cot(6) - J(0)
T

0) — tan(0) - f(0)

increasing,

modulo identification of each curve with the companion curve obtained by
switching the roles of the z1- and zs-axis; equivalently, the desired moduli
space can be identified with the space of functions f satisfying the above con-
ditions modulo identification of f(0) with f(§ — ¢). Apparently, this result
cannot be regarded as a solution from algebraic geometry point of view
because of lack of coordinates on the quotient space of functions. In the
spirit of our methods, one can try to remedy this by providing a complete
set of invariants:

a(0) = 160+ £ (3) -
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10.0) = (10 -1 (5-0))- (F -1 (5-¢))-

To get a countable complete set of invariants, one can restrict to a countable
dense subset of #’s and 1’s. However, there are three major drawbacks for
this approach. The first one is that the embedding constructed in this way
is not canonical. The other one is that it lacks the uniform solution to all
dimensions. Thirdly, it is difficult if not impossible to identify the image of
the embedding. The results of this paper will solve these problems.

Recently Du and Yau [4] studied the moduli problem of complete
Reinhardt domains in C? from a different point of view. The main tool
to solve this moduli problem with geometry information is the new biholo-
morphic invariant Bergman function defined by Yau [20] on pseudoconvex
domains in a variety with only isolated singularity. Du and Yau discovered
that the moduli problem of complete Reinhardt domains in C? is equiva-
lent to the moduli problem of complete Reinhardt domains in A,-variety
{(z,y,2): zy = 2"*1}, which is the quotient of C? by a cyclic group of order
n + 1. The great advantage of working on the moduli problem of domains in
Ajp-variety is that the biholomorphic maps between these domains are dra-
matically smaller. This is because these biholomorphic maps not only have
to send the boundary of one domain to the boundary of another domain,
but also have to leave the A,-variety invariant. In addition, these biholomor-
phic maps need to preserve the Bergman functions which are positive func-
tions. Du and Yau used these facts to show that all the biholomorphic maps
between complete Reinhardt domains in A,-variety must be of the special
form: permutation of coordinates modulo scalar multiplication. This result
is much stronger than the corresponding result obtained by Sunada [17]. In
principle, the method introduced by Du and Yau [4] could be used to study
the biholomorphic equivalence problem or moduli problem for more general
pseudoconvex domains in A,-variety.

The purpose of this paper is to show that Yau’s Bergman function theory
can also solve the biholomorphic equivalence problem or moduli problem for
complete Reinhardt pseudoconvex domains in C™ for all n > 2. In order
to describe the complete biholomorphic invariants of bounded complete
Reinhardt domains in C”, we introduce the following notations. Let S,, be
the symmetric group of degree n. Recall that the group ring R[S,] is a ring
of the form R[ry,m,..., 7] with 7, € S, for 1 <7< nl Let >, ;7 and
>_;YjTj, where z;,y; are in R, be two elements in R[Sy]. Then (3 ; z;7;)
(225 ¥i75) = D24 ¥ay;(7i - 75), where 7; - 7; is the product in the group S,.
We shall consider R[S,] x --- x R[S,] the product of the group ring with
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itself. Such a product has a natural S,-module structure in the following
manner. Let o0 € S, and (>, xi7,..., Y i) € R[S,] x - x R[S,]. Then

(1.1) o <Z TiTiy ey Zyﬂg) = <Z xi(1i0),. .., Zyi(na)> .

Definition 1.1. Two elements f,g in R[S,] X -+ x R[S,] are said to be
equivalent and denoted by f ~ g if there exists a o € S,, such that o(f) = g.

Before we can describe our main results, we need the following nota-
tions. Let @ = (o, ..., ay) be an n-tuple of non-negative integers. Denote
da = (I[1e 2") dzy ANdzg A+ -+ A dzy. For a domain D in C", we shall use
notation ||¢g [|% = fD og N ¢g. In this paper, we show that all the biholo-
morphic invariants of a bounded complete Reinhardt domain are contained
in (R[Sy] x -+ x R[Sy])/ ~ where there are n! copies of R[S,] and ~ is the
equivalent relation defined in Definition 1.1.

Theorem A. Let D be a bounded complete Reinhardt domain in C™. Let
a=(ay,...,an) be a n-tuple of non-negative integers. For any T € Sy,
denote

_ gl 5™ lir@ o

(1.2) 9p(d)

[T el
where T(A) = (ar(1), - -+ Qr(n)) and € = (0,...,0,1,0,...,0) with 1 in the
ith component. Then for all n-tuples of non-negative integers B, ..., Bu,

%""’ﬂ"! = (Xres, 9pBUT -2 res, 9p(Ba)T)  as  an  element in
(R[S,] x -+ x R[S,])/ ~ is a biholomorphic invariant. In fact, if D1 and
Dy are two such domains which are biholomorphically equivalent, then there
ezists a o € Sy, such that gp, (@) = g5 (d) V7 € S, and Ya n-tuple of non-
negative integers.

The invariants in Theorem A are complete invariants for bounded com-
plete Reinhardt pseudoconvex domains with C' boundaries.

Theorem B. Let D;, i = 1,2, be two bounded complete Reinhardt pseudo-
convexr domains in C" with Ci boundaries. If for all &, ..., dn n-tuples of
non-negative integers, Ep = ER0 i (R[S,] X - X R[Sp])/ ~,

A1, 0n)

where = —(a)r, ..., T (Gp)T), then there exists
D res, 9D TES, ng



Moduli space of bounded complete Reinhardt domains 605

o € Sy and a biholomorphic map

\IJO'(Zlv v 7Zn) = (alza(l)a v 7anza(n)) )

where a; — 19al2 162 lo,

= e il such that ¥, sends Dy onto Do.
€o (i) 1 0 2

Theorem A and Theorem B above give a complete characterization of
two bounded complete Reinhardt domains in C™ to be biholomorphically
equivalent in terms of the quotient of group ring (R[Sy,] X - -+ X R[S,])/ ~. In
case n = 2, we can actually write down the complete numerical invariants for
two bounded complete Reinhardt in C? to be biholomorphically equivalent.

Theorem C. Let D1, Dy be two bounded complete Reinhardt pseudoconvex
domains in C? with C' boundaries. Then Dy is biholomorphic to Dy if and

only if

(1.3) gp, (a1, a2) + gp, (2, 1) = gp, (a1, a2) + gp, (a2, 1),
(14) 9D, (ala 0(2)ng (OQ) 041) =4dgpD, (ala 042)91)2 (042, Oél),

(9p, (a1, 2) — gp, (a2, a1)) (9D, (B1, B2) — gD, (B2, 51))
(1.5) = (9D, (a1, a2) — gp,(a2, 1)) (9D, (B1, B2) — 9p,(B2, B1))

for all non-negative integers «;, B;, where

_ 96157 b a0) |2,
[T lle,|
Corollary D. The moduli space of bounded complete Reinhardt pseudocon-

vex domains with C' boundaries in C? can be constructed explicitly as the
image of the complete family of numerical invariants:

gp; (041, 012)

aj
D;

gp (a1, ) + gp(ae, ai),

gp(a1, a2)gp(az, ar),

and

(9p(a1,a2) — gp(az,a1)) - (9p(B1, B2) — gp(B2, B1))

Y o, B non-negative integers.
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In order to find the complete numerical biholomorphic invariants of
bounded complete Reinhardt domain in C” for n > 3, we need to consider
the finite symmetric group S, = {01, 09,...,0,} of degree n acting on the
affine space C"" = C™ x --- x C", which is the product of n! copies of C™,
in the following manner. Let 7 € S,, and (Zg,,. .-, Zo,5 -3 Yoy« -+ s Yoi) €
C" x - xC"=C"". Then 7T(To,,. - ToieeiYors s Yor) = (Tor
s To e Yoy e e Your)- Since Sy, is linearly reductive, by Hilbert theo-
rem, the ring of invariants C[zg,, ..., To,,; - Yors-- - Yo, ] " is finitely gen-
erated. Moreover, the generators can be listed explicitly by Gobel’s theo-
rem [6]. Before we give the statement of Gobel’s theorem, we will introduce
some definitions first.

Definition 1.2. Suppose that a finite group G acts as permutations on a
finite set X. We then refer to X together with the G-action as a finite G-set.
A subset B C X is called an orbit if G permutes the elements of B among
themselves and the induced permutation action of G on B is transitive.

Definition 1.3. If K = (ki1,...,ky) is an n-tuple of non-negative integers,
then K is called an exponent sequence. The associated partition of K is
the ordered set consisting of the n numbers k1, ..., k, rearranged in weakly
decreasing order. We denote by A(K) the partition associated to K, so

ME) = M(K) = Ao(K) = -+ = A(K))

and the n-tuple (A1(K), A\o(K)--- Ay (K)) is a permutation of ki,...,ky,.
The monomial 2% is called special if the associated partition A(K) of the
exponent sequence K satisfies

(1) M(K) = Npi(K)<lforalli=1,...,n—1, and
(2) M(K)=0.

Notice that if two exponent sequences A and B are permutations of each
other, then A\(A) = A(B).

Theorem 1.1 (M. Gébel). Let G be a finite group, X a finite G-set, and R
a commutative ring. Then the ring of invariants R[X|® is generated as an
algebra by e x| = [L.cx x, the top degree elementary symmetric polynomial
in the elements of X, and the orbit sums of special monomials.

Theorem E. Let fi,...,fx € Clto,,.. T, 5 iYors- - Yo, )" be the gen-
erators of the ring of invariant polynomials computed by Theorem 1.1. Let
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D be a bounded complete Reinhardt domain in C™. Then, for di,ds, ..., dy
n-tuples of non-negative integers,

filgp(a@n), ... 9p(An))oes,s - - IN(gDp(A1), - .., gD (An1))oes,
are biholomorphic invariants, where

Il e, s lo
DB (B, B Ba).
Hz‘:1H¢€,;

The following theorem says that the above invariants are actually com-
plete in case the domain D is pseudoconvex.

9h(B) =

Bo (i)
D

Theorem F. Let D;, i = 1,2, be two bounded complete Reinhardt pseudo-
convex domains in C* with C! boundaries. Let f1,..., fN € Clag,, ..., To,,;
i Yoss e Yo )om e the generators of the ring of invariant polynomials
computed by Theorem 1.1. If for all ay,...,d, n-tuples of non-negative
integers
filgD, (@), 9D, (@n1))oes, = fi (9D,(@1), -, 9D,(0n)) yes, -
1=1,2,..., N,

then there exists T € S,, and a biholomorphic map ¥.: C" — C", ¥_(z,...,
Z”) = (alz’r(l)a s 7a’r’LZT(n)), where

o H¢6|’D1 ”¢€i

a; =
" gz, b lléglln,”

such that V.. sends D1 onto Ds.

D,

Corollary G. The moduli space of bounded complete Reinhardt pseudocon-
vex domains with C* boundaries in C" can be constructed explicitly as the
image of the complete family of numerical invariants:

filgp(ar), ..., 9p(@n))oes,, 1<i<N,
where @1, ...,0n are all possible n-tuples of non-negative integers.

Remark. One can compute explicitly the relation of the generators f1,...,
N €Clxo,,. - To,5 iYors- - Yo, ) " These relations define an algebraic
variety in R where the moduli space lies.



608 Rong Du, Yun Gao & Stephen S. T. Yau

For complete Reinhardt pseudoconvex domains with real analytic bound-
aries, we can use fewer numerical invariants to characterize these domains.
More precisely, we have the following theorems.

Theorem B’. Let D;, i = 1,2, be two bounded complete Reinhardt pseu-
doconvex domains in C" with real analytic boundaries. Then Dy is biholo-
morphically equivalent to Do if and only if for all & n-tuple of non-negative
integers, 5%1 = 5%2 in R[Sy]/ ~, where 53 = res, 9p,(@)T. In this case,
there exists o € Sy, and a biholomorphic map

\IIO'(Zh R Zn) = (alza(l)v B anzcr(n))v

" _legllo, I¢ell o,
where a; = ,
e, I 951 .

Theorem C'. Let Dy, Dy be two bounded complete Reinhardt pseudoconvex

domains in C? with real analytic boundaries. Then Dy is biholomorphic to
Dy if and only if

such that ¥, sends D1 onto Ds.

gp, (a1, 22) + gp, (a2, a1) = gp, (a1, a2) + gp, (a2, a1),
gp, (a1, 22)gp, (2, 1) = gp, (a1, a2)gp, (o2, 1)

for all non-negative integers oy, ag, where

_ l#g] B Yo 00)]

2
[Tj=1 ll%2)]

Theorem F'. Let D;, i = 1,2, be two bounded complete Reinhardt pseudo-
convex domains in C™ with real analytic boundaries. Let

D;

gp, (a1, a2)

Qi
D,

f17'~- ,fN S C[.’L‘gl,.. . 7x0n!]sn

be the generators of the ring of invariant polynomials computed by Theorem
1.1. Then Dy is biholomorphically equivalent to Do if and only if for all &
n-tuples of non-negative integers

fi(9p,(@))ses, = fi(9D,(@))oes,, i=1,2,...,N.

In this case, there exists T € S, and a biholomorphic map V,.: C" — C"
o ‘|¢6HD1”¢€1 Do uch

e, o, I65llp.”

Ur(215- -5 20) = (@127(1)5 - - -5 QnZr(n)), where a;

that V., sends Dy onto Do.
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Our paper is organized as follows. In Section 2 we recall the basic notion
of the Bergman function and some well-known results which are needed for
later discussion. In Section 3, we construct continuous invariants of bounded
complete Reinhardt domains in C™ and prove Theorem A and Theorem B
(B’). In Section 4, the Hilbert 14th problem and Gdébel’s theorem are dis-
cussed and complete continuous numerical invariants of bounded complete
Reinhardt pseudoconvex domains are constructed. Theorem C (C’), Theo-
rem E and Theorem F (F') are proved in this section. In Section 5, we give
applications to some concrete examples.

2. Preliminaries

In this section, we shall recall some basic definitions and results in our
previous papers [4, 20] which will facilitate our subsequent discussion. Let M
be a pseudoconvex complex manifold and A be a compact complex analytic
variety in the interior of M.

Definition 2.1. Let Fys (respectively, Fis 1) be the space of all L%-inte-
grable holomorphic n-form on M (respectively, vanishing at the compact
analytic subset A in M). Let {w;} (respectively, {w]A}) be a complete ortho-
normal basis of Fys (respectively, Fas 4). The Bergman kernel (respectively,
Bergman kernel vanishing at A) is defined to be Kj;(2z) = Y. w;(2) A w;(z)

J
(respectively, Kar,a(z) = >_; w]A(z) A w;‘(z)).

Lemma 2.1. (a) Bergman kernel Ky 4(z) vanishing at the compact ana-
lytic subset A is independent of the choice of the complete orthonormal basis
of Fara-

(b) Let ®: (M, A1) — (M, A2) be a biholomorphic map such that
O(Ay) = Ay. Then Ky, o4,(2) = O K, oa,(2).

Definition 2.2. The Bergman function By;4 on M is defined to be
K,a(z)/Ku(2).

The following Theorem 2.1 can be found in [20].
Theorem 2.1. Let Ay (respectively Ag) be compact analytic variety in com-
plex manifold My (respectively Ms). If ®: (My, A1) — (Ma, A2) is a biholo-
morphic map, then By, a,(2) = B, a,(®(2)).

In what follows, we shall recall the following beautiful theorem of Sunada.
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Theorem 2.2 (Sunada [17]). Two n-dimensional bounded Reinhardt
domains Dy and Do are biholomorphically equivalent if and only if there
ezists a linear transformation ®: C" — C" given by z; — 1253 (ri > 0,1 =
1,...,n and o being a permutation of the indices i) such that ®(Dy) = Ds.

The following proposition, which is a corollary to Satz 1 in [13], is stated
as Proposition 1 in [12].

Proposition 2.1 (Pflug [13]). The Bergman kernel blows up at every
boundary point in a pseudoconver domain with C'-bounding in C™.

3. Continuous invariants of bounded complete Reinhardt
domains in C™

In what follows, we shall use the following notations €; = (0,...,0,1,0,...,0)
with 1 in the ¢th position.

Z = set of non-negative integers
a= (051,...,04”) S Zi.

Proposition 3.1. Let D be a bounded complete Reinhardt domain in C".

Let o5 = HZ 1% Ydzy Ndzo N+ Ndzp, a; € Zy. Then ﬂ is a com-
¢allp
Pa

: @ # 0 is a complete orthonor-
16D

mal basis of Fpo. The Bergman kernel Kp o vanishes at the origin and the
Bergman kernel Kp are given by

plete orthonormal base of Fp, and {

(3.1) Kpo=0Opdzi Ndzy N--- Ndz, NdZ,
and

1
(3.2) Kp = <||¢ ”2 +@D> dzy NdzZ1 N -+~ Ndzy, N dz,

0
where

n |20
(3.3) op =y =™
24" Joalh

Proof. This is a consequence of the proof of Proposition 3.2 of [20]. O
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Proposition 3.2. Let D be a bounded complete Reinhardt domain in C".
With the notations in the above proposition, ||¢g]|3,Op is invariant under
biholomorphic maps which send the origin to the origin.

Proof. Let W: Dy — Dy be a biholomorphic map between two bounded com-
plete Reinhardt domains such that ¥(0) = 0. By Theorem 2.1 and Proposi-
tion 3.1, we have

Bp,(2) = Bp,(¥(2))
Op,(2) _ Op,(¥(2))

1 o 1

= ll65llD,©p, (2) = 65l 5,00, (¥(2)).

=

O

Theorem 3.1. Let D;, i =1,2, be two bounded complete Reinhardt
domains in C". If D1 is biholomorphically equivalent to D5, then there exists
a biholomorphic map Y, of the following form:

(3.4) \I/g(z) = (alzo.(l), oo ,anzg(n)) y
where o is in Sy, a symmetric group of order n, and
(35) a; = H¢6|’D1|’¢)€i D,

H¢€o(i) HD1 ”é()’HDz '

Proof. In view of Theorem 2.2, there exists a biholomorphism ¥, : D; — Dy
of the form (3.4). By Proposition 3.2

65115, O, (2 ) = |6511D,O0. (¥o(2)),

I, ol Ly aizogy
36) = loolld, X e — = el > S
= a G20 AND:

Comparing the coefficient of |z;|? in (3.6), we can get

D =
D T = oe, B
a H(ﬁ(_)’HDlH(bé‘o.fl(i)HDZ
1 =
7O eI, I6g]p,
. o ”¢6HD1H¢€; D
ie., a; = : 0
HQbe"a(i) D1||¢6HD2
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Now we are ready to prove Theorem A.

Proof of Theorem A. Let D; and Ds be biholomorphically equivalent
bounded complete Reinhardt domains. By Theorem 3.1, there exists a
biholomorphic map

U,: Dy — Dy
(2155 2n) = (A125(1); - - AnZo(n)),
where
0 — 195111 [l9e, 1D,
|9e, 1D, |5l D,

By Proposition 3.2

2«
<i
5115, > HT|¢1 ‘| ™ = |l 44llD, ©p, (2)
320 allp,

= |l65l1%,0p, (¥4 (2))
H;l: |a’ZZO"L |2al
= gllp, S LT

2 oal?,

|20€1

Comparing the coefficient of |z1]2% 22?2 ... |2,|?*" in the identity above,

we get,

I85llD, _ gD, - Ty lag—1 >
loalln, b0,
165115,
l¢all,
_lgslln, ﬁ (H¢6”D1”¢é}1(i)||D2>2a
ol e,

1D, =5 & |, |5l .
gl " - llgallp,
AR
_ liggllzy ™ - lldoa
[T e, I
A
RV P

(3.7)

ie., gp (@) = g9, (d).
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Similarly, by comparing the coefficient of |z1]2% @ |22 .. |z, 2%

know

, We

9p, (@) = gp; (@),

which implies

Zng T—ZQ

TES, TES,

zgg (@)r-o-0t

TES,

(3.8) =g ! (Z gBQ(d'ﬁ') .

TES,

For the same reason, we have

(3.9) > gp(@)T=0"" <Z 952(071-)7> . i=1,...,n.

TES, TES,

From (3.9), we have fD ~ § S

Next we claim that 3o € S, such that gD (@) = gpJ(d) VT € S, and Va
n-tuple of non-negative integers. For any @ n-tuple of non-negative integers,
let

Iz = {0 € Sn: gp,(d) = gpJ(d), VT € Sp}.

If our claim is not true, then Vo; € S, = {o1,...,0,}, 3d;, n-tuple of non-
negative integers such that o; ¢ I5,. It follows that

n!

U (8 \ I,) = S,

=1

which implies ﬂ?' 1 Iz, = 0. On the other hand for these n-tuples of inte-
gers @i, . . ., Qypl, We have fal’ ot — fglz""’&"!, i.e., JoTrOn € S such that
(3.10) hold Let T(a,. am) = (0% @)=L In view of (3.10), one easily sees
that 75, . a.) € ﬂz 1 1o, This leads to a contradiction and our claim is
proven. O

In order to prove Theorem B, we need to establish the following theorem.
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Theorem 3.2. Let D;, i=1,2, be two bounded complete Reinhardt

domains in C". Suppose for all dy,...,dy n-tuples of non-negative inte-
gers, fal’ Sl fal’ St (R[Sp] X -+ x R[S,])/ ~, i.e., oFrmfn € S,
such that

(310) galy e (5011,..., n,)

Then, there exists o € Sy, and a biholomorphic map

v,: C" — C"
(217"‘7'2”) — ((IlZU 1 7"‘7an20'n)7
1) (n)
H¢6HD1H¢€} D,

where a; = , such that Bp,(z) = Bp,(V,(2)).

Ibe, . Il 951l D

Proof. By Theorem A, we now take o in the claim of Theorem A and let

v,:C" — C"
(Zl, oo ,Zn) S (alzg(l), cee ,anza(n)) y
where a; = I¢gllp, | ¢z, After computation as in the proof of
||¢€g(l) D1H¢0HD2

Theorem A, we get

fogl, 32 T e e, 5 Tl leczorn
o Tgalo, 2 ol

It follows that Bp,(z) = Bp, (¥(2)). O

Now we are ready to prove Theorem B.

Proof of Theorem B. It is easy to see that the Bergman function Bp, is
zero at the origin and 0 < Bp, < 1 on D; \ {(0,0,...,0)}. In view of Propo-
sition 2.1, Bp, is identically equal to 1 on 0D;. By Theorem 3.2, there exists
a biholomorphic map ¥, from C" to C™ such that Bp,(z) = Bp,(¥,(2)).
In particular ¥, preserves the level sets of the Bergman functions. It follows
that ¥, sends 0Dy to 9Ds. O

4. Complete continuous numerical invariants

We shall now construct the complete continuous numerical invariants for
complete Reinhardt domains with C! boundaries. For n =2, we have
Theorem C stated in Section 1.
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Proof of Theorem C. Since (1.3), (1.4) and (1.5) hold for all non-negative
integers «;, 0;, we have either

(1) gp,(a1,a2) =gp,(a1,2), gp,(a2,01) = gp, (a2, a1),

9D, (B1,52) = gp,(B1,62),  gp. (B2, B1) = gp, (B2, B1),

or

(2) gp,(a1,a2) =gp,(a2, 1), gp,(a2,01) = gp, (a1, az),

9D, (B1,62) = gp,(B2,61), 9o, (B2, 51) = gp, (b1, B2),

for all non-negative integers «y, ;. It is easy to see that in both cases, we
get
qu = <9D1(041, az) -1d+ gp, (a2, 1) - 0,
gp, (B, B2) - 1d + gp, (B2, B1) - 0)

~ 5?;;5 = <9D2(041, az) - 1d + gp, (a2, 1) - 0,
(4.1) ap,(B1, B2) - 1d + gp, (B2, 1) '0),
where So = {Id, o}. In view of Theorem B, we know that D; is biholomorphic
to Do.

Conversely if D; is biholomorphic to D, then by Theorem A, (4.1) holds.
Then it is easy to check that (1.3), (1.4) and (1.5) hold. O

Theorem C says that
gp(oa, o2) + gp(az, ay),

gp(ai,a2) - gp(ag, o)

and

(9p(au, a2) — gp(az, 1)) (9p(B1, B2) — gp(Be2, B1)),

Ya,, 8; =2 0, a;, 8; € Z4, are complete numerical biholomorphic invariants of
bounded complete Reinhardt pseudoconvex domains in C” with C' bound-
aries. If we want to find the complete numerical biholomorphic invariants
for bounded complete Reinhardt pseudoconvex domains in C™, n > 3, we
need to consider the following problem.
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Let S,, be the symmetric group of order n. S, acts on Clz,,...,ys] in
the following manner:

T € Sp, T(xa) = Tg-Ty--) T(ya) = Yo-r
Let R be subring of invariants in C[z,,...,ys|. In other words,

R::C[xg,...,yg]s”:{fGC[a:U,...,yJ]:VTESm (f)=f}.

We want to know whether R is finitely generated and what are the generators
of R. Actually the first problem is a special case of Hilbert’s 14" problem.
At the International Congress of Mathematicians at Paris in 1900, David
Hilbert asked the following question.

Hilbert 14th Problem. If an algebraic group acts linearly on a polynomial
ring in finitely many variables, is the ring of invariants always finitely gen-
erated?

Recall that an algebraic group G is said to be linearly reductive if, for
every epimorphism ¢: V — W of G representations, the induced map on
G-invariants ¢©: V¢ — W is surjective. The answer to the Hilbert 14th
problem is positive if the group G is linearly reductive [7]. In fact, the answer
is also positive if G is additive (non-reductive) group C (or, more generally,
the field k. See [16, 19]). In view of the following lemma, we know that finding
the complete numerical biholomorphic invariants is equivalent to finding the
generators of R.

Lemma 4.1. Let the symmetric group Sy, = {o1,...,0m} act on C™*™ via
the following formula:

nln!
TGSTIJ p:(x0'17"'7$0'n!7"'7y0'17'"7y0"n,!)e(c )
T(p) = (:L‘O-IT""7:1:0-71.!7-""’yalT7"'7yUn!T)'

Let m: C"' — (C”!”!/Sn be the quotient map. For any p and p' in C™™, the
following two statements are equivalent:

(1) m(p) = w(p').
(2) Forany f € R=C 25, ToryYors s Yo F(0) = ().

Proof. See [11, p. 167, Theorem 5.16]. O

In view of Lemma 4.1, we want to show that R = Clxy,...,zp,...,
Y1, ..., yn]°" is finitely generated.
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Proposition 4.1. Fvery finite group is linearly reductive.

Theorem 4.1 (Hilbert [7]). For linearly reductive group, the ring of invari-
ant polynomials is finitely generated.

From Proposition 4.1 and Theorem 4.1, we know that

R = (C[‘/L‘O'N' . "$U7L!7‘ . '7yU17 e 7y0'n!]sn
is finitely generated. Now we assume that the generators of R are fi(z,, ...,

Yo)y--y IN(Zg, ..., Ys) where o runs over all the elements in S,. We want
to show that

fl (gg)(o_zl)a cee 79%(0771!))065n PR fN (g%(&l)v ce ag% (&n!))aesn )

for all n-tuples of non-negative integers a1, ..., a@,!, are complete numerical
invariants of bounded complete Reinhardt pseudoconvex domains in C™.

Proof of Theorem E. Let D1, D; be two bounded complete Reinhardt
domains in C™. If Dy is biholomorphic to Dy, then there exists 7 € S, such
that g7, (@) = g7 (@), Vo € Sy, Ya n-tuple of non-negative integers. We take

—

-F)i - (g%i(d»l)) .. 79%:“ (al) g e aggli (O_Zn') PICI 790Di'(&n')) S (Cn!n!)

where i =1,2 and S, = {01,09,...,0n}. Then w(P;) = 7n(P;) where m:
cr't — C™™/S,, is the quotient map in Lemma 4.1. Tt follows that

— —

fi (ggl(al)a cee 79%(62”!))065 = fz (9%2(&1)7 .. ’g%Q(an!))aesn ;

1<i1<N
|
Proof of Theorem F. Since
fi (g%l (0_21)7 ctt 79%1 (O_Zn!>)0'65n - fl (9%2(&1>7 e 79%2(07n!))0'65n ’
i=1,2,...,N
and {f1,..., fn} generates ClTo,,...To, s - s Yoys---s ygn,]s", we know by

Lemma 4.1 that

P = (9%11(071), gt (@), gh (@), 9T (62))
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- Tt

and P, = (ggz(o_z’l), s gpe (@), 7932(0771!), s 9p, (@n!)) are in the
same S,, orbit. Hence there exists o@ %' € G such that

1,00 d,

(4.2) 9D, (@) = 957" (@), 9D, (@) = g5 (@)

Equation (4.2) implies that fal’ R %1’ Tt i (R[Sp] % -+ x R[Sy])/ ~.
By Theorem 3.2, there exists o € S,, and a biholomorphic map ¥, : C* — C"

such that BDl(z) = Bp,(¥,(2)). The proof of Theorem B shows that ¥,
sends Dy onto Ds. O

For complete Reinhardt pseudoconvex domains with real analytic bound-
aries, we can use fewer numerical invariants to characterize these domains.

Proof of Theorem B’.

“=" This follows from the proof of Theorem A.

“«<=" Suppose that for all @ n-tuple non-negative integers,

51&)1 = ng in R[S,]/ ~

Then dogz € S, such that

> gp.(@ T—%(Zgng& >

TES, TES,
=2 9p.(@)7-0a
TES,
o _.
=2 90, (@7
TES,
oot
(4.3) = gp, (@) = gp. " .

Let S, = {71,...,7n}. Denote I; = {d € (Z4+)": 05" =7}, 5 =1,2,...,nl
We shall introduce the concept of partial Bergman function in the following
manner. Let

@(] Z Hh 1 |zk’| B(j)(z) _ @%)(z) '
loslz, P 1 )
ael; + ®D (Z)

el
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Clearly, we have

(44) > Hknqlsj’; -3 o8

a#0 j=1

In view of (4.3), by routine computation we get

(4.5) 253,09 (2) = llégllH,05) (-, (2))
and

(4.6) BY)(2) = BY (v, (2),
where

v :C"—C"
(Zlu s 7Zn) - (alsz(1)7 s 7anZTj(n))
195l D, |92 | D,
10z, |p, 195l D

i =

By Proposition 2.1, the Bergman kernel and hence ©p, blows up at the
boundary points. It follows from (4.4) that there exists some m such that
@g'f) is infinite on a non-empty open set U; of 9D;. It follows that B(DTT) (z) is
equal to 1 in the non-empty open set U; of dD;. Recall that by the definition,
B(DW;) is zero at the origin and is 0 < B(ij) <1 on D;\{(0,...,0)}. Since
B(DTT)(Z) = Bg';”) (¥, (2)), we see immediately that U, sends U; C 9D to
an open subset of dDs. In view of the fact that dD;, i = 1,2, are real analytic
and compact, it follows easily that ¥, sends dDq to dD,. t

Proof of Theorem C'. This follows immediately from Theorem B’. O
Proof of Theorem F'.

“=" This follows from the proof of Theorem E.

“<” Suppose that for all @ n-tuple non-negative integers, we have
i (99,(@) g = fi (95,(@)) e s i=1,..., N,

Then by the analogy of Lemma 4.1, we have

7 (9p,(@), ..., 95.(@) = 7 (9p,(d), ..., 95.(d))
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when 7: C™ — C™ /Sn. Therefore, there exist oz such that
9%, (@) = g,7%(@) for all o € S,. By the proof similar to the proof of
Theorem B’, we get a biholomorphic map ¥, which sends D; onto Dy. [

Actually, the generators of R = C[zs,,..., T, Yoys--- ,ygn,]s"' can

be listed explicitly by a theorem in Section 1 discovered by Gobel [6].
5. Application in concrete examples

In [9], Huang communicated to us the following state of art of determin-
ing when two complete Reinhardt domains is biholomorphically equivalent.
Assume that Dq, Dy are two bounded Reinhardt domains. D; is defined
by real analytic function f;(|z1],...,|zn|) < 0. Let T'(D;) = {(|z1], - .-, |znl):
(#1,...,2n) € D;}. By Sunada’s theorem, D; is biholomorphic to Ds if and
only if there is a permutation o € S,, such that o(7' (D)) = T(D2). Thus
the biholomorphic problem for Reinhardt domains is converted to the iden-
tification problem up to permutation for domains in (R*)" with points
P; =(0,...,0,1,0,...,0) (in the jth component) being the boundary points.
This method is effective when f;, ¢ = 1,2 are irreducible polynomial. For
example, let

D = {(21,22) € (C2: N—1 A ‘
Flzllz2) = 1Y + 22V + ) ejlal 2| — 1 <0},
j=1
Dy = {(21, 29) € C?: N-1 ‘ ‘
Fllzillz2) = [z + 2V + ) ejlzal |22V =1 < 0},
j=1

under the assumption that f;, fo are irreducible, we get that D; is biholo-
morphic to Dy if and only if either (eq,...,eny—1) = (c1,...,en—1) or (€1,. ..,
en—1) = (cN—1,CN—2,...,c1). But this method cannot handle the case when
fi is not irreducible.

Example 5.1. Let

Dy ={z€C?: fi(lz1],]22]) = 1
(=allze] + 121] + 2] = 1) (2|z1||Z2| Tl + |l - 1) <0},

Dy = {z € C*: fo(|z1],|22]) = 1
(Jz1]|22] + | 21| + |22 — 1) <3\z1Hz2! + |z1] + |22| — 1) < 0}.
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Notice that P; = (1,0) and P> = (0, 1) are both the outermost boundary
points for Dy and Dj. Also, T'(D;) are invariant under the action of Ss.
Hence, D; and Dy are holomorphically equivalent if and only if T'(D;) =
T(D3) in (RT)™. But this is impossible, for (1/3,4/7) is a boundary point
of T'(Dy) while it is an interior point of T'(Ds). From this example , we can
see that there is no easy way for this method to handle the biholomorphic
equivalent problem for general Reinhardt domains.

However, we can easily use our theory to show that Dp is not biholo-
morphic to Dy as follows. Let

l¢allD = /D ba N dg = /D 212 [22]°** d21 A dzg A dZ1 A dZo

= )’ // r e dry dry.
{(r1,r2): f(r1,m2)<0}

By computation, we get

57
loslD, = (—4+4mn3—46m2>-@wﬁ,

2903
lba0)llD, = lldonlb, = (‘2 +312In3 — 320 1H2> - (4m)?,

2925
160D, = l$02)llb, = (18241n3+8361n2 4> (4m)?,
légllD, = (—49 + 3561n2 — 1801n 3) - (47)?,

2500
o, = 605, = (5520m2 ~ 20 20161 3) (4m?,

( 163457

6e.0lb, = lowlb, = +7&m4m2—3nmsm3) (47)2.

Let So = {m1 =1d, 72 = (1,2)} be the symmetric group of degree 2. We shall
take 5 = (2,0). Then

2oy Il ||¢(20HD7 -
I3l , ||<z>02 I, .
p.(0,2) = °”¢01<H = gp,(2,0), i=1.2.
bl DI

Since ¢p,(2,0) + gp,(0,2), which is approximately equal to 25.277 is not
equal to gp,(2,0) + ¢gp,(0,2), which is approximately equal to 2.637, we
conclude that D; is not biholomorphic to Dy by Theorem C.
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In 1907 Poincaré discovered the following theorem [15, p. 24].

Theorem 5.1 (Poincaré). Let B, = {z € C" | Y1 | |zi[* < 1} be the unit
ball and A, ={z€ C"||z| <1,i=1,...,n} be the unit polydisc in C",
then there exists no biholomorphic map between A, and B,.

Using our method, we can easily get this result.
Notation: 0 = (0,...,0), & = (0,...,1,...,0), @ = (2,0,...,0).

Proof of Theorem, 5.1. For any 3 € Z", D = {z € C" | f(z1,...,2n) < 0} is
the bounded Reinhardt domain.

630 = | 6573

:/ |z1|261...|zn]2ﬁ"d21 AN Ndzg NdzZ1 N -+ NdZy,
D

(4m)" / / H 5J+1dr A Ndry.
O R

After computation, we get

ol = (42" [ -+

rire ... dry ... dry = (2m)",

A,
1
e, = ") [ oo [otra.corndrn oy = 5 my
An
1
foalls, = @x®) [+ [riracmndrydry = - 20",
A,
(4m)"
H¢~H2 = (4#")/ /7'17"2 ceoTpdry . dry = =5 ,
01 Bn 5 [Tis,2
2 _ n 3 _ (47T)n
H¢€1||Bn = (47 )/B /rlrg...rndrl...drn = H?:—TZZ’
5 _ (4m)"
H¢aHB (4r™ )/---/r1r2...rndr1...drn—H??m

For A,, and B,, are symmetric domains

Pella, = ll¢ella.  loells, = l¢e s, ¥i.je{l,....,n},
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b6lla, = lloz@lla.:  0alls. = lor@llB., V7€ S,

a;—1
V(@) = o (@) = 190I5." I0ala, _ 2v3
o ° [T l9a 1%, 3
19515, 9als, _ 20+ D(n+2)
(5.1) g5, (@) =gp, (@) = = :
B Bn Hz:l H¢6i||Bn n+2
S0 > res, A, (A) T # 3 cs, 9p, (@) - 7 I R[Sy]/ ~.
Then A, is not biholomorphic to B,, by Theorem A. (]

Example 5.2. In addition, we can show A, ={ze€ C" | Y7 | |z, <1} is
not biholomorphic to B,

4 n
||¢GHA (47™) / /7’17’2...7”nd7’1...d7’n: (27;) ,
(4m)"
e, ]l a, = (47™) / /r Py tpdry ... dry = ———"—
1 [T

4m)"
A": 47T / /‘rlr2...rnd7’1...drn:(2(n_~)_2)i.

Using the same method, we get

|6l

3 el alla, /B@RT D@t 2)
T _ Id 0 _
94, (Oé) = 94, (a) Hl . ||¢e, ocfn \/3(271 i 3)(2TL + 4)

SOZTes QB( a) - T#ZTES QA( @) -7 in R[S,]/ ~.

Then B, is not biholomorphic to A, by Theorem A.

Example 5.3. A, is not biholomorphic to A,,.
According to the computation above,

S Ga @ r# S b (@7 in R[S,/ ~.

TES, TES,

So A,, is not biholomorphic to A,,.

From the examples above, it is reasonable to suspect the problem lies
with the fact that B, has a C*° smooth boundary, whereas A, and A,
have “corners” in its boundaries. However, A,, is not biholomorphic to A,
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though their boundaries both have “corners”. So the biholomorphic equiva-
lence problem of domains in C” is very complicated even in the Reinhardt
domain case.
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