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On the Kähler manifolds with the largest infimum

of spectrum of Laplace–Beltrami operators and

sharp lower bound of Ricci or holomorphic

bisectional curvatures

Song-Ying Li

The paper studies the extremal or rigidity problem associated
to the largest infimum of spectrum of Laplace-Beltrami opera-
tor Δg on Kähler manifolds (Mn, g) under the sharp lower bound
assumption on either Ricci curvature or holomorphic bisectional
curvature. The paper provides some conterexamples on those rigid-
ity problems. In particular, we consider D(A) = {z ∈ C

n : |z|2 +
Re

∑n
j=1 Ajz

2
j < 1} a convex domain in C

n with n > 1 and Aj ∈
(−1, 1). Assuming g0 is the Kähler-Einstein metric on D(A), we
prove that λ1(Δg0) = n2 on (D(A), g0), but D(A) is not biholo-
morphic to the unit ball Bn when A �= 0. Moreover, we prove that
ρ(z) = −eu is strictly plurisubharmonic in D(A) where u is the
potential function for Kähler-Einstein metric on D(A). We also
construct a complete Kähler metric g1 on D(A) with holomorphic
bisectional curvature Kg1 ≥ −1 and λ1(Δg1) = n2, but D(A) is not
biholomorphic to Bn when A �= 0.

1. Introduction

Let (Mn, g) be a Kähler manifold of complex dimension n with Kähler metric
g =

∑n
i,j=1 gijdzi ⊗ dzj . Then the Laplace–Beltrami operator with respect

to the metric g is defined as follows:

(1.1) Δg = −4
n∑

i,j=1

gij ∂2

∂zi∂zj
,

where [gij ]t = [gij ]
−1. We define

(1.2)

λ1(Δg, M) = inf
{

4
∫

M

n∑

i,j=1

gij ∂f

∂zi

∂f

∂zj
dvg : f ∈ C∞

0 (M), ‖f‖L2 = 1
}

,

555
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where dvg is the volume measure on M with respect to the Kähler metric g.
When M is compact and Δg is uniformly elliptic, λ1(Δg) is the first pos-

itive eigenvalue of Δg with Dirichlet boundary condition (see, for example,
the lecture notes of Li [8] and the paper of S. Udagawa [19] and refer-
ences therein). When (Mn, g) is a complete noncompact Kähler manifold,
in general, λ1(Δg) is not an eigenvalue of Δg (see for example, [1, 10, 11,
16, 18]). However, it is the infimum of the positive spectrum of Δg. There
have been many researches on the analytic and geometric problems asso-
ciated with λ1. An important analytic problem is to find an sharp esti-
mate on λ1(Δg) with certain low bound assumptions on curvatures, which
provides sharp upper bound for Poincarè inequality. An important upper
bound estimate was obtained by Li and Wang in [10]. They proved that
λ1(Δg) ≤ n2 if the holomorphic bisectional curvature of M is bounded below
by −1. Their estimate is sharp and equality is achieved by the complex
hyperbolic space CIHn. Cheng [1] proved that λ1(Δg) ≤ n2 if Ricci curva-
ture satisfying Rij ≥ −ngij . Munteanu [18] proved that λ1(Δg) ≤ n2 if the
Ricci curvature Rij ≥ −(n + 1)gij . His estimate is sharp because if M = Bn

and g is Kähler–Einstein metric then λ1 = n2 and Rij = −(n + 1)gij . Some
more results along this line with different assumptions and estimates were
obtained in [5, 6, 11, 21] and references therein. Li and Tran [16] provided
some alternative conditions; the authors considered a bounded pseudocon-
vex domain D in Cn with negative defining function ρ so that u = − log(−ρ)
is strictly plurisubharmonic in D, and Kähler metric gij = ∂2u

∂zi∂zj
(induced

by u). They proved several theorems. In particular, the following result was
proved in [16] which will be used later.

Theorem 1.1. Let D be a bounded strictly pseudoconvex domain in Cn

with a plurisubharmonic negative defining function ρ ∈ C2(D) so that u =
− log(−ρ) is strictly plurisubharmonic in D. Let g be the Kähler metric
induced by u. Then (D, g) is a complete Kähler manifold and λ1(Δg) = n2.

Geometric–type problems associated with λ1(Δg) are rigidity problems.
One may raise the following general questions:

Question 1.1. Under the assumptions: holomorphic bisectional curvature
Kg ≥ −1 and λ1(Δg) = n2. What can one say about M?

Question 1.2. Under the assumptions: Ricci curvature Rij ≥ −(n + 1)gij

and λ1(Δg) = n2. What can one say about M?
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Questions 1.1 and 1.2 for the Riemannian case were studied by Li and
Wang [11, 13], and they proved a very pretty splitting theorem. Li and Wang
[10, 12] considered Kähler manifolds and also obtained a similar splitting
theorem. The following theorem is their results for the Kähler case.

Theorem 1.2. Let (Mn, g) be a complete Kähler manifold. Then

(i) If the Ricci curvature Rij ≥ −(n + 1)gij and λ1 > n+1
2 , then M must

have one infinite volume end;

(ii) If the holomorphic bisectional curvature Kg ≥ −1 and λ1 = n2, then
either M has only one end or M = IR × N with N being a compact
manifold. Moreover, the metric on M is of the form

(1.3) ds2
M = dt2 + e4tω2

2 + e2t
2n∑

i=3

ω2
i ,

where {ω2, . . . , ω2n} are orthonormal basis of N with J dt = ω2.

Munteanu [18] proved the same result under a weaker condition: Rij ≥
−(n + 1)gij and λ1 = n2. Kong et al. [6] considered a complete quaternonic
Kähler manifold (M4n, g) and proved the same theorem under the condition:
the scalar curvature SM ≥ −16n(n + 2) and λ1 ≥ (2n + 1)2.

As we know that if M = Bn is the unit ball in Cn and g is the Kähler–
Einstein metric then

(1.4) λ1(Δg) = n2, Rij = −(n + 1)gij , Rijk� = gijgk� + gkjgi�,

which means that holomorphic bisectional curvature equals −1. Comparing
Obata theorem and Cheng theorem for compact Riemannian manifolds (see
[8, 9]) and result in [15]. It is natural to ask the following question.

Question 1.3. Assume that D is a smoothly bounded strictly pseudoconvex
domain in Cn with a complete Kähler metric g satisfying either

(1.5) Rij = −(n + 1)gij

or holomorphic bisectional curvature Kg ≥ −1. Assume that λ1(Δg) = n2.
Is D biholomorphic to the ball in Cn?

The main purpose of this paper is to provide a way of constructing
some counter examples for Question 1.3. In particular, we consider strictly a
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pseudoconvex domain in Cn whose boundary is real ellipsoid. After a linearly
holomorphic change of variables, these domains can be described as follows:

(1.6) D(A) = {z ∈ Cn : r(z) = |z|2 + Re
n∑

j=1

Ajz
2
j − 1 < 0}

with

(1.7) 0 ≤ A1 ≤ A2 ≤ · · · ≤ An < 1.

It was proved by Webster [22] that D(A) is biholomorphic to the unit ball in
Cn if and only if A = (A1, . . . , An) = 0. We will prove the following theorem
in this paper.

Theorem 1.3. For any 0 ≤ A1 ≤ · · · ≤ An < 1, we have the following:

(i) If g is the Kähler–Einstein metric on D(A) then λ1(Δg) = n2.

(ii) There is a Kähler metric g0 on D(A) with An ≤ 2/5 so that the holo-
morphic bisectional curvature Kg0 ≥ −1 and λ1(Δg0) = n2.

Combining Theorem 1.3 and the above theorem of Webster in [22], we
answer Question 1.3 negatively with the counter examples: D(A) with A �= 0
and n > 1.

This paper is organized as follows: in Section 2, we provide an explicit
formula to approximate the potential function of the Kähler–Einstein metric.
In Section 3, we prove part (i) of Theorem 1.3. Finally, part (ii) of Theorem
1.3 is proved in Section 4.

2. Approximation formula

Let D be a smoothly bounded pseudoconvex domain in Cn. A plurisubhar-
monic function u on D is said to be the potential function for the Kähler–
Einstein metric on D if u is the solution of the Monge–Ampère equation:

(2.1) det H(u) = e(n+1)u in D; u = +∞ on ∂D.

The existence of such a solution for (2.1) was proved by Cheng and Yau [2],
the uniqueness was proved by Fefferman [3]. When D is strictly pseudocon-
vex, Cheng and Yau [2] prove that e−u ∈ Cn+3/2(D). Lee and Melrose [7]
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give the following asymptotic expansion for e−u:

(2.2) ρ(z) = −e−u(z) =
∞∑

j=0

ajρ
0(z)

(
ρ0(z)n+1 log(−ρ0(z)

)j
,

where aj ∈ C∞(D) and ρ0 is any negative defining function for D with ρ0 ∈
C∞(D). Fefferman [3] gave a method of how to approximate ρ(z) in terms
of ρ0(z). In particular, he proved a0(z) = J(ρ0)−1/(n+1) +

∑n
j=1 a0,j(ρ0(z))j ,

where

(2.3) J(ρ0)(z) = −det
[

ρ0 ∂ρ0(z)
(∂ρ0)∗ H(ρ0)

]

,

where ∂ρ0 = (∂ρ0

∂z1
, . . . , ∂ρ0

∂zn
), H(ρ0) is the complex Hessian matrix of ρ0 on

D. Question about how to compute a0,j in (2.2) in terms of ρ0 explicitly
has been studied by Fefferman [3] and Graham [4]; they provided a certain
iteration formula for evaluating a0,j , respectively. Here we give an alternative
formula for a0,j or approximation ρ in terms of ρ0 as follows.

Theorem 2.1. Let r(z) be a smooth negative defining function for D so
that �(ρ) := − log(−r(z)) is strictly plurisubharmonic in D. Let

(2.4) ρ0(z) = r(z), ρj+1(z) = ρj(z)J(ρj)−1/(n+1)e−Bj

with

(2.5) Bj(z) =
tr(H(�(ρj))−1H(log J(ρj))

(j + 2)(n − j)(n + 1)
.

Then

(2.6) J(ρj+1)(z) = 1 + O(δ(z)j+2), j = 0, 1, . . . , n − 1

and

(2.7) δ(z) = dist(z, ∂D), a0(z) =
ρn(z)
ρ0(z)

Moreover, if

(2.8) Bn =
tr(H(�(ρn))−1H(log J(ρn)))

(n + 2)(n + 1)
�(ρn(z))



560 Song-Ying Li

then

(2.9) J(ρn+1) = 1 + O(δ(z)n+2 log δ(z)).

Proof. Let K = J(ρj) exp((n + 1)bjρj) with Bj = bjρj(z). Then ρj+1 = ρj

K−1/(n+1) and

J(ρj+1)

(2.10)

= (−ρj+1(z))n+1 det H(�(ρj+1))(z)

=
J(ρj)

K
det

[
In +

1
(n + 1)

H(�(ρj))−1H(log K)(z)
]

= e−(n+1)Bj det
[

In +
1

n+1
H(�(ρj))−1(H(log J(ρj))(z)+(n+1)H(bjρj))

]

= e−(n+1)Bj det
[
In +

1
n + 1

H(�(ρj))−1(H(log J(ρj))(z)

+ H(�(ρj))−1(bjH(ρj) + (∂bj)∗(∂ρj) + (∂ρj)∗(∂bj) + ρj(z)H(bj))
]
.

Let X = [xij ] be an n × n matrix . Then

(2.11) det[In + X] = 1 + tr(X) + O(δ(z)), if xij = O(δ(z)).

Notice that

n∑

j=1

(

ρij − ρiρj

|∂ρ|2ρ − ρ

)

∂jρ =
ρi(−ρ)
|∂ρ|2ρ − ρ

,(2.12)

×
n∑

i,j=1

(

ρij − ρiρj

|∂ρ|2ρ − ρ

)

∂jρ∂iρ =
|∂ρ|2ρ(−ρ)
|∂ρ|2ρ − ρ

,

one has

tr
(
H(�(ρ0))−1(b0H(ρ0) + (∂b0)∗(∂ρ0) + (∂ρ0)∗(∂b0) + ρ0(z)H(b0))

)(2.13)

= −(n − 1)b0ρ0(z) + O(δ(z)2).

If we let

(2.14) b0(z)ρ0(z) = B0(z) =
1

2n(n + 1)
tr(H(�(ρ0))−1H(log J(ρ0))(z),
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then by (2.10), (2.12) and (2.13), one has

J(ρ1)(z) = 1 +
tr(H(�(ρ0))−1H(log J(ρ0))(z)

(n + 1)
(2.15)

− (n − 1)b0ρ0(z) − (n + 1)B0(z) + O(δ(z)2)

= 1 + O(δ(z)2).

Assume that J(ρj) = 1 + O(δ(z)j+1) for some 1 ≤ j ≤ n − 1. Then by (2.12),
one has

(2.16) tr(H(�(ρj))−1H(log J(ρj)) = O(δ(z)j+1).

If one assumes (a priori) that

(2.17) Bj(z) = bj(z)ρj(z) = b̃0(ρj(z))j+1, b̃0 ∈ C∞(D)

and uses (2.12), then one has

tr
(
H(�(ρj))−1(bjH(ρj) + (∂bj)∗(∂ρj) + (∂ρj)∗(∂bj) + ρj(z)H(bj))

)
(2.18)

= −(n − 1)Bj(z) + 2jBj − j(n − j)Bj + O(δ(z)n+2).

Similar to (2.15), if we let

(2.19) Bj =
tr

(
H(�(ρj))−1 log J(ρj))

(2 + j)(n − j)(n + 1)
,

then

(2.20) J(ρj+1) = 1 + O(δ(z)j+2)

for j = 1, 2, . . . , n − 1.

Remark. We must notice here that in the proof of (2.12), we use H(ρ) as
positive definite near ∂D. When H(ρj) is not strictly positive definite, the
conclusion remains true with the following argument: let ρ̃j = ρj + Cρ2

j with
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some positive number C so that H(ρ̃j) is positive definite near ∂D. Then

H(�(ρj))−1 = (1 + cρ)−1[H(�(ρ̃j)) +
c(1 + 2cρ)

1 + cρ
(∂ρj) ⊗ (∂ρj)]−1

= (1 + O(δ(z))H(�(ρ̃j)−1.

With the help of the above formula, all arguments in proof of (2.12) remain
true.

When j = n, if we let

(2.21)
ρn+1(z) = ρnJ(ρn)−1/(n+1)e−Bn(z), Bn(z) = bnρn(z)(− log(−ρn(z)),

then

J(ρn+1) = e−(n+1)Bn det
[
In +

1
n + 1

H(�(ρn))−1(H(log J(ρn))(z)

+ (n + 1)H(bnρn�(ρn))
]

= e−(n+1)Bn det
[

In +
1

n + 1
H(�(ρn))−1H(log J(ρn))(z)

+ �(ρn)H(�(ρn))−1(bnH(ρn) + (∂bn)∗(∂ρn) + (∂ρn)∗(∂bn)

+ ρn(z)H(bn)) + H(�(ρn))−1(ρn(z)bnH(�(ρn) − (∂bn)∗(∂ρn)

−(∂ρn)∗(∂bn)) +
2bn

−ρn
(∂ρn)∗(∂ρn)]

]

= e−(n+1)Bn det
[

In +
1

n + 1
H(�(ρn))−1H(log J(ρn))(z)

+ �(ρn)bn(n + 1)H(�(ρn))−1(H(ρn) +
n

ρn(z)
(∂ρn)∗(∂ρn)

]

+ �(ρn)H(�(ρn))−1((ρn(z))n(n + 1)[(∂b̃n)∗(∂ρn)

+ (∂ρn)∗(∂b̃n)] + (ρn(z))n+1H(b̃n))
]

+ H(�(ρn))−1[ρn(z)bnH(�(ρn) + 2(n + 1)
bn

−ρn
(∂ρn)∗(∂ρn)]

− H(�(ρn))−1[ρn(z))n((∂b̃n)∗(∂ρn) + (∂ρn)∗(∂b̃n))]
]

= 1 + O(δ(z)n+2 log(δ(z)))
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if we choose

(2.22) bn(z)ρn(z) =
1

(n + 2)(n + 1)
tr(H(�(ρn))−1H(log J(ρn))).

This completes the proof of Theorem 2.1. �

3. Domain whose boundary is real ellipsoid

We consider a class of strictly pseudoconvex domains in Cn with the real
ellipsoid as their boundary. After a linearly holomorphic change of variables,
those domains can be written as

(3.1) D(A) = {z ∈ Cn : r(z) < 0},

where

(3.2) r(z) = |z|2 + Re
n∑

j=1

Ajz
2
j − 1, 0 ≤ A1 ≤ A2 ≤ · · · ≤ An < 1.

Then H(r) = In and

(3.3) J(r) = −r(z) +
n∑

j=1

|rj(z)|2 = Re
n∑

j=1

Ajz
2
j +

n∑

j=1

A2
j |zj |2 + 1.

Let

(3.4) ρ1(z) = e−b0(z)r(z)J(r)−
1

n+1 r(z),

where

(3.5) b0(z)r(z) =
1

2n(n + 1)
tr(H(�(r))−1H(log J(r))).

Notice that

(3.6) H(J(r)) = diag(A2
1, . . . , A

2
n), ∂iJ(r) = Ai∂ir,



564 Song-Ying Li

one has

b0(z)r(z)

(3.7)

=
−r(z)

2n(n + 1)J(r)
tr

([

In − (∂r) ⊗ (∂r)
J(r)

] [

H(J(r)) − (∂J(r)) ⊗ (∂J(r))
J(r)

])

=
−r(z)

2n(n + 1)J(r)

(

‖A‖2 − 2

∑n
j=1 A2

j |∂jr(z)|2
J(r)

+
|∑n

j=1 Aj(∂jr)2|2
J(r)2

)

.

Therefore,
(3.8)

b0(z) =
−1

2n(n + 1)J(r)

(

‖A‖2 − 2

∑n
j=1 A2

j |∂jr(z)|2
J(r)

+

∣
∣
∑n

j=1 Aj(∂jr)2
∣
∣2

J(r)2

)

.

By Theorem 2.1, one can easily see that if ρ(z) = −e−u(z) with u is the
potential function Kähler–Einstein metric then

(3.9) detH(ρ) = det H(ρ1) on ∂D(A),

since ρ(z) = ρ1(z) + A3(z) with A3(z) = O(δ(z)3) on D(A) and H(A3)(z) = 0
on ∂D(A).

In order to calculate detH(ρ1) on ∂D(A), we need the following lemma.

Lemma 3.1. Let A = (A1, . . . , An) and B = (B1, . . . , Bn) be two row vec-
tors in Cn. Then

(3.10) det(In − A∗B − B∗A) = |1 − 〈A, B〉|2 − |A|2|B|2.

Moreover, if 〈B, A〉 �= 1 then

(3.11) (In − A∗B)−1 = In +
1

1 − 〈B, A〉A
∗B.

Proof. First, we consider the case A = |A|(0, . . . , 1) = |A|en. Then

det(In − A∗B − B∗A) = 1 − |A|(Bn + Bn) − |A|2
n−1∑

j=1

|Bj |2

= 1 − |A|(Bn + Bn) + |A|2|Bn|2 − |A|2|B|2
= |1 − 〈A, B〉|2 − |A|2|B|2.
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For a general row vector A, we choose a unitary matrix U = [αij ] so that
AU = |A|en. Then

det(In − A∗B − B∗A) = det(In − (AU)∗(BU) − (BU)∗(AU))

= |1 − 〈AU, BU〉|2 − |AU |2|BU |2
= |1 − 〈A, B〉|2 − |A|2|B|2.

Since

(In − A∗B)−1 = In +
∞∑

j=1

(A∗B)j = In +
∞∑

j=1

(〈B, A〉j−1A∗B

= In +
1

1 − 〈B, A〉A
∗B.

So, the proof of the lemma is complete. �
The main purpose of this section is to prove the following theorem.

Theorem 3.1. Let u be the potential function for the Kähler–Einstein met-
ric on D(A), and let ρ(z) = −e−u(z) on D. Then ρ(z) is strictly plurisub-
harmonic in D(A).

Proof. We first prove detH(ρ) ≥ 0 on ∂D(A). By (3.9), it suffices to prove

(3.12) det H(ρ1) ≥ 0 on ∂D(A).

Let

(3.13) B = (n + 1)J(r)b0∂r + ∂J(r)

be the row vector. Notice

(3.14) |∂J |2 =
n∑

j=1

A2
j |∂jr(z)|2, RJ(r) =

n∑

j=1

Aj(∂jr(z))2

and detH(a + br(z)k) = det H(a) on ∂D(A) for any k ≥ 3. Moreover, by
the fact that |∂r|2 = J(r) on ∂D(A) and Lemma 3.1, for any z ∈ ∂D(A),
one has

det H(ρ1)J(r)n/(n+1)

= J(r)n/(n+1) det H(
r − b0r

2

J(r)1/(n+1)
)
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= det
[
H(r) − 2b0(∂r) ⊗ (∂r) − ((∂J) ⊗ (∂r) + (∂r) ⊗ (∂J))

(n + 1)J(r)

]

= det
[
In − (B ⊗ (∂r) + (∂r) ⊗ B

(n + 1)J(r)

]

=
∣
∣
∣1 − 〈B, ∂r〉

(n + 1)J(r)

∣
∣
∣
2 − ‖B‖2‖∂r|2

(n + 1)2J(r)2

=
∣
∣
∣1 − (n + 1)b0J(r)|∂r|2 + RJ

(n + 1)J(r)

∣
∣
∣
2

− (n + 1)2J(r)2b2
0|∂r|2 + 2(n + 1)J(r)b0Re (RJ) + |∂J(r)|2

(n + 1)2J(r)

= 1 − 2b0|∂r|2 − 2Re (RJ)
(n + 1)J(r)

+ b2
0|∂r|4 + 2

b0|∂r|2
(n + 1)J(r)

Re (RJ(r))

+

∣
∣
∣RJ(r)

∣
∣
∣
2

(n+1)2J(r)2
− b0(z)2J(r)|∂r|2− 2b0

(n+1)
Re (RJ(r))− |∂J(r)|2

(n+1)2J(r)

= 1 − 2b0|∂r|2 − 2Re (RJ)
(n + 1)J(r)

+

∣
∣
∣RJ(r)

∣
∣
∣
2

(n + 1)2J(r)2
− |∂J(r)|2

(n + 1)2J(r)

≥
(
1 − |RJ(r)|

(n + 1)J(r)

)2 − A2
n

(n + 1)2
− 2b0J(r)

≥
(
1 − |RJ(r)|

(n + 1)J(r)

)2 − A2
n

(n + 1)2

+
‖A‖2 − 2

∑n
j=1 A2

j |∂jr|2J(r)−1 +
∣
∣
∣
∑n

j=1 Aj(∂jr)2
∣
∣
∣
2
J(r)−2

n(n + 1)

≥
(
1 − An

(n + 1)

)2 − A2
n

(n + 1)2

+
‖A‖2 − 2A2

n +
∣
∣
∣
∑n

j=1 Aj(∂jr)2
∣
∣
∣
2
J(r)−2

n(n + 1)
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≥ 1 − 2
n + 1

An − A2
n

n(n + 1)
+

∣
∣
∣
∑n

j=1 Aj(∂jr)2
∣
∣
∣
2
J(r)−2

n(n + 1)

> 0

if n ≥ 2 (in the above inequalities, we use the assumption: 0 ≤ A1 ≤ · · · ≤
An). When n = 1, we pick up the term

∣
∣
∣
∑n

j=1 Aj(∂jr)2
∣
∣
∣
2
J(r)−2 = A2

n in the
estimation of detH(ρ1) on ∂D(A); we have

(3.15) detH(ρ) ≥ 1 − 2An

n + 1
= 1 − An > 0 on ∂D(A).

Notice that J(ρ) = 1 on D(A), then

(3.16) detH(ρ) =
det H(ρ)

J(ρ)
= eu(z)(1 − |∂u|2u).

It was proved by the author in [14] that detH(ρ) attains its minimum over
D(A) at the some point on ∂D(A). By the first step, we have det H(ρ) > 0
on ∂D(A). Therefore, detH(ρ) > 0 on D(A) and the proof of the theorem
is complete. �

As a corollary of Theorems 3.2 and 1.1, we have proved the following
result.

Corollary 3.1. If g is the Kähler–Einstein metric on D(A) then λ1

(Δg) = n2.

This gives the proof of part (i) of Theorem 1.3.

4. Holomorphic bisectional curvatures

If (M, g) is a Kähler manifold with Kähler metric g, then it is well known
(see [20]) that the curvature tensor is given by the following formula:

(4.1) Rijk� = − ∂2gij

∂zk∂z�
+ gpq ∂giq

∂zk

∂gpj

∂z�
.

Assumes that the Kähler metric g is induced by a strictly plurisubharmonic
potential function u on M with u = +∞ on ∂M :

(4.2) gij =
∂2u

∂zi∂zj
= uij , ρ(z) = −e−u(z),
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where ρ becomes a negative defining function for M . We first provide a
formula for the curvature tensor with the components of holomorphic bisec-
tional curvature plus some derivatives of the defining function ρ.

Proposition 4.1. Let u = − log(−ρ) be strictly plurisubharmonic in D.
Then

(4.3) Rijk� = −(uijuk� + ukjui�) + Eijk�,

where

Eijk� = −ρijk�

−ρ
+

1
ρ2

gpq
[
ρiqkρpj � + ρiqkupρj � + ρpj �uqρik

]
(4.4)

− (1 − |∂u|2g)
ρikρj �

ρ2
.

Note: A theorem of Lu Qi-Keng [17] states that if g is a Bergman metric
for a bounded domain in D in Cn then D is biholomorphic to the unit ball
in Cn if and only if Rijk� = −(uijuk� + ukjui�) on D (or Eijk� = 0 on D).
Next, we prove Proposition 4.1.

Proof. Notice that

u = − log(−ρ), ui =
ρi

−ρ
, uij =

ρij

−ρ
+ uiuj , uik =

ρik

−ρ
+ uiuk,(4.5)

uijk =
ρijk

−ρ
+

ρij

−ρ
uk + uikuj + uiukj(4.6)

=
ρijk

−ρ
+

ρij

−ρ
uk +

ρik

−ρ
uj +

ρkj

−ρ
ui + 2uiukuj

and

uijk� =
ρijk�

−ρ
+

ρijk

−ρ
u� +

ρij �

−ρ
uk +

ρij

−ρ
uku� +

ρij

−ρ
uk�(4.7)

+
ρik�

−ρ
uj +

ρik

−ρ
uju� +

ρik

−ρ
uj � +

ρkj �

−ρ
ui +

ρkj

−ρ
uiu� +

ρkj

−ρ
ui�

+ 2ui�ukuj + 2uiuk�uj + 2uiukuj �

=
ρijk�

−ρ
+

ρijk

−ρ
u� +

ρij �

−ρ
uk +

ρik�

−ρ
uj +

ρkj �

−ρ
ui

+ uij(uku� + uk�) + uik(uju� + uj �) + ukj(uiu� + ui�)

− 3uiujuku� + ui�ukuj + uiuk�uj + uiukuj �.
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By (4.5) and (4.6), one has

uiqk =
ρiqk

−ρ
+ uiquk − uiuquk + uikuq + uiukq

and

upj � =
ρpj �

−ρ
+ upju� − upuju� + up�uj + upuj �.

Thus,

gpquiqkupj �(4.8)

=
(

gpq ρiqk

(−ρ)
+ δipuk − gpquiuquk + uikg

pquq + uiδkp

)

×
(

ρpj �

(−ρ)
+ upju� − upuju� + up�uj + upuj �

)

= gpq ρiqk

(−ρ)

ρpj �

(−ρ)
+ gpq ρiqk

(−ρ)
(upju� − upuju� + up�uj + upuj �)

+
ρpj �

(−ρ)
(δipuk − gpquiuquk + uikg

pquq + uiδkp)

+ uijuku� − uiukuju� + ui�ukuj + uiukuj �

− uiujuku� + |∂u|2guiujuku� − uiujuku� − |∂u|2guiukuj �

+ uikuju� − |∂u|2guikuju� + uikuju� + |∂u|2guikuj �

+ ukjuiu� − uiu�ukuj + uiujuk� + uiukuj �

= gpq ρiqk

(−ρ)

ρpj �

(−ρ)
+ gpq ρiqk

(−ρ)
(−upuju� + upuj �) +

ρijk

−ρ
u� +

ρik�

−ρ
uj

+
ρij �

(−ρ)
uk +

ρkj �

−ρ
ui +

ρpj �

−ρ
(−gpquiuquk + uikg

pquq)

+ uijuku� + ui�ukuj + uiukuj � + uikuju� + ukjuiu� + uiujuk�

− 3uiukuju� − (1 − |∂u|2g)uiujuku�

+ (1 − |∂u|2g)uikuju� + |∂u|2guikuj � + (1 − |∂u|2g)uiukuj �.

Therefore, by (4.1), (4.7), (4.8) and (4.5)

Rijk� = −(uijuk� + ukjui�) −
ρijk�

−ρ
+ gpq ρiqk

−ρ

ρpj �

−ρ

+
ρiqk

−ρ
gpqup(−uju� + uj �) +

ρpj �

−ρ
gpquq(−uiuquk + uik)

− (1 − |∂u|2g)
(
uikuj � + uiujuku� − uiukuj � − uikuju�

)
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= −(uijuk� + ukjui�) −
ρijk�

−ρ

+
1
ρ2

gpq
[
ρiqkρpj � + ρiqkupρj � + ρpj �uqρik

]
− (1 − |∂u|2g)

ρikρj �

ρ2
.

This completes the proof of the proposition. �

Next we construct a Kähler metric g on D(A) so that its holomorphic
bisectional curvature Kg ≥ −1 and λ1(Δg) = n2. On D(A), we let

(4.9) ρ(z) = 2r(z) − α

2
r(z)2, 1 ≤ α ≤ 2,

where r(z) is given by (3.2). Notice

(4.10) H(r) = In, H(ρ) = (2 − αr(z))In − α(∂r) ⊗ (∂r).

It is easy to show that r(z) and − log(−ρ(z)) both are strictly plurisubhar-
monic negative defining functions for D(A). Let

(4.11) u(z) = − log(−ρ), g = gijdzi ⊗ dzj =
∂2u

∂zi∂zj
dzi ⊗ dzj

is a Kähler metric on D(A) induced by u. It is easy to prove that (D(A), g)
is a complete Kähler manifold. We will prove the following theorem.

Theorem 4.1. Let g be a Kähler metric defined by (4.9) and (4.11) on
D(A). If An ≤ 2/5, then the holomorphic bisectional curvature Kg ≥ −1
on D(A).

Proof. For simplicity, we write

(4.12) ρ(z) = 2r(z) − α

2
r(z)2 =: φ(r(z)).

Then

ρi(z) = φ′(r)ri, ρij = φ′(r)rij − αrirj , ρik = φ′(r)rik − αrirk(4.13)

ρikq = −α
[
rqrik + riqrk + rirkq

]
(4.14)
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and

ρijk� = −α
∂

∂z�
[rkrij + rikrj + rirkj ](4.15)

= −α[rk�rij + rikrj � + ri�rkj ]

= −α(δijδk� + AiAjδikδj� + δi�δkj).

From (4.13), one has
(4.16)

ρij = φ′(r)
(

δij − α

φ′(r)
rirj

)

, ρij =
1

φ′(r)

[

δij +
α

φ′(r) − α|∂r|2 rirj

]

.

From (4.11) and (4.13), one has

gij =
1
−ρ

[

ρij +
1
−ρ

ρiρj

]

(4.17)

=
1
−ρ

[

φ′(r)δij − αrirj +
φ′(r)2

−ρ
rirj

]

=
φ′(r)
−ρ

[

δij +
φ′(r)2 + αρ

φ′(r)(−ρ)
rirj

]

and

(4.18) gij =
−ρ

φ′(r)
[δij − brirj ] and b =

φ′(r)2 + αρ

φ′(r)(−ρ) + (φ′(r)2 + αρ)|∂r|2 .

Therefore,

n∑

q=1

gpqρikq =
−ρ

φ′(r)
[δpq − brprq](−α[rqrik + riqrk + rirkq])

(4.19)

= −α
−ρ

φ′(r)

(
rprik + riprk + rirkp − brp(|∂r|2rik + 2rirk)

)
.

Hence,

n∑

p,q=1

gpqρikqup

(4.20)

= −α
−ρ

φ′(r)

(
rprik + riprk + rirkp − brp(|∂r|2rik + 2rirk

)φ′(r)
−ρ

rp

= −α(1 − b|∂r|2)(|∂r|2rik + 2rirk).
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1
ρ2

n∑

p,q=1

gpqupρikqρj � = −α
(1 − b|∂r|2)

ρ2
(|∂r|2rik + 2rirk)[φ′(r)rj � − αrjr�]

(4.21)

and

(4.22)
1
ρ2

n∑

p,q=1

gpquqρpj �ρik = −α
(1 − b|∂r|2)

ρ2
[|∂r|2rj � + 2rjr�][φ

′(r)rik − αrirk].

Using

(|∂r|2rik + 2rirk)[φ′(r)rj � − αrjr�] + [|∂r|2rj � + 2rjr�][φ
′(r)rik − αrirk]

(4.23)

= −4αrirjrkr� + 2φ′(r)|∂r|2rikrj � + 2φ′(r)(rj �rirk + rikrjr�)

− α|∂r|2(rikrjr� + rj �rirk),

(4.21), (4.22) and (4.23), one has

1
ρ2

n∑

p,q=1

gpq[upρikqρj � + uqρpj �ρik]

= −2α
(1 − b|∂r|2)

ρ2

[
φ′(r)|∂r|2rikrj � +

(
φ′(r) − α

2
|∂r|2

)

× (rikrjr� + rj �rirk) − 2αrirjrkr�

]

= −2α
(1 − b|∂r|2)

ρ2

[
φ′|∂r|2AiδikAjδj� +

(
φ′ − α

2
|∂r|2

)

× (Aiδikrjr� + Ajδj�rirk) − 2αrirjrkr�

]
.

Since

|∂u|2g =
n∑

p,q=1

gpqupuq =
−ρ

φ′(r)
(δpq − brprq)

φ′(r)2

ρ2
rprq =

φ′(r)
−ρ

|∂r|2(1− b|∂r|2),

one has

1 − b|∂r|2 = 1 − (φ′(r)2 + αρ)|∂r|2
φ′(r)(−ρ) + (φ′(r)2 + αρ)|∂r|2

=
φ′(r)(−ρ)

φ′(r)(−ρ) + (φ′(r)2 + αρ)|∂r|2
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=
φ′(r)(−ρ)b

(φ′(r)2 + αρ)
.

Thus,

(4.24)

1 − |∂u|2g = 1 − φ′(r)2|∂r|2
φ′(r)(−ρ) + (φ′(r)2 + αρ)|∂r|2 =

(−ρ)(φ′(r) − α|∂r|2)b
(φ′(r)2 + αρ)

and

1
ρ2

(1 − |∂u|2g)ρikρj �

=
(φ′(r) − α|∂r|2)b
(−ρ)(φ′(r)2 + αρ)

(φ′(r)Aiδik − αrirk)(φ′(r)Ajδj� − αrjr�)

=
(φ′(r) − α|∂r|2)b
(−ρ)(φ′(r)2 + αρ)

(φ′(r)2AjAiδikδj� − αφ′(r)

× (Ajδj�rirk + Aiδikrjr�) + α2rirjrkr�).

Therefore,

(−ρ)
ρ2

n∑

p,q=1

gpq[upρikqρj � + uqρpj �ρik] − (−ρ)
ρ2

(1 − |∂u|2g)ρikρj �

(4.25)

=
−2αφ′(r)b

(φ′(r)2 + αρ)

[
φ′|∂r|2AiδikAjδj� + (φ′ − α

2
|∂r|2)

× (Aiδikrjr� + Ajδj�rirk) − 2αrirjrkr�

]
− (φ′(r) − α|∂r|2)b

(φ′(r)2 + αρ)

×
(
φ′(r)2AjAiδikδj� − αφ′(r)(Ajδj�rirk + Aiδikrjr�) + α2rirjrkr�

)

= −(α|∂r|2 + φ′(r))φ′(r)2b
(φ′(r)2 + αρ)

AiAjδikδj� − αφ′(r)2b
(φ′(r)2 + αρ)

× (Ajδj�rirk + Aiδikrjr�) +
α2b(3φ′(r) + α|∂r|2)

(φ′(r)2 + αρ)
rirjrkr�.

Therefore, by (4.4), (4.15) and (4.25), for any ξ, η ∈ Cn, one has

(−ρ)Eijk�ξiξjηkη�

(4.26)

≥ α
(
|ξ|2|η|2 +

∣
∣
∣

n∑

i=1

Aiξiηi

∣
∣
∣
2

+
∣
∣
∣

n∑

i=1

ξiηi

∣
∣
∣
2)
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− (α|∂r|2 + φ′(r))φ′(r)2b
(φ′(r)2 + αρ)

∣
∣
∣

n∑

i=1

Aiξiηi

∣
∣
∣
2

− 2αφ′(r)2b
(φ′(r)2 + αρ)

Re
(( n∑

j=1

Ajξjηj

)( n∑

i=1

ξjri

)( n∑

k=1

ηkrk

))

+
α2b(3φ′(r) + α|∂r|2)

(φ′(r)2 + αρ)

∣
∣
∣

n∑

i=1

riξi

∣
∣
∣
2∣∣
∣

n∑

k=1

rkηk

∣
∣
∣
2

≥ α
(
|ξ|2|η|2 +

∣
∣
∣

n∑

i=1

Aiξiηi

∣
∣
∣
2

+
∣
∣
∣

n∑

i=1

ξiηi

∣
∣
∣
2)

− (α|∂r|2 + φ′(r))φ′(r)2b
(φ′(r)2 + αρ)

∣
∣
∣

n∑

i=1

Aiξiηi

∣
∣
∣
2

− 1
4

[ 2αφ′(r)2b
(φ′(r)2 + αρ)

]2 (φ′(r)2 + αρ)
α2b(3φ′(r) + α|∂r|2)

∣
∣
∣

n∑

j=1

Ajξjηj

∣
∣
∣
2

= α

(

|ξ|2|η|2 +
∣
∣
∣

n∑

i=1

ξiηi

∣
∣
∣
2
)

+
[

α − (α|∂r|2 + φ′(r))φ′(r)2b
(φ′(r)2 + αρ)

− φ′(r)4b
(φ′(r)2 + αρ)

1
(3φ′(r) + α|∂r|2)

] ∣
∣
∣

n∑

j=1

Ajξjηj

∣
∣
∣
2

= α

(

|ξ|2|η|2 +
∣
∣
∣

n∑

i=1

ξiηi

∣
∣
∣
2
)

+ α

(

1 − φ′(r)2b((4/α)φ′(r)2 + α|∂r|4 + 4φ′(r)|∂r|2)
(φ′(r)2 + αρ)(3φ′(r) + α|∂r|2)

) ∣
∣
∣

n∑

j=1

Ajξjηj

∣
∣
∣
2

= α

(

|ξ|2|η|2 +
∣
∣
∣

n∑

i=1

ξiηi

∣
∣
∣
2
)

+ α
(
1− αφ′(r)2(φ′(r)(2/α) + |∂r|2)2

(φ′(r)(−ρ) + (φ′(r)2 + αρ)|∂r|2)(3φ′(r)+ α|∂r|2)
)∣
∣
∣

n∑

j=1

Ajξjηj

∣
∣
∣
2

.

Notice

(4.27) 16 ≥ φ′(r)2 ≥ φ′(r)2 + αρ = 4 − 4r(z) + 2r(z)2 ≥ 2φ′(r) ≥ 4

and since |z|2(1 − An) < 1 on D(A), one has

− ρ(z) + 2|∂r(z)|2(4.28)

≥ −2r(z) + 2|∂r(z)|2
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≥ 2(1 − |z|2 −
n∑

j=1

AjRe z2
j + |z|2 + 2

n∑

j=1

AjRe z2
j +

n∑

j=1

A2
j |zj |2)

= 2(1 +
n∑

j=1

AjRe z2
j +

n∑

j=1

A2
j |zj |2)

≥ 2(1 −
n∑

j=1

A2
j |zj |2 − 1

4
|z|2 +

n∑

j=1

A2
j |zj |2)

≥ 2(1 − |z|2
4

)

≥ 2(1 − 1
4(1 − An)

)

=
3 − 4An

2(1 − An)
.

Therefore, with An < 3/4

φ′(r)(−ρ) + (φ′(r)2 + αρ)|∂r|2 ≥ φ′(r)(−ρ) + 2φ′(r)|∂r|2(4.29)

= φ′(r)[−ρ + 2|∂r|2]
≥ (3 − 4An)φ′(r)

2(1 − An)
.

Since |∂r(z)|2 ≤ φ′(r) and computation in (4.29), one has φ′(r) + |∂r(z)|2 =
2 − 2r(z) + |∂r(z)|2 ≤ 4. Thus, since α ∈ [1, 2], one has

(φ′(r)(2/α) + |∂r|2)2
3φ′(r) + α|∂r|2 ≤ (φ′(r) + |∂r|2) ≤ 4.

Therefore, if An ≤ 2/5, then

1 − 2φ′(r)2(φ′(r)(2/α) + |∂r|2)2
(φ′(r)(−ρ) + (φ′(r)2 + αρ)|∂r|2)(3φ′(r) + α|∂r|2)

≥ 1 − 4
4φ′(r)(1 − An)

(3 − 4An)

≥ 1 − 16(1 − An)
(3 − 4An)

= −13 − 12An

(3 − 4An)

≥ −41
7

.
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Therefore, if 0 ≤ An ≤ 2/5, then

(4.30) (−ρ)Eijk�ξiξjηkη� ≥ α(1 − 41
7

A2
n)|ξ|2|η|2 ≥ α

11
175

|ξ|2|η|2 ≥ 0.

Therefore, the proof of the theorem is complete. �

Finally, we will prove part (ii) of Theorem 1.3.

Proof of part (ii) of Theorem 1.3.

Proof. Let r(z) = |z|2 +
∑n

j=1 Re Ajz
2
j − 1 on D(A), and let

ρ(z) = 2r(z) − 1
2
r(z)2, u(z) = − log(−ρ(z)), g =

n∑

i,j=1

∂u

∂zi∂zj
dzi ⊗ dzj .

If An ≤ 2/5 then |r(z)| ≤ 5/3. By (4.10), it is easy to show that ρ(z) is
strictly plurisubharmonic in D(A). By Theorem 1.1, we have λ1(Δg) = n2.
By Theorem 4.2, we have Kg ≥ −1 on D(A). Therefore, the proof of part
(ii) of Theorem 1.3 is complete. �
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