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Zoll metrics, branched covers, and holomorphic

disks

Claude LeBrun and L.J. Mason

We strengthen our previous results [12] regarding the moduli spaces
of Zoll metrics and Zoll projective structures on S2. In particular,
we describe a concrete, open condition which suffices to guarantee
that a totally real embedding RP

2 ↪→ CP2 arises from a unique
Zoll projective structure on the two-sphere. Our methods ulti-
mately reflect the special role such structures play in the initial
value problem for the three-dimensional Lorentzian Einstein–Weyl
equations.

A Zoll metric on a smooth manifold M is a Riemannian metric g whose
geodesics are all simple closed curves of equal length. This terminology com-
memorates the fundamental contribution of Otto Zoll [21], who exhibited an
infinite-dimensional family of such metrics on M = S2. It is easy to prove [2]
that a manifold admitting Zoll metrics is compact and has finite fundamen-
tal group, so the only two-dimensional candidates for M are S2 and RP

2;
conversely, the standard metrics on both of these surfaces are obviously
Zoll. However, Green’s proof [7] of the Blaschke conjecture shows that, after
rescaling, every Zoll metric on RP

2 is actually a pull-back of the standard
one via some diffeomorphism. By contrast, Zoll’s examples show that the sit-
uation for the two-sphere is fundamentally different. Indeed, in the decade
following Zoll’s work, Funk [6] gave a formal-power-series argument indicat-
ing that, modulo isometries and rescalings, the general Zoll perturbation of
the standard metric on S2 depends on one odd function f : S2 → R. How-
ever, a rigorous proof of Funk’s conjectural picture was only found half a
century later, when Victor Guillemin [10] brought the power of Nash–Moser
implicit function theorems to bear on the problem.

More recently, twistor techniques have given us new insights into global
aspects of the problem. Indeed, the present authors have elsewhere shown
[12] that Zoll surfaces can, in principle, be completely understood in terms
of families of holomorphic disks in CP2. These same techniques are also
naturally adapted to the study of more general Zoll projective structures.
Recall that a projective structure is by definition an equivalence class [∇] of
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affine connections ∇ on a manifold M , where two connections are declared
to be equivalent iff they have the same geodesics, considered as unparam-
eterized curves. A projective structure is said to be Zoll iff its geodesics
(again, as unparameterized curves) are all embedded circles. It can then be
shown [8, 12] that a Riemannian metric g on a compact surface M is Zoll
iff the equivalence class [∇] of its Levi–Civita connection is a Zoll projective
structure. A compact surface M can admit a Zoll projective structure [∇]
iff it is diffeomorphic to S2 or RP

2; and, as in the Riemannian case, any
Zoll projective structure on RP

2 is actually the standard one, pulled back
via some self-diffeomorphism of RP

2. Our proof of this last assertion [12]
hinged on the fact that the complex structure of CP2 is unique [19] up to
biholomorphism.

We now summarize our previous results [12] regarding the case of M =
S2. Given a smooth Zoll projective structure [∇] on M , its space of unori-
ented geodesics N ≈ RP

2 has a natural embedding in CP2 as a totally real
submanifold, in a manner which is completely determined up to a projective
linear transformation; for example, the usual projective structure induced
by the standard “round” metric corresponds to a “real linear” embedding
RP

2 ↪→ CP2. Each point x ∈M determines an embedded holomorphic disk
Δx ⊂ CP2 with ∂Δx ⊂ N , and the relative homology class [Δx] of any such
disk generates H2(CP2, N ; Z) ≈ Z. These disks meet N only along their
boundaries, and their interiors foliate CP2 −N . The family of disks Δx more-
over sweeps out an entire connected component in the moduli space of holo-
morphic disks (D2, ∂D2) → (CP2, N). If the family of disks {Δx | x ∈M} is
known, the projective structure [∇] can then be completely reconstructed;
namely, given a point z ∈ N , the set

Cz = {x ∈M | z ∈ ∂Δx}
is a geodesic of [∇], and every geodesic arises in this way.

The construction proceeds by first creating an abstract complex surface,
and then showing that it must be biholomorphic to CP2. In the process,
the bundle of orientation-compatible almost-complex structures over M =
S2 is identified with the complement CP2 −N of the relevant totally real
submanifold N . If there is an orientation-compatible complex structure J
on M which is parallel with respect to some torsion-free connection � ∈
[∇], then the graph of J becomes a holomorphic curve Q ⊂ CP2 −N . For
homological reasons, this curve must be a non-singular conic, and so may
be put in the standard form

(1) z2
1 + z2

2 + z2
3 = 0
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by making a suitable choice of homogeneous coordinates on CP2. Notice that
this happens precisely when there is a conformal structure [g] onM for which
� is a compatible Weyl connection. If there is actually a Zoll metric g with
Levi–Civita connection � ∈ [∇], then the totally real submanifold N ⊂ CP2

is moreover Lagrangian with respect to the sign-ambiguous symplectic form
Ω = �m Υ on CP2 −Q, where

(2) Υ = ± z1 dz2 ∧ dz3 + z2 dz3 ∧ dz1 + z3 dz1 ∧ dz2√
(z2

1 + z2
2 + z2

3)3
.

In the converse direction, one would like to assert that the totally real
submanifold N ⊂ CP2 can be chosen essentially arbitrarily, and that each
such choice uniquely determines a Zoll projective structure [∇] on M = S2.
But while our previous results in this direction may have been conceptu-
ally suggestive, they were technically crude in important respects. Indeed,
using an elementary inverse-function theorem argument, we merely showed
in [12] that every N ⊂ CP2 which is close to the standard “real linear” RP

2

in the C2k+5 topology actually arises from a Ck Zoll projective structure
[∇], and that this projective structure is unique among those that are close
to the standard “round” projective structure. By contrast, the rest of the
story was quite clean; the choice of a reference conic Q ⊂ CP2 disjoint from
such an N then gives rise to a conformal structure [g] on M = S2 for which
the Zoll projective structure [∇] is represented by a unique [g]-compatible
Weyl connection � ∈ [∇], and this Weyl connection is the Levi–Civita con-
nection of a Zoll metric g ∈ [g] iff N is Lagrangian with respect to the sign-
ambigious symplectic form Ω. Still, it must be admitted that our previous
results remain esthetically unsatisfactory in two essential ways: we neither
provided an effective condition on N ⊂ CP2 sufficient for the existence of
an associated family of holomorphic disks, nor proved the uniqueness of this
family when it does exist.

The present article will address these issues by proving global existence
and uniqueness results for holomorphic disks; see Theorems 1 to 3 below.
For the sake of clarity, our discussion is set almost entirely in the smooth
(C∞) context. While our present methods certainly afford us this luxury, the
interested reader may nonetheless wish to verify that most of our arguments
can in fact be carried out with much less regularity. The reader may also
find it interesting to compare and contrast our uniqueness results with the
rather different ones found in [17].

We now begin by fixing the standard non-singular conic Q ⊂ CP2 given
by (1). Of course, any two non-singular conics are actually projectively
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equivalent, but our conventional choice of Q has the nice additional fea-
ture that it is manifestly invariant under an anti-holomorphic involution

c : CP2 −→ CP2,(3)
[z1, z2, z3] 	−→ [z̄1 : z̄2 : z̄3],

whose fixed-point set is disjoint from Q. This fixed-point set will henceforth
be called the standard RP

2 ⊂ CP2.
Next, notice that a projective line A ⊂ CP2 is tangent to Q iff it is

given by
a1z1 + a2z2 + a3z3 = 0

for an element [a1 : a2 : a3] of the dual projective plane CP
∗
2 satisfying

(4) a2
1 + a2

2 + a2
3 = 0.

When this happens, the point of tangency is then given by

[z1 : z2 : z3] = [a1 : a2 : a3].

Also notice that if p = [p1 : p2 : p3] belongs to the complement of Q in CP2,
there are always exactly two tangent lines of Q which pass through p; indeed,
the incidence equation

a1p1 + a2p2 + a3p3 = 0

for [a1 : a2 : a3] describes a line in the dual projective plane CP
∗
2 which is

not tangent to the dual conic (4), and which therefore, by Bézout’s theorem,
must meet the dual conic in two distinct points.

The standard RP
2 ⊂ CP2 is an example of a totally real submanifold. If

Z is a complex manifold with integrable almost-complex structure J , recall
that a differentiable submanifold S ⊂ Z is said to be (maximally) totally
real if TZ|S = TS ⊕ J(TS). We now introduce a special class of totally real
surfaces in CP2 that will be central to our discussion.

Definition 1. A compact connected smoothly embedded two-manifold
N ⊂ CP2 will be called a docile surface if

• N is a totally real submanifold of CP2;

• N is disjoint from the conic Q defined by (1); and

• N is transverse to each tangent projective line (4) of the conic Q.
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For example, the standard RP
2 ⊂ CP2 is docile. Indeed, the transver-

sality condition is satisfied in this case because a projective line is tangent
to this standard RP

2 iff it is invariant under complex conjugation, whereas
the two tangent lines of Q which pass through a real point p ∈ RP

2 are, by
contrast, interchanged by the anti-holomorphic involution c defined above
in (3).

Since the condition of docility is obviously open in the C1 topology, any
small perturbation of the standard RP

2 will also be a docile surface. In the
converse direction, we have the following result:

Lemma 1. Let N ⊂ CP2 be a docile surface. Then N is diffeomorphic to
RP

2, and is isotopic to the standard RP
2 ⊂ CP2 through a family of other

docile surfaces.

Proof. The argument will proceed by systematically exploiting the map

Π : CP1 × CP1 → CP2

([u1 : u2], [v1 : v2]) 	→ [i(u1v1 + u2v2) : u1v1 − u2v2 : u1v2 + u2v1],

which is a two-to-one branched cover, ramified over the conic Q. Indeed,
notice that the diagonal D, explicitly given by u1v2 − v1u2 = 0, is sent bijec-
tively to the conic z2

1 + z2
2 + z2

3 = 0. Moreover, each factor line u = const or
v = const is sent isomorphically to a tangent line A of Q, and every tangent
line conversely occurs in each of these families. Since Π has degree two, and
since exactly two tangent lines pass through each p ∈ CP2 −Q, it follows
that Π is actually unramified away from Q. We note in passing that the
“anti-diagonal” D, defined by [u1 : u2] = [−v̄2 : v̄1], is therefore a two-to-one
cover of the standard RP

2 ⊂ CP2 defined by zj = z̄j , j = 1, 2, 3.
Now suppose that N ⊂ CP2 is a docile surface, and let Ñ = Π−1(N) be

its pre-image in CP1 × CP1. Since N ∩ Q = ∅, it follows that Ñ is a smooth
compact surface in CP1 × CP1, and the induced map Ñ → N is a two-to-one
submersion. In particular, Ñ has at most two connected components. On the
other hand, the transversality hypothesis guarantees that Ñ is transverse to
each factor line u = const or v = const, so each factor projection

�j |Ñ : Ñ → CP1, j = 1, 2

is a submersion, and hence a covering map on each connected component.
Since CP1 is simply connected, both projections are therefore diffeomor-
phisms on each connected component, and each component of Ñ is therefore
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the graph of some diffeomorphism ϕ : CP1 → CP1. Moreover, since Ñ ∩ D =
∅, the relevant ϕ cannot have fixed points, and is therefore homotopic to
the antipodal map

a : CP1 −→ CP1,

[z1 : z2] 	−→ [−z̄2 : z̄1]

via the familiar geometric construction of pushing ϕ(z) away from z along
great circles. Consequently, each such diffeomorphism ϕ has degree −1, and
so is orientation-reversing.

Thus, if Ñ were disconnected, it would have to be the union of two dis-
joint graphs of orientation-reversing diffeomorphisms ϕ1, ϕ2 : CP1 → CP1.
Since these two graphs would be disjoint, we would have ϕ1(u) �= ϕ2(u),
and hence (ϕ−1

2 ◦ ϕ1)(u) �= u, for all u ∈ CP1. Thus ϕ−1
2 ◦ ϕ1 would be fixed-

point-free, and hence would also have degree −1. But since

deg(ϕ−1
2 ◦ ϕ1) = (degϕ2)−1(degϕ1) = (−1)2 = +1,

this is clearly a contradiction.
Hence Ñ is connected, and therefore the graph of a single fixed-point-

free, orientation-reversing diffeomorphism ϕ : CP1 → CP1. However, by con-
struction, Ñ = Π−1(N) is invariant under the holomorphic involution

� : CP1 × CP1 −→ CP1 × CP1,

(u, v) 	−→ (v, u)

and every (u, ϕ(u)) must therefore also be expressible as (ϕ(v), v). Thus
ϕ = ϕ−1, and ϕ2 = id. By projection to the first factor, the action of the
non-trivial deck transformation on Ñ can therefore be identified with the
action of ϕ on CP1, and the quotient N of Ñ by this deck transforma-
tion can therefore be identified with CP1/〈ϕ〉. But this is a smooth com-
pact surface with fundamental group Z2, and so necessarily diffeomorphic
to RP

2 = CP1/〈a〉. Lifting some diffeomorphism ψ0 : CP1/〈a〉 → CP1/〈ϕ〉 to
an orientation-preserving diffeomorphism ψ : CP1 → CP1 of universal covers
now shows that we must have

ϕ = ψ ◦ a ◦ ψ−1

for some orientation-preserving diffeomorphism ψ of CP1.
This conclusion can now be reverse-engineered. Indeed, given any

orientation-preserving diffeomorphism ψ : CP1 → CP1, the graph of the
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orientation-reversing involution ϕ = ψ ◦ a ◦ ψ−1 necessarily projects, via Π,
to a docile surface in CP2. However, the group of orientation-preserving
diffeomorphisms of CP1 is connected, since it acts transitively on the (con-
nected) space of conformal metrics on S2, with (connected) isotropy sub-
group PSL(2,C). It therefore follows that the space of docile surfaces in CP2

is also connected. In particular, any given docile surface N may be smoothly
deformed, via a family of docile surfaces, into the standard RP

2 ⊂ CP2. �

Lemma 2. Let N ⊂ CP2 be any docile surface. Then the homomorphism
H2(CP2, N) → Z given by homological intersection with [Q] ∈ H2(CP2 −N)
is an isomorphism. In particular, H2(CP2, N) ∼= Z.

Proof. Let us first observe that there is a homeomorphism Ψ : CP2 → CP2

which sends RP2 to N , and Q to itself. Indeed, let ψ : CP1 → CP1 be a
diffeomorphism such that Ñ is the graph of ψ ◦ a ◦ ψ−1, and then define
Ψ̃ : (CP1 × CP1) → (CP1 × CP1) to be ψ × ψ. Then Ψ̃ send D̄ to Ñ , and D
to itself, while commuting with the involution � given by �(u, v) = (v, u).
Since � acts transitively on the fibers of Π, and since Π : CP1 × CP1 → CP2

is a quotient map, there is a unique homeomorphism Ψ : CP2 → CP2 such
that Π ◦ Ψ̃ = Ψ ◦ Π. This homeomorphism Ψ then sends RP2 to N , and Q
to Q, as promised, and preserves the orientations of both CP2 and Q.

Thus H2(CP2, N) ∼= H2(CP2,RP
2), and we only really need to check

the claim when N = RP
2. However, CP2 is the union of a two-disk bundle

X → RP
2 and a two-disk bundle Y → Q, identified along their boundaries.

(This can be checked by hand [12], but it can more elegantly be deduced [9]
from the fact that there is a cohomogeneity-one action of SO(3) on CP2,
with exceptional orbits RP

2 and Q.) Thus H2(CP2,RP
2) ∼= H2(CP2, X) by

homotopy equivalence, whereas H2(CP2, X) ∼= H2(Y, ∂Y ) by excision, and
H2(Y, ∂Y ) ∼= H2(Y ) by Lefschetz–Poincaré duality. Since Q is a deformation
retract of Y , it follows that H2(CP2, N) ∼= H2(Q) = Z. Moreover, since [Q]
generates H2(Y ) ∼= Z, Lefschetz–Poincaré duality guarantees that homolog-
ical intersection with [Q] is an isomorphism H2(CP2, N) → Z. �

Remark 1. The homeomorphism Ψ constructed above will typically fail
to be smooth along Q. However, it is not difficult to modify Ψ to produce
a self-diffeomorphism of CP2 with all the properties in question. We leave
this exercise as a challenge to the interested reader.

Lemma 3. Let N ⊂ CP2 be any docile surface, and let Ñ ⊂ CP1 × CP1 be
its inverse image under Π. Then CP1 × CP1 admits a �-invariant Kähler
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metric h for which Ñ is Lagrangian. This metric can be chosen so that its
Kähler form ω represents 2πc1(CP1 × CP1) in deRham cohomology, and if
N is smoothly varied through a family of other docile surfaces, a correspond-
ing family of such Kähler metrics can moreover be chosen so as to depend
smoothly on the given parameters.

Proof. The construction is a variant of one used in [13, Lemma 2]. Express
Ñ as the graph of a smooth orientation-reversing involution ϕ : CP1 → CP1.
Let α be the area form of the standard unit-sphere metric on S2 = CP1. Then
the area form

ω̌ =
α− ϕ∗α

2
satisfies ϕ∗ω̌ = −ω̌, and is the Kähler form of a unique Kähler metric ȟ on
CP1. We now define a Kähler metric on CP1 × CP1 by setting

h = �∗
1ȟ+�∗

2ȟ,

where �j : CP1 × CP1 → CP1, j = 1, 2, are the factor projections. Since the
restriction of the associated Kähler form ω to the graph of ϕ is

(id × ϕ)∗(�∗
1ω̌ +�∗

2ω̌) = ω̌ + ϕ∗ω̌ = ω̌ − ω̌ = 0,

the graph Ñ is Lagrangian with respect to ω. Moreover, h is invariant under
the interchange of the factors of CP1 × CP1, and the Kähler class of h is
obviously given by [ω] = 2πc1(CP1 × CP1), since ω has integral 4π on either
factor CP1. Finally, this construction can be uniformly applied to a smooth
family Nt of docile surfaces by replacing ϕ with a corresponding of smooth
family ϕt of smooth involutions, and the corresponding family ht of Kähler
metrics will then manifestly depend smoothly on the parameter t. �

Definition 2. Let D2 denote the closed unit disk in C, and let Z be any
complex manifold. A continuous map f : D2 → Z will be called a param-
eterized holomorphic disk in Z if f is holomorphic in the open unit disk
D̊2 = D2 − ∂D2. If, in addition, f(∂D) ⊂W for a specified subset W ⊂ Z,
we will sometimes say that f is a parameterized holomorphic disk in (Z,W ).

Proposition 1. Let N ⊂ CP2 be any docile surface, and suppose that f is
a parameterized holomorphic disk in (CP2, N) whose relative homology class
[f ] generates H2(CP2, N) ∼= Z. Then f is a smooth embedding, f(D2) meets
N only along f(∂D2), and f(D2) meets Q transversely, in a single point.
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Proof. Because f |∂D2 takes values in the totally real submanifold N , and
the latter is assumed to be a submanifold of class C∞, the holomorphic
map f must actually be smooth up to the boundary [1, 3]. Since we have
also assumed that [f ] generates H2(CP2, N) ∼= Z, its homological intersec-
tion number with Q must be 1 by Lemma 2, and the disk f can therefore
only geometrically intersect Q transversely, in a single point (which we may
assume to be f(0)), since every geometric intersection of distinct holomor-
phic curves makes a contribution with positive multiplicity toward their total
homological intersection number.

Now, because Π : CP1 × CP1 → CP2 is a two-to-one branched cover,
ramified only at Q, path-lifting of the null-homotopic circles f(re2iθ) in
CP2 −Q allows us to construct a continuous lift f̃ : D2 → CP1 × CP1 with
Π(f̃(ζ)) = f(ζ2). Since this lift is moreover holomorphic away from the ori-
gin, it then follows that f̃ is also holomorphic across the origin by the Rie-
mann removable singularities theorem. We thus obtain a parameterized holo-
morphic disk f̃ : D2 →CP1 ×CP1 which sends ∂D2 to Ñ = Π−1(N) and 0 to
the unique p̃∈D with Π(p̃) = p, while satisfying f̃(−ζ) = �(f̃(ζ)), where � is
once again the involution (u, v) 	→ (v, u) of CP1 × CP1. Also note that, given
any f̃ satisfying these properties, one may conversely construct a disk f in
CP2 with the desired properties by setting f(ζ) = Π(f̃(±√

ζ)), since this
well-defined map is obviously continuous, and is holomorphic away from the
origin.

Now, given a holomorphic disk f representing the generator of
H2(CP2, N), the associated disk f̃ will then represent the generator of
H2(CP1 × CP1, Ñ) ∼= Z. Indeed, since Ñ is homotopic to the anti-diagonal
D in (CP1 × CP1) −D, the long exact sequence

· · · → H2(Ñ) → H2(CP1 × CP1) → H2(CP1 × CP1, Ñ) → H1(Ñ) → · · ·
implies that the diagonal class [D] will necessarily represent twice the gener-
ator ofH2(CP1 × CP1, Ñ). However, Π(D) is the degree-2 holomorphic curve
Q, so Π∗ : H2(CP1 × CP1, Ñ) → H2(CP2, N) is therefore the homomorphism
Z → Z given by multiplication by 2. But Π∗([f̃ ]) = 2[f ] by construction, so
it follows that [f̃ ] is indeed the generator of H2(CP1 × CP1, Ñ), as claimed.
In particular, since Ñ is Lagrangian with respect the Kähler form ω of the
metric h constructed in Lemma 3, we must have

∫

D2

f̃∗ω =
1
2

∫

D
ω =

1
2

∫

D
2πc1 =

1
2
2π(4) = 4π.

Next, by making precise an argument previously sketched in [13, Lemma
3], we will show that f̃ must be a topological embedding. Indeed, consider
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the abstract oriented two-sphere obtained by taking the double D2 ∪D2,
where the two copies of the disk are identified along the boundary, D2 is
given the usual orientation coming from the unit disk in C and D2 is given
the opposite orientation. Given f as above, we can then construct a con-
tinuous map F : D2 ∪D2 → CP1, defined to equal �1 ◦ f̃ on D2, and to
equal ϕ−1 ◦�2 ◦ f̃ on D2. Note that F is actually smooth when restricted
to either D2 or D2, and that it is orientation preserving at every regular
point of the interior of either two-disk hemisphere. The complex dilatation
μ of F is bounded by that of ϕ−1, so F is consequently quasi-regular in the
sense of [16]. However, via the measurable Riemann mapping theorem, this
implies [14, Section VI.2.3] that F = G ◦H for some quasi-conformal home-
omorphism H : D2 ∪D2 → CP1 and some holomophic map G : CP1 → CP1.

However, equipping CP1 and CP1 × CP1, respectively, with the Kähler
forms ω̌ and ω used in the proof of Lemma 3, we have

∫

D2∪D2

F ∗ω̌ =
∫

D2

f̃∗(�∗
1ω̌ +�∗

2ω̌) =
∫

D2

f̃∗ω = 4π =
∫

CP1

ω̌

and it therefore follows that the piece-wise smooth map F has degree 1.
The holomorphic map G : CP1 → CP1 is therefore a biholomorphism, and
F is therefore a quasi-conformal homeomorphism. In particular, �j ◦ f̃ must
be a homeomorphism for j = 1, 2, and (�1 ◦ f̃)(D̊2) must be disjoint from
(ϕ−1 ◦�2 ◦ f̃)(D̊2). In particular, the graph Ñ of ϕ is disjoint from f̃(D̊2),
and hence N is disjoint from f(D̊2), too.

To finish the proof, we will now show that the smooth maps

�j ◦ f̃ : D2 → CP1, j = 1, 2

are actually smooth embeddings. Of course, since we already know that
they are homeomorphisms, and since they are manifestly holomorphic on
the interior D̊2 of the disk, it only remains to show that these maps are
immersions along ∂D2. However, since Ñ ⊂ CP1 × CP1 is a smooth, totally
real submanifold, and since f̃(∂D2) ⊂ Ñ , it follows [1] that the non-constant
holomorphic map f̃ cannot be constant to infinite order at any boundary
point. Moreover, since Ñ is the graph of a diffeomorphism ϕ : CP1 → CP1,
neither of the factor maps �j ◦ f̃ , j = 1, 2, can be constant to infinite order
at a boundary point, either. Thus, setting c = �1 ◦ f̃ , letting ζ0 ∈ ∂D2 be
any boundary point of the disk, and equipping CP1 with a local complex
coordinate z centered at c(ζ0), there must be an integer k ≥ 1 such that

c(ζ) = a(ζ − ζ0)k +O(|ζ − ζ0|k+1)
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for some a �= 0, since the C∞ function c satisfies the Cauchy–Riemann equa-
tions up to the boundary. If k ≥ 2, it therefore follows that, in the fixed
coordinate system, c(D̊2) must contain a punctured half-disk

0 < |z| ≤ ε, �e(e−iθz) ≥ 0

because the boundary of a wedge-shaped subregion

0 < |ζ − ζ0| < δ, |arg(ζ − ζ0) − θ| < 2π
3k

of D̊2 is mapped by the smooth homeomorphism c to a piece-wise C1 Jor-
dan curve with internal break-angle 4π/3 > π at c(ζ0). However, the same
argument can also be applied to the holomorphic map �2 ◦ f̃ ; thus, if k ≥ 2,
even after composing with the orientation-reversing diffeomorphism ϕ−1,
the boundary of an analogous wedge-shaped region would still be sent to
a piece-wise C1 Jordan curve whose internal break angle would have abso-
lute value > π at the origin, and the image of D̊2 under the smooth map
x = ϕ−1 ◦�2 ◦ f̃ would therefore also contain a punctured half-disk

0 < |z| ≤ ε, �e(e−iϑz) ≥ 0.

Since any two such punctured half-disks must meet, k ≥ 2 thus implies that

c(D̊2) ∩ x(D̊2) �= ∅,

contradicting the previously established fact that F is injective. Hence k = 1,
and, since z0 ∈ ∂D2 is arbitrary, c and x are both smooth embeddings
D2 ↪→ CP1. The parameterized holomorphic disk f̃ in (CP1 × CP1, Ñ) is
therefore smoothly embedded, and the parameterized holomorphic disk f in
(CP2, N) is therefore smoothly embedded, too. �

If L→ D2 is a complex line bundle over the disk, and if �→ S1 is a
real line sub-bundle of L|∂D2 , recall [15] that the Maslov index ind(L, �) is
obtained by trivializing L, viewing � as a map ∂D2 → RP

1 and declaring
ind(L, �) to be the winding number of this map; the resulting integer is
independent of the trivialization of L, and amounts [11] to the first Chern
class of the double of (L, �). More generally, if V → D2 is a rank-r complex
vector bundle, and if → S1 is a rank-r real sub-bundle of V |∂D2 , the Maslov
index ind(V, ) is defined to be the Maslov index of the associated line-bundle
pair (ΛrV,Λr ).
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If Z is a complex manifold and W ⊂ Z is a totally real submanifold,
the total Maslov index of a parameterized holomorphic disk in (Z,W ) is
defined to be ind( ∗TZ, ( |∂D2)∗TW ). If the disk happens to be embedded,
with image Δ = (D2), we also define the normal Maslov index of Δ to
be ind(N, ), where N = TZ/TΔ is the normal bundle of the disk, and

= TW/T (∂Δ) is the relative normal bundle of its boundary. Since the
Maslov index is additive, in the sense that

ind(V1 ⊕ V2, 1 ⊕ 2) = ind(V1, 1) + ind(V2, 2),

and because ind(TD2, T (∂D2)) = 2, the total Maslov index of an embedded
holomorphic disk equals its normal Maslov index plus two.

Proposition 2. Let N ⊂ CP2 be a docile surface, and let f be a parameter-
ized holomorphic disk in (CP2, N) whose relative homology class represents
the generator of H2(CP2, N). Then f has total Maslov index 3, and its image
f(D2) has normal Maslov index 1.

Proof. Given such a disk f , let f̃ : D2 ↪→ CP1 × CP1 be the branched lifting
constructed in the proof of Proposition 1. Since the embedded holomorphic
disk f̃(D2) is the graph of a diffeomorphism between domains in CP1 with
smooth boundary, it is transverse to the first factor of TCP1 × TCP1, and its
normal bundle can therefore be identified with the restriction of TCP1 to its
first-factor projection c(D2) ⊂ CP1; this simultaneously identifies the rela-
tive normal bundle of the boundary with (J ◦ c∗)[T (∂D2)]. Taking an affine
chart that contains c(D2), setting γ = c|∂D2 and systematically exploiting
the coordinate trivialization of TC, the normal Maslov index of f̃(D2) there-
fore equals the winding number of

(iγ′)2 : S1 → C − {0}.
Since γ is isotopic to the standard circle eiθ 	→ eiθ in C, (iγ′)2 is homotopic
to eiθ 	→ e2iθ, and the normal Maslov index of f̃(D2) consequently equals 2.
On the other hand, f̃(D2) is a two-to-one branched over of f(D2), so the
corresponding winding number for f is only half as large, and the normal
Maslov index of f(D2) therefore equals 1. The total Maslov index of f is
therefore 3, as claimed. �

Theorem 1. Let N ⊂ CP2 be any docile surface, and let p ∈ Q be any point
of the reference conic (1). Then there is a holomorphic disk in
(CP2, N) which passes through p and represents the generator of
H2(CP2, N) ∼= Z. Moreover, this disk is unique, modulo reparameterizations.
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Proof. By Lemma 1, there exists a smooth family of docile surfaces Nt,
t ∈ [0, 1], such that N1 = N , and such that N0 is the standard linear RP

2 ⊂
CP2.

For the docile surface N0 = RP
2, we can construct such a disk by using

the complex conjugation map c defined by (3). Indeed, since c acts freely on
Q, the points p and c(p) are distinct, and hence joined by a unique projective
line CP1 ⊂ CP2. Since p and c(p) are interchanged by c, this projective line
must be invariant under complex conjugation c, and it is therefore the com-
plexification of a unique real projective line RP

1 ⊂ RP
2. This RP1 divides

the complex projective line CP1 into two disks, exactly one of which contains
the given point p ∈ Q; and since this disk meets Q transversely in a single
point, its relative homology class generates H2(CP2,RP

2). Conversely, the
only disk with these properties is this half-projective-line. Indeed, if Δ is a
disk in (CP2,RP

2) which passes through p ∈ Q and represents the generator
of H2(CP2,RP

2), then Δ ∪ c(Δ) is a holomorphic curve by the reflection
principle, and, by Bézout’s theorem, has degree one because it intersects the
conic Q in two points. Thus, any holomorphic disk representing the gener-
ator of H2(CP2,RP

2) is one hemisphere of a c-invariant complex projective
line, with boundary a real projective line RP

2 ⊂ RP
2; and there is exactly

one such hemisphere containing p. We have thus proved both existence and
uniqueness for the “model” docile surface N0 = RP

2.
We will now apply the continuity method to obtain an appropriate disk

for each t ∈ [0, 1]. Let E ⊂ [0, 1] be the set of t for which such a disk exists;
our goal is to show that E = [0, 1]. We already know that E �= ∅, since
0 ∈ E. Because [0, 1] is connected, it therefore suffices to show that E is
both open and closed.

To show that E is open, we appeal to the perturbation theory of holo-
morphic disks. Indeed, suppose that such a disk Δ exists for a certain value
τ of t. By Proposition 1, Δ is smoothly embedded, and by Proposition 2, its
normal Maslov index is 1. The double of the normal bundle of Δ, in the sense
used in [11, Theorem 3], is therefore the O(1) line bundle over CP1 = Δ ∪ Δ,
and, since H1(CP1,O(1)) = 0, the disk Δ is Fredholm regular. The moduli
space Mτ of nearby holomorphic disks in (CP2, Nτ ) is therefore smooth, with
tangent space

TΔMτ = H0
R(CP1,O(1)),

where the right-hand side denotes the real-linear subspace of H0(CP1,O(1))
consisting of sections which are real along RP

1 ⊂ CP1. Now observe that
evaluation at two distinct points p, q ∈ CP1 gives rise to an isomorphism
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H0(CP1,O(1)) → C
2, and that evaluation at a single point p ∈ CP1 − RP

1

therefore gives us a real-linear isomorphism H0
R
(CP1,O(1)) → C, as may be

seen by setting q = p̄. Since Δ is transverse to Q at p ∈ Δ̊, it follows that
the map κτ : Mτ → Q obtained by sending a disk to its intersection with
Q has maximal rank at Δ, and so is a diffeomorphism between a neighbor-
hood of Δ ∈Mτ and a neighborhood of p ∈ Q. This shows that, at least
locally, Δ is the only disk in the family passing through the chosen point
p ∈ Q. Moreover, the Fredholm regularity of Δ guarantees that, for all t in
a neighborhood of τ , there is a corresponding two-parameter family Mt of
embedded holomorphic disks in (CP2, Nt), and the corresponding intersec-
tion map κt : Mt → Q is a local diffeomorphism onto a neighborhood of p.
Consequently, for values of t in an interval about τ , there is a unique smooth
family Δt of such holomorphic disks passing through p with Δτ = Δ. In par-
ticular, E ⊂ [0, 1] is open.

To show that E is closed, we will now use a Gromov compactness
argument. Indeed, suppose that tj is a sequence of values of t ∈ [0, 1] for
which there exist a corresponding sequence of holomorphic disks Δtj

in
(CP2, Ntj

), each of which intersects Q transversely in the single point p;
moreover, suppose that the numbers tj converge to some τ ∈ [0, 1]. Let
Δ̃tj

= Π−1(Δtj
) be the corresponding ramified lifts to CP1 × CP1. Each of

these disks then meets the diagonal D = Π−1(Q) transversely in the unique
point p̃ corresponding to p. Consequently, each one represents the gener-
ator of H2(CP1 × CP1,D). For t ∈ [0, 1], we now endow CP1 × CP1 with
the smooth family of �-invariant Kähler forms ωt constructed in Lemma
3; this family is chosen so that Ñt is Lagrangian with respect to ωt, and
all these forms ωt belong to the same cohomology class, with respect to
which each factor CP1’s has area 4π. By Moser stability and the Wein-
stein tubular neighborhood theorem for Lagrangian submanifolds, the triples
(CP1 × CP1, Ñt, ωt) are thus all symplectomorphic to the standard model
(CP1 × CP1, Ñ0, ω0), allowing us to think of the Δ̃tj

as being a sequence of
disks in (CP1 × CP1, Ñ0, ω0) which are pseudo-holomorphic with respect to
a sequence of ω0-compatible almost-complex structures. By Gromov com-
pactness [5, 20], this sequence therefore has a subsequence which converges
to a (possibly singular) pseudo-holomorphic curve X in the same relative
homology class, where X is a union of holomorphic CP1’s and at most one
holomorphic disk in (CP1 × CP1, Ñτ ). Moreover, sinceX is the Gromov limit
of a sequence of �-invariant curves through p̃, it must also be �-invariant and
pass through p̃. However, by construction,

ωτ = �∗
1ω̌τ +�∗

2ω̌τ
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for some area form ω̌τ on CP1. Since X is invariant under the factor-
switching involution � and represents the generator in H2(CP1 × CP1, Ñτ ),

2
∫

X
�∗

1ω̌τ =
∫

X
�∗

1ω̌τ +
∫

X
�∗

2ω̌τ =
∫

X
ωτ = 4π.

The area, with multiplicities, of the projection of X to either factor will thus
be 2π, or in other words, half the area of the entire sphere. In particular,
neither factor projection X → CP1 can be onto. Consequently, X cannot
have any compact irreducible components, and is therefore a disk Δ̃τ . Since
Δ̃τ is �-invariant, it must, moreover, be the ramified lift of a disk Δτ in
(CP2, Nτ ). Because Δ̃τ meets the diagonal D transversely in the single point
p̃, the disk Δτ consequently meets Q transversely in the single point p. In
particular, Δτ passes through p and represents the generator ofH2(CP2, Nτ ).
Thus τ ∈ E, and E is therefore closed.

Since E ⊂ [0, 1] has now been shown to be non-empty, open, and closed,
the connectedness of the interval implies that E = [0, 1]. In particular, 1 ∈ E,
so there exists a holomorphic disk in (CP2, N) which passes through p and
represents the generator of H2(CP2, N), as claimed. It only remains for us
to show that this disk is in fact unique.

To prove uniqueness, we apply the continuity method in reverse. Sup-
pose that Δ′ is any holomorphic disk in (CP2, N) which passes through p
and represents the generator of H2(CP2, N). By the same disk-perturbation
argument as before, there is a unique smooth family Δ′

t, t ∈ (τ, 1], of holo-
morphic disks in (CP2, Nt), meeting Q transversely in the single point p, such
that Δ′

1 = Δ′ and such that τ ∈ [0, 1) is minimal. The above compactness
argument then allows one to construct a limit disk Δτ , and perturbations of
this disk allow one to extend the family across t = τ . Since τ was taken to
be as small as possible, this is a contradiction unless τ = 0. We thus actually
obtain such a family of disks Δ′

t for t ∈ [0, 1]. However, Δ′
0 is then a disk in

(CP2,RP
2) which meets Q transversely in the single point p, and we have

already observed that this implies that Δ′
0 is one hemisphere of the projective

line joining p to c(p). Thus, if there were two disks Δ and Δ′ in (CP2, N),
each meeting Q transversely in the single point p, both could be evolved
backwards in t to obtain the same disk. However, the process of evolving
forward in t starting with an initial disk at t = 0 necessarily yields a unique
final disk when t = 1, so it follows that Δ′ = Δ. We have thus succeeded in
establishing uniqueness, and our proof is therefore complete. �

For clarity’s sake, it is worth emphasizing that the above perturbation
argument is carried out on the level of unparameterized embedded disks.
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For each unparameterized embedded disk, there is of course an SL(2,R)’s
worth of different parameterizations. The interested reader is invited to
double-check our perturbation argument using the more popular machinery
of parameterized disks and the total Maslov index [4, 15]. From this per-
spective, the moduli space of parameterized disks in (CP2, Nt) near a given
one will be five dimensional, and the moduli space of parameterized disks
passing through p will be three-dimensional. One can furthermore specialize
the parameterization by requiring that 0 ∈ D2 be sent to p, and the result-
ing parameterized disk f : D2 → CP2 will then be unique modulo rotations
f(ζ) � f(eiφζ).

Theorem 2. Let N ⊂ CP2 be any docile surface, and let M denote the
moduli space of all holomorphic disks in (CP2, N) which represent the gen-
erator of H2(CP2, N) ∼= Z. Then M is diffeomorphic to S2. The interiors of
these disks foliate CP2 −N , and the intersection pattern of their boundaries
defines a unique Zoll projective structure [∇] on M . Moreover, the refer-
ence conic Q induces a specific conformal structure [g] on M , and there is
a unique � ∈ [∇] which is a Weyl connection for the conformal class [g].

Proof. Theorem 1 asserts that, through each p ∈ Q, there is a unique holo-
morphic disk representing the generator of H2(CP2, N); moreover, the proof
of this theorem shows the map κ : M → Q, obtained by sending a disk to its
intersection with the conic, to be a local diffeomorphism. Hence κ is actually
a diffeomorphism, and M ≈ Q ≈ S2.

For each x ∈M , let Δx ⊂ CP2 be the embedded holomorphic disk it
represents, and set

F = {(x, y) ∈M × CP2 | y ∈ Δx}.

Then the projection (x, y) 	→ x makes F into a smooth family of disks
: F →M . Let B be the Melrose blow-up of CP2 along N , which is the

manifold-with-boundary obtained from CP2 by replacing each point of N
with the unit circle bundle in the normal bundle of N ; let : B → CP2 be
the canonical projection, which we shall call the Melrose blow-down. Since
each of the disks Δx is smoothly embedded, with ∂Δx ⊂ N , the tautolog-
ical smooth projection q : F → CP2 given by (x, y) 	→ y can be lifted to a
smooth map q̂ : F → B, with q = ◦ q̂, by sending each boundary point to
the radial derivative of q relative to the corresponding disk. However, since
each disk Δx has normal Maslov index 1, the normal bundle of Δx can be
trivialized in such a manner that elements of the tangent space TxM are
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represented by some holomorphic function ς : D2 → C of the form

ς(ζ) = a+ āζ

for a ∈ C arbitrary. For a �= 0, such a variation has a zero only at the bound-
ary of the disk, and at this zero, its radial derivative is non-zero. Thus
the derivative of q̂ has maximal rank everywhere. Since the manifolds-with-
boundary in question are compact and connected, it follows that q̂ is a
covering map. However, B is diffeomorphic to the complement of a tubu-
lar neighborhood of N , and Q ↪→ B is therefore a homotopy equivalence
by the proof of Lemma 2. Thus B is simply connected, and q̂ is therefore
a diffeomorphism. In particular, it induces a diffeomorphism between the
interiors of F and B, so the interiors of the disks Δx foliate CP2 −N , as
claimed.

For any y ∈ B and z = b(y), consider the pull-back map ∗ : Λ1,0
z → Λ1

y ⊗
C. If y is an interior point of B, this is obviously injective, because is a
local diffeomorphism near y. However, it remains injective even if y is a
boundary point. To see this, notice that, when y ∈ ∂B, the kernel of the
pull-back map Λ1

z ⊗ C → Λ1
y ⊗ C is one dimensional, and spanned by a real

co-vector. Since Λ1,0
z ⊂ Λ1

z ⊗ C contains no non-zero real vectors, it follows
that Λ1,0

z → Λ1
y ⊗ C is injective, as claimed. Because q = ◦ q̂, the annihilator

of ∗(Λ1,0) therefore corresponds, via the diffeomorphism q̂, to a rank-2 sub-
bundle D ⊂ TCF , explicitly given by the kernel of q1,0

∗ : TCF → T 1,0
CP2.

This sub-bundle is involutive on the interior of F , and so, by continuity,
is involutive even along ∂F . However, since the derivative of has rank 3
at every boundary point, the same is true of q, and D = ker q1,0

∗ therefore
contains a real direction at every point of ∂F . It also contains the (0, 1)-
tangent space of the fiber disks of : F →M , so we can apply [12, Lemma
4.6] to the double F ∪ F , exactly as in the proof of [12, Theorem 4.7]. Thus,
there is a unique projective connection [∇] on M for which the closed curves
Cz, defined for z ∈ N by

Cz = (q−1[{z}]) = {x ∈ M | z ∈ ∂Δx},

are the geodesics of [∇]. Moreover, since each disk-boundary ∂Δx is an
embedded S1 ⊂ N , no fiber of |∂F can meet a fiber of q|∂F in more than one
point. Hence the Cz ⊂ M are all simple closed curves , and [∇] is therefore
a Zoll projective structure on M ≈ S2. Finally, there is [12, footnote 4, p.
514] a unique choice of � ∈ [∇] which is a Weyl connection for the conformal
structure on M induced by its identification with Q. �
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Theorem 3. Let N ⊂ CP2 be a docile surface, and let ([g],�) be the Weyl
structure on M ≈ S2 whose existence is guaranteed by Theorem 2. Then
� is the Levi–Civita connection of a Zoll metric g ∈ [g] iff N ⊂CP2 −Q is
Lagrangian with respect to the sign-ambiguous symplectic form Ω = �mΥ,
where Υ is defined by Equation (2). When this happens, there is a unique
such g whose closed geodesics all have length 2π. This normalization is more-
over equivalent to requiring that (S2, g) have total area 4π.

Proof. By Theorem 4.8 of [12], the Lagrangian condition is equivalent to
the requirement that � be the Levi–Civita connection of a Zoll metric g.
When this happens, g is then of course determined up to an multiplicative
constant, since � and [g] are already known. We can moreover fix this scaling
constant by specifying the length of some (and hence every) closed geodesic.
However, it is also known [12, Theorem 2.15] that the geodesic flow of g
is differentiably conjugate to that of the standard metric g0 on S2. Hence
Weinstein’s theorem [18] predicts that the total area of (S2, g) will coincide
with that of (S2, g0) iff the closed geodesics of g and g0 have identical lengths.

�

Theorem 2 considerably clarifies our understanding of the return journey
from totally real surfaces N ⊂ CP2 to Zoll projective structure [∇] on S2.
As long as N is docile with respect to some non-singular conic Q, then there
is a unique Zoll projective structure [∇] on S2 to which N corresponds via
the construction of [12]. However, because docility is an open condition,
a surface N which is docile with respect to a particular conic Q will also
be docile with respect to a five-complex-parameter family of nearby conics
Q′. Thus, every Zoll projective structure [∇] arising from Theorem 2 can
actually be represented by a 10-real-parameter family of Weyl connections
�, each compatible with a different conformal structure. However, moving
Q′ far enough will always result in conics with respect to which a given
N will fail to be docile. For this reason, docility is best understood as a
condition on Weyl connections rather than on projective structures.

One motivation for the present article stems from the fact that a Weyl
structure (S2, [g],�) with all geodesics geometrically closed may be treated
as time-symmetric Cauchy data for a Lorentzian Einstein–Weyl structure
on S2 × R. From the twistor perspective, the latter arises as the moduli
space of holomorphic disks in CP1 × CP1 with boundaries in Ñ = Π−1(N).
When N is docile with respect to the branch locus Q of Π, our results from
[13] guarantee long-time existence of the solution, and allow one to directly
interpret the orientation-reversing involution ϕ : CP1 → CP1 in terms of the
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scattering of light rays in the resulting space–time. In this context, it would
be fascinating to obtain a better understanding of the scattering map ϕ
directly in terms of the geometry of the initial-value surface. An attack on
this initial-value problem by more direct methods might therefore offer new
insights into the geometry of Zoll manifolds.

Of course, the most classical aspects of our present subject pertain not
to Zoll projective structures, but rather to Zoll metrics. Since the conformal
structure is intrinsically part of the geometry in this setting, it is completely
natural in this context to fix a conic Q ⊂ CP2 once and for all. Our previous
work in [12] showed that every Zoll metric on S2 gives rise to a Lagrangian
surface N ⊂ CP2 −Q, and one might perhaps hope that this totally real
submanifold would always turn out to be docile with respect to Q. However,
as we show in Appendix A below, this is not even true in the axisymmetric
case. Thus, while we hope that the present paper offers some interesting
advances in the theory of Zoll metrics, further new ideas and results will be
needed in order, for example, to determine whether the space of Zoll metrics
on S2 is connected.

Appendix A. The axisymmetric case

The axisymmetric Zoll metrics can be given as

(A.1) ds2 = (1 + F )2 dθ2 + sin2 θ dφ2,

where F := F (θ) is odd about θ = π/2, F (π − θ) = −F (θ) and the axisym-
metry is generated by ∂/∂φ. For regularity at θ = 0, π, we assume that F
vanishes in some small neighborhood of these values.1

In this appendix, we will obtain an integral formula (A.11) for the prin-
cipal piece of data in this metric, F , in terms of a function a that controls
the deformation of the real slice of CP

2 appropriate to such an axisymmetric
Zoll metric. In particular we will express the docility condition as a straight-
forward monotonicity condition (A.4) on a, and show that this guarantees
that 1 + F does not vanish. We will see however that docility is not a nec-
essary condition; there are non-docile choices for a that lead to a regular
metric. Regularity requires that |F | < 1 for θ ∈ [0, π] but we will see that
docility of the real slice implies the stronger condition |F | < | sin θ|. If this
latter inequality is violated for some value of θ, the real slice must fail to be
docile but this latter inequality can be violated with |F | < 1.

1This is much stronger than necessary, but greatly simplifies the discussion.
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The calculation is analogous to that in the appendix of [12] in the pro-
jective case but here we restrict attention to the case where the projective
structure arises from a metric, and we push the analysis one step further to
obtain the integral formula (A.11) for F . We will also use a correspondence
appropriate to the double cover CP

1 × CP
1, although we do not explore the

corresponding extension to the Einstein–Weyl three-space in any detail. We
first construct the holomorphic disks associated with a deformation of the
real slice appropriate to the axisymmetric case. We find the corresponding
metric by obtaining the geodesic spray, and so we digress briefly to introduce
this.

The geodesic spray is the vector field on the unit tangent bundle UTS2

that at (v, x) ∈ UTxS
2 is the horizontal lift of the vector v at x. We

parametrize the fiber of UTS2 so that ζ corresponds to the vector

v =
1

(1 + ζ2)
(
2ζe1 + (ζ2 − 1)e2

)
,

where e1 and e2 are the orthonormal frame

(e1, e2) =
(

1
F + 1

∂

∂θ
,

1
sin θ

∂

∂φ

)
.

Then the geodesic spray for the metric above is proportional to

(A.2) Ξ =
∂

∂θ
+
ζ2 − 1

2ζ
F + 1
sin θ

∂

∂φ
− ζ4 − 1

4ζ
cot θ

∂

∂ζ
.

(We must divide by (F + 1)2ζ/(1 + ζ2) to give the actual geodesic spray
that gives the pathlength parameterization, but the above form will be more
helpful for our purposes.) To see that the above gives a multiple of the
geodesic spray, using the dual co-frame (f1, f2) = ((F + 1) dθ, sin θ dφ), we
first calculate the connection one-form to be

ω =
cot θ
F + 1

f2.

Thus the horizontal lift of e1 is simply e1 since ω(e1) = 0 but the horizon-
tal lift of e2 is e2 − ω(e2)(ζ2 + 1) ∂

∂ζ with our choice of parameterization of
UTS2. Thus the geodesic spray is

2ζ
1 + ζ2

e1 +
ζ2 − 1
1 + ζ2

(
e2 − (1 + ζ2)

cot θ
2(F + 1)

∂

∂λ

)

and this is proportional to the formula given above as required.
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We now discuss the geometry of the deformed real slice in this axisym-
metric context. We will use affine coordinates on CP

1 × CP
1 and CP

2 related
to the homogeneous coordinates used in the main text by

u =
u2

u1
, v =

v2
v1
, z =

(z2 + iz1)
z3

, z̃ =
(z2 − iz1)

z3
,

with map CP
1 × CP

1 → CP
2 given by

(u, v) → (z, z̃) =
(
− 2uv
u+ v

,
2

u+ v

)

with the diagonal u− v = 0 mapping to zz̃ + 1 = 0.
We introduce the invariant holomorphic coordinate

w :=
u+ v

u− v
= ± 1√

1 + zz̃
.

The real slice corresponding to the standard metric is then u = −1/v̄
which maps to z̃ = z̄. The circle action is induced by the imaginary part of
the holomorphic vector fields

z
∂

∂z
− z̃

∂

∂z̃
or u

∂

∂u
+ v

∂

∂v
.

In terms of coordinates (u,w), the real slice becomes

w ∈ [−1, 1] and |u|2 =
1 + w

1 − w
.

In terms of the (u, v) coordinates or (u,w) coordinates, the symplectic
form is

ω = �e du ∧ dv
(u− v)2

= �edw ∧ du
u

.

If a Lagrangian deformation of the real slice is to be S1-invariant, it must
also map to the real interval [−1, 1] in the w-plane (i.e., the image of the
real slice in the w-plane cannot change). This follows from the fact that the
S1 action is generated by the Hamiltonian H = �m w, so that if the orbits
of the S1 action lie in the surface, H must be constant on the surface and
we can take this constant to be zero by a re-definition of w.

There is still freedom to deform the real slice up and down the fibers of
the projection to the w-plane, and the most general such can be specified in
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(u,w) coordinates by

(A.3) |u|2 = exp(a(w))
1 + w

1 − w
,

where a(w) is a real function on [−1, 1] with compact support inside the
interval to ensure regularity at the fixed points u = 0,∞. (Of course, a = 0
is the prototypical case.)

In order to restrict to the Zoll manifold case, our real slice must be
invariant under the Z2 action that interchanges u and v. This changes the
sign of w and |u|2 → |v|−2. Thus we require that a be an even function of w.
Thus, for an axisymmetric Zoll metric, the deformed real slice is given by
w ∈ [−1, 1] and u constrained by (A.3) for a(w) an even compactly supported
function of w ∈ (−1, 1).

We can easily choose this deformation to violate the docility condition.
The real slice will hit a generator u =constant twice if a(w) is chosen so
that |u| has the same value for two different values of w ∈ [−1, 1]; the fact
that the symmetry orbits lie in the surface will look after the phase of u.
However, this is easy to arrange as a(w) is essentially arbitrary, we just need
to choose a(w) for w ∈ [−1, 1] such that for some w1, w2 ∈ [−1, 1], w1 �= w2

and

ea(w1) 1 + w1

1 − w1
= ea(w2) 1 + w2

1 − w2

although this cannot be done with a(w) small.
The docility condition can be expressed as the condition that the func-

tion exp(a(w))(1 + w)/(1 − w) be strictly monotone. This is equivalent,
upon taking logs and differentiating, to

a′ +
2

1 − w2
> 0

and because a′ is odd and the second term even in w → −w we obtain

(A.4) |a′| < 2
1 − w2

.

There is an obvious possibility for pathology in the solution when 1 +
F = 0 and so we would like to see that this does not occur if (A.4) holds.

We at first set up the correspondence in somewhat greater generality
than we need for the Zoll surface case, and describe the correspondence
between points of de Sitter space and discs in CP

1 × CP
1. With coordinates
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(t, θ, φ) the standard de Sitter metric can be written as

ds2 =
dt2

1 + t2
− (1 + t2)

(
dθ2 + sin2 θ dφ2

)
.

It will be convenient to use a time coordinate τ that is adapted to the
conformal compactification defined by t = cot τ so that

ds2 =
1

sin2 τ

(
dτ2 − dθ2 − sin2 θ dφ2

)
, τ, θ ∈ [0, π]

and we have that t = ±∞ corresponds to τ = 0, π.
The holomorphic disks corresponding to points of de Sitter space lie in

the Riemann spheres defined implicitly by the equation

(A.5) cos τ(u− v) + cos θ(u+ v) + sin θ(eiφuv − e−iφ) = 0.

We will find an explicit parametric version to be more useful in which:

(u, v) = e−iφ

(
sinσ+ζ + i sinσ−
cosσ+ζ − i cosσ−

,−cosσ+ζ + i cosσ−
sinσ+ζ − i sinσ−

)
,

where ζ is taken to be in the upper-half plane and

σ± =
τ ± θ

2
.

The boundaries of these disks project to give a 1 : 1 cover of the complement
of the interval between − cos 2σ− and − cos 2σ+ in the w Riemann sphere:

(A.6) w = −cos 2σ+ζ
2 + cos 2σ−

ζ2 + 1
⇔ ζ =

√
cos 2σ+ + w

w + cos 2σ−
.

For simplicity, we henceforth restrict to the Zoll-metric slice for which
τ = π/2, which entails σ+ = π/2 − σ− = π/4 + θ/2, and we use the variable
σ := σ− in place of σ±. The formulae for the holomorphic disks reduce to

(u, v) = e−iφ

(
cosσζ + i sinσ
sinσζ − i cosσ

,−sinσζ + i cosσ
cosσζ − i sinσ

)
,
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and the projections to the w-plane become

(A.7) w = sin θ
ζ2 − 1
ζ2 + 1

⇔ ζ =

√
w − sin θ
w + sin θ

,

branching at ± sin θ.
In the deformed case, we wish to construct holomorphic disks whose

boundaries lie in the deformed submanifold determined by (A.3). This can
be reduced to an abelian problem. The real function a(w) is defined on
[−1, 1]. Expressed as a function of ζ via (A.7) it becomes a real function on
the real axis. We can express it as the real part of a holomorphic function

a

(
sin θ

ζ2 − 1
ζ2 + 1

)
= g + ḡ,

for g := g(ζ, θ) holomorphic on the upper-half plane in ζ. This can be
obtained by the standard Laurent theorem argument from the Cauchy inte-
gral formula

g(ζ, θ) =
1

2πi

∫ ∞

−∞

dη

η − ζ
a

(
sin θ

η2 − 1
η2 + 1

)

− 1
2πi

P.V.
∫ ∞

−∞

dη

η − 1
a

(
sin θ

η2 − 1
η2 + 1

)
,(A.8)

where the second term is an additive constant that fixes the ambiguity in
the choice of g by requiring that g(1, θ) = 0.

The disks are then obtained as

(A.9) (u, v) = eg−iφ

(
cosσζ + i sinσ
sinσζ − i cosσ

,−sinσζ + i cosσ
cosσζ − i sinσ

)
,

since then, for ζ real,

|u|2 = eg+ḡ 1 + w

1 − w
= ea(w) 1 + w

1 − w

as required for the deformed real slice (A.3).
In order to construct the corresponding metric on the S2 space of such

disks, we need to find how the geodesic spray Ξ is deformed away from that
given in (A.2). In our context, the boundaries of the holomorphic disks that
we have constructed form an S1 bundle over S2 that is naturally identified
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with the unit tangent bundle UTS2 of S2. The geodesic spray is the vector
field tangent to the projection from this space to the deformed real slice
of CP

1 × CP
1. Since the projection to the interval [−1, 1] in the w plane is

undeformed, we can project the geodesic spray from UTS2 to the quotient by
∂
∂φ to obtain the vector field Ξ′ and this will be the same as in the standard
case, both by inspection of (A.2) and because it must satisfy Ξ′w = 0 on
the real slice, but the maps of the holomorphic disks onto the w-plane are
the same as in the standard case. Thus

Ξ′ =
∂

∂θ
− cot θ

ζ4 − 1
4ζ

∂

∂ζ
.

The full geodesic spray Ξ is determined by the condition that Ξu = 0 so that

(A.10) Ξ = Ξ′ − i
Ξ′u
u

∂

∂φ
.

Substituting in (A.9) we obtain

−i
Ξ′u
u

= −iΞ′g +
ζ2 − 1
2ζ sin θ

.

The integral formula (A.8) for g gives, after some manipulation2

−iΞ′g = −ζ
2 − 1
2ζ

cos θ
π

∫ ∞

−∞

η2 a′
(
sin θ η2−1

η2+1

)
dη

(η2 + 1)2

Comparing (A.10) with (A.2) and making the trigonometric substitution
η = tanψ/2 we obtain the integral formula

(A.11) F = −sin 2θ
8π

∫ π

−π
(1 − cosψ) a′ (sin θ cosψ) dψ.

Finally, we note that the docility condition (A.4) can be used to guar-
antee the regularity of the metric in this context by observing that for
θ ∈ [0, π/2]

1 =
cos θ
2π

∫ π

−π
(1 − cosψ)

1
1 − sin2 θ cos2 ψ

dψ

2One integrates by parts on the term that arises from the ζ derivative in Ξ′ to
differentiate the a in this term with respect to η. The involutions η → −η, η → −1/η
together with the oddness of a′ are used to simplify the formula further.
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so that

sin θ ∓ F =
1

16π

∫ π

−π
(1 − cosψ) sin 2θ

×
(
±a′ (sin θ cosψ) +

2
1 − sin2 θ cos2 ψ

)
dψ.

Thus for θ ∈ [0, π/2] the right and hence left-hand sides are manifestly
positive if the docility condition (A.4) is satisfied. Since F is odd under
θ → π/2 − θ we obtain

|F | < sin θ θ ∈ [0, π].

This is clearly more than sufficient to prevent the vanishing of 1 + F on
[0, π]; any F with 1 > |F | on [0, π], but with |F | > | sin θ| at some θ ∈ [0, π]
corresponds to a regular Zoll metric that arises from a non-docile real slice.
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