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Infimum of the spectrum of Laplace-Beltrami
operator on a bounded pseudoconvex domain with
a Kahler metric of Bergman type

SONG-YING L1 AND MY-AN TRAN

The research in paper is a continuation of the work of Li and Wang
[10-12] who studied upper estimates for A\; = A1(4,), the bottom
of the spectrum of Laplace—Beltrami operator on a complete non-
compact Kéhler manifold (M™, g) with a lower bound condition on
holomorphic bisectional curvature and the work of Munteanu [16]
who uses lower bound condition on Ricci curvature. In this paper,
we study the problems on a bounded pseudoconvex domain D in
C™ with a certain normalized complete Kéhler metrics w on D
which are called Bergman-type, we find a class of Bergman-type
metrics u on D so that A;(A,) =n?. We also provide a simple
condition on metric u, under this condition, we obtain the sharp
upper bound estimates n? for A\;(A,) for such class of Bergman-
type metrics, which include Kéhler—Einstein metric and Bergman
metric on D.

1. Introduction

Let (M™,g) be a Kéhler manifold of dimension n with Kéhler metric g =
ZZ;‘:1 gijdzi ® dz;. Let

oo H?
= — v
(1.1) Ag=-4> g 9207,

ij=1

be the Laplace-Beltrami operator with respect to the metric g, where [g¥/]! =

l9;7] " Let
(1.2)
oy =it da [ 5277 Sy g e cron i =1,

4,j=1

where dVj; is the volume measure on M with respect to the Kéhler metric g.
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When M is compact and A, is uniformly elliptic, Aj(Ay) is the first
positive eigenvalue of A, with Dirichlet boundary condition. A lot of research
has been done on its upper and lower bound estimates and its impact on
geometry and physics (see, for example, the lecture notes of Li [8] and the
paper of Udagawa [17] and references therein).

When (M", g) is a complete non-compact Kéhler manifold, A;(A,) may
not be an eigenvalue of A,. For example, when M is the complex hyperbolic
space CH", \;(4,) is no longer an L? eigenvalue of A,. However, it is the
infimum of the positive spectrum of A,. The problem of finding estimates for
A(Ag) in the complete non-compact case has been studied by many math-
ematicians. An important upper bound estimate was obtained by Li and
Wang [10]. With the assumption that the holomorphic bisectional curvature
of M is bounded below by —1, they proved that A;(A,) < n?. Their esti-
mate is sharp and equality is achieved by the complex hyperbolic space form
CH". O. Munteanu obtained another estimate in [16], where he proved that
A1(4) is bounded from above by n? if the Ricci curvature of M is bounded
from below by —2(n +1) (or Rz > —(n + 1)g,5). His estimate is also sharp
and equality is achieved by the complex hyperbolic space form CH". On the
other hand, the precise information on A; can be used to deduce information
on the geometry of manifolds. Along this line, many works have been done
by Li, Wang, Ji, Kong, Zou, and several other authors (see [5, 6, 10-12], and
references therein).

The main purpose of this note is to provide more examples of complete
Kahler manifolds for which the precise value of A1 can be computed. We
consider a bounded pseudoconvex domain D in C" with a Ké&hler met-
ric uijdzi ® dzj, where Uz = 6228% with u being a strictly plurisubhar-
monic exhaustion function for D. If D is B,, the unit ball in C”, and
u(z) = —log(1 — |z|?), then u;5dz; ® dz; is both the Bergman metric and the
Kéahler—Einstein metric on B,,. To find the exact value of A1(A,) on B, one
approach is to estimate both the upper bound and the lower bound. We first
let f(z) = (1 — |2|?)™2. To obtain the upper bound, we apply the Rayleigh’s
principle, which gives A1 < [ |Vf|2/an |f|? =n? To obtain the lower
bound, we apply Proposition 9.2 in [9], which states that A\; > p > 0 if there
exists a positive function h such that Ayh > ph. In fact, the function f
defined above satisfies A, f > n?f. This implies that A\;(A,) = n? on B,.
For a general bounded pseudoconvex domain D, the situation is more com-
plicated and, therefore, more subtle arguments are required to obtain the
exact value of A1(A,). We will impose various conditions on the exhaustion
function v on D. Under these conditions, we will estimate the upper and
lower bounds for Ay by constructing special functions and carrying out the
analysis on a specific subdomain of D.
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Let D be a bounded pseudoconvex domain in C" with C? boundary.
Let » € C?(C") be a defining function for D so that u(z) = —log(—r(z)) is
strictly plurisubharmonic in D. Then the complete Kahler metric induced
by u is

n
(1.3) u= Z uzdz; @ dz;j.
ij=1
Let
n R
(1.4) |Ou|? = Z u” O;udju,
ij=1

where [u¥]! = [uﬁ]_l. Let

(1.5) B(z) = limsup |Ou(w)|?, =z € dD.

w—z
We will prove the following:
Theorem 1.1. Let D be a bounded pseudoconvex domain in C" with a
defining function r(z) € C?(C"). Assume that u(z) = —log(—r(z)) is strictly

plurisubharmonic in D with 3(z) = 1 on D. Then, with the notation A\ (D)
= M (Ay, D), the following statements hold:

(a) M (D) < M\ (D\ K) <n? for any compact subset K of D;

(b) If, in addition, r(z) is plurisubharmonic in D, then \1(D) = n?.
Corollary 1.1. Let D be a smoothly bounded strictly pseudoconver domain
in C"™ with defining function r(z) and u(z) = —log(—r(z)). Then

2

(i) If r is strictly plurisubharmonic in D, then A\ (D) = n=,

(ii) If 22,5:1 u,gdza ® dzg is the Kdihler-Einstein metric in D, then Ay
(Ay, D) < n? where u is the strictly plurisubharmonic solution of
Monge—Ampére equation:

(1.6) det H(u) = e in D; w=o00 ondD,

(iti) If >0 p=1 u,5d7a ® dzg is the Bergman metric on D, then Ay (Ay, D)
< n?, where

1 9%logK(z,2)
(L7) YT 0207
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and K(z,w) is the Bergman kernel function for the domain D.

Remark 1.1. (a) Part (ii) of Corollary 1.2 was proved by Munteanu in
[16], we provide an alternate proof here,

(b) The condition 3(z) =1 on 0D is an analysis condition, but 3(z) =1
near 0D, has geometric interpretation related to pseudo scalar curvature for
Kihler—FEinstein metric, see [13, 15] for the detail.

This paper is organized as follows: In Section 2, we will prove several the-
orems for a bounded pseudoconvex domain D in C" with a strictly plurisub-
harmonic exhaustion function u that satisfies various conditions. As a con-
sequence of those results, we will prove Theorem 1.1 there. Corollary 1.2
will be proved in Section 3. Finally, in Section 4, we will provide examples
of weakly (not strictly) pseudoconvex domains for which A\; = n?. Specifi-
cally, we consider the complex ellipsoid E,, = {z = (21, 22) € C?: 7(2) < 0},
where 7(2) = |22]2 — (1 — |21)>)Y/™ and m > 1. With u(z) = —log(—r(2)),
we will prove that (A, E,,) = 4 = 22,

2. Preliminary setting and main theorems

Let D be a bounded pseudoconvex domain in C" with a defining function
r € C%(C") so that u(z) = —log(—r(z)) is strictly plurisubharmonic in D.
We consider the Laplace—Beltrami operator A, associated to the Ké&hler
metric uijdzi ® dzj on D, which is given by

"o~ 9
(2.1) Ay=—-4) ul——
where [u]t = H(u)"! = [uﬁ]_l.
We start with the following lemma.
Lemma 2.1. Let () be any domain in C", and let uﬁdzi ® dzj be any Kdhler

metric on §), where u;; = Ozu and u € C2(Q) is strictly plurisubharmonic.
Let f(2) = e~ in Q for some a > 0. Then the following statements hold:

(i) The Laplacian of f is given by

(2.2) Auf(2) = 4af(2)(n - aloul?),
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where
(2.3) |Ou|? = Z u”uluf Z u'o; udsu,
,j=1 i,j=1

(ii) If r(z) = —e () is plurisubharmonic, then [du|? <1 on Q,

(iii) Suppose that 2 is bounded with OQ € C. Let hy, ha € C?(2) N CHQ).
Then

/Q (thuhl . hlAuhg) v,

.
= hol — wy
/39 [ 2( 'Z—:l 823)

.7

(2.4) ( Zuf ahQ)]g(z)da(z).

3,j=1

In particular, if Ayhi(z) >0 in Q, hi(z) =0 on 0, and ha(z) > 0 on

092, then
(2.5) / (thuhl - hlAuh2>qu > 0.
Q
Here,
(2.6) g(z) =det H(u) and dV,(z) = g(z)dv(z),
and v(z) = (11(2),...,vn(2)) is the complex outward normal vector to

00 so that |v(z)]? = 42.

Proof. Note that

n

Auf(z) = —4f(2) > u’[—aus + o ujus]
i,0=1

=4daf(z) {n - a|8u!i] .

Thus (i) follows. Next we prove (ii). Straightforward computation shows that

1 1 = = rirl
27 uz=— [% * _T?”ﬁ“j} ut = (=r) [7“” “ e, r],
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where

n
(2.8) or|? = Z r"jrir]f., r —Zr”r and 7/ = Zr”m

1,j=1 j=1

Thus, since [0r|2 > 0, one has

4 2
(2.9) \3u13=_17,[\8r,%_ |or[4 }: or2

o —r] o —r =

Finally, by the Divergence Theorem in complex coordinates and the fact
that Y7, 9;(u¥g) = > =195 (u¥g) = 0, we have

/Q (thuhl - hlAuhQ)qu

LS (i)
Z(‘?z] ( ( anuwg?a};?))]

—~ 5 Oh
= /89 [hg(Z)(— Z u Vz(9z]1>

J_l

— (2 ( ij ah?)] (2)do(z).
i,7=1

Thus, (2.4) holds. If Ayhy >0 in Q and hy =0 on 01, by the Maximum
Principle, we have — Zl 1 u'd Vigs ahl > 0 on 9f). By the assumption ho > 0
on 02 and (2.4), we have that (2. 5) holds. Therefore, the proof of part (iii)
is complete, and so is the proof of the lemma. Il

As a corollary of the previous lemma and a proposition proved by Li
(see Proposition 9.2 in [9]), one has

Proposition 2.1. Let Q be any domain in C* and let u € C%(Q) be strictly
plurisubharmonic. If

(2.10) Oul? <3 in 9,
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for some constant 3 > 0, then

n2

(2.11) A(A, Q) > 5

where A1 (A, Q) is the infimum of the positive spectrum of A, on Q.
Proof. Let f(z) = e=*(*). By Lemma 2.1, one has

(2.12) Auf(z) = 4a(n - a|3u|i)f(z) >da(n—apf)f(z), z€Q.
By the argument of the proposition of Li [9] on 2, one has that
(2.13) AM(AL, Q) > 4da(n —af), a>0.

In fact, for any € > 0, let Q. C Q be a compact subdomain of {2 such that
90 € C™® and Q. 1t Q as e — 0F. Let A\j(e) be the first positive eigenvalue
for the Dirichlet problem for A, with the eigenfunction v(z) on Q.. Then
the regularity of v implies that v is positive in €2.. Furthermore, v =0 on
0Q. By (2.5) with hy = v and he = f, we have

(M() ~ da(n — ag) /Q SRV 2 0

Thus Ai(€) > 4a(n — af) and
A1(Ay, 2) =1inf A\ () > da(n — af).

We know that 4a(n — af3) takes its maximum at o = g5. Therefore,

2

n n n

> _— —_ — = —
A(A, Q) > 423 <n 2>

and the proof of the proposition is complete. O

Notations. For convenience, we will use A1(A,, D), A1(D), and Ay inter-
changeably to denote the infimum of the positive spectrum of A, on D. We
let o and 3 denote positive constants. In addition, dV,, is the volume mea-
sure on D with respect to the Kéhler metric uﬁdzi ® dzj, dv is the Lebesgue
volume measure on C", and do is the Hausdorff measure on any hypersurface
in D.
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Let J be the Fefferman operator defined in [3]. Then
(2.14) J(r) = —det [ Ir },

where

(2.15)  Or=[ry...oral, (Or) =[r1,...,m),, and H(r) = [rs].

)

We shall prove the following:

Theorem 2.2. If|0u|? < 8 on D andr € C*(D) N C% (D) with J(r) being
bounded on D, then

(2.16) (D) < fn?.

Proof. Tt is known [13] that

(2.17)  det H(u) = J(r) <1>”+1, dVy =det H(u)dv = ———

T

Let o = § + € with € > 0 very small and f(z) = (—r(2))*. Then

—’I"Zn2€7”
O e e
_ [ I0E)
_/D( dv(z) <

—r(2))12

since (—r(z)) ~ dist(z,9D), the (Euclidean) distance of z to 9D, when z is
near 0D. Then

(V1. V1)
N < WL Y u
ST
oA oo v,

(fs Fu
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_ QID(_TPO{’&U’%CZVu

—TT

— 402 Jp [f2)PoulzdVy
(fs Fu

o [p(=r)*dV,
S AT,

= 4028.
Letting o = § + € — g+, one has
A < n?B.

The proof of the theorem is complete.

For every € > 0, let D, be a subdomain of D defined by

(2.19) D.={ze€D:r(z) < —e}.

383

Note that 0D, € C? and D. 1 D as € — 07. Then we have the following

result:

Theorem 2.3. Iflim, .sp |0u|? = 3 and faDt J(r)(2)do(z) is a continuous

function of t on [0,1], then
(2.20) (D) < n?B.

Proof. For 0 < ¢; << e<1,let n=s/a >0 and let

f2) = {(()—r(z) —e1)%e+71(2)" f0<e <—r(z)<e

otherwise.

Since lim, ,pp |Qul} = 8 and lim; o [, J(r)(z)do(2) = [, J(r)(2)do(z),
there exists d(e) > 0 such that |Gu|?2 < 3(1+6(e)) on D\ D, and | fop.
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J(r)(z)do(z) — [,p J(r)(2)do(2)| < 8(e) with lim_,o+ 6(e) = 0. Thus, for z
€ D\ D,

> ufif;=f) 3 u(log Nillos f);
ij=1 L=l

r 2,
:a2|f(z)]2<T+€ 6+r> Z ujuzuf

o?(140(e))Br(e + )22 (—ep —r)2@7 V)
x ((1 +n)r+e+n61)2.

Let 2o = n and 2s > 2 and let C = [, J(r)(2)do(z). Then

D, \D

¢ j=1
o?(146(e))3 (e + 1) 72 (—e — )22
D, \D.
x (14 n)r + € +ney)?* det H(u)(2)dv(2)

= a2(1+6(e ﬁ// 12572 (—ep 4 )20
X (14 n)t — e —ney)*t™ "HJ( )do (z)dt
< a?(1+6(e) BC/ 2572t — )2 (14 )t — e — ner) 2t " at

+ C8(e)a2(1 + (e ﬂ/ 1)2572(f — ¢)202
(14— e ne)? f"“dt
—a (1+5 ﬁC/ +’ £)2s= 2(t 61)2a—2
X ((1+n)t —e—ner)®t "+t
@1 +8()AC [ (e= 02— e
x ((T+m)t—e— 7761;)" =t
+ C(e)a’(1+ 6(e ﬁ/ 022t — )%

x (1 +n)t—e—nep )2t " dt
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€

(1 + 5()) B / £1dt + a2(1 4 6(e))BC(1 + 12) e / lat

€1

+ C8(e)a®(1 + 8(€))B(1 + n?)e** /6 t~lat
< Ca*(1+6(c))B

" lezs log (;) + (L+7%)e* log(1 +1) + 6(e)(1 +17°)e* log <6>]

€1

1+n

and for €7 << €9 < %e

[ P

D, \D.

- / (e 4+ 1) (—e1 — )2 (—r) LI (P)du(2)
D, \D.

/ / (—e1 + 1)t " I (r)do(2)dt
0D,
=¢ / (e —)*(t — )"~ dt —d(c) / E<e_t>25<t_el>2atn1d’f]

>C|(e— 62)28/ (t —e)™t™ 1 "dt — (5(6)628/ tldt]

i - 1/1 1 <
=C|(e— 62)28[ E Cg(—el)k% <ek - 6k> + log 62} — 5(6)625/ t 1dt]
L k=1 2 €1

1 €1

_c :(e ) [gcg(—nk; (1 - Z,i:) + log Cj)] — 5(6) log (;)] .

Therefore, with €3 = €2,

LAY u fif5dVa
e T

< 40? (1 + Coé(e)>5(1 - 6)21s —d(e)’

where Cj is a positive constant independent of €. By the domain monotonic-

ity of eigenvalues, for any € > 0, one has that

1
(1—¢€)2s—4d(e)

AM(D) < M (D\ D) < 4a? (1 n 005(6))5
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Let o = 5 and then let € — 0T. Thus, one has

M (D) < n?B.

The proof of the theorem is complete. O

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1.

Proof. Part (a) of Theorem 1.1 follows from Theorems 2.3 and 2.4.

To prove part (b) of the theorem, since r is plurisubharmonic in D,
without loss of generality, we may assume H(r)(z) is positive definite for
z € D — otherwise, we may use 71(z) = r(z) + ¢(|z|*> — A) to replace r —
and carry out the following computation.

By (2.9), one has that

jor[?

uls = ——"-—
[Oul, —r+|0r)2 ~

By Proposition 2.2, one has A1 (D) > n?. Therefore, part (b) of Theorem 1.1
follows.
Finally, by (2.9), one has

|or[?

oul? = 2
o= = 3 arp

This implies that

B(z) = limsup |Ou(w)|> =1, z€dD,

w—z

and |0u|? < 1 on D. By parts (a) and (b), one has proved part (c). Therefore,
the proof of Theorem 1.1 is complete. O

3. Proof of Corollary 1.2

We are now ready to prove Corollary 1.2.
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Proof. (i) We first consider the Laplace-Beltrami operator in K&hler—
Einstein metric. Let u be strictly plurisubharmonic in D so that

det H(u) = etv in D,
(3.1)

u = +00 on 0D
and let
(3.2) r(z) = —e ),

Then J(r) =1 and by Cheng and Yau [2], Lee and Melrose [7], one has that
r(z) € C"*t27¢(D) for any € > 0. Thus dr # 0 on dD and

(3.3) det H(r) = e“(l - |au|3) on D.

Since det H(r)(z) is bounded on D and u(z) — +oc as z — D, this implies
that

lim |Oul? = 1.
i |Oul,

Applying Theorem 2.4 with 3 = 1, one has that A\;(D) < n?.

(ii) Let K be the Bergman kernel function, and let u(z) = n%rl log K
(2, z). Then u(z) is strictly plurisubharmonic in D. Let r(z) = —e~%*), Then
r € C""27¢(D) is a defining function for D by the result of Fefferman [4].

Let p € C*°(D) be any strictly plurisubharmonic defining function for D.
By Fefferman [4], one has that

u(z) = —log(=p(2)) + b(2),

where b € C"27¢(D). Then

[u"] = [(~log(=p)"](In + pB),

where B is an n x n matrix with bounded entries near 9D. Let u® =
—log(—p). Then by (2.9), lim,_op [0u’|?, = 1. It is easy to see that

10u° [0 (1 + Cp) < [0uls < |0u’[20(1 = Cp)

for some C >>1 and z near dD. Therefore, lim, .5p [Ou|? = 1. Apply-
ing Theorem 2.4 with $ =1, one has that A\;(D) <n? for the Laplace-
Beltrami operator in Bergman metric. Therefore, the proof of Corollary 1.2 is
complete. O
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4. Weakly pseudoconvex domains with A\; = n?
In this section, we consider the complex ellipsoid in C? (n = 2)
(4.1) Epm={(z1,22) : |2/ + 2> < 1}, m >1,
which is a weakly (not strongly) pseudoconvex domain in C?. We let
(4.2) r(z) = |z = (1= |2V

Then 7(z) € C®(E,,) N CY™(E,,) is a strictly plurisubharmonic defining
function for E,, (see [14] for more details) with

(=|z])t/m=2 2
U e ol UL |21 0
(4.3) H(r) [ 0( ) 1] .
Let
(4.4) u(z) = —log(—r(2)), =z € En,.

Then the following holds:

Proposition 4.1. Let A, be the Laplace—Beltrami operator associated to
the Kdahler metric uﬁdzi ®@dzj on Ep,. Then \i(Ay) =4 = 22,

Proof. By (4.3), one has

m(l _ ‘2’1’2)271/711 1

|67“|72n = |z1]2 m2 (1 - |zl|2)2/m_2|21’2 + ‘Z2|2
L ==
(1= |z [HYm
(4.5) = W‘Zl|2 + |Z2|25
or2 — () = (1 — [y (14 2L
! m —|z1|?
(4.6) _m(L = JaP)m

m — |z [?
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oup = ol _ mlz=l® —r(@)lal?
ool m = a2t
m — |21
4.7 =1
(4.7) + r(z)m(l EypEVT
and
(4.8) J(r) = det H(r)|lor|? — 7]
_A—jaP)ym 2l
= - -
P
1— 2\1/m (— 2
X [( |21 [%) ™ + pr—— |21 |
_ (=)
- .
Moreover,
11 m’ 2\2-1/m 23 12
(4.9) r :mufw) C o221, 29
and
m
(4.10) rt = m(l - |21|2)Zl, r? = Z9.
Therefore,
- T
4.11 Wl = (- v
HH = ) [ G- ]
_ (7 ( )) m(l o ‘21|2)2_1/m _(1 _ ’212|2)1—1/7ZZ1§2
—(1 — |Zl|2)1_1/m2221 1-— (m:jfﬂ ) (1_“;12||2)1/m

Let

(4.12) h(z) = ﬂlog(l _ |Zl‘2) and f= efozu+h7
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where a and (3 are positive constants. Then

2 —
E u”uihj
i,7=1

_ ﬂ[m(l - |Zl‘2)271/m%(1 - |Zl‘2)1/m71§1 o (1 . ‘Z1|2)171/m2’251§2

X 7_Z1
1— ’21‘2

= —f|z| (1 (1_|21‘2)1/m>
= —Blz12(1 = |21 [) 7Y™ (=r(2))

and
2 Pard
3" whg = mBr(l — a1 = 22 a4+ 1
ij=1
=mpr(l — ]21\2)_1/’”\21]2 +mpr(l — \zllz)l_l/m
and
2 P
3" whihs = (—rym(1 — |22 B (1 |1 2) 72
ij=1
= mB2 (=) 21 P(1 = |z [2) ",
Thus

eauthu <efau+h)
= 4an — 40’|0ul? — 4 Z u” (h;z + hihs) + 402Re Z uuih;
i,j=1 1,5=1
—r(z)  m—l|al
A =Ja)t/m  m

=da(n — a) + 402

T 4m5(1__|;(;))1/m(1 — Blz1]*) — 8|z |*(1 — |Z1\2)71/m(—r(z))
— a2
=da(n —a) + 4(1_‘;(;))1/”1 [ﬂm(l - mz1|2)—25aZ1|2—|—a2m‘zlq
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—r(2) 2
A=y [Pt a® — (mB? + 2Ba + %)w?

=4da(n—a)+4

and

(4‘13) e2(aufh)‘a(efau+h)’12‘
= a?|0ul? - auﬁ(uih; + uzhi) + uﬁhih;

) (o) m—
= a2 — Oé2 (1 — ’Zl|2)1/m m
#mt T+ 2a 1~ ) r(2)
2
o uy(\)w[‘ 2L a2+ 2amzﬂ
— <1
B r(z) |21
= a2+ (1’21|2>1/|:—a2 + W(a2+m2/62 +2m0&ﬁ):|

Let 2a > n and 23 = 1 with n = 2. Then

m / r(2)) "I (r)dv(2)

/ / ((1_ ’21| )l/m ‘Z2’ )2a n—1
‘z1|<1 |z22<(1—]z1|2) /™

— |z1]%) 2/m+2ﬁ 2dA(z)dA(z1)

_ 7T/ (1 . ‘21’ )2/m+25—2
‘Z1|<1
(1_|Zl|2)1/m 2c0—n—1
y / (0= fa P 1) dtdA(z)
0
1 200—n
= 1 — [z |2)2/mt26-2__ ~ . 2\1/m
I s (= 1)) Az
__ 7 _ 2420-n 4939
ol Rt dA(=)

2 1
— m / (1 _ t)ﬁ+25*2 dt
0

20— n
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Moreover,

m/ -r(2))
(1 —'!z1| (1— |z )/m

[ +'1'< +m252+2ma6>]< r(2)" () ()du(2)

/ / ( — [V - \z2|2)2ain
\z1|<1 |22|2<(1=]21]2)1/™

(a® +m?/4 4+ ma)|z1|?

dA(z2)dA
(i = prim AR
2a—n
- (=l — [P)
|z1]<1 |ZQ\2 <(1—|z|2)t/m
dA(ZQ)dA(Zl)

AT
Y 2a
ey O @m0 A
- z1]<1

wa? /
— 1—|z “LdA(z
5o 1 |le<1( |21 [?) (21)
_2a_1/0(1—t)m (« /m+m/4+a)tdt—2a_1£
7T2 1 2a O[?’THT2
= 1—#)m (a2 2/4 -
(2a—1)2a/0 (1 —1t)m (a® +m~/4 4+ ma)dt 520 —1)
2m 9 9 amm?
= Ga—D2a@atm)\@ tm/ATme) =55y
So (4.13) implies that
m [ I9IER ) )
= 4da m/ 2))T" LI (r)dv(2)
2
71' m ammT
4 2+ m?/4 B —
* [(2@— N2a@a1m) @ Fm/ATma) = o5
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Thus
A < 4o+ 4@
mm
" m>m 0?4 m? e - amn?
(2a — 1)2a(2ac + m) 4 22a— 1)
+m/2) !
— g2 4|0 = 20— 2)av.
ot [(2a—1)a2 (2a—1)]( o= 2a

Letting 2a — 271, we have
A < 4.

On the other hand, since |9u|? < 1 in E,,, Proposition 2.2 implies that
A >22 =4

Therefore, \; = 22, and the proof of the proposition is complete. O

Next we will make a remark and pose a question. Note that

logdet H(u)(z) = (n + 1)u + log J(r)(z)

m—1

=Mn+1u—2 log(1 — |21]%) — logm,

where n = 2 and m > 1, one has the Ricci curvature

R e _82 log det H(u)(z)
i 8218§J
B 2m—1) -1
= —(n + 1)uij + m (1 — |Zl|2)261151],

where n = 2 and m > 1. This leads to the following remark and question.

Remark 4.1. (i) R;; < —(n+1)g;; on Ep;
(i) Rz > —(n+1)g;; if and only if m =1 and Ey, = Bs.

Problem 4.1. Let D be a smoothly bounded pseudoconvex domain in C™
with a negative defining function r(z) so that u(z) = —log(—7(z)) is strictly
plurisubharmonic in D induced a Kahler metric v = szzl uﬁdzi ® dz;.
Assume Rz > —(n+1)g;; on (D,u) and A\ = n?. What can one say about
D?
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