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The Dirichlet problem for degenerate complex
Monge-Ampere equations

D.H. PHONG AND JACOB STURM

The Dirichlet problem for a Monge-Ampere equation correspond-
ing to a non-negative, possible degenerate cohomology class on a
Kihler manifold with boundary is studied. C*® estimates away
from a divisor are obtained, by combining techniques of Blocki,
Tsuji, Yau and pluripotential theory. In particular, C*® geodesic
rays in the space of Ké&hler potentials are constructed for each test
configuration.

1. Introduction

This paper is motivated by two closely related problems: on the one hand,
the Dirichlet problem for degenerate complex Monge—-Ampére equations on
compact Kéahler manifolds with boundary, and on the other hand, the exis-
tence and regularity of geodesics in the space of Kahler potentials of a given
Chern class.

The complex Monge-Ampere equation has been studied extensively over
the years. Three particularly influential works have been the work by Yau
[38] on non-degenerate equations on compact Kéhler manifolds without
boundary, by Caffarelli-Kohn—Nirenberg—Spruck [6] on the Dirichlet prob-
lem on strongly pseudo-convex domains in C™ (also for non-degenerate equa-
tions) and by Bedford-Taylor [2, 3] on generalized solutions in the sense
of pluripotential theory. Since then, there has been considerable further
progress, in particular for LP right-hand sides [20], for existence and reg-
ularity in the case of quasi-projective manifolds (see, e.g.,[12, 13, 19, 37])
and for singular canonical metrics and degenerate equations on Kéhler man-
ifolds [14, 17, 21, 30, 31, 35, 36]. As for the Dirichlet problem, it has been
extended to more general domains in C" [18], and to Kéhler manifolds M
with boundary [5, 8, 26] for equations of the form

ia= ) m U5
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when F' >0 and the given cohomology class [(?] is strictly positive defi-
nite (and hence is a Kéhler form). However, the important case of [{2] non-
negative, but possibly degenerate on a Kahler manifold with boundary, has
not been fully elucidated.

The degenerate complex Monge-Ampere equation plays an important
role in the problem of constant scalar curvature metrics, which is a fun-
damental problem in Kahler geometry. Let L — X be a positive holomor-
phic line bundle over a compact complex manifold X. The positivity of
L means that there exists a metric hy on L with positive-definite curva-
ture wo = —%85 log h. By a well-known conjecture of Yau [39], the exis-
tence of such a constant scalar curvature metric w € ¢;(L) on a compact
Kahler manifold X with polarization L — X should be equivalent to the
stability of L in the sense of geometric invariant theory. Suitable notions of
K-stability have been proposed since by Tian [34] and Donaldson [16]. But
of particular interest to us is yet another notion of stability introduced by
Donaldson [15], where the one-parameter subgroups of geometric invariant

theory are replaced by geodesic rays in the space I of Kéahler potentials
(1.2) K= {@GCOO(X); wo+;85g0>0}

equipped with the natural Weil-Petersson metric. The conjecture/question
of Donaldson [15] states that the absence of a constant scalar curvature
metric should imply the existence of an infinite geodesic ray along which
the Mabuchi K-energy is decreasing. See e.g. [23, 27] for a survey.

If (=T7,0] 5t — (-, t) is a path in IC, Donaldson [15], Semmes [29] and
Mabuchi [22] recognized that the geodesic equation for ¢ is equivalent to
the following completely degenerate Monge—Ampere equation:

(1.3) <Qo + ;85@) =0 on M, ®p,—=p(z0),

where M = X x {e77 < |w| < 1}, Qp is the form wy pulled back to M, and
(1.4) D(z,w) = ¢(z, log |w]), (z,w) € M.

We refer to ¢(-,t) (equivalently ®(-,w)) as a geodesic segment when T is
finite, and as a geodesic ray when T is infinite. The Monge—Ampere formu-
lation provides a notion of “generalized geodesics”: these are rotation invari-
ant, Qp-plurisubharmonic, generalized solutions ®(z,w) of Equation (1.3) in
the sense of pluripotential theory. Henceforth, we consider only generalized
geodesics, and refer to them just as geodesics for simplicity.
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Using the Monge—Ampére equation, geodesic segments in K have been
constructed by Chen [8] using the method of a priori estimates, and by [24]
using pluripotential theory. A detailed analysis of the method of a priori
estimates has been provided very recently by Blocki [5]. A partial regularity
theory for Equation (1.3) has been provided by [11]. In this paper we are
motivated by the stability condition of Donaldson [15] and shall therefore
focus on the regularity problem for geodesic rays.

From the point of view of the Monge-Ampere equation, the difference
between the segment and the ray cases resides in the behavior of the ray
near w = 0, which is not prescribed by a Dirichlet condition. For geodesic
rays associated to a test configuration, two possible approaches have been
proposed in [25, 26]: the geodesic ray can be modeled on approximating
Bergman geodesics, or it can be obtained as a solution of a Monge—Ampere
equation on the compactification of the total space of the test configuration,
in a given cohomology class [2g]. We shall discuss this in greater detail
below. But here we note that [26] treated only the case of [Q] strictly
positive definite. The case where [y] is only assumed non-negative is the
topic of the present paper.

Our first results concern the general problem of a priori estimates for the
Dirichlet problem for the Monge—Ampere equation in the case of possibly
degenerate cohomology class [€0y]. Our precise set-up is the following.

Let M be a compact complex manifold of complex dimension m, with
C> boundary OM. Let €y be a smooth, closed, non-negative (1,1)-form
on M,

(1.5) Qo > 0,

but not necessarily strictly positive. Assume the following key condition:
there exists an effective divisor E on M, supported away from the boundary
OM, and an € > 0 such that

(1.6) Qo —¢[E] > 0,

where [E] is the integration current on E. We fix such an £ > 0 once and
for all. If O(FE) is the holomorphic line bundle defined by E, and o(z) is the
canonical section of O(E) which vanishes on E, condition (1.6) is equivalent
to the existence of a metric H(z) on O(FE) satisfying the condition

(1.7) QF = Qo + %aé log H(2)¢ > 0.

Note that the form 2 is smooth, so that it defines a Kéahler form on M.
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Theorem 1.1 (a priori estimates). Let M, Qq, E be defined as above,
and satisfying conditions (1.5) and (1.6). Let ® € C*(M) N C*(M \ OM) be
a solution of the Dirichlet problem

18 (004 3000) = F@)", 9+ 300020, @, —¢

where F' >0 is a smooth function on M, and ¢ € C*(OM). Let —B be

a lower bound for the bisectional curvature of Qf, with Be > 1 and b >0

an upper bound for the scalar curvature. Then we have, with the covariant

derwatives and norms written below taken with respect to the metric §0:
(i) Ct estimates:

(1.9) [VO(2)| < C’1||a(z)||_€’41, z€ M\ E.

Here Ay is a constant which depends only on an upper bound for B and
sup,; |[VF=|. The constant Cy depends on the dimension m and upper
bounds for

1
B, sup\VFi|, sup F, sup |®|, sup||o]|*, sup |V®|, sup T
M M M M oM om o>

(ii) C? estimates:
(1.10) |AD(2)| < Collo(2)]| 75", ze€ M\ E.

Here the constant Ao depends only on upper bounds for —Alog F', b and B.
The constant Co depends on the dimension m and upper bounds for

—Alog F, b, B, oscp(®), sup |o|*, sup(m + Ag).
M oM

We note that the constants C7, Cy, A1, Ao do not depend on either inf; F
or a lower bound for the bisectional curvature of ), an important fact which
will be needed for the proofs of Theorems 2 and 3 given below.

Condition (1.6) is a well-known type of condition in the literature. It was
introduced by Tsuji [36], who derived the type of C? estimate (ii) in Theorem
1.1 for the Kéhler—Ricci flow on manifolds without boundary. Recent related
advances are in [14, 17, 31, 35]. For manifolds with boundary, C! estimates
pose new difficulties. For strictly positive cohomology classes [€2], the C*
estimates have been obtained by Chen [8] and, more recently, by a completely
different and more explicit method in the important advance of Blocki [4].
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For the case of degenerate [Qg] considered here, we adapt the method of
Blocki, with a key modification which shows that the maximum principle
can be applied at a definite distance from the divisor E. We use the a priori
estimates in Theorem 1.1, to establish the following theorem:

Theorem 1.2. Let M, Qy, E be as above, and satisfy conditions (1.5),
(1.6). Consider the Dirichlet problem for the totally degenerate Monge—
Ampére equation

(1.11) (Qo + ;ae}@) =0, Qo+ %85@ >0, @, =0.

Then the Dirichlet problem (1.11) admits a bounded generalized solution ®
on the whole of M in the sense of pluripotential theory. Furthermore, for
any 0 < a < 1, ® isin C*(M \ E). If M has a locally flat boundary, in the
sense that near each point on OM, there exists local holomorphic coordinates
(21, ,2m) so that M is given by Re z;, = 0, then ® € CL(M\E).

We return now to the problem of constructing geodesic rays in the space
IC of Kéhler potentials in a fixed Chern class ¢; (L), where L — X is a positive
line bundle (c.f. (1.2)). This problem has received considerable attention
recently, and geodesic rays have been constructed in [1, 810, 25, 26] by
several different methods.

In particular, in [25, 26], it was shown how geodesic rays can be con-
structed in two different ways starting from a test configuration for L — X.
The open question is how to determine their asymptotic behavior as ¢t —
—00. More precisely, a test configuration p for L — X is an endomorphism

(1.12) p:C* = Aut(L - X — C)

with the fibers of £ — X over the point w = 1 being isomorphic to L — X
(see [16]). For geodesics, we restrict the fibration to the closed unit disk
{w € C;|w| < 1}, with the point w = 0 corresponding to t = —oco. The fiber
Xo of X over w =0 is called the central fiber. Let X* be the complement
of Xy in X. In [25], the associated geodesic ray is a solution of the complex
Monge-Ampere equation on X'*, obtained as a limit of Bergman geodesics,
and it was difficult to determine the regularity of the limiting ray. Only for
toric varieties has this problem been overcome very recently by Song and
Zelditch [32, 33|, using a refined semi-classical analysis of norming constants.
In [26], the associated geodesic ray was obtained from a priori estimates for
a Monge—Ampere equation on the full space X' (more precisely, the full space
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X of an equivariant resolution,
(1.13) p: X =X —C,

of X). The ray is then of class C%* on X for any 0 < a < 1. But the rays
constructed in [26] are defined by a strictly positive cohomology class on
X (which is a kind of Dirichlet data at the origin for the punctured disk),
while certain more intrinsic cohomology classes exist which are just non-
negative. An important example is the class of the pull-back p*(£). For such
classes, a major question is whether the Dirichlet problem for the completely
degenerate Monge—Ampere equation can be solved, and whether the solution
is C1® away from the central fiber.

Our next result is that, with Theorems 1.1 and 1.2, this question can be
answered in the affirmative:

Theorem 1.3. Let L — X be a positive line bundle over a compact complex
manifold X, and let p : C* — Aut(L — X — C) be a test configuration. Fix
a metric hg on L with positive curvature wg. Let p : X > X—=C be an
equivariant resolution of X, and let X = p~H(X*) be the complement of
the central fiber in X. Let p*L be the pull-back to X of the line bundle L.
Let Hy be a metric on p*(L¥) with non-negative curvature

(1.14) Qp = —%6510g Hy,

which satisfies the three properties enumerated in Lemma 5.1 below. Then
there exists a generalized geodesic ray starting from hg, i.e., there exists a
bounded, rotation invariant, Qo-plurisubharmonic function ® on X, which
s a solution of the following Dirichlet problem:

. n+1
(1.15) (Qo + ;88@) —0 o X, & =0

in the sense of pluripotential theory. Furthermore, for any 0 < a <1, the
function ® is of class CY* in any compact subset of X*.

2. Identities of Blocki, Yau and Aubin

It is convenient to group together in this section all the identities needed
later for the derivation of the a priori C! and C? estimates. Thus consider
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the Monge—Ampere equation
i m
(2.1) (Q + 288@) =FrQm

on an open manifold M, where ) = % g,;jdzj A dz* is a Kéhler form (and in
particular positive definite). Let —B be a lower bound for the bisectional cur-
vature of the Kéhler form , with B > 0. Thus Rﬁl-kaigbkbl > —Blal|?|b|? for
all vectors a?, b*. All covariant derivatives V in the identities below are taken
with respect to the Kéahler form Q. The form Q' = Q + %85@ is assumed to
be strictly positive. The corresponding metric is denoted by 9;;]-7 and the cor-
responding covariant derivatives by V’. Unless otherwise indicated, norms
of tensors are taken with respect to g;. But there are situations when ( g ki
or even a mixture of gz, and (¢’ ),;;j are also used, in which case we shall
use sub-indices to indicate which are the relevant metrics. For example, we
would write

(2:2) VY[R = (¢)* g™V, V @V V0,
and so on.

2.1. The Blocki identity

The C! identity is due to Blocki [4]. For a closer analogy with the identities
of Yau, Aubin, and Calabi given below, we formulate it in terms of covariant
derivatives and in terms of the endomorphism h = h’j defined by

(2.3) W) = gjf’glgk.

Let 7v: R — R be a smooth real valued function, and let ® satisfy the
Monge-Ampere equation (2.1). Set

(2.4) B=|Volh, a=logf—~(®).

Then at any interior critical point p of «, the following inequality [4] holds:

IoE

1= F;
ANa> B‘VV@‘%Q/ + (’y'(@) - B - }) Trh™!

(2.5) + (—7”((1)) + 27/(5))> IV®[3, — (m 4 2)y(®) — Z
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where the constant F} is defined by
(2.6) Fy = 2supy[V(F)|.

For the convenience of the reader, we give the derivation of the inequality
(2.5), following [5]. First, a direct calculation gives

(2.7)

1
ANa==

B
_ - 1

{|vvq>|§m, + |VV |30, + 2Re(d”(log F)9,®)

o =7 (@)VE[E — ' (2)A'P.

Here we make use of the identity (¢')*?V g7, = Om log F', which is obtained
by differentiating the Monge—Ampere equation (2.1). It is readily seen that

(2.8)

2167 (log F)9,®| < 2V (log F)|6% < m—L 83 < (Trh™") 1%,

m

(¢) 0,8 R,/ 0r® > —BBTr h™",
“AN'®=—m+Trh !,

so the only troublesome term is —372|V |3, (if v/, —" are chosen to be
non-negative, as will be the case later in applications).
The idea in [5] is to cancel this term partially with |[VV®|,,. First,
introduce the quantity
(2.9) U, = ¢*V,V, 0V .
On the one hand, we have, by the Cauchy—Schwarz inequality,
(2.10) BIVVLig > (¢)P10,T,,
on the other hand, by a simple calculation

(2.11) V3=, +V;®h, -V,

Altogether, we find

2
Q-

1 v 1 1
2.12 ZIVVD2o > |— — —V®h + -V
(2.12) 5\ oo > | ER: 3
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So far, all the calculations have been at an arbitrary point. Now, assume
that we are at an interior critical point of the function «. Then,

V5 _

(2.13) 5

~ (®)V

and the preceding expression simplifies (again, with the assumption 7 > 0)
to

(2.14)
Ve 1 1_ 7 . 1 12
“E_CVOh4 -V =|/(®)VS— —VOh+ -V
GVeh+ SV . ~ (®)V GVeh+ 5V .
> (7/(@)2)| Vo — 2¢/() + 27 (;) VO, — ;

Substituting this inequality in (2.7) gives the desired estimate.

2.2. Yau and Aubin identities

The identity of Yau and Aubin is the following, formulated in terms of the
endomorphism h/j, as in [28],

1 .
A'log Trh = ——(—R+ AF + (b7, R™,71.h";)

Trh

2
\pG - _|V’Trh|

(2.15) —l—{(g) Tr(Vphh th) 7(Trh)2

Again, we provide the derivation. Write

A'Trh = (¢')P18;0,Tr h = (¢ )PTTe(V4[(Vh h 1))
(2.16) — (¢ )PTTH(V(V)h b)) + (¢ PITe(Vh b V).

Now the curvatures of Q and Q' are related by the standard formula
Vi (Vb h™) = —(Rm)g(2) + (Rm)gp(9),

where (Rm)g, denotes the Riemann curvature tensor viewed as an endo-
morphism of the tangent bundle. Substituting this identity in the previous
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one gives
A'Trh = (¢')PTr(—Rmg, - h + Rmg, - )
(2.17) + (¢ )ITe(V,h k' VEh).
Thus,
A'Trh  |V'Trhj3,
/ h — _ Q
A'log Tr Trh (Tr h)?
(g’)qur(—Rm’qp -h+ Rmgy, - h)
N Trh
"PATy (VI hh= VLR V'Tr k|3,
(2.18) WY, ) _ [V'Tt Al
Trh (Trh)?

Now (g')P? = (h~1)P,,g™, and the middle term on the right-hand side can
be rewritten as

(2.19) (¢/)P7Tx(Rang, - h) = (W) R, 51
As for the first term on the right-hand side, it can be recognized as

(¢ Tr(Rmg, - h) = (Ric())*sh’a = (¢')*7(R)55h
(2.20) = g7 (R)sp.

The Monge-Ampere equation implies that

(2.21) (R)5p = Ryp — 050310 F,
and thus
(2.22) ¢"1(R')55 = R — Alog F.

Putting this all together, we obtain the desired identity.

Combining Yau’s basic inequality

(9" )PITe(Vyh h_Iijh) |V'Tr h|?
Trh (Tr h)2

(2.23) >0

with the simple identity used earlier A’® = m — Trh~!, and the fact that
(Trh)~! < Trh~!, we obtain

A
(2.24) A'(log Trh — A®) > ST h™t —mA,
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for all constants A larger than a constant depending only on lower bounds
for —R and AF and the bisectional curvature R;;z,, of the metric €2.

3. Proof of Theorem 1

We can now give the proof of Theorem 1.1. First, define € by
(3.1) Q=0 + %Gélog H®
By hypothesis, the form € is a Kahler form for some strictly positive e,

which we fix from now on. We use the method of Tsuji [36] and rewrite the
original equation (1.8) with f as background

(3.2) (Qg + ;88@5>m =F Q5™
where we have defined ®° by
(3.3) P°(2) = ® —elog|o(2)]%
The function ®¢ is smooth in M \ E.
3.1. Proof of the C! bound

We now apply Blocki’s identity (2.5), with a suitable choice of function (z).
For convenience, we refer to constants satisfying the dependence spelled out
in part (i) of Theorem 1 for the constant C as “admissible constants”. Since
® is continuous on M, the function ®°(z) is bounded from below. Fix an
admissible constant C so that

(3.4) inf & > —C + 1.
M
Let —B, with B > 0, be a lower bound for the bisectional curvature of the

metric (2§ and assume Be > 1. Set as before F| = 2sup\VFi|. Define the
function vy(x) to be

(3.5) v(x) = (B+ Ff + 1)z —

x+C’

Note that, unlike in [4], this choice of v(z) does not involve an upper bound
for ®¢, which is not available in the present case. The function () is smooth
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and bounded from below in the range [-C +1,00), 7/(z) > B+ Ff + 1
throughout this range, 7”(z) = —2(z + C) 73, and v(z) — +o00 as & — +oo0.

Consider the function « of (2.4), defined now for equation (3.2), that is,
with ©p and ® replaced now by €5 and ®°, respectively,

(3.6) B =V, a=logB— ().

Since |®|, |[V®| are all assumed to be continuous on M, the function a tends
to —oo near the divisor E (due to the requirement that Be > 1). Thus it
admits a maximum at a point p which is either on 0M, or in the interior of
M\ E. If p is on M, then the desired bound for |V®| follows at once.

Assume then that p is an interior point of M \ E. It suffices to show that
there exists an admissible constant C3, so that

(3.7) a(p) < Cs.
Indeed, this would imply that at an arbitrary point z € M \ E, we have

‘V@E(z)‘Z < O e’y(<I>E(z)) < C3e(B+Ff+1)<I>€(z)
(3.8) < Cyflo(z)|| 2 BHEHY,

Since V®° = V® + eV log ||o||?, we obtain the desired inequality for |V®|,
with the exponent A; = 2¢(B + F; + 1), since Be > 1.

We turn to the proof of (3.7). Clearly, we can assume that 3 > 1 at the
point p, since otherwise the boundedness from below of v would imply that
a(p) satisfies the desired bound. With this assumption, Blocki’s estimate
(2.5) first simplifies to

Aa(p) > (7(8%) — B~ ) Trh™" —"(8%)[ V873,
(3.9) — (m+2)y/(9°) — 2.
Here we have dropped the manifestly positive terms |[VV®°|?, o/(®°)3~!

|V®¢|2. Next, making use of the definition (3.5) of 7, the inequality simplifies
further to

_ 2
A,Oé(p) Z Trh 1 + WW@E%/
(3.10) —(m+2)(B+Ff+1)—(m+4).

Since p is a maximum, A’a(p) < 0. It follows that Trh~1(p) < Cs. If \; are
the eigenvalues of g;—gj with respect to gz; at the point p, this implies that all
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)\;1 are bounded by admissible constants. On the other hand, H;"Zl Aj=F
so Aj are also bounded above by admissible constants. In particular, we have

(3.11) VO (p)[, < Cs| V(D)5

where Cf is an admissible constant.

The next step is to show that ||o(p)| is bounded from above by an
admissible constant. To see this, we return to the inequality (3.10) and
deduce that

’725

V< (p)[? < C7 (B°(p) + C)°

1 3
Ha(p)|!2> '

Now, by the definition of admissible constants, we have

(3.12) < Cr <Cg + clog

(3.13) a(z) > —Cy, z€ 0M,

where Cy is admissible. On the other hand, ~(z) > C%Ox— Cip with an
admissible C1g > 0, so we have

(3.14) (@ (p)) > Clo log W _Cu

We thus obtain

1
—Co < a(p) < 3log <C8 elog ||U(P)H2>

1 1
3.15 — —c¢log ———5 + Cia.
1) G oo 2
This shows that
1
(3.16) elog w——5 < Ci3,
lo(p)|I?

and hence a(p) < Cy3. This is the desired conclusion, and the proof of the
C' estimates is complete.

3.2. Proof of the A® bound

For this section, the word “admissible” will now refer to constants with the
dependence spelled out for the constant Cs in (ii). We consider the expression
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Trh — A®®. Since

Trh = g% (g)5; = m + A®F = m + A® — A log||o(2)]|?
(3.17) =m+Ad —cAlogH,

this expression is C2 on M\OM and extends to a C° function on M. On
the other hand, ®° = ® — clog||o(2)||> — +o00 as z — E. It follows that the
expression Tr h — A®® attains its maximum either on the boundary OM or
an an interior point p € M \ E. It suffices to show that

(3.18) (log Trh — A®®)(p) < Cha

for some admissible constant C14.

By the definition of admissible constants, this inequality holds if p is
on OM. Thus assume that p is in the interior of M \ E. Since we have then
A’(log Trh — A¢)(p) < 0, it follows from the Yau and Aubin estimate (2.24)
that Tr h=1(p) < C15. This implies that each eigenvalue ); of h is bounded
from below by an admissible constant. Since their product is F', each of them
is also bounded from above by an admissible constant. For any z € M \ E,
we can then write

logTrh(z) < A(P°(2) — ®°(p)) + log Tr h(p)
(3.19) < A(P°(2) — ®°(p)) + Cie.
Thus,
Trh(z) < Cpy A® () =2°)
= O PO o (2) | 724 o (p) | >4
(3.20) < Cige > ®|o(z)[ 724

The proof of the C? estimates is complete.
4. Proof of Theorem 2

We wish to solve the Dirichlet problem
i =\ i
(4.1) (Qo + 288@) =0, Qo+ 583@ >0, @, =0,

where the (1, 1)-form € is smooth and non-negative, but may be degenerate.
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4.1. A viscosity approximation
As in viscosity methods, we try and obtain a solution to the above generate

problem as the limit of a subsequence of solutions of the Dirichlet problem
for non-degenerate equations. More specifically, set

(4.2) 0, = O + S%@glog H°, 0<s<l.
Then Q4 — Qg as s — 0, and for each 0 < s < 1, the form €, is a Kéahler

form. In fact, if ¢ = Qg + %85 log HF¢ is the Kahler form constructed earlier,
we can write

(4.3) Qs = (1 —5)Q + sQ°,
which immediately implies that €25 is non-degenerate for 0 < s < 1.

Consider now for each sufficiently small s > 0 the following Dirichlet
problem for the non-degenerate complex Monge-Ampere equation,

(4.4) (Q + ;&9(1)5) = F,Q", O, + %a&p >0, (®)]on =0,

where the right-hand sides F, are smooth scalar functions on M, which are
defined as follows. Let

(4.5) C=0,+ %aélog HE = OF + S%aé log H®.
Then €25 > 0 for s > 0 sufficiently small. Then choose F§ so that
(4.6) SuP0<s§1”FSHCO(M) <1, ll_fg% Sup0<s§1HFSHCO(M) =0,

and such that

(4.7) F = ol
is a positive constant.

4.2. Convergence to a generalized solution

Since €2, is a Kéhler form for 0 < s < 1, and since, by virtue of (4.6), the func-
tion &, = 0 is a subsolution for Equation (4.4), it follows from Theorem 1.3
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of [5] that the Dirichlet problem (4.4) admits a strictly 2s-plurisubharmonic
solution @, which is smooth on M.

(a) Uniform C° estimates for ®

We claim that there exists a constant C independent of s, so that

(4.8) [®s][coqary < C-
First, by the Qs-plurisubharmonicity condition, we have
(4.9) Ag-®, > —(Q°)7F(Q,), > —C,

where C' is a constant independent of s. If ® is the solution of the Dirichlet
problem

(4.10) Asti) =—-C, (i)|8M =0,
it follows from the maximum principle for the Laplacian that
(4.11) P, <

for all 0 < s < 1. Next, recall that the function 0 is a subsolution of the
Dirichlet problem (4.4), in view of the fact that the right-hand side F§ sat-
isfies condition (4.6). It follows from the maximum principle for the Monge—
Ampere equation that

(4.12) 0<®, forall0<s<l.

The estimate (4.8) follows.

(b) Uniform C' estimates for ®, at OM.

Since 0 < &, < <i>, and ® vanishes at M , it follows that the absolute
values of the partial derivatives of ®4 are bounded uniformly, where here, as
before, all covariant derviatives and norms are taken with respect to (2.

(c) Uniform C' estimates on compact subsets of M \ E.

We shall show the convergence in C* over M \ E, of a subsequence of ®
to a bounded solution the original equation (4.1) in the sense of pluripoten-
tial theory. For this, we shall apply Theorem 1.1 to obtain estimates for the
gradient of ®, which is independent of s. We check the hypotheses of The-
orem 1.1 in the present case: First note that Equation (4.1) can be readily
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put in the form of the equations considered in Theorem 1.1
'i _ m
(4.13) (Qs + 266q>s> = FEQ5)™,

with the constant function F.*) is defined by (4.7).
Recall that the functions ®, are C* in M, with C° norms uniformly
bounded in s, by (4.8). Applying Theorem 1.1 we deduce the existence of a

constants C, A1 > 0, which are independent of s and which satisfy
(4.14) [V®,(2)] < Cllo(z)] 724

This gives the desired uniform C! estimate.

(d) Uniform CH% estimates on compact subsets of M \ E in the case
where M has locally flat boundary.

Next we derive the C1® estimate under the assumption of a locally flat
boundary: For non-degenerate Monge—Ampere equations, a priori estimates
at the boundary depending on a lower bound for the right-hand side were
obtained by Caffarelli et al.[6] and Guan [18] by barrier arguments. As noted
by Blocki [5], the same arguments can provide bounds independent of a
lower bound for the right-hand side if the boundary is locally flat. The same
observation was used implicitly earlier by Chen [8]. The following lemma
contains a precise formulation of the a priori estimate that we need:

Lemma 4.1. Let M be a compact complex manifold of dimension m, with
smooth locally flat boundary, let U be an open neighborhood of OM, Q a
Kahler metric on U and let F € C*(U) a positive smooth function. Sup-
pose ® € C(U) with ' = Q+ Ld0® > 0 and (Q+ L90®@)™ = FQ™. Then
there is a constant C' > 0, depending on m,$2, and upper bounds for supy F
and supy; |V log F|, such that

(4.15) sup(m + A®) < Csup(1 + [V®|?) - sup(1 + |[VP|?)
oM oM U

where the norms and covariant derivatives are taken with respect to ).

For the sake of completeness we provide a self-contained proof, which is
a straightforward adaptation of the arguments in Guan [18] and Chen [8].

Proof of Lemma 4.1. We write Q = %ggadza A dzP and QY = %géadza AdzP.
Let p € OM be a point where supy;(m + A®) is achieved, and choose coor-
dinates (21, ...,2m) on U, centered at p and § = d4 > 0 so that g5,(0) = d5,
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and so that

1
5] < g(z) <21

for all z in the neighborhood Us = {(21, ..., 2m): Y. |2j|* <, 7 =Re(zm) > 0}.
It suffices to show that for o < m or 8 < m, we have

9*®
0zq, azﬁ-

(4.16)

(0)] < C(sup|V®|+1)(sup|Ve|+1).
oM U

To see this, first note we may assume o = m or 3 = m, for otherwise, the left
side of (4.16) vanishes identically since ® vanishes on the boundary. Next
we observe that

det(dg, + 0,05®) = F - det(g),

SO

L) 92

2= 9200%m  02n07a

9% i

and thus Lemma 4.1 follows from (4.16).

Now we prove (4.16): we assume aw < m and f=m. Let D = :I:a% or

:I:a‘za where x4 = Re(2qa), Yo = Im(z,) and o < m. Let x = Re(zp,). Then

we must show

(4.17) (;D@) (0) < C(sup |V®| + 1)(sup |VP| + 1).
x oM U

Suppose we could show that § = Ca® — D® > 0 on Uy with a = (supy; |[VP|
+ 1). Since 6(0) = 0 it would follow that %(0) > 0 which would then yield
(4.17).
To show 6 > 0 on Uy it suffices to show

(a) @ > 0 on 9Us,

(b) A’6 < 0.

Now ® >0 and D® =0 if © = Re(z,,) = 0. Thus, to achieve (a), we try
to modify 6 as follows: 6§ = Ca® + $|z|* — D®. Since D® =0 when z = 0,
we see that if D® # 0 on d(Us), we must have |z|? = §. Thus condition (a)
holgies. Note that we still have §(0) = 0 and we have not changed the value
of 5-(0).
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Next we check (b):

o S 1
(4.18) AP = (9" (950 — 95a) =M= D 3
a=1"%

where )\, are the eigenvalues of ¢’ with respect to g.
Now logdet ¢’ = log F' + log det g implies (g’)o‘ﬂ(DgBa + 0a05D®) = D
log F' 4+ D logdet g so

1 5 1
(4.19) |A’(D<I>)|§K<1+Z)\a> and A|z]? < QZ)\—Q.

Here K is a constant depending only on g (more precisely, Dgga) and on
sup,s |V log F|. Thus

A <<K—i— ?) a® + %]z|2 — D(ID) < Ca(m+1).

We are trying to show that A’6 < 0 so this is not quite what we wanted.
Thus we modify one more time: Let C = K + % and define

(4.20) 0 = Ca® + %W + Cafz — N2 — D@,

where N is a constant, to be chosen later. Since  — Nz > 0 if § is small
enough, we still have § > 0 on dUs. The value %(O) is replaced by %(O) +
mn 1

Csa, which does not affect the estimate we want. Since A’z? = g™™ > S X

(the diagonal entries of a hermitian matrix are greater than the smallest
eigenvalue of the matrix), we have

1 N
ANo+AN(x—Nz?)<m-» — -
+ Az z“)<m Z)\

<m — Nw(detg) L.
o  Supy A ( )

Since det ¢’ = F detg, we have m — Ni(det g')~' < —3m provided N satis-
fies the bound: N= > 2m(sup,,; F')2"™. Now we choose J, as before, but also
satisfying the condition (3)™ > 2m(sup,, F)2" ™. Thus,

1

1\ n+1
A'®+ Az — N2?) < —3m < —2(m+1) if (5> .

(4.21) >Nw > 2m(sup F')2™.
M
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Now we obtain from (4.20):

Af = A (2Ca<1> + %m? + Cafz — N2 — D@)
< Ca(m+1)—2Ca(m+1) <0.

This shows 6 > 0 and 6(0) = 0. Thus,

2(D<IJ) <2Casup |V®|+ Ca < 2Ca (1 + sup |V¢>\> :
x oM oM
This establishes (4.17) and the lemma is proved.

We return to the proof of Theorem 1.2. We rewrite Equation (4.13) as
follows:

(4.22) (Q + %aé@s + (s —1)log yaH?))m = FE(F)™,

We apply Lemma 4.1 to Equation (4.22). The function |V log F'| in Lemma
4.1 vanishes when F' = F; 556) and we conclude that, in the flat boundary case,
|A®,| is bounded uniformly on dM. Thus, in this case we have

(4.23) IAD,(2)] < Cllo(2)]| 724, ze M\ B,

with C, Ay, Ay all independent of s and z. This completes step (d).

Now choose a subsequence @, converging in C“ (resp. C19) to a func-
tion @, uniformly on compact subsets of M \ E. Now Equations (4.4) and
(4.6) imply

(4.24) / <Q + Zaaq>5> :/ FQ™ 50 ass— 0.
M 2 M

Thus the Chern—Levine—Nirenberg inequality [7] implies that the function
® satisfies (1.11) and Theorem 2 is proved.

Although it is not stated explicitly in Theorem 1.2, it may be worth
noting that the gradient and the C** norms (in the case of flat boundary)
of the solution ® satisfy growth estimates near the divisor E of the form
|lo(2)|| 7542, where A3 is a geometric quantity depending only on Qg and E.

5. Test configurations and geodesic rays

We address now the problem of constructing geodesic rays associated to a
given test configuration.
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5.1. Construction of the degenerate form g

We adhere to the notation of §1. Thus p : C* — Aut (£ — X — C) is a test
configuration for L — X, hg is a metric on L and wg > 0 is its curvature.

m

Lemma 5.1. There exists a metric Hy on p*L™ with curvature Qo satis-

fying the following:
1. Q>0 on Xp and Qy > 0 oné\?g.
2. Hy and Qg are rotation invariant.

3. QO|X = wq.

Proof of Lemma 5.1. The Donaldson imbedding theorem (see Lemma 7 of
([25])) says that for some k > 0 there is an imbedding

(5.1) I:(LFsXx—-C)=(0(1)xC—PY Q).

Let H; be a rotation invariant metric on O(1) x C with positive curvature.
For example, we can take H' = hpge™|*” where w is the parameter in C. Let
Hy=(I op)*Hll/k, and Qg its curvature. Let wy = Qa|x. Since Hy and hy
are two metrics on the same line bundle L x D* there is a smooth function
U: X% =L x D* — R such that Hy = hge™ V@),

Let n : D* — [0,1] be a smooth function such that n(w) = 1 if |w| < %
and n(w) = 0 if |w| > 2/3. Let

H; = hoe—n(w)‘l’(l’aw) )

Then Hs = hy if |w| > 2 and Hz = H, if |w| < 1. Moreover, the curvature
of Hj is positive on the fibers X x {w} for all w € D*. Let > 0 be a large
positive number and define H = Hze~*(wI’~1)  Although H is defined as a
metric on p*L™| & it clearly extends to a metric on X 7 which has all the
desired properties. This proves Lemma 5.1.

5.2. Construction of a non-degenerate form (2

To apply Theorem 1.2 to the geodesic ray equation, we need a divisor £
over Xp with Qp — e[E] a Kahler class. We construct here such a divisor.
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Lemma 5.2. There exists an effective divisor E supported on the central
fiber of Xp and an & > 0 with the following property: Q — e|E] is a Kdhler
class (where [E] is the current of integration).

More precisely, we claim that there is a smooth metric H on the line bundle
O(FE) and a positive Kéhler metric Q. on X, such that

(5.2) Qo — e[B] = Q. — 5%8510g 12,

where o is the canonical section of O(E) which vanishes on E, and || (z)[|? =

|o(2)[2H (2).

Proof. In Lemma 2 of [26] it was shown that there is a line bundle M — X
and an integer £ > 0 such that

(1) p" L™ @ M — X is ample, that it, it has a metric hy, of positive cur-
vature.

(2) There is a meromorphic section p : X — M whose retriction to X* is
holomorphic and non-vanishing.

In fact the proof shows that y = %, where s is a global section of M™!
which is non-vanishing outside the central fiber (see the paragraph before

(3.8) in [26]).

Now let 5 > 0 be the curvature of the metric hy and let E = {s = 0},
so that M = O(—E). Let H = h; ' HF. Then

—%8510gh — kQo — Q.
If we let € = + and . = +Q; and s = o, then we obtain (5.2).

5.3. Existence of geodesic rays

We can now prove Theorem 3: Consider the Dirichlet problem (1.11) for the
manifold M = Xp where Q is the non-negative form constructed in Lemma
5.1, and ¢ = 0. Letting the divisor £ be the divisor constructed in Lemma
5.2, we readily see that all the hypotheses of Theorem 1.2, part (a) are
satisfied. Moreover, the manifold M has a locally flat boundary, so Theorem
1.3 follows from Theorem 1.2.
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