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Topological and differentiable sphere theorems for
complete submanifolds

HoNG-WEI XU AND EN-TAO ZHAO

We investigate topological and differentiable structures of sub-
manifolds under extrinsic restrictions. We first obtain a topolog-
ical sphere theorem for compact submanifolds in a Riemannian
manifold. Secondly, we prove an optimal differentiable sphere the-
orem for 4-dimensional complete submanifolds in a space form,
which provides a partial solution of the smooth Poincaré conjec-
ture. Finally, we prove some new differentiable sphere theorems for
n-dimensional submanifolds in a Riemannian manifold.

1. Introduction

It seems very interesting to investigate curvature and topology of submani-
folds in a Riemannian manifold. In contrast to the usual sphere theorems
in Riemannian geometry, our results on topological and differentiable struc-
tures of submanifolds are obtained by imposing certain conditions on the
second fundamental form.

Let M be an n-dimensional complete manifold isometrically immersed in
a Riemannian manifold N™*? with codimension p. Denote by H and S the
mean curvature and squared length of the second fundamental form of M,
respectively. Using nonexistence for stable currents on compact submanifolds
of a sphere and the generalized Poincaré conjecture for dimension n(> 5)
proved by Smale [1], Lawson and Simons [2] obtained the following striking
sphere theorem in 1970s.

Theorem A. Let M™ be an n-dimensional oriented compact submanifold
in the unit sphere S™P. Then

(i) if n # 3,4 and S < 2y/n — 1, then M is homeomorphic to a sphere;
(ii) if n=3,4 and S <n — 1, then M is a homotopy sphere.

When n # 3,4, the following example shows that Lawson and Simons’
pinching constant in Theorem A is optimal.
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Example 1.1. Set

1 A
_qgn—1(___ - f_ n+1
M=S5 < 1+>\2>XS< 1+>\2>C5 ,

where

nH + /n2H2 + 4(n — 1) "o Vol —1D)1/2 —2(n —1)

A=
2(n —1) ’ n

Then M is an n-torus in S"*1(C S"P). Moreover, M is a compact subman-
ifold in S™*P with constant mean curvature H, whose squared length of the
second fundamental form satisfies S = 2v/n — 1.

In 1997, Shiohama and Xu [4] proved the following topological sphere
theorem for complete submanifolds in space forms by using the vanishing
theorem for stable currents due to Lawson, Simons [2] and Xin [3].

Theorem B. Let M™ be an n-dimensional oriented complete submanifold
in a simply connected space form F"TP(c) with non-negative constant cur-
vature c. Set

a(n,H,c):nc—l—ﬁ 2(n:f))\/112H4-|-4(n—1)cH2.

If S satisfies supy (S — a(n, H,c)) < 0, then
(i) when n # 3, M is homeomorphic to an n-dimensional sphere;

(ii) when n =3, M is diffeomorphic to a 3-dimensional spherical space
form.

From the following example, we see that the pinching condition in Theorem
B is optimal.

Example 1.2. Let M = S"1(1/(1+ A\?)) x SY(A/(V1+A2)) Cc S"! for
c=1,and M = S"1((n—1)/nH) x R* € R""! for ¢ = 0. Here A is as in
Example 1.1 and H is a non-negative constant for the case ¢ =1, and H is
a positive constant for the case ¢ = 0. Then M is an n-dimensional Clifford
torus or generalized cylinder in F"*!(c). Moreover, M is a complete sub-
manifold in F™*P(c) with constant mean curvature H, whose squared length
of the second fundamental form satisfies S = a(n, H, ¢).
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Notice that

inf a(n,H,1) =2vn —1,
H>0

we have the following consequence of Theorem B, which is an extension of
Lawson—Simons’ sphere theorem.

Theorem C. Let M"™ be an n-dimensional oriented complete submanifold
in S"TP. If S satisfies supy; S < 2v/n — 1, then

(i) when n # 3, M is homeomorphic to a sphere;

(ii) when n =3, M is diffeomorphic to a spherical space form.

Let UM denote the unit tangent bundle over M and U, M its fiber over
x € M. In [5], Gauchman proved that if M is a closed minimal submanifold
and ||h(u,u)||? < & for any u € U, M at any point @ € M, where h denotes
the second fundamental form of M, then M must be totally geodesic. The
pinching constant % is optimal in the sense that there are minimal submani-
folds with ||h(u, u)||* = 1, which are not totally geodesic. Following Leung’s
homotopy sphere theorem for compact oriented submanifolds in a sphere [6],
Xu and Fang [7] got the following topological sphere theorem for complete
submanifolds in a sphere.

Theorem D. Let M™ be an n-dimensional oriented complete submanifold
in the unit sphere S™P. If

|h(u,w)|* < §, Vue UM,

then M is homeomorphic to an n-sphere. In particular, if M is a sub-
manifold with parallel mean curvature, then M is congruent to the sphere

Sn(1/v/1+ H2).

The purpose of this paper is to prove some new pinching theorems for
submanifolds in a Riemannian manifold. In particular, we obtain the follow-
ing.

Theorem 1.1. Let M™ be an n(> 4)-dimensional oriented complete sub-

manifold in the unit sphere S"™P. Then

(i) if n=4,5,6 and sup,; S < 2v/n — 1, then M is diffeomorphic to the
standard unit n-sphere S™;
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(i) if n > 7 and S < 2V/2, then M is diffeomorphic to the standard unit
n-sphere S™.

When n = 4, 5,6, the pinching constant 24/n — 1 in Theorem 1.1 is opti-
mal.

Theorem 1.2. Let M™ be an n-dimensional oriented complete submanifold
in the unit sphere S™P. If

[h(u, w)||* < §, Vue UM,
then M is diffeomorphic to S™.

It should be emphasized that Theorems 1.1 and 1.2 are differentiable
sphere theorems for complete submanifolds without assumption that M is
simply connected, which improve Theorems C and D.

Our paper is organized as follows. Some notations and several lemmas
are prepared in Section 2. In Section 3, we obtain a topological sphere the-
orem for compact submanifolds in a Riemannian manifold. In Section 4, we
prove an optimal differentiable sphere theorem for 4-dimensional complete
submanifolds in a space form, which provides a partial solution of the smooth
Poincaré conjecture. Finally, we prove some new differentiable pinching the-
orems for submanifolds in a Riemannian manifold, and complete the proof
of Theorems 1.1 and 1.2.

2. Some useful lemmas

Let M™ be an n(> 4)-dimensional Riemannian manifold. In 1988, using
minimal surface techniques, Micallef and Moore [8] investigated relations
between curvature and topology of a manifold, and proved the topological
sphere theorem for point-wise 1/4-pinched manifolds. Further more, they
proved the famous topological sphere theorem for compact and simply con-
nected manifolds with positive isotropic curvature.

Recall that the Riemannian curvature operator at p € M is the self-
adjoint linear endmorphism Rm : /\QTpM — /\2TpM defined by

(Rm(X AY), (ZAW)) = (R(X,Y)W, Z)

for X,Y,Z, W € T,M. Here ( , ) is the Riemannian metric, 7,M denotes
the tangent space at p, and R is the Riemannian curvature tensor of M.
The Riemannian metric ( , ) can be extended either to a complex bilinear
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form (, ) or a Hermitian inner product ((, )) on T,M ® C. We extend the
curvature operator to a complex linear map on AQTpM ® C, also denoted
by Rm.

For each two-plane o C T, M ® C, we can define the complex sectional
curvature K (o) by

(Rm(X AY), X AY))

K =
(@) IXAYEE

where {X,Y} is a basis for 0. A two-plane o is called totally isotropic if
(Z,Z) =0 for any Z € 0. We say that M has positive isotropic curvature
if K(o) > 0 for all totally isotropic two-planes at any point in M. It was
shown in [8] that M has positive isotropic curvature if and only if for every
orthonormal four-frame {e1, e, e3,e4} at any point in M the inequality for
curvature tensor of M

Ri1313 + Ria14 + R2323 + Rog24 — 2R1234 > 0

holds, where R;ji; = (R(ei,ej)er, ex), {e1,e2,...,e,} is a local orthonormal
frame of M.

In [8], Micallef and Moore proved that any n(> 4)-dimensional com-
pact and simply connected manifold with positive isotropic curvature must
be homeomorphic to a sphere. Moreover, they observed that any n(> 4)-
manifold with point-wise 1/4-pinched curvature must have positive isotropic
curvature. In 1991, Chen [9] showed that a point-wise 1/4-pinched 4-manifold
is diffeomorphic to a spherical space form. Recently, Brendle and Schoen
[10,11] proved a remarkable differentiable pinching theorem for point-wise
1/4-pinched Riemannian manifolds by developing the theory and techniques
of Ricci flow [22-24]. More recently, Brendle [12] obtained the following
useful result.

Lemma 2.1 [12]. Let (M, go) be a compact Riemannian manifold of dimen-
sion n > 4. Assume that

(2.1) Ri313 + A Ry414 + Rozoz + A Ragas — 2ARy234 > 0

for all orthonormal four frames {e1, es,e3,es} and all X € [—=1,1]. Then the
normalized Ricci flow with initial metric go

0 . 2
ag(t) = —2Ricy4) + Erg(t)g(t)a
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exists for all time and converges to a constant curvature metric as t — oo.
Here 14y denotes the mean value of the scalar curvature of g(t).

Inequality (2.1) is closely related to the positivity of the isotropic cur-
vature. In fact, Rig13 + A2 Ri414 + Ro323 + A2Ro424 — 2AR1234 > 0 holds for
all orthonormal four-frames {ej, e2,e3,e4} and all A € [—1,1] if and only if
M x R has positive isotropic curvature. It follows from Berger’s inequality
that every manifold with point-wise 1/4-pinched sectional curvatures satis-
fies the curvature condition (2.1) in Lemma 2.1. Hence, the differentiable
1/4-pinching theorem is a consequence of Lemma 2.1.

When M is isometrically immersed into a Riemannian manifold N™*P
with codimension p > 1, we choose a local orthonormal frame field
{e1,...,entp} on N™ P such that, restricted to M, ey, ..., e, are tangent to
M. Let {w1,...,wn4p} be the dual frame field of {e1,...,en4p}t. We shall
make use of the following convention on the range of indices:

1§A,B,C,§7’L+p, 1§Z,],k,§n, n+1§a7ﬁ777§n+p
Then we have the Gauss equation

(2.2) Rijrr = Kiji + Z(hﬁ: g1 = hith),
«

where K pcp is the Riemannian curvature tensor of N"™ and h =
> hfj wi ®wj ®eq is the second fundamental form of M. Let UM denote

a,,])
the unit tangent bundle on M and U, M its fiber over x € M. Then UM =

U UzM, where UyM = {u € T M; ||u| = 1}.
zeM

Lemma 2.2. Let M™ be a submanifold in a Riemannian manifold N™*P.
Then

[h(u, v)|| < ha
for all unit vectors w,v € Uy M at each point x € M, where hy := maxyecy, m

[ (w, w)]-

Proof. If u # t+v, set y = ﬁ and z = %=2%:. Then

lu—vll”
h(u,v) = 7[h(u+v,u+v) — h(u — v,u — v)]

1
1
(2.3) = qlllu+v?hly, y) = lu = v|*h(z, 2)].
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Using the triangle inequality we obtain from (2.3)

1h(u, v)[| < Fho(llu+ol® + u = v]]?)

IN
N N

(2.4)

If w= v, then ||h(u,v)| = ||h(u,u)| < hy. This together with (2.4) com-
pletes the proof of the lemma. O
The following algebraic lemma will be used in the proof of our sphere

theorems.

Lemma 2.3. Let T = (ajj)axa be a real symmetric matriz. Set
f(a) = arrass — (a13)? + ar1aaa — (a14)? + azeass — (az3)? + azass — (a)?

—2a13a24 + 2a14a93, where a = (a11,a12,- -+ ,a44). Then
A
o) - St (So)
i=1 i,j=1

Proof. Applying the Lagrange multiplier method, we compute the extreme
value of f(a) with constraints

(2'5) Z Qi = A
and

(2.6) Z am + 22 a/’Lj =B,

where B =3, . a?j. Consider the function

F:f(a)+m1 Zam +QZ az] - + moy (Zaii_A>a

1<j

where m; and mg are the Lagrange multipliers. Suppose that f(a) attains

the extreme value at point @ = (a1, a2, - ,a44). Then at @ we have
OF ) ) )
= as3 + aqq + 2miag; + mo =0,
8@11
OF

= a33 + Q44 + 2M1G22 + M2 = 0,
6a22
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oF . . )
= a11 + ao2 + 2myass + mo = 0,
Oazs
oF . . )
= Q11 + G2 + 2miagq + ma = 0,
Oayy
oF
=4mia12 = 0,
Oaa
oF
=4myazs = 0,
Oazy
oF
= —2a13 — 2a94 + 4myar3 = 0,
dais
oF
= —2a14 + 2a93 + 4mya14 = 0,
Oa4
oF
= —2a93 + 2414 + 4m1a93 = 0,
6(123
oF
= —2d94 — 2013 + 4myagg = 0,
Oasy
oF ) .
omy D (@) +2) (ai)° — B =0,
mi i 1<j
oF )
(2.7) e ;au‘ —A=0.

When m; = 0, from equalities (2.7) we obtain
a11 + G2z = a33 + a4, Q13 = —a24, (14 = Q23.

Then
f(a) = (an + ag2)(ass + Gas).
From (2.7) we obtain

) ) ) ) A
a11 + a2 = a3z + a4q4 = bR

Hence

(2.8) fa) ==



Topological and differentiable sphere theorems 573

When m; # 0, it follows from (2.7) that
a11 = age, G33 = aa4, a12=0, a3z =0, ai3=a, a4=—a23.
Combining equalities above we have
f(a) = darass — 4(a13)? — 4(aa)?,

> (i) = 2(a13)? + 2(a1a).

1<j
Since B = ", (ai)® +232;(a4;)?, it follows that
f(a) = 2(a1y + as3)® — B.

By (2.7) we have

a11 + as3 = 3
Hence

) A?
(2.9) fl@) =% -B.

Denote by fiax and fuin the maximal and minimum values of function
f(a) with constraints (2.5) and (2.6), respectively. It is easy to see that
B > 4%, This together with (2.8) and (2.9) implies that

A% A2 A2
fmax:max{ _B} = —

4’7 2 4’
. [A% A2 A?
fmin :mm{4,2—B} =5 - B.
This proves the lemma. O

3. A topological sphere theorem for compact submanifolds

By using the vanishing theorem for stable currents on compact submani-
folds of a sphere, Lawson and Simons [2] obtained a topological sphere the-
orem for submanifolds in the sphere. Later Shiohama and Xu [4] improved
Lawson—Simons’ sphere theorem. Recently, Fu and Xu [13] proved a vanish-
ing theorem for homology groups of submanifolds in the hyperbolic space
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H™"P_ They also obtained a topological sphere theorem for submanifolds in
H"™"P by using their vanishing theorem. However, if the ambient space is a
general Riemannian manifold, their method does not work. Now we prove a
topological sphere theorem for submanifolds in a Riemannian manifold by
using a different argument.

Theorem 3.1. Let M™ be an n(> 4)-dimensional oriented compact sub-
manifold in an (n + p)-dimensional Riemannian manifold N"*P. Denote by
K (z,7) the sectional curvature of N for tangent 2-plane m C T, N at point
x € N. Set Kpax() := maxzcr, vy K(x,7), Kpin(x) := mingcr,y K(z, 7).

If

n2 2 Xz
E(Kmin(ﬂﬁ) - leax(x)) + nH (@)

S(x) < 3 1

Y

n—2

for any x € M, then M has positive isotropic curvature and m(M) =0 for
2 <k <|[n/2]. In particular, if M is simply connected, then M is homeo-
morphic to a sphere.

Proof. Suppose {e1,e2,e3,e4} is an orthonormal four-frame. Then we have

Ri313 + Ria14 + R2323 + Roa24 — 2R1234

= K313 + K414 + Ko323 + Kogo4 — 2K1934
+ Z[h?lhgs — (hf3)? + A1 0y — (hfy)?
(3.1) + hSyh3s — (h33)? + hSyhey — (h$y)? — 2Rh§3hsy + 2k hSs).

It follows from Lemma 2.3 that

Z [h§1hS5 — (h$3)? + A Ay — (h$y)?

+ hSyhgs — (h$3)? + hSyhGy — (hSy)* — 2h§5hgy + 2h§ h23]

4

(3.2) > Z ha) — > (hg)?

1,j=1
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When n = 4, from (3.2) we obtain

Z [hf1h8s — (h3)? + A hGy — (BFy)?

+ hSyhgs — (h93)® + hohy — (hy)® — 2hS5hsy + 2h{ s3]
(3.3) >8H% - 8.

When n > 5, we extend {61,62,63,64} to be an orthonormal frame
{er,e2,+ ,en}. Set So =371 1(hc“) . Then from (3.2) we obtain

Z [h$1h55 — (hS5)? + b Ay — (hfy)?
+ hyhgs — (h93)® + hohy — (hSy)* — 2h{5hgy + 2h‘f‘4h§‘3]

o 4
> zo; (Zz ;hu) l]gl(hgf

ZZ (Zlu +Z

,J=5

$ [, (Sl g

2 + n—4

(i, hE)”

> 1 (43 _

_zaj_ =LH — S,
n2 9

(3.4) =—5H' -8

By Berger’s inequality we have K934 < %(Km;le — Kpin). Combining (3.1),
(3.3) and (3.4), we obtain

R1313 + Ria14 + R2323 + Ros24 — 2R1234

n2

>4Kmin_4Kmx_Kmin HQ_S
- 3( & )+n—2
16 1 2
Z ?(Kmin_ ZKmax)‘i' n_2H2_S
(3.5) > 0.
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From (3.5) we know that M has positive isotropic curvature. By a theorem
due to Micallef and Moore [8], we have m,(M) =0 for 2 <k <[n/2]. In
particular, if M is simply connected, then M is homeomorphic to a sphere.
This completes the proof of Theorem 3.1. 0

If the Ricci curvature of M is positive, then the universal cover of M is
compact. Hence we have following.

Corollary 3.1. Under the same assumption as in Theorem 3.1, if the Ricci
curvature of M is positive and

TL2 2 x
Do) — Ko@) + ")

n—2"

for any x € M, then the universal cover of M is homeomorphic to a sphere.
Moreover, from Theorem 3.1 we have

Corollary 3.2. Let M™ be an n(> 4)-dimensional oriented compact sub-
manifold in an (n+ p)-dimensional pinched Riemannian manifold whose
sectional curvature satisfies b < Ky < c. If S < 2B(b—1c) + 7;2{;, then M
has positive isotropic curvature and mp(M) =0 for 2 < k < [n/2]. In parti-

cular, if M is simply connected, then M is homeomorphic to a sphere.

Corollary 3.3. Let M™ be an n(> 4)-dimensional oriented compact sub-
manifold in an (n + p)-dimensional point-wise 6(> 1/4)-pinched Rieman-
nian manifold N"*P. Set Kpax(z) := max,cr,ny K(z,7), where K(z,7) is
the sectional curvature of N for tangent 2-plane w(C T,N) at point x € N.
If S(z) < BKpax(2)(6 — 1) + nzf_zéx), for any x € M, then M has positive
isotropic curvature and (M) =0 for 2 < k < [n/2]. In particular, if M is
simply connected, then M is homeomorphic to a sphere.

Corollary 3.4. Let M™ be an n(> 4)-dimensional oriented compact sub-
manifold in an (n + p)-dimensional space form F"'P(c) of constant cur-
vature c. If S < 4dc+ ’ifl;, then M has positive isotropic curvature and

(M) =0 for 2 <k < [n/2]. In particular, if M is simply connected, then
M is homeomorphic to a sphere.

4. Differentiable sphere theorems for complete submanifolds

It is not currently known how many differentiable structures there are on
the 4-sphere, beyond that there is at least one. There may be one, a finite
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number, or an infinite number. The claim that there is just one is known
as the smooth Poincaré conjecture. Most mathematicians believe that this
conjecture is false, i.e., there are more than one differentiable structure on
the 4-sphere. In this section, we first prove following theorem.

Theorem 4.1. Let M* be a 4-dimensional oriented, simply connected and
compact submanifold in the space form F*1P(c) with constant curvature c.
If S < 4c + 8H?, then M is diffeomorphic to the standard unit 4-sphere S*.

Proof. From Corollary 3.4, we know that M has positive isotropic curvature.
A theorem due to Hamilton [14] says that a 4-dimensional compact simply
connected manifold with positive isotropic curvature is diffeomorphic to S.
This proves Theorem 4.1. O

The following example shows that Theorem 4.1 is optimal in the case
where ¢ > 0.

Example 4.1. Without loss of generality, we only consider the case ¢ = 1.
Set M = S%(1/\/1 + p?) x S%(pu/+/1 + p2) C S°, where p = H +VH? +1
and H is a non-negative constant. Then M is a simply connected Clifford
torus in S°(C S4tP). Moreover, M is a compact submanifold in S4*? with
constant mean curvature H, whose squared length of the second fundamental
form satisfies S = 4 + 8H?2.

Remark. In fact, it follows from Theorem 3.1 that if M* C NP is a 4-
dimensional compact and simply connected submanifold satisfying S(z) <
B (Kmin(z) — 1 Kinax(z)) + 8H%(z) for any 2 € M, then M is diffeomorphic
to S4.

Now, we prove an optimal differentiable sphere theorem for
4-dimensional complete submanifolds in space forms, which provides a par-
tial solution of the smooth Poincaré conjecture.

Theorem 4.2. Let M* be a 4-dimensional oriented complete submanifold
in a simply connected space form F*tP(c) with nonnegative constant curva-
ture c. If supy;(S — a(4, H,¢)) < 0, then M is diffeomorphic to the standard
unit 4-sphere S%.
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Proof. Since ¢ > 0, we have

n? n(n —2)
H,c) = ———H?*— ———\/n2H4 + 4(n — 1)cH?
a(n, H,c) nc+2(n_1) 2(n—1)\/n +4(n—1)c
n3 n(n —2) n?
< H? — Vn2H4 = ——H2
TPy 2(n—1) " S

This implies
S < a(4,H,c) < 4c+8H?

By Theorem B, M is a topological sphere. This together with Theorem 4.1
implies that M is diffeomorphic to S%. O

It is seen from Example 1.2 that the pinching condition sup,,(S — «
(4,H,c)) < 0in Theorem 4.2 is optimal. It seems very difficult to generalize
Theorem 4.2 to higher dimensional cases.

During the past three decades, there are several sphere theorems for
submanifolds (see [2,4, 6,13, 15-21], etc.). However, all these results are
either topological sphere theorems for submanifolds, or differentiable sphere
theorems for hypersurfaces. Using Brendle’s convergence result for the nor-
malized Ricci flow, we prove following new differentiable pinching theorems
for submanifolds in higher dimensions and codimensions.

Theorem 4.3. Let M™ be an n(> 4)-dimensional oriented compact sub-
manifold in an (n+ p)-dimensional point-wise §(> 1/4)-pinched Rieman-
nian manifold N"*P. Set Kpax(z) := max,cr,ny K(z,7), where K(x,7) is
the sectional curvature of N for tangent 2-plane w(C T, N) at point x € N.
IfS(z) < 8T\/EKmaX(ac)((S — 1), for any x € M, then M s diffeomorphic to a
space form. In particular, if M is simply connected, then M is diffeomorphic
to the standard unit n-sphere S™.

Proof. 1t is sufficient to show that inequality (2.1) in Lemma 2.1 holds for
all A € R.

Suppose {e1, e2, e3,e4} is an orthonormal four-frame and A € R. By the
Gauss equation, we have

Ri313 + M Ri414 + Rozo3 + A2 Rosos — 2AR1234
= K313 + N K414 + Ko3az + A Kogoq — 20K 1234

+Z[ 185 — (h3)? + hyhgs — (h53)°]
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+ A’ Z 1 — (h4)? + hSahdy — (hsy)?)

(4.1) — 20 (hishg, — hishss).

By Berger’s inequality and Young’s inequality, we have from (4.1)

Ri313 + AN Ri14 + Rozoz + A2 Raaog — 2\R1234

Vv

(24 20%)0 K — 5 (1~ 6) Ko

-y [*f( 0+ Y205+ (1) + L2 (15"

Y22+ %)?]

- {Z [‘f( 002 + L2050 + (g + L2 (15,)°

- 24) 13/ — 14) — 23
Z( el )2 )\2 Z( o )2 Z( «a )2 )\2 Z( )2

(67

20007 + (5)°

= (2 + 2)\2)6Kmax - g‘)“(l - 6)Kmax
5 [“f( 2+ 0+ 05+ L 0)°

+ (h83)* + (hSy)* + (h?4)2]

S

5 (h3,)°

—V{Z [@ 002+ L0302 + (1 +

2 2

«

+ (h54)* + (hf5)” + ( 33)2”
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Vi, Vi

> (24 2X%)0 K nax — %\)\](1 — ) Kmax — ~=-8 — \?
3 2 2

V2 N 4V2 |\

= 5 1+X) 2\/§6KmaX—Tl+A2(1—5)KmaX—S
V2 5 [8v2 1

> —( 7Kmax - )

A A (6-7) -5

> 0.

It follows from Lemma 2.1 that M is diffeomorphic to a space form. In
particular, if M is simply connected, then M is diffeomorphic to S™. This
completes the proof of Theorem 4.3. O

Consequently, we have the following.

Corollary 4.1. Let M™ be an n(> 4)-dimensional oriented compact sub-
manifold in an (n+ p)-dimensional §(> %)-pinched Riemannian manifold
N™P whose sectional curvature satisfying 6 < Ky < 1. If S < %(5 — i),
then M 1is diffeomorphic to a space form. In particular, if M is simply con-
nected, then M is diffeomorphic to the standard unit n-sphere S™.

Proof of Theorem 1.1. (i) When n = 4,5, 6, we have

inf a(n,H,1) =2vn—1.

H>0

It’s well known that there exists unique differentiable structure on S",
n = 5,6. This together with Theorem 4.2 and Theorem C implies that M is
diffeomorphic to a sphere.

(i) When n > 7, it is seen from Theorem C that M is a topological
sphere. On the other hand, it follows from Corollary 4.1 that M is diffeo-
morphic to a space form. Hence M is diffeomorphic to S™. This completes
the proof of Theorem 1.1. O

Motivated by Theorem D, we will prove a new differentiable pinching
theorem for complete submanifolds in a point-wise §-pinched manifold. The
following lemma will be used in the proof of the differentiable pinching
theorem.
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Lemma 4.1. Let M™ be an n(> 4)-dimensional submanifold in an (n + p)-
dimensional point-wise 6(> 1/4)-pinched Riemannian manifold. If

(4.2) 1h(u,0)||* < §Kmae (6 — 1), VueU,M,

then inequality (1) is satisfied for all orthonormal four-frames {e1,es, e3,e4}
and all A € R.

Proof. For any point x € M, let hy = maxyey,m ||h(w,w)||. Suppose
{e1,e2,e3,e4} is an orthonormal four-frame and A € R. By the Gauss equa-
tion, we have

Ri313 + A’ Rig14 + Rasas + A Roaos — 2\ R1234
= Kiz13 + (h(e1, e1), h(es, e3)) — [|h(er, e3)|?
+ N?[Ka14 + (h(e1, e1), h(es, ea)) — [[h(er, e4)|?]
+ K303 + (h(ez, e2), h(es, e3)) — || h(ez, e3)]|?)
+ A\*[Kasas + (h(ea, €2), h(es, e1)) — [|h(e2, eq) |’]
(4.3) —2A\[K1234 + (h(e1,e3), h(ea,eq)) — (h(e1,eq), h(ea,e3))].

By (4.3) and Lemma 2.2, we have

Riz13 + A’ Rua1a + Roza3 + A*Ragaa — 2ARi234
> Ki313 — 2h2 + A\*[K1414 — 2h2]
+ [Kas03 — 2h2] + N*[Kaa24 — 2R2]
(4.4) — 2|A|[| K1234] + 2R3).
This together with (4.2) and Berger’s inequality implies
Riz13 + A’ Rua1a + Razos + A*Raaaa — 2ARi234
> Ko~ o (5 3) 32 [~ $na (5 )]
R~ 3 (5 )]+ [~ 3 (5 )]

. 2’A| [%(1 - 6)Kmax + %Kmax (5 B i)}
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> 6 Kmax — 5Kmax (6 — 1) + A? [0 Kmax — 5 Kmax (6 — 3)]
(5K — $ K (6= 1))+ X2 [0Foma — §Homas (5 )]
—2A1 [2(1 = 8) Knax + §Komax (6 — 1)]

= 5(0 + 2) Kmax(2 + 2X* — 4])])

AV
o

This completes the proof of the lemma. O

Theorem 4.4. Let M™ be an n-dimensional oriented complete submanifold
in an (n + p)-dimensional point-wise 6(> 1/4)-pinched Riemannian mani-
fold N™"*P. Set Kpax(z) := maxycr,n K(z,7), where K(x,7) is the sec-
tional curvature of N for 2-plane m C T, N and point x € N. If

[h(u,w)|*(z) < $Kmax(z) (6 — 1), Vue UM, z€ M,

where infyen Kmax(x) > 0, then M is diffeomorphic to a space form. In
particular, if M is simply connected, then M is diffeomorphic to the standard
unit n-sphere S™.

Proof. Since ||h(u,u)||? < § (6 — +) Kmax for any u € U, M, we see from the

Gauss equation that the sectional curvature of M is bounded from below by
%infxeM Kpax(z) > 5%2 infen Kmax(z) > 0. By Myers’ theorem, M is a
compact submanifold. When n = 2, it is easy to see that M is diffeomorphic
to S? or RP2. When n = 3, the Hamilton theorem [22] says that M is
diffeomorphic to a spherical space form. When n > 4, by Lemma 2.1 and
Lemma 4.1, we see that M is diffeomorphic to a space form. In particular,
if M is simply connected, then M must be diffeomorphic to the standard

unit n-sphere S™. This completes the proof of Theorem 4.4. O

Consequently, we have

Corollary 4.2. Let M™ be an n-dimensional oriented complete submanifold
in an (n + p)-dimensional §(> 1/4)-pinched Riemannian manifold. If

[h(u,w)|* < (6 —1), Vue UM,

then M is diffeomorphic to a space form. In particular, if M is simply con-
nected, then M 1is diffeomorphic to S™.
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We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. It follows from Theorem D and Theorem 4.4 that M
is diffeomorphic to S™. This completes the proof of Theorem 1.2. O

Finally, we would like to propose the following conjecture.
Conjecture 4.1. Let M™ be an n(> 7)-dimensional oriented complete sub-

manifold in the (n + p)-dimensional unit sphere S"P. Ifsup,; S < 2v/n — 1,
then M 1is diffeomorphic to S™.

More general, we give the following.
Conjecture 4.2. Let M™ be an n(> 7)-dimensional oriented complete sub-

manifold in a simply connected space form F""P(c) with non-negative con-
stant curvature c. Set

—2
a(n,H,c) = nc+ " 1;\/n2H4—|—4(n—1)cH2.

2(n —1) 2(n
If sup(S — a(n, H,c)) <0, then M is diffeomorphic to S™.

Motivated by the topological sphere theorem due to Shiohama and Xu
[19], we propose the following.

Conjecture 4.3. Let M™ be an n-dimensional closed submanifold in a
simply connected space form F"'P(c) with non-negative constant curvature
c. Then there exists a positive constant Cy, depending only on n such that if

/ (S —nH*"2AM < Cp,
M
then M is diffeomorphic to S™.
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