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The smallest Dirac eigenvalue in a spin-conformal
class and emce immersions

BERND AMMANN

Let us fix a conformal class [go] and a spin structure o on a com-
pact manifold M. For any g € [go], let A\ (¢9) be the smallest posi-
tive eigenvalue of the Dirac operator D on (M, g,0). In a previous
article we have shown that

>\+

min

(M, go,0) == inf X (g)vol(M,g)"/™ > 0.

9€l[go]
In the present article, we enlarge the conformal class by adding
certain singular metrics. We will show that if A\t. (M, gy, 0) <
At. (S™), then the infimum is attained on the enlarged conformal
class. For proving this, we solve a system of semi-linear partial dif-

ferential equations involving a nonlinearity with critical exponent:
Dy = N[/ V.

The solution of this problem has many analogies to the solution
of the Yamabe problem. However, our reasoning is more involved
than in the Yamabe problem as the eigenvalues of the Dirac oper-
ator tend to +o0 and —oo.

Using the spinorial Weierstrafl representation, the solution of
this equation in dimension 2 shows the existence of many periodic
constant mean curvature surfaces.

1. Introduction

Let M be a compact n-dimensional manifold, n > 2, with a fixed conformal
class [go] and a fixed spin structure o. Let g be conformal to gg, i.e., g € [go].
The classical Dirac operator D, on (M, g,o) has discrete real spectrum
with finite multiplicities. The eigenvalues tend to +00 and —oo. The dimen-
sion of the kernel of D, is a spin-conformal invariant, i.e., dim ker Dy, =
dim ker Dy, for all g € [go]. We denote the first (=smallest) positive eigen-
value of D, by A (g), and the first (=largest) negative eigenvalue by A; (g).

Finding bounds for this eigenvalue has attracted much interest during
the last decades. Among several estimates [14, 21,22, 24-26] in terms of a
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positive scalar curvature bound, let us mention the following estimate due
to Friedrich [14]. If the minimum of the scalar curvature of (M, g) is at least
s > 0, then (/\ic(g))2 > ﬁs.

An improvement of this inequality that is important in conformal geom-
etry was derived by Hijazi [18] in terms of the first eigenvalue A\;(L,) of the
conformal Laplacian L, = 4 % + scaly, namely

n

1.1 M(g) > ——M(L
(1.1) ( 1(9)) = 4n—1) 1(Lyg)
if n > 3. On the other hand, if the Yamabe invariant

, 3 scalgdvoly
Y (M = inf
( ) [g(]]) gleI[lgo] VOI(M, g)(”_2)/”

€ (—oo,n(n —1)]

is non-negative, one can use the conformal transformation formula for the
scalar curvature [12, Theorem 1.159], and one obtains that

M (Lg)vol(M, g)*/" = Y (M, [g0]).

Together with (1.1), we get

n

mY(M» [90])-

(12) X (g)] vol(M, )M/ > \/

That this inequality even holds in dimension n = 2, was proved by Bér [9]. In
this special case, the Gauss-Bonnet theorem tells us that Y (M) = 4mx (M),
hence we obtain

(1.3) AT (g)] area(M, g)'/? > 27

if M is diffeomorphic to S?, but we do not get a bound for other surfaces.
Equality in (1.2) and (1.3) holds for the round spheres.

Hence, if we know that the value of Y (M, [go]) and if Y (M, [go]) is posi-
tive, then we have obtained a positive lower bound ‘/\%E(g)| vol(M, g)*/™ that
is uniform on the conformal class [go]. From now on, we will restrict to the
first positive eigenvalue, in order to simplify the presentation (see the remark
below).

For any compact Riemannian spin manifold (M, go) with invertible Dirac
operator, the ezistence of a positive lower bound for A (g)vol(M, g)'/™ was
derived by Lott [27]. His estimate does not require that Y (M, [go]) is posi-
tive, but needs the weaker assumption that the Dirac operator is invertible.
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Unfortunately, his bound is not explicit, and for most spin-conformal man-
ifolds the determination of the value of the associated infimum

(1.4) AT

min

(M, [go],0) == inf Af(g)vol(M, g)"/"
g€lgo]
is still a challenging open problem.

A key idea of Lott’s article [27] is to derive a lower bound for the first
Dirac eigenvalue in terms of the supremum of a conformally invariant func-
tional, a version of this functional will be explained in Section 2.

In our article [3], we started to study this functional in more detail. In
particular, we showed that Lott’s result extends to the case that the Dirac
operator has non-trivial kernel. We show that
)\-I—

min

(M, [go], o) > 0

for any compact Riemannian spin manifold (M, [go], o).
Furthermore, it was shown that

)\—l-

min

<M7 [90]70) < A$in(Sn>v

where S™ = (5™, gean) denotes the sphere with its standard Riemannian met-
ric of constant sectional curvature 1. This bound has been proven in [3]
unless ker D # {0} and n = 2. The remaining case ker D # {0} and n =2
was given in [7].

In the present article, we discuss whether the associated infimum in (1.4)
is attained. For having a well-behaved minimization problem, it is reasonable
to replace the conformal class [go] in (1.4) by its L>®-completion [go]. Here, by
definition a metric f2gq is in [go] if f is a real-valued L™ function. The first
positive eigenvalue of the Dirac operator extends naturally to this completion

(see Section 3). We show that if we have the strict inequality

(8") = Zwh™,

(1.5) )\;in(M, 90,0) < AT 5 Wn

min
then the infimum is attained by a generalized metric g € [go]. This minimizer
has the form g := |p|* (" Dgy where ¢ is a spinor of regularity C2. The
set = 1(0) := {x € M| p(z) = 0} is called the nodal set of © or the set of
degeneration of g.

Theorem 1.1. Let M be a compact manifold of dimension n > 2 with a
fized conformal class [go] and a spin structure o. Assume that (1.5) holds.
Let a :=2/(n—1) if n >4, and let « € (0,1) if n € {2,3}.



432 Bernd Ammann

(A) Then there is a spinor field p € C>*(XM) N C®(X(M ~ ¢~1(0))) on
(M, go) such that

(1.6) Dy, = A /" Do, lell2n/(m-1) = 1.

(B) There is a g € [go] such that

X (g)vol(M, g)/m = X,

min’

The metric has the form g = \90|4/("_1)gg where @ s a spinor as in

(A).

(C) If dim M = 2, then the metric g is smooth and the nodal set ¢~1(0) is
finite. Furthermore,

#p71(0) < genus(M).

In particular, if M is diffeomorphic to a 2-torus, then the nodal set
©~1(0) is empty.

Inequality (1.5) has been proven if M is conformally flat, if D is invert-
ible, and if the mass endomorphism is not identically zero (after a possible
change of orientation if dim M = 3mod4) [6]. The mass endomorphism is a
section of End(X M) defined as the zero-order term of the development of
the Green function for the Dirac operator at the diagonal with respect to a
conformal coordinate map.

Furthermore, (1.5) is known for many Riemann surfaces (i.e., n = 2),
e.g., all rectangular tori have a spin structure such that (1.5) holds.

The Euler-Lagrange equation (1.6) of the above minimization problem
has a particularly nice interpretation in dimension n = 2. Locally, Equa-
tion (1.6) can be translated into a conformal constant mean curvature immer-
sion into R3. This translation is a spinorial extension of the Weierstrass
representation (see Section 9). By pasting together these local surfaces one
obtains a “periodic branched conformal cmc immersion.”

More exactly, let (M, g) be a compact Riemann surface together with its
universal covering m: M — M. A periodic branched conformal cmc immer-
sion based on (M, g) is by definition a smooth map F : M — R? together
with finitely many points pi,...,pr € M, the so-called branching points,
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such that the following properties hold:

(1) Periodicity: There is a homomorphism h : 71 (M) — R3, the periodicity
map, such that for any v € w1 (M), and € M one has

F(z-v) = F(x) 4+ h(7).

Here - denotes the action of m; on M via Deck transformation.

(2) Conformality: The restriction of F to ]\7\ 7 Y({p1,...,px}) is a con-
formal immersion.

(3) Branching points: We have dF,, = 0 for any ¢ € 7~ *({p1,...,px}). The
order of the first non-vanishing term in the Taylor development of dF
in ¢ is called the branching index of F at q.

(4) CMC: The image F (M\W_l({pl, e ,pk}> is an immersed surface
with constant mean curvature.

The following principle yields the existence of many periodic branched
conformal cmc immersions. The set of periodic branched conformal cmc
immersions, H # 0, is essentially (see Section 10 for a precise statement) in
bijection with the stationary points of the variational problem associated to
our minimization problem. In particular, all minimizers of (1.4) give rise to
periodic branched conformal cmc immersions. We obtain

Principle for construction of cmc-surfaces. Assume that the Riemann
spin surface (M, g,0) carries a metric g such that the first positive eigen-
value of the Dirac operator is smaller than 2/ /area(M, g). Then there is a
periodic branched conformal cmc immersion F based on (M, g). The reqular
homotopy class of F' is determined by the spin-structure o. The indices of
all branching points are even, and the sum of these indices is smaller than
2genus(M). In particular, if M is a torus, there are no branching points.

Some examples of branched conformal cmc immersions that may arise
by this principle are given in Section 10.

The problem that we are discussing in this article has many relations to
the Yamabe problem. For a given compact conformal manifold (M, [go]) the
Yamabe problem is the problem to find a metric g in [go] of constant scalar
curvature. The problem has been affirmatively solved by Trudinger, Aubin,
Schoen and Yau, see [29] for a good overview. At first, due to the conformally
invariant character of our problem and of the Yamabe problem, certain
bounded, but non-compact Sobolev embeddings play an important role. In
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the solution of both problems it is useful to break the conformal invariance by
perturbing a parameter. For this perturbed parameter the embeddings are
compact, and standard methods yield the existence of a minimizer. It then
has to be checked whether the perturbed minimizers converge to a minimizer
of the unperturbed problem, or whether they concentrate in some points. In
the Yamabe problem the minimizers converge if

(1.7) Y(M, [g0]) <Y (S")

holds. In our variational problem, the minimizers converge if (1.5) holds.
Secondly, (1.2) implies that any manifold satisfying (1.5) satisfies (1.7) as
well. Hence, proving (1.5) for a given spin-conformal manifold (M, [go], o)
solves the Yamabe problem on this manifold.

The structure of the article is as follows. In Section 2 we reformulate the
problem of minimizing the first Dirac eigenvalue as a variational problem.
We will see that it is natural to admit in infimum (1.4) certain singular met-
rics namely “metrics” conformal to gy whose conformal factor might vanish
somewhere. Such metrics — called generalized metrics — are the subject
of Section 3. In the following section, we discuss the round sphere. This
example is helpful to obtain a deeper understanding for the analytical diffi-
culties. However, it can be skipped if the reader is only interested in the main
results of the article. Section 5 is devoted to certain regularity issues that
will become important in Section 6, where the variational problem is finally
solved. We then show in Section 7 how this implies the main theorem. The
singularities of the minimizers are discussed in Section 8. In Section 9 we
recall the spinorial Weierstrass representation. Section 10 uses the spinorial
Weierstrass representation to derive the application to constant mean curva-
ture surfaces. Several examples are included. In Appendix A we summarize
(without proofs) some analytical tools. This appendix shall also serve as a
reference for fixing the notations for Sobolev spaces and Holder spaces. In
Appendix B we proof a proposition about Hélder spaces, as we could not
find a proof in the literature.

Remark (The first negative eigenvalue). The infimum is also attained
in (1.4) if we replace A by |[A[|. In the case n # 3mod4 this is obvious:
there exists an automorphism of the spinor bundle anticommuting with D,
hence A; (9) = —A{ (9). In the case n = 3mod 4, the proof for A] is up to
the obvious sign changes completely identical. In almost all references cited
in the introduction, all statements for A" also hold for |A]| and vice versa.
The only exception is [6].
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Historical comment. Most of the results in this article were first published
in the author’s habilitation [4]. The first preprint version appeared on the
arxiv in 2003, a simplified and stronger version in 2006. After the preprint
version was available, several young mathematicians published
results extending this article or strongly related to it, e.g., Simon Raulot,
Nadine Grofie and Andreas Herman.

2. The associated variational principle

The goal of this section is to reformulate the problem of minimizing the first
Dirac eigenvalue in a conformal class as a variational problem. The choice
of a good functional is not very easy, as we would like to find a functional
which is both bounded and conformally invariant. The Dirac operator D
has a simple behavior under conformal change of the metric, its square D?
transforms in a more complicated way. Hence, it is desirable to use a func-
tional that contains only terms in D¢ and ¢ and no term depending on
D?p. The F,-functional defined in (2.1), ¢ = 2n/(n + 1), is such a confor-
mally invariant, bounded functional, and it will turn out that by working
with this functional we obtain the desired results.

Remark. In case, that the reader of our article is already familiar with the
analytical problems of the Yamabe problem, he might find it enlightening to
compare this problem to our problem. Many techniques from the resolution
of the Yamabe problem can be carried over to our setting. However, sev-
eral arguments from the resolution of the Yamabe problem fail. Two main
problems arise: on the one hand the spectrum of D is neither bounded from
below nor from above, on the other hand, we are working with sections of a
vector bundle instead of functions, hence the standard maximum principle is
not available. Such arguments will have to be replaced by other approaches.

At first, we recall some basic definitions and facts from spin geometry.
For details we refer to textbooks as for example [16,28,35] or to the beau-
tifully written self-contained introduction [19].

Let M be a compact manifold equipped with a Riemannian metric g
and a spin structure . Assume that g is a metric conformal to gg. One asso-
ciates to (M, g, o) a natural complex vector bundle over M called the spinor
bundle (M, g,0) — M. Sections of this bundle are called spinor fields or
simply spinors. The bundle carries a hermitian metric, a metric connec-
tion and a Clifford multiplication. These additional structures are used to
define the Dirac operator D, : I'(3X(M,g,0)) — I'(X(M, g,0)), which is a
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first-order elliptic differential operator. The Dirac operator D, is essentially
self-adjoint, and hence it has a self-adjoint extension. As a consequence of
standard elliptic theory, the spectrum is real and discrete, and all multiplic-
ities are finite.

In the following, the spin structure o will be fixed (and often suppressed
in the notation), whereas the metric g varies inside the conformal class [go].
Some objects will be noted with an index g, which means that they are
defined with respect to g whereas the same object without the index ¢ indi-
cates that it is defined with respect to the fixed background metric gy (with
some exceptions that are apparent from the context). For example, dvol is
the volume element associated to g and dvol = dvoly, is the one associated
to go. We will frequently use several norms, as for example |||/ > and [|o|| e
that are defined with respect to gy unless otherwise stated. We summarize
their definition and some important analytical tools in Appendix A.

The spectrum of the Dirac operator D, will be denoted as

<A (9) <A (9 <0=--=0<X(9) <Af(9) <+,

where each eigenvalue appears with its multiplicity. Note that 0 may be an
eigenvalue or not, and thus D, may be invertible or not. Elliptic theory
shows

lim A\ (g) = — lim AT = 0.

an, e (9) = = Jim Ay (g) = oo
The following transformation formula will be of central importance. To our
knowledge, the earliest reference is Hitchin [20]. Another reference written
up in a more self-contained manner is [19].

Proposition 2.1 (Conformal transformation formula for D). Let
g = f%g0, f : M — R smooth and positive. There is an isomorphism of vector
bundles F' : (M, go,0) — X(M, g,0) which is a fiberwise isometry such that

Dy(F(g) = F (f 5 Dy f 5 0)

It is convenient to define

n—

F(p)=F(f~"

“p).

We will use this isomorphism F to identify spinors associated to confor-
mal metrics. With this identification the conformal transformation formula
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reads as
Dg((’p) = f_ngo(QO)v

and |p|, = f7%|cp|go. In particular, with this identification the kernels of
D, and Dy, coincide. It is easy to verify that with this identification, the
expression [(Dgy¢p, p)gdvoly is conformally invariant. The LP-norm [|@|| 1s ()

= (f ]<,0|Zdvolg)1/ P is conformally invariant if and only if p has the value
pp = 2n/(n — 1). Similarly, || Dyep||Le(g) is conformally invariant if and only
if ¢ has the value ¢p := 2n/(n + 1). Note that ¢gp~' +pp~! = 1.

For any q € [¢p, 2] and for any H{-spinor ¢ that is not in the kernel of
the Dirac operator we define

Dy, @) gdvol
1) Fi(p) = LRl e g o) = sup FR ),
||D990‘|Lq(g)

and F, := F5°, pg = pg°. The well-definedness of Ff and some basic prop-
erties are given by the following lemma.

Lemma 2.1. Let q € [qp, ). Let ¢ be a spinor field of regularity HY,
Do # 0. Then, Fy(p) is well-defined and real. Furthermore, Fy : Hi \ ker
D — R is Fréchet differentiable with derivation given by

2

(2.2) dFq(p)() = Dol

/<‘P - Pq,<p|D50|q_2D807 D),

where pg., = fq(go)HDgoH%:q. The supremum g 15 positive and finite.

From the above considerations it is evident that the functional F; is
conformally invariant if and only if ¢ = ¢p.

Proof. Let ¢ be a spinor field of regularity H{, Dy # 0. Take p with p~1 +
gl=1q¢> T?—f:l Because of ¢ € H{ < LP, we see with Holder’s inequal-
ity that (D, ¢) is integrable. Thus, the numerator of F, is well-defined,
and hence F, is well-defined. The self-adjointness of D implies that F,(¢)
is real. Moreover, because Hf < LP is bounded we see that | [,,(Dy, ¢)| <
|D¢||La [|@llz» is bounded from above by a multiple of H‘PH%{; Using The-
orem A.2 we obtain [j¢[|gs < C ([|Dg|lze + ||7(¢)|ze) where 7 is the L*-
orthogonal projection onto the kernel of D. We see that F, is bounded on
H{ N (ker D)1\ {0}. An arbitrary spinor field ¢ € H{ is written as the sum
of ¢1 € ker D and a non-zero @9 L ker D. As F,(¢) = Fy(p2), we see that
Itq is finite.



438 Bernd Ammann

Because of ¢ € H{, we have |Dp|9 2Dy € LP. Hence the right-hand side
of (2.2) defines a continuous functional on Hi. We denote the functional by
Y — RHS,(¢). Similarly, one sees that

Falp + 1) = Folp) = RHS, () < o([¢]|y),

hence F; is Fréchet differential with derivative 1 — RHS,(1)).
If ¢ is an eigenspinor to a positive eigenvalue, then 1y > Fy(p) > 0. O

Proposition 2.2 (Properties of 1j). The function u : [gp,00) — (0, 00)
s continuous from the right, and

p2(M,g,0) = (\f (9) ™"
Furthermore, if vol(M,g) = 1, then ug is non-increasing in q.

The function g — p is sketched in Figure 1.

Proof. We assume vol(M, g) = 1, the statements for vol(M, g) # 1 then fol-
low by rescaling.

That pg is non-increasing follows easily from the Hélder inequality.

In order to show the continuity from the right, let ¢ > qp be given. We
take a smooth spinor field ¢ such that Fj (¢) > ugd — . Observe that

B ||D980||%q(g)
2
HDQSOHLq’(g)

Folp) =

0 ()

Figure 1: pg as a function of g.



Spin-conformal class and cmc immersions 439

The function ¢+ || Dggll e (g is continuous, hence if ¢’ > ¢ is sufficiently
close to ¢, then

pg > Folp) = Fi(p) —e > pf — 2.

Because ¢ — pj is non-increasing, the continuity from the right follows.
The formula p§ = (A (g))~! follows directly if one writes ¢ as a sum of
eigenspinors and evaluates Fj (). O

Remark. In Proposition 6.1 we will see that the supremum defining pJ is
attained for ¢ > ¢p by a C*%spinor and the C'®-norm of the minimizers
are uniformly bounded on each compactum in (gp,o0). This implies that
the function

[QD,OO) — (0700]7 Q’_):ug

is also continuous from the left. We do not carry out this argument in detail
as it will not be used later.

Proposition 2.3.

1

H (M79070) = 3F a5 -
v A&jn(M7 gOa 0)

Proof. We have already seen that p,, is conformally invariant, i.e., for
91 € [90]

tap (M, go,0) = pqp (M, g1,0).
The previous proposition states that

—1
tigp (M, g1,0) > pa(M, g1,0) = (AT (1))

if vol(M, g1) = 1, and it follows

1
tqp (M, go,0) 2 .
! )‘$in(M> gOaU)

It remains to show the inverse inequality which amounts to showing

sup Af (g) 'vol(M, g) /" > sup Fy,.
9€|go]

For any € > 0 we take a smooth spinor ¢, with Fg, (¢:) > sup Fy, — € and
|D¢e||ap = 1. After a small perturbation of ¢, we can assume that Dy,
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has no zeros. We set
ge ‘= ’D@a‘4/(n+l)90-

Then we have vol(M, g.) = 1, and |Dy.|y. has constant length 1. Hence,
M7 €9 p—
Fa9) (p.) = FM 99 (0.) = FM7 () < pa(M, ge,0) = M () 7"

This implies the proposition. O

Now, as we have understood the relationship between the supremum of
F,, and the infimum of A vol'/", we want to establish a relationship of the
maximizers of F,, and the minimizers of A vol'/™. This will require some
knowledge about the Euler—Lagrange equation.

One easily sees that

Falsp +9) = Fy(p)

for any ¢ € ker D and s € R*. Hence maximizers of F, appear in families
and it will be convenient to choose a good representative for each family of
maximizers.

Lemma 2.2 (Euler-Lagrange equations of F,.). Let q € [¢p,2], and
choose p with ¢~ + p~' = 1. Suppose that Fy has a mazimizing spinor @1 €
Hi\ ker D. Then there is a mazimizing spinor ¢ € H{ \ker D, ¢ € R*p; +
ker D, such that

(2.3) Dy =t o0,  peH], ol =1

Proof. We normalize ¢; such that || Dy1||re = 1, thus pg o, = ptg- As @1 is a
maximizer, dF,(¢1) : H{ \ ker D — R is identically zero. Because of (2.2) we
see that 7 := @1 — pg|Dp1|72Dep1 € LP is a weak solution of D7 = 0, hence
it is smooth and in the kernel of D. Then, ¢g := p1 — T = 4| D1]|9" 2Dy
satisfies D1 = Do and hence

(2.4) o = pg|Dip2| " ?Depa, @2 € HY, | Dg2lla =1.
Taking norms we obtain

02| = 1| Dpa|?™ = p1g| Dipo| VP,
_ (— _ _ —(p—2
D] =2 = | Dipa| =0 DE=2) = (10 ) 777

Hence ¢ := pui; 'y satisfies (2.3). O
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Theorem 2.1.

()

(b)

Let 9 be a mazximizing spinor of Fy,, and suppose that 1 is smooth
and that Dv vanishes nowhere. Then g := |D|[* ™tV gq is a smooth
metric minimizing )\fvoll/" in the conformal class [go].

Let g € [go] be a (smooth) metric minimizing )\i"voll/”, and let ¢ be
an eigenspinor of Dy to the eigenvalue A (g), then the length of |1,
is constant and 1 maximizes Fy, .

Proof.

(a)

Let 9 be a maximizing spinor. According to the previous lemma, there
isan s € R* and a 7 € ker D such that ¢ := sy + 7 satisfies (2.3) with
q = qp and p = pp. In particular, [p|P? =1 =y, |Dy| = s, | D] van-
ishes nowhere. The metric g, := |g0|ﬁ go satisfies vol(M, g,) = 1 and
|¢|g, = 1. Then

(M (90) " = F32 () = FE ()
= Fi(p)
B o
gl (f Il po-a)

we see that Af(gy) < Af. . hence g, minimizes

min’

- /’LQD'

-1 _ y+
As 'U’QDl_Amin

)\fvoll/ ™. By a simple rescaling argument one sees that

+ \ 4/(n+1)
)

L 4/(n+1) _ 1 4/(nt1) 4/(n+1) _ )\min
g9 := |Dy| 9= 1|7 |Del go={-"

minimizes )\fvoll/ ™ as well.

By rescaling we can assume that vol(M, g) = 1. Unless otherwise indi-
cated all volume measures, norms, scalar products and Dirac operators
in this proof are with respect to g. In order to show that ||, is con-
stant, we define

_ 1+t
(f (L + )"

One calculates 4|, f; = |2 — [ |47, All metrics f2g have volume 1.

Hence, as the infimum of /\fvoll/ ™ is attained in g, we have A\{ (g) <
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A (gt), and hence

pa(M, g,0) = F(v) > FJ* () = m‘

For ¢t = 0 equality is attained. Hence

[ 1D < [ 5o,

Using D = A\ (¢)¢ and deriving with respect to ¢ yields
1

0= =) [ (B~ [0t )

The right-hand side is equal to — ()\f(g))2 H W\Z —f W\Z}
4|4 is constant.
This implies that F§ (¢) is independent of ¢, thus

Fa() = FIW) = (5 ()" = (W) ™"

And hence F,, attains it supremum in .

;2 = 0, hence

O

Remark. Later on, we will see that maximizers of F,,, that vanish nowhere
are always smooth.

3. Generalized metrics

Unfortunately, we cannot exclude that maximizers of F, vanish somewhere.
Maximizers with zeros correspond to metrics with certain singularities, more
precisely to metrics whose conformal factor has zeros. These metrics are the
main object of this section. We will summarize some facts about the size of
the zero set of maximizers in Section 8.

Roughly speaking, generalized metrics are metrics of the form f2gy where
f € L*>, f > 0. However, for technical and formal reasons it is better to use
the following definition.

Definition. Let gy be a smooth metric on a compact manifold M. A gen-
eralized metric is a tuple (f, g) where g € [go] and f € L™, f > 0.If h > 0is
smooth, we identify (fh,g) with (f,h?g). Furthermore we identify g € [go]
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with (1, g). Generalized metrics having a representative of the form (f, go)
are called conformal to go, and those having a representative (1, g), g € [go]
are called regular metrics — they correspond to metrics in the ordinary
sense. The set of all generalized metrics conformal to gy is called the L*°-

completion [go] of the conformal class [gg]. The volume of g € [go] is defined
as [ fdvoly,. For a generalized metric we say that f~1(0) is the set of
degeneration.

Remark. The reader should pay some attention to the following technical
difficulty: If f vanishes on an open set, then the L>°-(2,0)-tensor f2go does
not determine (the equivalence class) (f, go)-

However, despite of this remark and slightly abusing the notation, we
will write f2go instead of (f,go). Formally f2go is a generalized metric in
the above sense, not an L*°-(2, 0)-tensor.

Let us now assume that M carries a fixed spin structure o. For any
generalized metric ¢ = f2gy we want to define a spinor bundle and a Dirac
operator on (M, g,0) in such a way that the results of the previous section
carry over to this generalization. In particular, the functional F; has to be
defined and has to be conformally invariant for ¢ = ¢p.

As a vector bundle the spinor bundle X(M,g,0) is defined to be
¥(M, go,0), and due to our identification of spinors for different metrics
in a fixed conformal class this construction does only depend on the confor-
mal class [go] and not on the metric g itself. For any x € M and any spinor
¢ in the fiber of ¥(M, g,0) over x we define the pointwise norm

F@) " lplg, if f(x) £0,
lplg :== ¢ 0 if f(z) =0 and ¢(z) # 0,
0 if f(z) =0 and p(z) = 0.

Again, this norm does not change if we replace the background metric g

by a metric conformal to gg. For smooth sections ¢ of (M, g,0) such that
l¢ly < 0o almost everywhere we define the HZ(M, g, 0)-norm as

1/2 1/pp
(/ f*l‘Dgogp\go dvolgo) + (/ | gf dvolgo> < 00,

where we used the conventions 0~ 'r = oo for » >0 and 07'0 =0. The
Sobolev space HZ(M, g,c) is the associated completion.
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Lemma 3.1. There is a natural inclusion
le(M,g,O') — le(M7907U)

Proof. Cauchy sequences with respect to the norm H12(M ,g,0) are also
Cauchy sequences with respect to HZ(M, go, o). Thus we obtain a bounded
map HEZ(M,g,0) — HZ(M, go,o). In order to prove injectivity of this map
one shows that if ¢; is a Cauchy sequence in H?(M, g,0) converging to 0
with respect to HZ(M,go, o), then it converges to 0 with respect to the
H3(M,g,0) as well. O

We define the Dirac operator D, : HZ (M, g,0) — L*(M, g,0), Dy(p) :=
f71Dgy,(¢). The spinor Dy(y) is well-defined almost everywhere, as

{z € M| Dy, (¢)(x) # 0 and f(z) = 0}

has measure zero. It is easy to verify that all these definitions only depend
on the conformal class of gg and not on gg itself. Furthermore, we can refor-
mulate the definition of the above Sobolev space as

H2(M, g,0) = {¢ e I(2(M,g,0)) ‘ JIDyipl2 dvol, < oo}.

We now extend the definitions F§ and A{(g) to the L>-completion of
the conformal class.

Definition. For g = f2gy € [go] and any ¢ € H?(M, g,0) \ ker D we define

ng(SO) = f<Dgo<pa<P>go dVOIQo )
ff—1|Dgoap\30 dvolg,

Because of

1
/f1|D90¢|30 dVOlgo > ”f” /‘Dgo@‘go dVOIQO
Lo
F5 () < Ifllz= 75 (),

the functional is well-defined and bounded on H?(M, g,0) \ ker D.

It is also not hard to see that the supremum is attained. In fact, let
(¢i) be a sequence of spinors in HZ(M, g,0) \ ker D with F3 (¢;) — sup F,
normalized such that [ f~!|D¢;|? = 1. Then a subsequence (¢;,) converges
weakly in HZ(M, g, o), weakly in HZ(M, go,o) and strongly in L?*(M, go, o)
towards a o € HZ(M, g,0) \ ker D. Hence, lim Fj (;,) < F§ (o). Thus,
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the supremum is attained in . In analogy to Lemma 2.1 one gets for any
smooth test spinor v

/ (f'Dg — (F8(2) ", D),

which implies 7 := Dy — (F§(¢)) "1 ¢ € ker D and finally for @ := oo +
F3 ()T

Dy1 = (F§(1)) " @1

Definition. The first positive Dirac eigenvalue of (M,g,0), 9= g0
€ [go] is

M (9) == (sup {FL(¢) | € H}(M,g,0) \ ker D}) .

A non-trivial spinor with
Dgp = A (9)¢

is an eigenspinor to the eigenvalue \{ (g).

As we have already seen, this definition coincides with the definition of
the first positive Dirac eigenvalue and a corresponding eigenspinor if g is
regular.

Most of the statements of the previous section still hold in a modified
version for generalized metrics, the proofs are nearly identical. For example
one can extend Proposition 2.3 to the following.

Proposition 3.1.

inf A (g)vol(M,g)"/™ = inf A (g)vol(M, 9)"/" = g, (M, g,0)~".
9€(go] 9€lgo]

The equation inf e, AT (g)vol(M, Y™ = g, (M, g,0)~" is exactly the
statement of Proposition 2.3 and the equation inf -~ A (g)vol(M, g)'/™ =
Hqn (M, g, o)~! can be proven with exactly the same proof.

Similarly, we obtain an analogue of Theorem 2.1.

Theorem 3.1. Let (M, gg,0) be a compact Riemannian spin manifold.
(a) Let v be a mazimizing spinor of Fy,, (with regularity H{°). Then g :=
|Dy|Y ("D gy is a generalized metric minimizing \| vol'™ in [go], the
L*>°-completion of the conformal class [go].
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(b) Let g = f%go € [go] be a generalized metric minimizing A vol'/™  and
let 1 be an eigenspinor of Dy to the eigenvalue )\f(g), then the length
of ||y is constant on M \ f~(0) and ¢ mazimizes Fy,, .

The proof of this theorem is essentially the same as the proof of Theo-
rem 2.1. Later, we will see that any maximizing spinor has regularity C>?,
hence g = |Dip|¥ "+ gq is always a generalized metric.

4. The case of the sphere

The sphere S™ = (5™, can) with the round sphere is an important example.
On the one hand, the invariant )\Ln of the round sphere is contained in
many equations and inequalities. On the other hand the round sphere has
a large conformal group, and hence studying the minimizers on the sphere
helps to understand the analytical difficulties. In particular, we will see why
the conclusion in Theorem 6.1 does not hold if ug, = ,LL?Z. (Recall gp =
2n/(n+1).)

The invariant At. (S™) is not hard to calculate if one uses the fact that
the Yamabe invariant of the round sphere

1 1
Y (S"):= inf J sealy dvol,
g€[can] vol(M, g)(n72)/n
/n

is attained for g = can, and hence Y (S") =n(n— l)wg , where w, =

vol(S™). The Hijazi inequality (1.1,1.2) tells us, that

2
2> Lyt =1 2n

(4.1) PN Z =1 1w

min

Recall that the sphere of constant sectional curvature 1 carries a Killing
spinor v to the constant —1/2, i.e., it satisfies

Vxp=—(1/2)X -9

Note that this condition implies that the length of ¢ is constant. Because
of Dy = (n/2)1) we obtain

(4.2) Afin(8") < AT (8")vol(8M)/" < Zw)/™.
And then
AF(SP) = S wl/m,

2 n
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The above Killing spinor satisfies

(Fan ()7 = 2wl (sup Fyp) 71

2
hence F,, attains its supremum in such Killing spinors.

Let A:S™ — S™ be an orientation preserving conformal diffeomorphism.
Then the pullback of any spinor ¢ with respect to A is a section of A*
(X(S™, can)) = £(S™, A* can), and as before we identify 3(S™, A* can) =
(8™, can) by using the map F described after Proposition 2.1. If ¢ is a
solution of (2.3), then this pullback, denoted by A*p, is a solution of this
equation as well. Furthermore if ¢ maximizes F,,, then A%y is also a max-
imizer. As a consequence, all conformal images of Killing spinors to the
constant —1/2 are maximizers of F;,,. The following proposition shows that
there are no other maximizers on S”.

Proposition 4.1. If ¢ is a spinor of reqularity C? that attains the supre-

mum of Fg,, then there is a Killing spinor ¢ to the Killing constant —1/2
and an orientation preserving conformal diffeomorphism A :S"™ — S™ with

A*p =1).

Later on we will see that any maximizer of regularity H{ with ¢ > ¢p is
even C2. Hence the statement also holds under this weaker assumption.

Lemma 4.1. Let (M, g,0) be an arbitrary Riemannian spin manifold (not
necessarily complete or compact). Assume that there is a spinor v of con-
stant length 1 and with Dy = A\p. Then

-1 ~
scal = 47— \2 — 4|Vap|?,
n
where %X@/) =Vxv+ %X -1) denotes the Friedrich connection on spinors.

Proof. The Friedrich connection is a metric connection, hence

,d* d(1h, ) = Re(V*Vip,4b) — (Vp, V).

The twisted version of the Schrodinger—Lichnerowicz formula yields

(D—)\>2 o4 scal (n—l))\Q.

n 4 n?
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Hence
AN e, scal  (n—1)A\?
(A-2) = (Fp+ 20 - DN
We obtain
—1 ~ - 1
DTN = (W, V) + 2
n 4

O

Proof of Proposition 4.1. We have to show that the supremum is not
attained by any other spinor. For proving this, assume that v is a maxi-
mizer, [[1| Lo = 1. As the Dirac operator on S™ has kernel {0}, the spinor
satisfies the Euler-Lagrange equation (2.3).

On the open subset S™ \ ¢»~1(0) we define the metric

g1 := || can.
In this metric (2.3) transforms into a solution of
Dyt = Apntts  [lg, = 1.

On the one hand, one calculates

n—1 _nit2 n=2 _ a4
|71[)| ZﬁlAcanW)ﬁ*l +Scalcan‘w| not

n—2

scaly, =4

and integration yields

n—2

n—2
—1 1
" Acanwjyn

—1
/ scalg, dvoly, = / 4" [
S\ (0) My (o) 2

+n(n—1)[Y
n—1
(4.3) :/Sn4 ~ arw

n —

2 n—2
=1 dvolean

n—2
n—1

2 n—2
n=1 dvolean,

2
+n(n =1y

where the last term arises by partial integration. In order to make this step
precise one has to exhaust M \ 1»~1(0) by smooth manifolds with bound-
ary and partially integrate over these exhausting manifolds. The bound-
ary terms vanish in the limit, as ¢y — 0 on the boundaries and d|¢| is
bounded.
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It is a standard fact from the resolution of the Yamabe problem (see,
e.g., [29]) that any H? function f satisfies

Jon A5 |df P + n(n — 1) f2 dvolean

(4.4) ; > Y(S") = n(n — 1)w?/™.
(S /7% dvolean)

Setting f := |¢]%?, we obtain [, f 1= 1, and hence the right-hand side
of (4.3) is bounded from below by n(n — 1)w,21/n.
One the other hand, the previous lemma provides

-1
scalg, < i (AH )2 =n(n—1)w?/",
n

min
and as vol(S™\ ¥ ~1(0), 1) = 1, we see that we must have equality in all
inequalities involved, in particular in (4.4). An application of the maxi-
mum principle [29] yields that f does not vanish, and hence v has no zeros.
Furthermore, g7 is a metric of constant scalar curvature conformal to S",
and such a metric is necessarily of the form g, := A* can for an orientation
preserving conformal diffeomorphism A :S"™ — S™. With respect to g1 we
obtain Vi = 0, hence ¢ is a Killing spinor on (5™, g1). This implies that
@ := (A~1)*4 is a Killing spinor on S™. O

Remark. There are solutions to (2.3) that do not maximize the functional.
An easy construction of such a solution is as follows. The map A:S? =
CU {00} =+ S?=CuU {0}, 2+ 2* k€ N\ {0} is conformal with branch-
ing points 0 and co. If ¢ is a solution of Dy = c|p|?¢, then the pullback
1 1= A*p is a solution of D = c|tp|?1) on S? \ {0, 00}. Here 1) is a section of
the pull-backed spinor bundle, which is defined using the pull-backed spin
structure. The pull-backed spin structure on S? \ {0, 00} coincides with the
standard spin structure iff k£ is odd. If £ is odd, one can show that the exten-
sion of 1) by setting ¢/(0) = 0 and ¥(00) = 0 is a solution of D1 = c||*) on
S?. However, [ |1[* =k [ |p[*. This implies F(¢)) = k~'/3F(p). Hence, if ¢
is a Killing spinor, and k£ > 3, k odd, then v is a non-maximizing solution.

5. Regularity theorems for the Euler—Lagrange equations
In this section we want to study solutions of the Euler—-Lagrange equations.

The first subsection “Removal of singularities” will be used in the following
section to extend a solution of R™ = S§™ \ {South Pole} to a solution on S™.
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The second subsection proves that solutions of the Euler—Lagrange equations
are C?P~2,

5.1. Removal of singularities

Theorem 5.1 (Removal of singularities theorem). Let p € [-"5,00).

Let (U,g) be a (not necessarily complete) Riemannian manifold equipped
with a spin structure, let © € U. Assume that ¢ € LP(X(U \ {z}), g) satisfies
weakly on U \ {z} the equation

(5.1) Dy = AP 2.

Then this equation even holds weakly on U. In particular, the distribution
Dy does not have singular support in x and is contained in L.

Proof. Let 1 be a smooth spinor compactly supported in U. We have to
show

(5.2) /U (0, D) = A /U (lolP~20,9).

For any small ¢ > 0 we choose a smooth cut-off function 7. : U — [0, 1] with
Ne = 1 on B:(x), with |Vn.| < 2/e and with support in Ba.(z). We rewrite
the left-hand side as

63) [ @00 = [ (e0(0=n)w+n))

= [{e.0(@=m)o)+ [ eonDu)+ [ o, V0 w)

As ¢ is a weak solution of (5.1) on U \ {x}, the first term equals to

A / JolP~2, (1 — 1)),

and for € — 0 it tends to the right-hand side of (5.2).
Let ¢ be related to p via 1/q 4+ 1/p = 1. The absolute value of the second
term is bounded by

lellLr(Baoy [PV La(Bs.)

which tends to 0 for € — 0.



Spin-conformal class and cmc immersions 451
Finally, the absolute value of the third term is bounded by

|w”L‘I(BzE) <C ||‘P||LP(st) e

2
- ||<P||LP(325)

Our condition p > %5 yields ¢ < n, and hence the third term also tends to
0 for e — 0. O

5.2. Regularity

Theorem 5.2 (Cl’o‘-regularity theorem). Suppose that ¢ € H{, q €
[aD, 2] is a solution of Equations (2.3). Suppose that there is an r > pp such
that ||¢|| - < oo. Then ¢ is CY® for any a € (0,1).

Furthermore, we obtain a uniform bound of the C1®-norm in the follow-
ing sense. Let us choose k, K >0 such that ||p|r- < k and pg > K. Then
for any a € (0,1) there is a constant C depending only on (M,g,0), p, r,
K, k and o with

lellene < C.

Remark. The following example shows that the theorem cannot hold with-
out the L"-bound. Let M = S™ and p = pp. Let ¢ be a Killing spinor to the
Killing constant —1/2. Suppose [[t)||r»r = 1. Let A:S™ — S™ be an orien-
tation preserving conformal diffeomorphism, such that the differential in a
given point x¢ € S™ satisfies (dA);, = 21d. Then A’ is again an orientation
preserving conformal diffeomorphism with (dA?),, = 2¢1d. It follows that
¥; = d(A")4 is a family of solutions of (2.3), maximizing F,,. However, for
any r > pp one can show that ||¢;|| - — oo for i — co. Hence, the L"-bound
is necessary for the theorem to hold.

Remark. The theorem will be applied in several versions. At first, we
will apply it when p < pp. In this case the Sobolev embedding H{ — L",
r =nq/(n —q) > gp, already provides the required L"-bound for ¢. How-
ever, the r given by the Sobolev embedding depends on p. It will be of
central importance to obtain a bound that is uniform for p — pp. After
having proved Theorem 6.1 the uniformity statement in the above theorem
will be used to obtain a bound that is uniform for p — pp. Finally, the regu-
larity theorem will be applied in the case p = pp. In this case an additional
L"-bound is required as well.

Proof of Theorem 5.2. The proof uses the following “bootstrap argument.”
At first, we assume 7 < n L. As ¢ is L", the right-hand side of (2.3), i.e.,

n—1
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lp[P=2¢p, is L'/P=D) < L5 with s :=7r/(pp — 1) = T% < n. We apply the

Global LP-estimates A.2 or the Interior LP-estimates A.1 with N = K :=
M and get ¢ € H;. Using the Sobolev embedding I, Theorem A.5(a) one

rn =

obtains ¢ € L" with 1/ = 2£ = nir”é. Using r > pp = 2n/n — 1 one sees

that 7/ > r, hence we have obtained sgonger regularity for . We iterate this
argument and get L"-bounds for arbitrarily large 7. For any ¥ > n Z—fll, we
obtain ¢ € H with §:=7/(pp — 1) > n. We apply the Sobolev embedding
theorem II, Theorem A.5(c) and obtain ¢ € C%* for any « € (0,1). Hence
lo[P~2¢p is C%* as well, and applying Schauder estimates Theorem A.3 we
get o € C1H® for arbitrary a.

The uniformity of the upper bound is clear from the construction. [

The bootstrap can be continued and we obtain better regularity.

Proposition 5.1 (Improved regularity). We assume the assumptions
of the previous theorem.

(1) Let U := M\ ¢ 1(0). Then ¢|y € C=(U).
(2) If p> 2, then p € C** for any o € (0,1) N (0,p — 2]. Furthermore,

H(p”02=a < C:

where C' depends only on (M, g,0), p, r, K, k and «.
(3) If n =2 and p = pp = 4, then ¢ € C*°. Furthermore,

lellem < C,
where C' depends only on (M, g,0), p, r, K, k and m.

Proof. (1) On U we can continue the bootstrap argument and apply induc-
tively the Schauder estimates Theorem A.3. We conclude that ¢ is smooth
on U. We obtain (1). Note, that we have not proved that [|¢||cm ) is finite,
as there is no control on high derivatives close to the nodal set.

(2) Let p > 2. We know that ¢ is C® for any a € (0,1). Hence, using
Appendix B one sees that |¢|P~2¢ is OV for a € (0,1) N (0,p — 2]. The
Schauder estimates imply that ¢ is C?©.

(3) Similarly, if n = 2 and p = 4, then ¢ — |@|P~2¢ is also smooth in 0.
Hence the bootstrap can go on with higher order Schauder estimates, and we
inductively get ¢ € C™(M) for any m. The construction obviously provides
uniform bounds. We obtain (3). O
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6. Solution of the variational principle

Proposition 6.1. Let q¢ and p be related via 1/p+1/q = 1. For q € (¢p,2)
the supremum g of Fq is attained by a spinor field ¢ € C*% ae(0,1)N
(0,p—2], 1/p+1/q = 1. The spinor ¢ can be chosen such that ¢ is a solu-
tion of (2.3).

Proof. Let ¢; be a maximizing sequence for Fy, i.e., Fy(pi) = pg. We may
assume ||Dy;l/r« = 1, and that ¢; is orthogonal to ker D. After taking a
subsequence there is a po, € H{ such that ¢; converges weakly to oo, in H.
Thus ||Dpeollre < liminf ||[Dep;||z« = 1. The compactness of the embedding
H < LP provides a subsequence, that converges strongly to ¢oo in LP. This
implies

/(Dsoz-,sm = /<D90i790i — Poo) +/<Dsoi,sooo> — /<D<poo,s0<>o>-

-/

<[ Deillcallpi—poclle = [(D@eo,poo)

Hence,

f<D90i790i> < f<DSDOOa(Poo>
IDpillZ. = 1DpwollZa

pg = lim Fo(p;) = lim = Fy(¥oo) < g

As a consequence, we have equality in all inequalities, in particular || Dgo|| £a
= 1. According to Lemma 2.2 one can find s € R* and 7 € ker D such that
© = S¢oo + T solves (2.3). Proposition 5.1 (Improved regularity) tells us that
@ is C2, O

Theorem 6.1 (Uniform C%-estimate). Let ¢ be a solution of (2.3) with
p € [2,pp) and pg > u?l +¢, e > 0. Then there is a constant C = C(M, g,
o,€) such that

lellco < C.

Remark. The conclusion of this theorem does not hold any longer, if we
drop the condition g4 > ,u§;. In fact, if ¢ =¢p and (M,g,0) =S", then
there is the following counterexample: Let A be an orientation preserving
conformal map S"™ — S™ with a repelling fixpoint zg as described in the
first remark in Subsection 5.2. Let ¢ be a Killing spinor. As seen in the
previous section ¢ is a maximizer of F,, and a solution of (2.3). The images
o1, := (A¥), under the conformal maps A* are also maximizers of F,, and
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solutions of (2.3). However, as easily seen, ||¢g|/co tends to oo for k — oo.

Proof of Theorem 6.1. Assume that such a constant does not exist. Then
we find a sequence of solutions ¢ of

(6.1) Dy =py' loel* or,  er € H{*,  |lgpllon =1
1/qe =1—1/py, pg, > 15, + ¢ and
(6.2) lkllco — .

Let us assume for a moment that ps := liminf pp < pp. In this case, we can
choose a subsequence with py — ps. We have 1= |pgl7h,

a
= H \90k|p’“_280kHL:k = g, || D || %, . We conclude that ¢y is bounded in

H] for a ¢ > gp, and hence in L" for an r > pp. Then the regularity theo-
rem (Theorem 5.2) says that ||¢k||co is bounded, in contradiction to (6.2).
Hence, the case po, < pp cannot occur, i.e., limpg = pp.

There is a sequence of points s € M with

mi = |pr(sk)| = max {|px(2)| |z € M} — oo.

The idea is to blow up suitably the metric such that we obtain in the limit
a solution on Euclidean R".
We define

i = (my) 2P,

5 )21

Pr = (my) P

Pk-
One easily verifies
(6.3) [Pk (sk)lg = 1,
and obviously (2.3) transforms into
— e

(6.4) O

qk
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We calculate

= Mgy, /<Dg§5k7 ¢k> dVOlg

2((pr—2)251—1 k
PAEDZ0) s,
=1

= (mx

We can assume that my > 1. As pp < pp implies (px — 2)"771 —-1<0, we
obtain

(6.5) 18kl Low 5y < 1

The injectivity radius of (M, gx) tends to infinity, i.e., for any R > 0 there
is a ko = ko(R) € N such that for all k¥ > ko the exponential map exp?r :
Ts, M — M with respect to g and based in sj is a diffeomorphism on the
ball of radius R around 0. Now, we identify (T, M, gi) with (R", geyc1). Then
G, := (exp?¥)* gy is Riemannian metric on Bg(0) that coincides with geye in
0. In the limit £k — oo the metrics g; converge to geycl in the C*°-topology.

As already said in previous sections, the construction of the spinor
bundle, its scalar product and its connection depend on the Riemannian
metric (and the spin structure). In order to work out the blowup con-
struction one has to define a pullback of the spinors ¢y € I'(X(M, gi,0))
via normal coordinates and then obtain a spinor in I'(X(Bg(0), geuc1)). In
the literature two such pullbacks are used, a pullback construction car-
ried out in [7] and inspired by Bourguignon and Gauduchon [13], or via
radial parallel transport (see, e.g., the solution of the index problem in [35]
using Getzler rescaling). Both pullbacks can be used here. The pullback
in [7] has better approximation properties, and is an important tool if one
wants to study fine asymptotics of the blowup. However, the pullback via
radial parallel transport is technically simpler to introduce, hence it will be
used here.

For R >0 let Xo(Bgr(0), gouc1) (resp. s, (M,Gi,0)) be the fiber of
Y(Bgr(0), geuc1) over 0 (resp. 3(M, G, 0) over si). Let us define the radial
vector field X = rdr = Y %0, on Br(0) C R™. Its length is the distance
from 0. For sufficiently large k, the exponential map of (M,g,) based in
sk, denoted by exp?f is a diffeomorphism from Bg(0) onto its image. One
chooses a (complex) linear isometry ¥ (Br(0), geucl) = Zs, (M, gy, o). This
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map extends uniquely to a fiber preserving map A :X(Bgr(0), geuc) —
¥(M,gy,0), such that

2(BR(O)7geucl) i> Z(M, §k70')
\ \:

Br0) M
commutes and such that
AVxP) = Vi), (x)A%-

In a neighborhood of sy, this condition can be equivalently characterized by
saying that ¢ — Ao o (exp?)~! maps parallel sections of X(Bg(0), geucl)
to radially parallel sections of ¥(Bg(sk), gi, o). One easily sees that A is a
fiberwise isometry, but the connection on the spinor bundle is not preserved.
However, this will not matter, as in the limit £ — oo, R fixed, the connections
converge in the C'"*°-topology.

Let k > ko(R). On (BRr(0), geuc1) we define the spinor

B = A o G o explt
and the operator Dy : I'(X(BRr(0), geuc1)) — I'(X(BRr(0), geucl)),
Dy :=A"1o Dg, o A,

where Dy, is the Dirac operator on (Br(0), 7). We obtain

_ 1 o
Dypy, = p 5P 25y

dk
Note that
1@kl coBr)) < [@£(0)| = 1.

Hence, we may apply the interior LP- and the Schauder-estimates A.1 and
A.3 to conclude that

[@kllcra(Bra(0)) < C(R),

with constants C'(R) and k(R). The constant C'(R) does not depend on
k if g, is sufficiently C°°-close to geycl. In particular, the C'°*°-convergence
G — Geua says that C(R) does not depend on k for k > ki (R).
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Compare Dy, with the Dirac operator D! on Euclidean R”. (For similar
and more explicit calculations the reader might consider, e.g., [33] for pull-
back via radial parallel transport, and [7] for the other pullback method.)
We have

(D — D)@l 0o (B (0).genet) < TR IR 1o (B 2(0).5,)

with limg_ 7%, = 0. The convergence is not uniform in R, but this will
not matter in the following.

We choose a sequence of radii R,,, — co. For each R,,, the Arcela—Ascoli
theorem (Theorem A.4) allows us to choose a subsequence of () converg-
ing in CY(Bg, (0), geucl)- After passing to a diagonal sequence, we see that
there is a spinor g, on R™, such that @y|p, o) converges to P|p, (o) €
CY(Bgr(0), geua) for all R > 0.

Then @, is a solution of

1

Deudioo = ‘@oo|pD72ioo
qDp

on R™.
Estimate (6.5) says that ||og||Lox (B (sy),5.) < 1- Hence, for any € > 0 and
R > 0 there is k2 = k2(R, ) such that

1Pkl Los (Br(o)y < 1+¢€

for all k> ko. Because of the C'-convergence @, — ., Fatou’s lemma
yields

1@ooll Lro (BR(0)) <1

for any R € (0,00), and finally for R = co.

We identify ©,, via stereographic projection with an LPP-spinor e
on S™ \ {South pole} with the identification provided by the application F
directly after Proposition 2.1. We obtain

N~ 1 o~ —D o~
(6.6) D° Poo = |Poo|PP 29000
qdD
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and ||@ool|zro < 1. The removal of singularities theorem, i.e., Theorem 5.1,
says that (6.6) holds on the whole sphere S".

[ DB Boch = bt 1Pl ey

pp—1

||DSB<>0HL"D(S“) = Nq_Dl = Hq_Dl ||9500”Lpg(§n)a

~ pp—1—~
|Pool ‘POO‘ Lip (57

s» SO 5|12~
/’LqD Z qu (QDOO) = HQD ||9000”Lpg1(38n) Z ILLQD
which is apparently a contradiction to our assumption i, > ,uCSIZ +e. O

Proposition 6.2. If there is a pg < pp and an r > pp such that for all
t € (po,pp) there is a solution p; of Equation (2.3) withp =t,1/qg+1/p=1
and such that ||@¢||L- is bounded by a constant C independent from t, then
there is a sequence t; — pp such that s, converges in the C'-topology to a
solution of Equation (2.3) with p = pp.

Proof. For p sufficiently close to pp, we know because of Proposition 2.2
that p; is bounded from below by a positive constant. Thus, we can apply
the regularity theorem (Theorem 5.2) which tells us that (¢¢) is uniformly
bounded in C1. Hence, for a sequence (¢;) with ¢; < pp, converging to pp,
the spinor fields ¢y, converge in the Cl-topology to a Cl-spinor field ¢y,
which is a solution of Equation (2.3) with p = pp. O

7. Proof of the main theorem

In this section we want to prove the main result of this publication, namely
Theorem 1.1.

Proof of Theorem 1.1. Proposition 6.1 tells us that for any ¢ € (¢p,2), ¢p :=
2n/(n+1), the functional F, is attained by a maximizer denoted ¢,
satisfying

Dyq = N;l |<Pq|p_290qa g € H?a legllr =1,

where p and ¢ are related via p~' +¢ ! =1. We have assumed that
A (M, g,0) < AL, (S™) which is equivalent to g, > MEZ- As the function
q — g is continuous from the right (Proposition 2.2), we see that there is
an € > 0 such that p, > ,u§; + ¢ for ¢ close to gp. For such ¢, Theorem 6.1

implies that ¢, are uniformly bounded in the C%-norm, and then we can
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use Theorem 5.2 to conclude that these ¢, are even uniformly bounded in

C1*. The theorem of Arcela—Ascoli (Theorem A.4) implies that there is a

sequence ¢; — ¢p such that ¢, converges in the C'-norm to a solution ¢ of
Do =X lel" %0, peCl,  glle =1.

Theorem 5.2 and Proposition 5.1 then show that ¢ has the desired regularity,

and statement (A) is proven.

We will now show that statement (B) follows from statement (A). If we
have a solution as in (A), then we set g1 := f% (" Ygy with f = (¢, ¢). Note
that vol(M, g1) = [ ||/ (=D = 1.

The transformation formula for the Dirac operator under conformal
changes (Proposition 2.1) implies that there is a spinor ¢ on (M, g1,0)
such that

Dg,p1 =Xp1,  |epilg =1
Then obviously, \{ (g1) = A, and (B) follows.
Statement (C) of Theorem 1.1 will follow from Proposition 8.1, proved
in the next section.

8. The nodal set

In this section we want to study that the zero set of solutions of the Euler—
Lagrange equation

(8.1) Dy = c|pP~%p.

Note that often the zero set of a function ¢ solving an equation of the above
type is denoted as the nodal set of .
The following theorem is due to Bér [10] for smooth P.

Theorem 8.1 (Nodal sets for Dirac operators). Let (U,g) be a Rie-
mannian manifold and let ¢ be a solution of

Do =P -y,

where P is a smooth function. Then the nodal set of ¢ has Hausdorff dimen-
ston at most n — 2.

Unfortunately, (8.1) has not the desired form as P = ¢|¢[P~2 is not
smooth for p € Z, and Bér’s proof does not extend to such a P. Never-
theless, we conjecture that the theorem also holds for P = ¢|p|P=2, p > 2.
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Conjecture 8.1. The nodal set of any solution of (8.1) has Hausdorff
dimension at most n — 2.

If n=2 and p=pp =4, then we have better regularity. In this case
solutions of Equation (8.1) and the corresponding P = c|p|? are smooth.
Hence, using [10, Main Theorem]|, one sees that in this case the nodal set
of a solution is a discrete subset. The following proposition controls its
cardinality.

Proposition 8.1. On a compact spin surface (M, g,0) of genus v let ¢ be
a solution of equation

Dy = XNelp, el = 1.
Then the number of zeros of ¢ is at most v — 1 + g.

In particular, this implies part (C) of Theorem 1.1.

Proof. We set g1 := |p|*g. Then outside the zero set we know by Lemma 4.1
that the Gauss curvature of g; is at most A\2. Furthermore vol(M, g1) = 1.
Let ¢(p) = 0. The integral of the geodesic curvature with respect to g; over
small simply closed loop around p is close to —2(2j, + 1)m, where j, is the
order of the first non-vanishing term in the Taylor expansion of ¢ in p. We
remove small open disks around the zeros of ¢ from M, and we obtain a
surface with boundary M’. With the Gauss—Bonnet theorem we obtain

2m x (M) = / / Ky + /(‘)M/ kg, < A2 — Z(2jp + 1)27.

And hence 27 (2 —2v) =27 x(M) <A —47>j,, which implies the
proposition. [l

9. The spinorial Weierstrass representation

The aim of this section is to recall the spinorial Weierstrass representation.

Weierstrass published a representation of minimal surfaces in R? in terms
of holomorphic functions [39]. His article deals only with local questions,
everything is described in a fixed conformal chart of the surface. From a
modern (chart free) point of view, it is clear that these holomorphic sections
should be interpreted as a section of the spinor bundle, and “holomorphy”
translates into a “harmonicity,” i.e., the surface is minimal iff the corre-
sponding spinor ¢ satisfies Dy = 0.



Spin-conformal class and cmc immersions 461

During the 20th century several attempts were undertaken to global-
ize the Weierstrass representation and to adapt it to arbitrary surfaces.
Unfortunately, most approaches replaced Weierstrass’ original approach by
a formulation in terms of a holomorphic 1-form and a holomorphic function.
The corresponding formulae for non-minimal surfaces were quite involved,
and hence not very suitable for applications.

An amazing breakthrough was achieved by work of D. Sullivan,
R. Kusner, and N. Schmitt around 1990, and independently by U. Abresch.
In early 1989, Dennis Sullivan put together some unpublished notes explain-
ing the spinorial character of the Weierstrass representation for minimal
surfaces. In spring 1989, Robert Kusner realized that the spinor formal-
ism is not limited to minimal surfaces, but extends to conformal immer-
sions of arbitrary surfaces, as described below. These techniques were pre-
sented in Sullivan’s CUNY seminar in 1992, and spread around among the
experts rapidly. Kusner’s results found their continuation in the PhD thesis
of Schmitt [36]. Schmitt found many interesting applications of the spinorial
Weierstrass representation. The results of Kusner and Schmitt led to the
publications [23, 36].

Independently, Abresch developed a spinorial Weierstrass representation
for constant mean curvature surfaces. Unfortunately, the resulting document
of Abresch, some handwritten lecture notes from a conference in Luminy,
were never published.

We also want to mention an earlier result of Pinkall [34]. In the special
class of oriented surfaces, Pinkall’s result establishes a bijection between
regular homotopy classes of immersions of oriented surfaces M and Zo-valued
quadratic forms on H'(M,Zs). These quadratic forms are in bijection with
the spin structures obtained in the spinorial Weierstrass representation.

More recent literature concerning this representation can be found for
example in [2,11,15] and in articles by Pinkall, Taimanov, M.U. Schmidt,
Morel, Voss and their collaborators. However, this list is far from being
exhaustive.

In our exposition we roughly follow [15,23]. The setting for the spino-
rial Weierstrass representation is as follows. Let M be a compact Riemann
surface of genus v. The vector bundles AL9T*M and A%'T*M are defined
as the complex linear part and the complex anti-linear part of T*M ®g C.
The compositions

I T*M — T*M @ C — AYOM

%Y T*M — T*M @ C — AY' M
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of the complexification and the projection on AMM resp. A%'M define
vector space homomorphisms T*M =2 AYOM and T*M =2 A%' M. These map
I'%and I%! preserve the natural connections. However, one should pay
attention to the fact, that these maps do not preserve lengths, but 2Re
g(I'%(a), I'9(3)) = 2Re g(1°1(a), I°V(8)) = g(a, §). The maps 2(1*0)~!
resp. 2(I%1)~! are denoted as the real part, namely Re (a) = 2(I*%)~!(a)
for « € T(AMYM) and the same notation is used in the (0,1) case. Complex
conjugation maps AP M to AMOM and vice versa.

As the second Stiefel-Whitney-class of M is the mod 2 reduction of the
Euler-class of TM — M, one sees that M is spin. However, the space of spin
structures on M is not unique: it is an affine space for the group H'(M, Zs) =
(Z2)*', where y denotes the genus of M. Hence, there are 47 spin structures
on M.

If a spin structure is fixed, then the associated vector bundle with respect
to the standard representation of S' on C is a complex line bundle XM
satisfying ¥t M @ TM =2 A% M. If we equip ¥t M with the natural her-
mitian metric, we can choose this map such that the hermitian metric (resp.
the connection) on A%! M is the tensor product metric (resp. tensor product
connection).

We define X~ M to be X+t M with the conjugated complex structure.
In particular, there is a natural anti-linear conjugation map X*M — ¥~ M,
the hermitian product defines a complex bilinear metric contraction X~ M ®
Y*M - C and "M ®X M= AYM. In particular, ™M @ A% M
=YY" MXTM @XM =YX"M, and hence the Dolbeault operator is a
map @ : T'(X~M) = T(X+ M), and similarly & = -9 : T'(2T M) — T(X~M).

We define ¢''? and ¢! as the compositions

TM % 7*M S AYM =S~ M @ 2~ M = Home (S M, S~ M),
TM % M A% M = M @ S M = Home (S~ M, $7M).

Composing ¢!'? with complex conjugation yields ¢'? and vice versa. One
calculates

XY ) + MUY X) = g(I(X), I(Y)) + g(I(Y), I(X)) = g(X,Y).

As a consequence, the map

TM - End (3MesM), x| 0o )
’ —ch0(X) 0

satisfies the Clifford relations.
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One sees, that the sum XM := XM @ ¥~ M can be identified with the
standard spinor bundle on M in such a way that the above map is the
Clifford multiplication, and such that XM resp. ¥~ M are the positive
resp. negative half-spinors.

The Dirac operator can be written in this notation as

DE \fz(_oa g) T(ztex) »r(stex).

Now let us assume that ¢ = (¢4, ) is a solution of Dy = H|p|?p, where
H is a real-valued function on M. This means

—V20p, = Hlp[o-,

V209~ = Hlp|*?y.
We define

P+ O+ + P-@p—
a:=v2 |ip; ®p; —ip-®@p- | € [(A> @& R?).
2ipy @@

Let M denote the universal covering of M, and 71 (M) the group of Deck
transformations. .

As O = do is imaginary, we can find a function F : M — R3, such that
dF = Re a, and there is a homomorphism V : 71 (M) — R3, such that

F(p-v)=F(p)+V(y) VpeM, yem(M).

One calculates that F' is a conformal map with possible branching points,

4F| = [Re o] = —=Ja] = [¢f,
and that F'(M) has mean curvature H.

Hence, the map F' satisfies properties (1) to (3) from the introduction,
i.e., it is a periodic branched conformal immersion F based on (M, g) with
mean curvature H.

In any zero of the spinor ¢, the map F has a branching point. If F
vanishes of order k, then « vanishes of order 2k. Hence, all branching points
of I are necessarily of even order.
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Summarizing the above statements, we obtain for any solution of Dy =
H |¢|?¢ a periodic branched conformal immersion of M into R® which is
uniquely determined up to translation. If ¢ solves Dy = H |¢|?¢, then —¢
as well, and the corresponding F' is the same. Hence, we obtain a well-defined
map

conformal periodic

solutions of . .
H-immersions

Dy =H |p|*p » /£1 —
on M

o / trans-
M — R3with branching lations

points of even order

and one can show that this map is even a bijection.

The inverse of this map is given by restricting a parallel spinor on R3 to
F(M) and by performing a conformal change [11].

If H is constant, then there is also another version of the spinorial Weier-
strass representation, where the target space is S instead of R3. We view
53 as SU(2) with a bi-invariant metric of constant curvature 1, the multipli-
cation in SU(2) is denoted with e. The periodicity condition (1) has to be
replaced by

(1') Left periodicity: There is a homomorphism h : 7(M) — SU(2), the
periodicity map, such that for any v € w1 (M), and € M one has

F(z-v) = h(y) e F(z).
Here - denotes the action of 71 on M via Deck transformation.

One obtains a bijection

solutions of conformal left periodic H-im-
/Left mul-

— 2 ions M i
Dy =clpl*¢ p /£1 — < mersions M — SU(2) with tiplication

on M branching points of even order

where ¢ = vV H? + 1. For details see [4,32,38].
10. Applications to constant mean curvature surfaces

If the dimension of M is 2, then (1.6) reads as

4/3
(10.1) Do =X lelPe, e HYE ol =1

min
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and according to the regularity theory ¢ is even smooth.

The spinorial Weierstrass representation explained in the previous sec-
tion tells us that such a solution can be used to construct certain immersions
with constant mean curvature.

Combining the previous results we obtain the following application that
is a stronger version of the “Principle for construction of cmc-surfaces” men-
tioned in the introduction.

Proposition 10.1. Assume that the Riemann spin surface (M,g, o)
satisfies

(10.2) AT

T (M, [g],0) < 2.

Then there is a periodic branched conformal cmc immersion F : M — R3
based on (M, g). The mean curvature is equal to A\t. (M, [g],0) and the area
of a fundamental domain is 1. The regular homotopy class of F is determined
by the spin-structure o. The indices of all branching points are even, and
the sum of these indices is smaller than 2genus(M ). In particular, if M is

a torus, there are no branching points.

The proof is a direct consequence of Theorem 1.1 and the previous
section.

There are many examples of stationary points of the functional. How-
ever, it is still open whether they are the maximizers or not. Note, that by
changing the orientation of a surfaces, a maximizers 1 of F,, on M turns
into a minimizer ¢’ of F,,, on the surface with reversed orientation M’, with
5’:‘%/ (') = =FM(¢). Let us study some examples.

Examples.

(a) Let (M, g) be a two-dimensional torus. Via a conformal change we can
achieve that g is flat, i.e., M = R?/T, equipped with the Euclidean

metric. We assume that the lattice I' is generated by <(1) and i),

with y > 0. The spinor bundle of a flat manifold is flat as well, hence
the holonomy is a map I' — SU(X,M). Indeed, the image of this map is
contained in {4 Id}. We obtain a homomorphism y : I' — {£1d}. This
homomorphisms characterizes the spin structure o in the sense that
two spin structures on (M, g) are isomorphic iff the homomorphisms
x coincide, and to each such homomorphism there is a spin structure.
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The case x = + Id corresponds to the so-called trivial spin structure
O¢r, the other cases correspond to non-trivial spin structures.!

At first, we deal with the case o = oy,. In this case, after a possible
rotation and a possible homothety, we can achieve

|z| g%, v+a2?>1, y>0.

On (M, g,01,) the kernel of D has complex dimension 2, and consists
of parallel spinors. If one carries out the constructions from the last
sections for a parallel spinor, then one obtains an affine conformal map
F. Such an F is trivially a periodic conformal immersion F’ based on
(M, g) with vanishing mean curvature. However, if y > 7 then one eas-
ily sees that Al—;in(M , g, 04r) < 2m. The proposition yields the existence
of a periodic conformal immersion F' based on (M, g) with constant
mean curvature )\Iﬂn(M , g, 04r), and the area of a fundamental domain
is 1. However, the proposition only provides the existence of the solu-
tion, but we cannot characterize the maximizer. In our example, a
family of solutions can be explicitly written, namely it is the family of
parametrized cylinders

F:R?> 5 R3
a %ECOS%
(b) — P Z/—Esin% + Xo
a
Vi

for any P € O(3), Xo € R3. We conjecture that these solutions are
exactly those that correspond to the maximizers and the minimizers
of F,,, when we normalize such that all spinors have L*-norm 1.

In the case o # oy, we can achieve that

1 1
() )

1, 2 1

The Dirac operator is always invertible.

INote that this notation is a bit misleading, as it is only the trivial spin structure
on M that defines a non-trivial element in the bordism class.
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One easily sees A\ (M, g,0) < % Hence, the proposition yields
solutions for y > %. Once again, solutions can be explicitly written,

namely the parameterized cylinder

F:R?> 5 R3
%cosm
(Z) — P T@sin%ﬂb + Xo
Vi

for any P € O(3), Xo € R3. However, in some cases, e.g., if z = 0 and
4/m < y < 1, these solutions no longer correspond to maximizers and
minimizers, but to saddle points of the functional. We conjecture that
in the case x =0, y < 1 the maximizers and minimizers correspond
to the unduloid immersions (see figure 2). An unduloid is a surface of
revolution of constant mean curvature.

(b) If M has genus 2, then as in the case of the torus, the dimension of the
kernel is independent of the metric, however it depends on the spin
structure. If o is a spin structure such that (M, o) is spin-cobordant 0,
then the Dirac operator is invertible for any metric. Again, as in the
torus case, one can find for any € > 0 a conformal classes g on M with
MM, [gl,0) < & [5]

min

Figure 2: An unduloid in R3, visualized by N. Schmitt, University of
Tiibingen, Germany.
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If the genus is larger than 2, then the kernel of the Dirac operator on a
Riemannian spin manifold (M, o) depends on the metric. For example
if M is a surface of genus 3 equipped with the spin structure o and the
conformal structure gy associated to the periodic conformal immersion
with vanishing mean curvature indicated in figure 3. This immersion
induces a harmonic spinor on (M, g,0). However, as (M, o) is spin-
cobordant 0, there is a perturbation [g¢] of the conformal structure
such that the Dirac operator on (M, g;, o) has a trivial kernel for small
t # 0 [31]. In this case

lim AT

t—0 min
t#0

(M7 [.%]70) =0,

hence there exist solutions of (10.1). Such a solution is visualized in
figure 4.

Constant mean curvature immersions of 72 into R?, in particular
Wente tori and twisty tori (figure 5) also correspond to stationary
points of F,,. However, as they are not embedded [30] tells us that

Figure 3: A periodic branched conformal minimal surface, visualized by
K. Grosse-Brauckmann, University of Darmstadt, Germany.
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Figure 4: A periodic branched conformal cmc surface, visualized by
K. Grosse-Brauckmann, University of Darmstadt, Germany.

J H? > 8. On the other hand, maximizers and minimizers of F,,, sat-

2
isfy f H? = /\+ < 4m, hence these tori do not correspond to maxi-
mizers or minimizers.

Similar propositions also hold for immersions into S? and into hyperbolic
space H3, see [4]. We will only specify the case of S® = SU(2).

Proposition 10.2. Assume that the Riemann spin surface (M,g,0)
satisfies

(10.3) A (M, [g],0) < 2.

min

Let a € (0, \}. (M, ]g],0) be given. Then there is a left periodic branched

min
conformal cmc immersion F : M — SU(2) based on (M, g). The mean cur-

vature is equal to H = \/ T (M,lgl,0)/a)? — 1, and the area of a funda-

mental domain is a®. The regqular homotopy class of F is determined by the
spin-structure o. The indices of all branching points are even, and the sum
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Figure 5: A twisty torus, a cmc immersed torus in R3, visualized by
N. Schmitt, University of Tiibingen, Germany.

of these indices is smaller than 2genus(M). In particular, if M is a torus,
there are mo branching points.

An example where the image of the periodicity map has a finite image
in SU(2) is given in figure 6.

Figure 6: An unduloid in S3, visualized by N. Schmitt, University of
Tiibingen, Germany.
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Remark. If (M, g)is an analytic Riemannian manifold of dimension 3, then
there is an analogue of the spinorial Weierstrass representation. This implies
that solutions ¢ of (2.3) can be geometrically interpreted as a conformal cme
embedding of M \ ¢~1(0) into a (non-complete) four-dimensional Rieman-
nian manifold (N, k). This manifold (N, h) carries a parallel spinor whose
restriction to (M, g) is again the solution of (2.3). The manifold (N,h)
depends on ¢ and is unique up to restriction to subsets and coverings. A
more detailed exposition of this three-dimensional version is work in progress
by the author.

Appendix A. Elliptic regularity

In this section we want to collect some facts about elliptic regularity for Dirac
operators. The proofs of these statements are analogous to proofs of the
corresponding statements for the Laplace operators as done, e.g., in [1,17].
Details on how to prove most statements of this section are given also in [4].
Either a proof is provided there or it is sketched how the statements are
reduced to standard theorems.

Let (N,g) be a Riemannian manifold, possibly with boundary, with a
spin structure o. The interior of N is denoted as Ny. The spinor bundle
Y(N,g,0) is a complex vector bundle carrying a natural connection and a
natural hermitian metric.

We now define the Sobolev norms of spinor fields.

Definition (Sobolev spaces). For any spinor 1) smooth on N, and ¢ €
(1,00), k € NU{0}, we define the Hl-norm of ¢ as

% . 1/q
Dlareine o = /v...vw dvol, | .
|| ||Hk,(N797 ) — N‘\—v—/ ‘ g

! I-times

When the domain of integration is clear, we simply write [[¢[|ys instead
of [[9]lra(n,g,0)- The closure of the space of smooth spinors with respect
to this norms is denoted as H}(3(N,g,0)). If the underlying structure of
Riemannian spin manifold is clear from the context, we often write shortly
H g , or in other situations where we want to emphasize the metric we write
H}(g). We will also write L9 for H{.

Theorem A.1 (Interior LP estimates). Let (N,g,0) be a compact Rie-
mannian spin manifold, possibly with boundary. Let K be a compact subset
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of No. Let v be in HI(X(N,g,0)) and let ¢ € H{ (X(N,g,0)) be a weak
solution (i.e., in the sense of distributions) of

D=9
on No. Then ¢|g € H{, | (X(K,g,0)) and

lellag, sxgon < C - (1lla22(N.g.0)) T 1€l LoV, g.00)) »

where C' = C(N,g,0,K,k,q), i.e., C depends only on N,g,0, K,k and q.
Furthermore, if a sequence of metrics (g;)ien converges in the C°-
topology to a Riemannian metric g, then the constants C can be chosen
such that
supC(N, g;,0, K, k) < 0.
1€N
In order to prove the theorem, it is sufficient to prove it in the case that
N and K are small concentric geodesic balls, the radius being controlled in
terms of curvature bounds, and bounds on derivatives of the curvature. As
explained in [4] this can be done in a way analogous to the corresponding
statement for the Laplacian in [17]. The general statement then can be
reduced to the special case by covering (the general) K by finitely many
small open balls and an associated partition of unity.
In the special case that the boundary of N is the empty set, and that
K = N = Ny, then there is a stronger version, that will be used as well.

Theorem A.2 (Global L? estimates). Let (N,g,0) be a compact Rie-
mannian spin manifold without boundary and v € H(X(N,g,0)). Then any
weak solution ¢ € H{(%(N,g,0)) of

Dy =7

satisfies p € H! 1 (X(N,g,0)), and there is a constant C = C(N, g,0) such
that

lellag,, < C (1¥llae + 1mker(py (@)l La) ,

k41

where Tyer(p) 15 the L?-orthogonal projection to the kernel of D.

The proof of this theorem is not difficult if one uses some facts about
pseudodifferential operators, explained for example in [37]. We abbreviate
T 1= Ter(p)- The spectrum of the elliptic operator D + 7 is bounded away
from 0, hence it is invertible and its inverse is a pseudodifferential operator
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of degree —1. Pseudodifferential operators of degree —1 are continuous from
L% to H{. Hence,

el = (D +m) (D + m)¢llgs < C||(D + m)el| Lo
< C(||D¢llra + |7 (@) za) -

This is the statement of the theorem in the case k£ = 0, and the statement
for k& > 0 follows for example by using Theorem A.1.

However, a uniformity statement for converging g; — g as in Theo-
rem A.1 does not hold. If dimker Dy > lim sup; dim ker Dy, then one easily
shows that there are eigenspinors ¢; for Dy, to eigenvalues \; — 0, A\; #0
with

1D¢illLa(g,) + 1mg. (0i) | La(g0)
pill e g

= )\ia

which would contradict a uniform version of Theorem A.2.
We also need some facts about Holder norms.

Definition (Holder spaces). Let a € (0,1]. On C*°(X(N, g,0)) we define
the Hélder norms

llellcoa == |l@llco + héla(w),
lellcre = [lellco + [[Vellcoa = llellco + [[Vellco + hola(Ve),

hil(Q) := sup{ |@<$C>l(; 1;;§2<y>|

parallel transport along a shortest geodesic v from z to y,}.

| v,y € M,z # y, P, is the

If the shortest geodesic is not unique, then we use the convention that the
supremum runs over all possible choices of shortest geodesics.

The completions of C*°(X(N,g,0)) with respect to the Holder norms
C% and O define the Hélder spaces C%* = C%*(%(N, g,0)) and C1® =
CH*(3(N,g,0)).

Holder norms are important as they admit Schauder estimates.

Theorem A.3 (Schauder estimates). Let (N,g,0) be a compact Rie-
mannian spin manifold, possibly with boundary, and let K be a compact
subset of No. Suppose 1 € CH*(X(N, g,0)), k € NU{0}. Then for any weak
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solution ¢ € L*(X(N, g,0)) of
Dy =1,
we have ¢|x € CFTL(X(K, g,0)) and

HQOHC”““*”(E(K,g,a)) <C- (WHCk>w(2(N,g,a)) + H‘PHCO(E(N,g,a)),

where C' = C(N,g,0, K, ).

Furthermore, if a sequence of metrics (g;)ien converges in the C°-
topology to a Riemannian metric g, then the constants C can be chosen
such that

sup C(N, gi, 0, K, k) < 0.
1€N

As before, one important special case is that N has empty boundary
and K = N = Nj.

The proof can be done in a way analogous to the proof of the corre-
sponding statements for the Laplacian in [17]. Again it is sufficient to prove
it for small concentric geodesic balls, and to glue them together. We omit
the details. For a proof for concentric geodesic balls is provided for example
in [4].

In local charts one easily reduces the following theorem to the standard
Arcela—Ascoli theorem.

Theorem A.4 (Arcela—Ascoli). Let (N, g,0) be a Riemannian spin man-
ifold, possibly —with boundary. For m e NU{0}, the inclusion
C™*(X(N,g,0)) = C™(X(N,g,0)) is compact, i.e., a bounded sequence in
C™*(X(N,g,0)) has a subsequence convergent in C™(X(N,g,0)).

Sobolev and Holder spaces are related by several embedding theorems,
some of them are compact, others are only bounded. We summarize the
embeddings that are needed in the article.

Theorem A.5 (Embedding theorems). Let k,s € NU{0}, k> s and
q,7 € (1,00). Let (M, g,0) be a compact Riemannian spin manifold without
boundary. All spaces of functions are defined on sections of 3(M, g,0).

(a) (Sobolev embedding theorem I). If
Lok
n?

S
2>
n o q

S|

(A1)

then H{ is continuously embedded into HY.
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(b) (Rellich-Kondrakov theorem). If strict inequality holds in (A.1) and if
k > s, then the inclusion Hg — H is a compact map.

(¢) (Sobolev embedding theorem II). Suppose 0 < a < 1, m € {0,1} and

1 k—m—«
<

n

Q

Then H}! is continuously embedded into C"™*.
Appendix B. Some facts about Holder spaces

In this section we want to include some proofs of probably well-known state-
ments about Holder spaces.

Lemma B.1. Let V be a Euclidean vector space, o € (0,1), m € N. Then
the map V= Q),, V,
T:z—z|*""z@ - -Qx
————
m times
1s C'%.

Proof. Let x,y € V. At first, we suppose that |z — y|| < § and ||z|| > §. Then
we calculate

| ]| H ‘ HxH’
LY <z — gl + |1 = 0yl < 26
el | = | = o = el < e =t kL
Hence
e o0 < T
|z || IIQ?H IIyH Hyll = el
This implies
20m
T(x) = T(y)| < |||l=]|* — Tl

< lz =yl + [l 20m
< (2m+1)6“.

Now suppose that ||z —y[| < § and [|z| < é. Then

T (x) = T(y)| <[zl + [ly[[* < 36%.
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Hence, we obtain |T'(z) —T(y)| < 2m + 1)z —y|| for all z,y € V, and
hence 7" is C. 4

Proposition B.1. If V is a vector bundle over a compact Riemannian
manifold, and if ¢ is a CY*-section of V, a € (0,1) then ¢ = |¢|Pp, >0
is a C17-section for vy := min{a, B}.

Proof. The section ¢ is obviously Lipschitz, hence |¢|? is C®. We have to
show that

V= [PV + B(Ve, o) o2

is C7. The first summand is a product of C” and C%, hence C". According
to the previous lemma, |¢|?~2p ® ¢ is CP, hence the second summand is a
product of C® and C?, hence also C7. O
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