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A quadratic inequality for sum of co-adjoint orbits

NAICHUNG CONAN LEUNG AND XIAOWEI WANG

We obtain an effective lower bound on the distance of the sum
of co-adjoint orbits from the origin. Even when the distance is
zero (thus the symplectic quotient is well defined) our result gives
a nontrivial constraint on these co-adjoint orbits. In the particu-
lar case of unitary groups, we obtain the quadratic inequality for
eigenvalues of Hermitian matrices satisfying

A+ B=C.

This quadratic inequality can be interpreted as the Chern number
inequality for semi-stable reflexive toric sheaves.

1. Introduction

Given any rank r Hermitian matrix A, we may order its eigenvalues in such
a way that

A(A) = Aa(A) 2 - > Ar(A)

and denote A (A) := (A1(A),..., A\ (A)) € R" as its spectrum. In [6] (also
see [3] for an excellent account of the subject), Klyachko discovered fol-
lowing series of linear inequalities for Hermitian matrices A, B, C satisfying

A+B=C:
D OMAC) <D XA+ N(B)

keK icl jeJ

for all triple of subsets I,J, K C {1,2,...,r} of the same cardinality and
such that the associated Schubert cycle si is a component of sy - sz. This
result can be interpreted as describing the linear inequalities that determine
the intersection of the sum of co-adjoint orbits Oy 4) + OxB) + Ox(—¢) With
the positive Weyl chamber for the unitary group, which is a convex polytope
by Kirwan’s convexity theorem. Klyachko’s result was generalized to any
compact Lie group by Berenstein and Sjamaar in the beautiful paper [2],
they are able to relate above eigenvalue inequalities to the convexity of the
image of the moment map. All above inequalities are linear on eigenvalues
of matrices.
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In [7], we find a natural quadratic inequality on these eigenvalues by
relating the Hermitian matrices to stable reflexive sheaves over the projective
spaces (c.f. [5]). More precisely, we have found the following

Theorem 1.1. Suppose Ai,...,Anx are rank r Hermitian matrices
satisfying

N
> Ay =0.
a=1

Then the following inequality holds true;

N
(1.1) SAAP S T A A A (—4p).
a=1

1<a#B<N

Moreover, the equality holds if and only if all but two of Ay’s are scalar
matrices.

We have explained in [7] the relationship between this quadratic inequal-
ity and the classical Chern number inequality for Gieseker polystable vector
bundles over a projective manifold (not necessarily being toric). Our dream
is to find a universal “Chern number inequality” for stable objects in the
sense of geometric invariant theory such that the classical Chern number
inequality for vector bundles will be a consequence. In order to do so, we
made our first step, that is, we extend the above results to the case of sum
of co-adjoint orbits for ANY compact Lie group.

Main Theorem. Let Og\as be co-adjoint orbits of a compact Lie group G
with a« = 1,2,...,N. If we choose A\, be the unique point of the intersec-
tion of Oy, with the positive Weyl chamber. Then for any A in the sum of
co-adjoint orbits

N
A€ Z O,
a=1
we have
N
(1.2) AP =D AP+ ) (e wo - Ag)
a=1 aF#B

where wy is the longest element in the Weyl group W.
Furthermore, the equality holds if and only if all except at most two of
A.s, 1 < a < N are in the center of g.
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Notice that 22;1 O,,C g* is the image of the moment map for the
diagonal G-action on HaNzl O,,. If we want to construct the symplectic
quotient (ngl (9)\(1) //G, we need the origin to be inside of the image of
moment map. Thus our main theorem gives a necessary constraint for this
to happen, namely 25:1 |)\a|2 + Ewéﬁ (Aa, wo - Ag) must be nonpositive.

Suppose SN [ A|? + > a4 (Aaswo - Ag) is positive, then our main the-
orem gives an effective lower bound on the distance between Zgzl O,, and
the origin in g*. If we define

N
2= Y Palt Y Aaswo - Ag)
a=1

azp
N N 2
R = ) el Qasdg) =D Aa
a=1 a#l a=1

Then we have
N
> O\, CBR)-B(r)Cg
a=1

where B (R) and B (r) are balls centered at origin of radii R and r, respec-
tively. As it was found in [7], that Equation (1.1) is closely related to the
Chern number inequality for stable vector bundles, the main motivation of
the generalization made in this paper is to obtain the analogy of Chern
number inequality for the zeros of moment map.

Finally, let us close this section by introducing our notations for the
remaining sections.

G;T;Z compact Lie group; its maximal torus; its center

g, 63 Lie algebra of G; T'; Z

(+y ) bi-invariant inner product on g, which identifies g
with g*

ty positive Weyl chamber

20 wo Weyl group of G; a longest element in the Weyl group

(O, Q0,) Cg; adjoint orbit through\ € t; with Qp, being its
symplectic form

aoCg centralizer of A € t

c¥,5x C ca semi-simple part of ¢y, center of ¢y
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C\,CY CG closed subgroups of G with Lie algebra ¢ and ¢
(-)T D9 5y orthogonal projection to 3, with respect to (-, '>g
(-)L g — 3§\- projection to the orthogonal completement of 3, with

respect to (-,-),
2. Convexity of moment map
Let us consider the diagonal G-action on the symplectic manifold fov:l Ox.,

with Kostant—Kirillov—Souriau symplectic form, then the map

N

i*:Hg—)g

a=1

N
(E1s e bN) — Y a

a=1

being dual to the diagonal embedding i : G < GV is the moment map of
the diagonal G-action. We define

N
Ay :=i" <H OA(,> Nty
a=1

e., Ay is the moment polytope inside the positive Weyl chamber. If we
restrict the G-action to its maximal torus, then the moment map for the
T-action is given by II := j* o z”"|l—[(zxv71 O where j* : g — t is the projection
induced from j : T — G. That is,

N
H:HO)\Q—>f

a=1
(617'~'7§N —>] (Z£a> .

In this section, we prove

Theorem 2.1. For any \ € Ay = i* (ngl (9)\&) Nty, we have

N
(2.1) <)\, ZAQ> > A\
a=1
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Moreover, the equality holds if and only if

The proof of the above theorem based on the convexity property of
moment maps. Let us first state the following elementary lemma and the
proof will be left to the readers.

Lemma 2.1. For any \,n € t;, we have
(A wo-m) < (Aw-m) < (Am)

for any w € 2. Moreover, we have
1. (\,m) = (XN wo-n) if and only if n or X € 3.
2. If X lies in the interior of ty then (A, wo-n) = (\,w - n) if and only if

wo = w1,

The next lemma describes the convex hull Hull(20-)\) of a Weyl
group orbit.

Lemma 2.2. Suppose A\, n € ty satisfying (\,¢) = (n,¢) for any ¢ € 3 and
(E,N) = (€,m) for any € € by, then

n € Hull (20-)) .

Proof. First, we have a Lie algebra decomposition g =3 @ 3*. By our assump-
tion (X, () = (n,¢) for any ¢ € 3 and the fact that 3 is invariant under 207,
we may reduce to the case that 3 = 0. By assumption ({,\—n) >0 for
any £ € t,, precisely means that 7 always lies in one side of the supporting
hyperplane of the convex set Hull (20-\) C t, hence

n € Hull (20 - A).
O

Let us recall the following convexity theorem due to Atiyah [1], Guillemin
and Sternberg [4].
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Theorem 2.2. Let (X,w) be a symplectic manifold with a Hamiltonian
T-action such that fized points are all isolated and p : X — t be its moment
map. Then

Im (p) = Hull ({e1, ..., ¢p})
with {c;}’s being the fixed points of the T-action.
In order to apply the above theorem, we restrict our G-action to its max-

imal torus, then the moment map is given by II := j* o ’L'*|1—IN71 o, » where
j* : g — tis the map induced from j : T — G. That is, -

N
IT: II(DA — t

a

a=1

(&1, bn) — g (Z@)

Then we obtain

Theorem 2.3.

N
ImIT=Hull <Qﬂ : Z )\a>

a=1

where 2 (Zgil )\a) is the orbit of Zgil Ao under the action of 2. Fur-

thermore, we have
N N
-1 (w'Z/\a) € Ht
a=1 a=1
for any w € 20.

Proof. First, we notice that the fixed points of the adjoint action of T on g
is t, this implies that the image of the fixed point set under II is

N
{Zwa')\aet
a=1

By Lemma 2.1, we have

N N N
)\OM — )\a, Oz')\OH
(Ee) =m0 =, 5 (B t)

a=1

(wl,...,wN)EQﬂN}.
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for € € t;. This implies that, for any £ € t;

N N
Hull (m-ZAa> ) Zwa o
a=1

a=1

So we deduce

for any (w1, ...,wy) € 2N by Lemma 2.2. Combining this with Theorem
2.2, we have

N
Im [I=Hull ( > wa Ao

a=1

N
(w1, ..., wy) € ?ZHN> = Hull (m- ZAQ> .
a=1

O

Corollary 2.1. Suppose A € An. Then for any 0 #n € ty, we have

N
<n,ZAa> > (1, ) -

Moreover, the equality holds if and only if A\ = Zivzl Aa-

Proof of Theorem 2.1. Let n = A then the inequality follows from the above
corollary. O

3. Proof of the main result

By using the co-adjoint action of G, it is enough for us to prove the inequality
for A € Ap. Since we are going to prove the main theorem by induction, for
any positive integer N, we introduce the following statement(*y) to indicate
its dependence on N.

Statement (*y). Let G be a compact Lie group and {A1,...,Ax} C t;. For
any A € Ay, we have

N
AP =D el + D (Aaswo - Ag)
a=1 o
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with the equality holds if and only if there are wi,...,wy € 20, the Weyl
group of G, such that

N
A= wa - Aa
a=1
and
(A Wo - Ag) = (Wa - Ao, wg - Ag) forl < a,F < N.
Before we proceed let us verify that the existence of wq,...,wy € 20
with

(Aa, wo - Ag) = (Wa - Aq,wg - Ag) for 1 <oa,B<N

is equivalent to the condition that all but at most two of A,’s are in 3.
For simplicity, let us assume that wy = id and Ay is semisimple, that
is, it is not fixed by any element in 20. The identities

(/\N,wo-)\a):<)\N,wa-/\a> fOI‘lSOcSN—l

and the semisimplicity of Ay imply wg - Ag = We - Ag for 1 < a < N — 1 due
to Lemma 2.1. Hence for 1 < o, < N — 1, we have

(Ao, Wo - Ag) = (Wa - Aa,wg - Ag) = (Wo - Aa, Wo - Ag) = (Aa, Ag) -

By Lemma 2.1 again, this implies that all but at most one of A\,’s, 1 < a <
N —1 lie in 3. For general Ay, the idea is very similar, and we leave it to
the readers.

Now our main theorem stated in the introduction is equivalent to the
following

Theorem 3.1. Statement (xx) holds true for any positive integer N.

To make the proof more transparent, let us briefly sketch the main idea
modulo the technical details. As we mentioned earlier, we will argue by
mathematical induction on N. In Proposition 3.1 we show that if A =10
then the inequality

N
0= A’ + D (Aaywo - Ag)
a=1 a3

follows from statement (xx_1). So the argument boils down to reducing the
general case to the case of A = 0. To do that, we first show in Lemma 3.1 that
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when || attain its minimum, its necessary that X & ge where
¢ €i*71()\). Then by introducing a smaller group C§* C G which is essen-
tially perpendicular to A\, we will be able to reduce the problem to the case
with A =0 but a smaller group C¥° C G to which the Proposition 3.1 is
applicable, hence we have finished the proof.

Proposition 3.1. Suppose statement (xn_1) holds true, then we have

N
0> Al + D (Naywo - Ag)
a=1 a8

provided 0 € An. Moreover, the equality holds if and only if Ao = 0 for 1 <
a < N or there is a A, # 0 such that

I—wo) A=) Ao

and
<)\Ocaw0 ’ >\,3> = <>\Oéa)\ﬁ> fOT aJIB 3& v

that is, all but two of \’s are in 3.

Proof. Without loss of generality, we may assume Ay # 0. Our assumption
A =0¢€ Ay implies —wp - Ay € Ax_1. Then statement (xx_1) says

N-1
—wo - ANP 2 DT PalP+ D aswo (Ag))-
a=1 oy
1<a,B<N—1

On the other hand, Theorem 2.1 implies

N—1
<—w0 “ AN, Z )\a> > |—wo - Ay |*.
a=1

By adding up above inequalities, we obtain

N
0= alP+ DY aywo(Ag)
a=1

aFl
I<a,f<N
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which is precisely what we want. Moreover, by Theorem 2.1 the equality
holds if and only if

N-1
—wo - AN = ) Aa
a=1

since Ay # 0, and statement (xy_1) implies that equality holds if and only
if there are {w&}g:1 C 27 satisfying

N-1
—Wo * AN = g Wa * Aoy
a=1

and

(Aa,wo - Ag) = (Wa - Ao, wg - Ag) forl <o, B <N —1.
In particular, we have Zgz_ll Weo * Ag = Zgz_ll Aa, which is only possible if
We - Ag = Aq for 1 < a < N — 1 by Lemma 2.1. So the equality holds if and
only if

N-1
—wo - AN = Z Ao
a=1
and
(Ao wo - )xﬂ) = <)\a,/\,3> forl<a,0<N-—-1
which is possible only if all but at most one of A,,;1 < a < N —lareinj. [J

Thus all we need to do is to reduce the general case to the A = 0 case,
in order to do so we need some preparation from Lie theory and moment
map theory.

Lemma 3.1. Suppose min,eca, ]n\Z is attained by A\ € An. Then for any
cecir () C H(]XV:1 O\, we have X € g¢, the stabilizer of Sunder the
G-action.

Proof. Notice that the minimum of |n|* over Ay = 4* (I[,Ox,) Nty and
i*(I[, On.) are the same because of the Ad-invariance of the metric || on
g. Hence £ is a critical point for the norm squared of the moment map ¢* for
the G-action on [[, Oy, . By general theory of moment map [4], A = i* (§)
must lie inside stabilizer of &. O

From now on, let us assume ||? = mingea In)? and € := (€1,...,En) €
ngl O,,, satisfying A = i* (§) € Ay. By Lemma 3.1 we have A € g¢, which
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is equivalent to

X&) =0 forl<a<N.

That is, &, € ¢y, the Lie algebra of the centralizer C'y C G of A.
In order to reduce our considerations to the A = 0 case, we introduce the
Lie algebra decomposition

o =X Da
where ¢’ C ¢ is the semi-simple part and 3\ C ¢ is the center. Correspond-
ingly, for V€ € ¢y, we may write & = &+ + €7 with ¢4 € ¢} and ¢T € 3, note
that this is an orthogonal decomposition of £ with respect to the bi-invariant

inner product. Let C§° be the closed subgroup of G' with Lie algebra ¢$¥ and
O,+’s be the CF-orbits of G -action restricted to CF°. Then

N N
<§f,...,§k,) c[[oxn =]]Or. (Y cg™
a=1 a=1
and

(

N
J— SS3k
) [0 —
a=1

is exactly the moment map of the C§*-action on Hgil O)+. This implies

(@

) (6 ek = Sk = xt =0
a=1

and

N T N
(3.1) A= (Z §a> => &
a=1 a=1

because A € 3). Since the maximal torus of C'y is a subtori of T, there are
ga € CY for 1 < a < N such that 7, := Ady & € ty 4, the positive Weyl
chamber for C. However ty ; in general is not a subset of t;, in any case
there are w, € 20 such that 7, = wq - A For any n € 3, of unit length,
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we have

(€asm)n = <Adg;1na,n> n
= <77a, Adgam n

= (Mo MmN
which means
N N
(32) g = =\
a=1 a=1

The following lemma helps us to reduce the general case to A =0
case.

Lemma 3.2. Let A be as above and w € Wess, the Weyl group of CF° .
Then

N N
(33) D Il + D (asw mg) — AP =) <77§vw'77§> +Y
a=1

- a3 a=1

2

1
Mo

Proof. The assumption w € Wes= implies that w-( = (¢ for any ¢ € 3.
Hence we have (w-1,¢) = (,¢) for any n €, € 31, thus (w-n)' =77,
or equivalently ((1 —w)-n)" = 0. Moreover, w-n' = (w-n)' since w fixes
3x. Therefore, w - n* = (w - n)L.

Let A := Zgzl N, We calculate, using above formulae and (3.2)

N
D Il + D (asw - ng)
a=1

aFp

N
=3 (o (1= w) ) + (A, w - A)

a=1
:ZN:<ni,(1—w)'né>+<Ai+AT,w-(AL+AT)>
a=1
= 3 1P Low-nt T’z L 1
; a C;<na,w na>+‘A +<A w- A >
— = L2_ al 1 oL 2 L Al
—; o C;<na,w ma )+ AP+ (A w- AL).
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Proof of Theorem 3.1. We prove the theorem by applying mathematical
induction on N.

For N =1, the statement is trivially true. We assume now statement
(*n—1) holds true, and take G to be C§° then Proposition 3.1 says precisely

(3.4) Z<n§7 or ng> i

a#f a=1

2
1
e

where wg Y is the longest element of Wcs=. Moreover, the equality holds if
and only if - =0 forall 1 < a < N or ny # 0

N—1
Css
0 # —wy ny = Z na and <ni,né>
= <77a7w0 775> for1<o,B<N-—1.

By applying Lemma 3.2 we see that inequality (3.4) is equivalent to

N
ZZ 770¢| +Z<na,w0 T]ﬁ>

a=1 oB
N

CSS
wa . )\a|2 + Z <wa “Aas Wy -wg-)\ﬁ>.
oy

Since 20 acts on t isometrically, we have |wq - Aa|® = |Aa|® and

e -1 cs
(3.5) <wa Ao, Wy - wg - )\5> = <)\a,wa cwy - wg )\ﬁ> > (Aa, Wo - Ag)
by Lemma 2.1. These imply that

>Z’)\ ‘ +Z Ao, Wo * )\5

a3

Moreover, it follows from (3.5) that for the equality to hold in the above
inequality, one needs

<na,w§ 77ﬁ> = <’wa . /\o“wOCis -wg - )\g> = (Aq,wo-Ag) forl<a,f<N
(3.6)
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and

= (ot ) = S|

a#f

If nt =0 for 1 <a <N then wg)isna = 1, for all «, since wgis)\ =\
This together with equality (3.6) imply that

N N N
Azznlzznazzwa')\a
a=1 a=1 a=1
and

<)\O<7 wo - /\[3> <?7017w0 77[3> (77a777[3> = <wa : )\Oéa wﬁ - A,@> fOI'l S a?ﬁg N

which is exactly what we need.
If nf\-, # 0 then Proposition 3.1 implies that

N—
L } : 1
_w() nN Mo

and
(naomg) = (mar,wf™ 5 forl <@, B< N -1

from which we deduce

N—-1
CSS
<77ﬁ mv> <n5,—w0 Zna>— < L,Zné> =<né,wo*m#>-

So for 1 < a, 8 < N, we have

(&%
<7]Oé777,3> = <77a7w0 775>

and

Cs
(Aaswo - Ag) = <T]a7w0 '7]5> = (N, N3) = (Wa - Aa, W - Ag) .
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On the other hand, 771, € 3 implies wg isn]—\rf = n]—\r,, which means

nlJrO

>
Il
M-

=

N-1
CSS CSS
o +wWo Ny + Y Na + we Ny

a=1

Q
Il

i

CSS
N + wo A nN

Q
Il

F

CSS
Wa * Ao + W WN - AN

Q
Il
—

and
<)\aaw0')\N> = <77onwocis '77N> = <woz')\ouw(?is 'wN'>\N>'

Soc S;ahe proof of Theorem 3.1 will be completed if we replace wy by

wy* - WN. O

Corollary 3.1. Suppose

A E AN
then
N N
(3.7) <)\,Z)\a> > el + D (Aaswo - Ag).
a=1 a=1 a#S

Moreover, there are two cases for the equality to hold:
1. Suppose X #£ 0, then all but at most one of Ay lie in 3.
2. Suppose A = 0, then all but at most two of A\, ’s lie in 3.

Proof. By adding up inequalities (2.1) and (1.2), we obtain

N N
<)‘7 Z)\a> > Z |)‘a|2 + Z <)\aaw0 : )\ﬁ> .
a=1 a=1

a#f

Now suppose the equality holds, there are two cases:
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If X\ # 0, then the identities A =) Ay and (Ao, wo - Ag) = (Aa, Ag) for
all o, 8 implies that all but one of \,’s lie in 3.

If A =0, without loss of generality we may assume Ay # 0, then the
inequality

N
0> A’ + D (Aaywo - Ag)
a=1 a#B

is equivalent to

N-1 N-1
2<AN, > Aa> > P+ Gl DY Aaswos Ag)
a=1

a=1 a#pB
1<a,B<N—1

which can be obtained by adding up inequality (2.1) and (3.7) with N
replaced by N — 1. Now the equality would imply both (2.1) and (3.7)

become equality, the assumption Ay # 0 would then reduces this case to
the previous one. O

In particular, if we let the group G =U gr), hence 20 = &,., the per-
mutation group of 7 letters and wy = (i?r_(lr; 12;) € &,.. Then Corollary 3.1
implies

Corollary 3.2. For any rank v Hermitian matriz A, let X (A) = (\
(A),...,\(A)) € R" be the spectrum of A with

Suppose Ay, Ao, ..., An are Hermitian matrices satisfying
N
> =
a=1
then
N
SAANP S DT A(Ad) A (—4p).
a=1 1<a#pB<N

Moreover, the equality holds if and only if all but possibly two of A,’s are
scalar matrices.

Finally, let us finish this section by an example that the equality holds.
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Example 3.1. Let

SRS SR RRN

such that A+ B+ C =0 and a1 > az, by > be and c; > co. Let A(A) :=
(a1,a2), A(B) := (b1,b2), A(C) := (c1,¢2) and

wo : R? — R?
(z,y) — (y, )
be the permutation of two elements then

AP + MBI + A (O) +2(A(A), wo - A(B))
+2(A(C),wo - A(B)) +2(AA),wo - A(C))
=2(a1 —az)(ca—c1) <0

since ¢1 > co. Moreover the equality holds if and only if a1 = as or ¢y = ca,
without loss of generality, let us assume a1 = ao. If we write A+ B = —C
then A (—C) = M(A) + A(B) and (A\(B),wo - AM(A)) = (A(B), A(A)) , this will
correspond to the first case in the Corollary 3.2. On the other hand if we
write A+ B+ C =0, then we have A(A) +wo - A(B) + A(C) =0 and

(A(A),wo - A(B))

(A(A), A (C))
(A(C) ,wo - A(B)).-

(A(A4), wo - A(B))
(A(A), wo - X(C))
(A(C),wo - A(B))

This will correspond to the second case in the Corollary 3.2.
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