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Perelman’s reduced volume and a gap theorem
for the Ricci flow

TAKUMI YOKOTA

In this paper, we show that any ancient solution to the Ricci flow
with the reduced volume whose asymptotic limit is sufficiently close
to that of the Gaussian soliton is isometric to the Euclidean space
for all time. This is a generalization of Anderson’s result for Ricci-
flat manifolds. As a corollary, a gap theorem for gradient shrinking
Ricci solitons is also obtained.

1. Introduction

Let us consider a smooth one-parameter family of Riemannian metrics g(t),
t € [0,7) on a manifold M. We call (M, g(t)) a Ricci flow if it satisfies

(1.1) 0 9= —aRic

where Ric denotes the Ricci tensor of ¢g(t). We also use R := trRic to denote
the scalar curvature. The purpose of the present paper is to show a gap
theorem for the Ricci flow. In order to state our main theorem, we first
recall a heuristic argument given in [25, Section 6].

In his seminal paper [25], Perelman introduced a comparison geomet-
ric approach to the Ricci flow, called reduced geometry in [23]. For a Ricci
flow (M™,g(t)),t € [0,T) with singular time T, take Ty < T and consider
the backward Ricci flow g(7), where 7 := Ty —t € [0, Tp] is the reverse time.
Equipping M := M x SN x (0,Tp], for large N > 1, with a metric g
written as

~ N
(12) 929(7)+TQSN+<R+2T> d7'2

Perelman observed that (M , §) has vanishing Ricci curvature up to mod N 1.

Here, (SV, gg~) is the N-sphere with constant curvature ﬁ An easy way

to get a feeling of this is to regard g as a cone metric by setting n := V2N 7.
Recall that the metric cone (N x (0,T),dn? + n*gn) of (N, gn) is Ricci-flat
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if and only if Ricy, = (dimN — 1)gn. Then he applied the Bishop-Gromov
inequality to (M, §) formally to obtain an invariant f/(p’O) (7) which he called
the reduced volume. As expected, the reduced volume is non-increasing in
7 (Theorem 2.1) and his first application of this was the (re)proof of his no
local collapsing theorem [25, Section 7).

Throughout this paper, we adopt the convention that the reduced vol-
ume is identically 1 for the Gaussian soliton. The Gaussian soliton is the
trivial Ricci flow (R™, gg) on the Euclidean space regarded as a gradient
shrinking Ricci soliton (R", g, %)

Now we state our main theorem of this paper.

Theorem 1.1. There exists €, > 0 which depends only on n>2 and
satisfies the following: let (M™, g(7)), T € [0,00) be a complete ancient solu-
tion to the Ricci flow on an n-manifold M with Ricci curvature bounded
below. Suppose that the asymptotic limit of the reduced volume lim,_, f/(p,o)
(1) is greater than 1 — e,, for some p € M. Then (M™,g(7)) is the Gaussian
soliton, i.e., isometric to the Fuclidean space (R™, gg) for all T € [0, 00).

We say that (M,g(7)) is ancient when g(7) exists for all 7 € [0, 00).
Ancient solutions are important objects in the study of singularities of the
Ricci flow. The limit V(g) := limy_o0 f/(p’O) (1) will be called the asymptotic
reduced volume of the flow g(7). We will see in Lemma 3.1 below that V(g)
is independent of the choice of p € M.

By regarding a Ricci-flat metric as an ancient solution as in Theorem
1.1, we recover the following result, which is the motivation of the present
paper.

Theorem 1.2 [1, Gap Lemma 3.1]. There exists €, > 0 which satisfies
the following: let (M™, g) be an n-dimensional complete Ricci-flat Rieman-
nian manifold. Suppose that the asymptotic volume ratio v(g) := lim,
Vol B(p, 1) /wnr™ of g is greater than 1 — ,. Here wy, stands for the volume
of the unit ball in the Euclidean space (R™, gg). Then (M™,g) is isometric
to (Rn, gE)

On the way to the proof of Theorem 1.1, we establish several lemmas.
Here we state one of them as a theorem, which is of independent interest.

Theorem 1.3. Let (M",g(7)),T € [0,00) be a complete ancient solution to
the Ricci flow on M with Ricci curvature bounded below. If V(g) > 0, then the
fundamental group of M is finite. In particular, any ancient k-solution to
the Ricci flow has finite fundamental group.
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More generally, Theorem 1.3 is shown for super Ricci flows in Lemma 3.2
under certain assumptions. See also Remark 6.3 below for application.

Finally, we apply the theorems above to gradient shrinkers. We call a
triple (M, g, f) a gradient shrinking Ricci soliton when

1
Ric+ Hess f — —¢g =0
i f=539
holds for some positive constant A > 0. Shrinking Ricci solitons are typical
examples of ancient solutions to the Ricci low. We normalize the potential
function f € C°°(M) by adding a constant so that

(1.3) R+|Vf\2—§=o on M.

The left-hand side of (1.3) is known to be constant [8, Proposition 1.15].

Corollary 1.1. Let (M™, g, f) be a complete gradient shrinking Ricci soli-
ton with Ricci curvature bounded below. Then

(1) the fundamental group of M is finite and

2) the normalized f-volume 47 \)~"2e~ 1 du, does not exceed 1.
( M g

(3) Suppose that

/M(4m)"/2@f dug > 1 — ey,

[

then (M™, g, f) is, up to scaling, the Gaussian soliton (R",gg, 5-).
Here the constant €, comes from Theorem 1.1.

Part (1) of Corollary 1.1 is a restatement of the result obtained by many
people in more general context (cf. [28]). The other statements in Corol-
lary 1.1 are intimately related to the results of Carrillo-Ni [4]. In particular,
Corollary 1.2.(3) proves their conjecture that the normalized f-volume is 1
only for the Gaussian soliton [4]. See Remark 6.5 below.

The paper is organized as follows. In Section 2, we review definitions and
Perelman’s results in [25]. We will do this for super Ricci flows. In Section 3,
we prove some lemmas required in the proof of the main theorem. In Section
4, we give a proof of Theorem 1.1. In Section 5, we prove Corollary 1.1 and
consider expanding solitons with non-negative Ricci curvature. The final
section contains some remarks. Appendix A is devoted to detailed proofs of
the facts used in the argument without proof.
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2. Comparison geometry of super Ricci flows
2.1. Super Ricci flow

In this section, we recall the definitions and results in [25, Sections 6 and
7]. The main references are [8,17,25,29]. Among them, Ye [29] paid care-
ful attention to argue under the assumption of Ricci curvature bounded
below rather than bounded sectional curvature (see also [11, Appendix]).
The assumption of Theorem 1.1 on the Ricci flow (M™, g(7)) is the same as
that considered in [29]. We mainly adopt the notation of [8].

We would like to develop Perelman’s reduced geometry in more general
situation, that is, the super Ricci flow. This will provide us with a convenient
setting for comparison geometry of the Ricci flow. A smooth one-parameter
family of Riemannian metrics (M,g(7)),7 € [0,T) is called a super Ricci
flow when it satisfies

(2.1) %g < 2Ric.
Super Ricci flow was introduced by McCann—Topping [20] in their attempt
to generalize the contraction property of heat equation in the Wasserstein
spaces, which characterizes the non-negativity of the Ricci curvature of the
Riemannian metrics (see [26]), to time-depending metrics. See also [19] for
this topic.

Basic and important examples of super Ricci flows are

Example 2.1. (1) A solution to the backward Ricci flow equation % g=
2Ric and
(2) g(1) :==(1+2C7)g0, T € [0, ICI%C) for some fixed Riemannian metric
go with Ricci curvature bounded from below by C € R.

Therefore, it can be said that the study of super Ricci flows includes
those of (backward) Ricci flows and manifolds with Ricci curvature bounded
from below.

We can straightforwardly generalize Perelman’s reduced geometry to the
super Ricci flow if we impose the following assumptions.

Assumption 2.1. Putting 2h := a%g and H := try)h, h satisfies
(1) contracted second Bianchi identity 2div h(-) = (VH,-) and
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2) heat-like equation —tr,, Dh>A ~H, or equivalently,
9(7) Br 9(7)

o)
(2.2) —oH > Ay H + 2|h|?.

Clearly, the ones in Example 2.1 above satisfy Assumption 2.1. It is
known that the evolution equation for the scalar curvature R under the
Ricci flow g(7) is given by —(%R = Ay R+ 2[Ric|.

In what follows, we denote by (M, g(7)), 7 € [0,T) a complete super, or
backward Ricci flow on an n-manifold M satisfying Assumption 2.1. It is
also assumed that the time-derivative 8%9 is bounded from below in each
compact time interval, that is, for any compact interval [r1, 2] C [0,T), we
can find K = K(71,72) > 0 such that —Kg(7) < %g < 2Ricy(;) and hence

Mg (ry) > g(r) > e K Tg(m)

for all 7 € [11, T2]. Although Assumption 2.1 looks too restrictive, the author’s
intention is a unified treatment of backward Ricci flows and Riemannian
manifolds with non-negative Ricci curvature. (See also Remark 6.1 below.)

2.2. Definition of the reduced volume

Let us start with the definitions. Fix pe€ M, [r,72] C[0,T) and
7€ (0,7).

Definition 2.1. Let v : [11,72] — M be a curve. We define the L-length of
~ and the L-distance, respectively, by

ety = [ vA(|5

2

/() + H(~(1), 7')) dr

and

Ly (g, 72) := inf{L(y); 7 : [r1,72] = M with y(r1) = p,7(72) = ¢}.

The lower bound of % g guarantees that the £-distance between any two
points is achieved by a minimal £-geodesic. This is the only place where we
employ the assumption on % g. A curve () is called an L-geodesic when

(2.3) QVXX+§—VH+4h(X,-):0, X — 3—7(7)
T T

is satisfied.
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Then the reduced distance and the reduced volume based at (p,0) are
defined, respectively, by

_ 1 _
Cipoy (g, T) = TﬁL(p,O)(q, 7)

and
Vo) (7) = /M<4wf>—“/2e—€w><q’*>dug<ﬂ<q>

where dpi,(z) denotes the volume element induced by g(7).
We can rewrite the reduced volume as

(2.4)
Vi) (7) = /T (am) 7 exp(( <t (£ expe(V). 7)) £ (P (V)

by pulling back the integrand by the L-exponential map L exp- : T,M — M
which assigns vy (7), if exists, to each V € T, M. Here 7y is the £L-geodesic
determined by 71/ (0) = p and lim, 04 ﬁg—z (1) =V.In (2.4), dzy(g) denotes
the Lebesgue measure on T,M induced by the metric g(0) and LJy (7) is
called the L-Jacobian. Remember that we are using the convention that
LJy(T) = 0unless V € Q;,0)(7). By V € Qg 0)(7), we mean that £ exp;(V)
exists and lies outside the L-cut locus at time 7. It follows that €, 0y(7) is an
open set of T, M, on which £ exp; is a diffeomorphism, and that Q, g)(T2) C
Qp,0)(11) for 72 > 71 > 0. The base point (p, 0) will often be suppressed.

2.3. Monotonicity of the reduced volume

Next, we recall the computations performed in [25, Section 7).

Let q € L exp;(2y,0)(T)) and 7 :[0,7] = M be the unique minimal
L-geodesic from (p,0) to (¢, 7). Take a tangent vector Y € T, M and extend
it to the vector field along v by solving

Y

VxY =—h(Y.)+ oo, Y(E) =Y

so that |Y|*(r) = Z|Y|%



Perelman’s reduced volume and a gap theorem for the Ricci flow 233

Then we have that V{(q,T) = Z—Z(T‘) and
9 tg,7) , 1

e T) =HigT) - ——— + 55K
_ . lg,T) 1
2 _ ) o
Hess ((Y,Y)(q,7) < —h(Y,Y) + Vg _ 1 /T JTH(X,Y)d
T - 9 A = T 3 T
’ % - 27' 2\/;' 0
_ _ n 1
(2.6) Al(q,7) < —H(q,T) + P 727__3/21(
0 n 1
— 7\ — = A< -~ K.
57 log LJy(T) = Al(q,T) + H(q,T) < o7 2%3/2K

Here, following [25, Section 7], we have put

H H
H(X) = _aaT ~— —2(VH,X) + 2h(X, X)

K = / PR (X)dr
0
H(X,Y) = —(VyVH,Y) + 2(R(X,Y)Y, X) + 4Vyh(X,Y) — 4Vxh(Y,Y)

- 2@(5@ Y) +2|n(Y, )" — ;h(Ya Y).

The point where we have used Assumption 2.1 is the derivation of (2.6)
from (2.5) (cf. [8, Lemma 7.42)]):

trH(X, )
— —AH +2Ric(X, X) + 4div h(X) — 4(VH, X) — 28; o2 - g
= H(X) + 2[Ric(X, X) - h(X,X)] + [—%f — AH —2|n)?

+2 [2 div h(X) — (VH, X>}
> H(X).

The quantities corresponding to H(X) and tr H(X,-) appear in [7, (1.2)]
and [7, (1.4)] as the trace Harnack expressions of Hamilton [13] and Chow—
Hamilton [9], respectively.

We now state the main theorem of this section (cf. [8, 25, 29]).

Theorem 2.1. Let (M"™,g(7)), 7 € [0,T) be a complete super Ricci flow
satisfying Assumption 2.1 with time derivative bounded below. Then for any
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peEM andV € T,M,
(2.7) (4rr) "2 Lw0 (v (D) £ 7y (1)
1§ non-increasing in T and

lim [ (4mr) /2= te0 OV Ly (7)] = 72V,
T—0+

Moreover, (2.7) is constant on (0,7] if and only if the shrinking soliton
equation:

10g 1
(2.8) [2 5, + Hess p0) = 59} (w(r),7)=0
holds along the L-geodesic vy (1) for T € (0,7].
Hence, V(p,o)( T) s non-increasing in T, lim_,o4 V(p 0)(7) =1 and hence
Vip,0)(T) < 1. Moreover, V(p70)( 7) =1 for some T >0 if and only if (M",
g(1)), ™ € [0,7] is the Gaussian soliton.

We need to give a proof that f/(pp) (7) =1 for some 7 > 0 implies that
(M™, g(7)) is the Gaussian soliton on [0, 7]. The proofs of the other state-
ments are minor modifications of those of [8, Lemma 8.16, Corollary 8.17]
for the Ricci flow. It should be noted that we have no assumption on
the curvature of g(7) other than the lower bound of %g in contrast to
[8, Corollary 8.17].

Proof of Theorem 2.1. Suppose that f/(p,o) (7) = 1. This implies that M is
simply connected. Otherwise, the reduced volume of the universal covering
(M, g(7)) of (M, g(7)) must be greater than 1, which is a contradiction.
Fix some small 75 € (0,7). For any 7 € (75,7], let p;—r, : M — M be
the map which sends ¢ € M to 7(7’), where 7y : [0,7] = M is the minimal
L-geodesic passing (g, 75) with v(0) =
Since B%QOT,T&(Q) ZT( ) = Vi, 0)( (1), 7), we deduce from (2.8) that

01 1 1 dg

57 7 (Pr=s) (1) = —(pr—r,)"| = —g(7) + 2 Hess L 0) + 5(7)} =0.

Hence,

1 . 1 .
;(%—n) g(r) = ;59(75) or equivalently g(7) = (% ) 9(75).
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Since g(7) is smooth around (p,0), we have

) _
[Rm|(g,7) = —Rm(¢;2,,(g), 75)

%<|Rm|(f?a 0) + 9(7'5)) —0as7s—0

IN

where Rm denotes the Riemann curvature tensor and 0(75) is a function
such that 6(75) — 0 as 75 — 0. Consequently, (M", g(7)) is flat and hence
isometric to (R", gg) for each 7 € [0,7]. We can write g(7) = u(7) " lgg for
some positive non-decreasing function u(7) with u(0) = 1. It remains to show
that u(r) = 1 for all 7 € [0, 7].

Introduce a new parameter o := 2,/7 to write g(0) = u(o) lgg for o €
[0,5], where & := 2y/7. By calculation (cf. [8, Lemma 7.67]), it is easy to
see that

. de(p,q)?

nf6 logu(o) do
E(p,O)(Qv 7') = W - ——
0

— glogu(ﬁ)—i- > p

and

o

- L L Jo logu(o) doy —n/2 _ de(p.q)
Veo(m) /]R <7“’ =P 7 ) P T ulo) do

= (L[ o) (exp BBy

" delg)

It follows from Jensen’s inequality

1 [ 1 [
(2.9) / logu(o) daglog/ u(o) do
0 g Jo

o
that f/(p’o) (7) > 1. As ‘Nf(no) (7) <1, we must have equality in (2.9), that is,
u(a) = 1. This completes the proof of Theorem 2.1. O

2.4. Example

As an important example, let us look at a stationary super Ricci flow. Then
we obtain an invariant which is called the static reduced volume in [8]. Its
relation to the volume ratio is given by

Lemma 2.1 [8, Lemma 8.10]. Let (M™,g) be an n-dimensional complete
Riemannian manifold of non-negative Ricci curvature regarded as a station-
ary super Ricci flow, i.e., %g =0 < 2Ric. Then for anyp € M and T > 0,
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we have

2
(2.10) Vipo) (1) = /M(47TT)‘"/2 exp(—m) du(q) < 1,

4T
and (
~ .~ . Vol B(p,r
V(g) = TILHC}O V(p,O) (1) = Tliglo wnr”> =:v(g).

Furthermore, the equality holds in (2.10) for some T >0 if and only if
(M™, g) is isometric to (R™, gg).

By virtue of Lemma 2.1, we know that Theorem 1.1 generalizes
Theorem 1.2.

One can easily compute how the reduced distance and reduced volume
change under parabolic rescaling.

Proposition 2.1 [8, Lemma 8.34]. Ifg(7),7 € [0,T) is a super Ricci flow,
then (Qg)(7) :== Qg(Q~17),7 € [0,QT) is also a super Ricci flow for any
Q > 0. Under this parabolic rescaling, we have

€Q9(q,7) = 0(q, Q_l’l') and VQQ(T) = ffg(Q_lT).

In particular, the asymptotic reduced volume is invariant under the parabolic
rescaling, i.e., V(g) = V(Qg), for any ancient super Ricci flow g(7),T €
[0, 00).

3. Preliminary results

In this section, we prove some lemmas needed in the proof of our main
theorem.

3.1. Preliminary estimates

Given a super Ricci flow (M™, g(7)),7 € [0,T), take p € M and 7 € (0, 7).
Let us put

LB (p,r) :={L exp(V); V € Qp.0)(7),|V]g0) <7}

This notation comes from the fact that a geodesic ball in a Riemannian
manifold is the image of ball of the same radius in the tangent space under
the exponential map. In this subsection, we derive a few estimates which we
shall make heavy use of in the remaining of this paper.
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Proposition 3.1. Let u(-, 1) := (4w7)~™/? exp(—£(p,0)(,T))-

(1) For allr >0 and T € (0,T), we have

Vv(on) (T> - 6(7’) < / U(', 7') dug('r)-
LB (p,r)

(2) Givenr >0 andt € (0,T), we can find a family of subsets LK, - (p,r)
of M for T € (0,T) satisfying the following properties:
(a) For all T <19, LK, (p,7) is compact.
(b) For all T < 7,LK; . (p,7) contains all of the points v(T) on any
minimal L-geodesics 7y : [0,7] — M connecting (p,0) and (q,T) with
q € LK7 . (p,T).
(¢) For all T > 19 we have

Vipo) (1) — 2e(r) < / u(e, T) dptg(r)-
'CKTJO (p,?")

Here, £(r) is a function of r > 0 with e(r) < e™""/2 for all r large enough.
Clearly, €(r) decays to 0 exponentially as r — oco.

Proof. (1) We deduce from (2.4) and Theorem 2.1 that

/ w(er7) dpg(r) = / (L expo(V), 7Y Ly (7)da ) (V)
M\LB:(p,r) Qp,0) (T\B(0,7)

< / 72V ls dz g0y (V) =: (7).
T, M\ B(0,r)

(2) Take a compact set K of T,M so that K C B(0,7) N, 0)(70) and
the Lebesgue measure of B(0,7) N Q0)(70) \ K, induced by g(0), is less
than 7"/2¢(r). We show that LK, ., (p,r) := L exp, (K N Q(p,0)(7)) has the
desired properties. It is clear that (a) and (b) hold by construction, since
Qp,0)(10) C Qp0)(7) for 7 < 79. Furthermore, by the same argument as in
(1), we deduce that

u('? T) ditg(r
/M\cKT,TO(p,r) 9(r)

/ +f u(e ) dpgry < 26(r)
M\LB:(p,r) LB (pr)\LK 7, (p7)

for > 9.
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Finally, we estimate e(r) for » > ro by
2 [T e X 2 2/9
e(r) = nwpm ™" / e " hdr < / e " trdr=e""/%
T T

Here r9 > 1 is taken so that ncun7r*”/26*’“2/2r"*2 <1 for all r > rg. O

Proposition 3.2. Assume that h > —Cog(T) and [VH|?> < Dy on K x [0, Tp)
for some compact set KK C M containing a ball Byo)(p,7). Consider the
L-geodesic vy : [0,7] = M with vy (0) = p and lim,_,+ ﬁcg—: =V. Then
we can find C' = C(Cy,Ty), D = D(Cy, Do, Tp) and small § = §(Cy, Dy, r,
[Vlg(0y: To) > 0 such that

(3.1) dg(0) (P, W (7)) < (CIVlg(0) + D)VT
and hence v (7) € Byo)(p,7) C K for all 7 € [0,4].

Proof. Let 7/ € [0,Tp] be the maximal time such that v ([0,7]) C K. For
7 < 7/, we use the L-geodesic equation (2.3) to obtain

%hﬁxg( = [X[2) + 20(VTX,VTX) + 27(Vx X, X)
—2h(fX VTX) +7(VH, X)

2h(VTX, \/>X)+|\/>X|g(7' +T|VH|g(T)
(2Co + D)IVTX|2 () + DoTo.

< -
<

From this, we derive that

|\/F7X|2 2(1”+1)T|‘/|3(0)‘+ DoTy(ePCtT 1)

<e
< (CVy0) + D)?
for C = C(Cy,Ty) and D = D(Cy, Dy, Tp), and hence
dy(o) (P, Y (T) / 1 X140 dT</ % | X gy dT
< (CV],0) + D) /0 7 V2 dr = (CV]y0) + DIVT.

As a consequence, we can find § = §(C, D, r,|V|y), To) > 0 such that (3.1)
holds for 7 € [0, 9]. O



Perelman’s reduced volume and a gap theorem for the Ricci flow 239

3.2. Asymptotic reduced volume

Given an ancient super Ricci flow (M, g(7)),7 € [0,00), it is natural to
expect that the asymptotic reduced volume 17( ) = lm, oo V( 0)( 7) is well
defined, namely it does not depend on p € M, as the asymptotic volume
ratio is. In this subsection, we prove the following

Lemma 3.1. Let (M",g(7)),7 € [0,00) be a complete ancient super Ricci
flow satisfying Assumption 2.1 with time derivative bounded from below.
Then for any (px, ) € M x [0,00) for k = 1,2 with 72 > 11, we have

lim V% 0(7)

7560 (p2,0) 75600 (P1,0)

(r) > lim V%

where gy (1) := g(1 4+ 13), 7 € [0,00). In particular, V(g) is well defined.

Proof. Put 7A := 19 — 71 > 0 to notice that go(7 — 7a) = g1(7). We first
verify

Sublemma 3.1. For any (p,7p), (¢, 7) € M x [0,00) with T > 1, > 7a,

! (@7 —7a) < —=L
2V o) (@7 T TA) S 5

?;’Tp) (q7 7__)

and
1

g2 = _ =
QML(ETP_TA)(Q’T TA )— Tp, 2[ pT)(QaT)a

N Tp—Ta T A
where OéTth = 1/Tﬁ Z A /1 — Tp.

Proof. We use the fact that H(-,7) >0 for ancient super Ricci flows
(Proposition A.l) and the inequality

f_2 VT—1a forall7, <7<7

V2

to obtain

LT = 5 fmf{ [ VA i+ i 061}

T [ /12
ZH nf’;f{\/“rp T — TA<‘7 ’gl(‘r) + Hg1(T)(’y<7—))>dT}

1 _
= 5= ra Lo (T~ T2)-

| \/
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Here inf runs over all curves v : [, 7] — M with v(7,) = p and ~(7) =
To see the second inequality, we use instead

VT —7pa forall 7, <7 < 7.

\F_Q

1
WM V77

O
We return to the proof of the lemma. Fix r > 0 and 7> 1. Take ¢ €

K(7) :== L9 Kz 27, (p1,7) and the point pa = v(27a) € M on the minimal
L9 -geodesic v : [0,7] — M from (p1,0) to (q,7) such that

L(Pl’ )(q’ ) - L?;A,ZTA)(q’ 77-) + L?;l,O) (pA7 2TA)

g1 =

(3.2)
> L(pAQTA)(Qa 7')-

The inequality in (3.2) is due to the non-negativity of H. Recall that I :=
L9 Koy, 275 (p1,7) is compact and pa € K by construction (Proposition 3.1).
It follows from the combination of the triangle inequality for L-distance,
Sublemma 3.1 and (3.2) that

e(pz 0) (q’ - ) 2m< pAﬂ'A (Q7 T— TA) + L‘((];270) (pAa TA))

_ 1
= 2[ pA,2TA (q’T) - 20T —7Ta K max L(pz,o)( 7a)
Z?; 0)( T)+ C’(r)i"l/Z.

Thus, as 7 > 0 is large enough,
Jlim VE 0)(7) 2 VG, )7 = 7a) — (1)
> [ ) exp (= (7 = 7a) ) digyrra) — £(1)
//C(?) ( (p2,0) ) g2( )

> O /;c(') (477) "2 exp (£, ) (+7) ) ditg 7y — €(r)

> e~ O Vé’fho)(_) 3e(r)
> e O dim Vi (7) = 32(r).

T—)OO

We have used Proposition 3.1 to derive the fourth inequality. Since 7 > 0
and r > 0 are arbitrary, the proof of Lemma 3.1 is now complete. O
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3.3. Finiteness of fundamental group

Now we are ready to establish Theorem 1.3. As mentioned in the introduc-
tion, what we intend to show is the following.

Lemma 3.2. Let (M",g(7)), T € [0,00) be a complete ancient super Ricci
flow satisfying Assumption 2.1 with time derivative bounded below. We lift
them to the universal covering M of M to obtain the lifted flow (M, g(T)).
Take p € M and p € 7Y (p), where m: M — M s the projection. Suppose

that V(g) = lim; 0 Vé’? 0) (1) > 0. Then we have

[m (M) = V(g)V(9) " < +oc.

Before we begin the proof of Lemma 3.2, let us state the following imme-
diate corollary, which follows from Lemma 3.2 combined with Lemma 2.1.

Corollary 3.1 [2,18]. Let (M, g) be a complete Riemmanian manifold with
non-negative Ricci curvature and (M, g) be the universal covering of (M, g).
If (M, g) has Euclidean volume growth, i.e., v(g) > 0, then we have

|71 (M)] = v(g)r(g) " < +oo.
Here, v(g) denotes the asymptotic volume ratio as before.

Proof of Lemma 3.2. The proof is a modification of that of [2, Theorem 1.1].
Fix large 7 € (0,00) and define

F= () {q € M; LY, (@,7) < LY, (@, %)}.
aem (M)\{e}

Then F is a fundamental domain of 7 : M — M, namely

FnaF=0 foraem(M)\{e} and U aF = M.
acm (M)

We claim that 7 : F — M is locally isometric and surjective. To see
this, pick ¢ € M and connect (p,0) and (¢,7) by a minimal £9-geodesic
v :10,7] = M. Then the lift 5 of v with 4(0) = p is a minimal £9-geodesic
in M. Let ¢ := %(7). Then we have that ¢ € F' and 7(q) = q.

Furthermore, F'\ F has measure 0, since 7(F \ F)) consists of the points
in M such that minimal £9-geodesic from (p,0) is not unique. The set of
such points has measure 0 [8, Lemma 7.99].
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Fix any finite subset I' C 7 (M) and set Dr := max{dg)(p, ap); a € I'}.
Take Cy < oo such that |h| < Cy on Bgg)(p, Dr + 1) x [0, 1] and |[VH|? < Cy
on By)(p,1) x [0,1]. Fix r > 0. Due to Proposition 3.2, we can find § =
§(Co, ) > 0 such that dy) (v (7),ap) < 1 for any L9-geodesic Jy starting
from ap with |V|ge) <rand 7 €0, §]. i

Forany a € I"and § € LBz (ap,r) N aF, let 4 be the minimal £9-geodesic
from (ap,0) to (g,7) in M and connect pand 7(0) by a minimal g(0)-geodesic
&55() : [0,6] — M. Define a curve 4 : [0,7] — M by

() .= L&A (T)  on0,9]
i {wm on [3,7]

Then, letting q := m(q),

= 1 (£96) ~ L Giloa) + £ (60

géga,;,o @7+ f53/2( 20&(%)2”7100)

7))+ C(8,T)F /2
where we have used that
g(gap,o)(q’ T) = E‘E]pﬂo)(q, 7) for any g € LBz(ap,r) NakF.

We apply Proposition 3.1 to obtain that

Z/ﬁB . 47r7') /2 exp(—ﬁ?pyo)(-,?»dug(

ael

> T AnT 7"/Qexp —09 (-, F) = C(8,T)F /2 dpeg >
Hw()< ) (0,0 7) = T ) dpgry

> e OO (Ve (7) — ()

Rl
—

and taking 7 — oo and r — oo yields that
(3.3) V(g) > [T|V(g) for any finite subset T' C 7y (M).

Thus, 71 (M) is finite and (3.3) holds for I = 71 (M).
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On the other hand, since

E“?ﬁo)(cj, T) > E‘?pp) (m(q), ) for any (g,7) € M x (0,00)
we have
Viso) () < Im(M)VE ) (7)

and hence V(g) < |71 (M)[V(g). This finishes the proof of the lemma. [

We close this subsection by giving another corollary of Lemma 3.2.

Corollary 3.2. Any ancient k-solution to the Ricci flow has finite funda-
mental group.

The proof is immediate since any ancient k-solution has positive
asymptotic reduced volume [8, Lemma 8.38]. Meanwhile, Perelman has
shown that any ancient k-solution has zero asymptotic volume ratio v(g(T))
[25, Proposition 11.4] (cf. [4]). This is why Corollary 3.2 does not follow from
Corollary 3.1, but from Lemma 3.2. See [8, Definition 8.31] for the definition
of ancient x-solution.

3.4. Reduced volume under Cheeger—Gromov convergence

Although we have considered the super Ricci flow so far, Theorem 1.1 is
not true for them. From now on, we concentrate on the Ricci flow. To begin
with, let us recall Shi’s gradient estimate. Shi’s derivative estimate was also
employed in the proof of the compactness theorem for the Ricci flow [15],
which we will use later.

Theorem 3.1 (Shi’s local gradient estimate [14, Theorem 13.1]). There
exists a constant C(n) < oo satisfying the following: let (M™, g(7)), T € [0, Tp]
be a complete backward Ricci flow on an n-manifold M. Assume that the ball
Byt (p;7) is contained in K and |[Rm| < Cy on K x [0,To] for some com-
pact set KK C M. Then for T € [0,Tp),

2 ol 1 1
(3.4) VRmP(p,7) < Cm)CE (5 + 5=+ &)

Recall that we say that a sequence of pointed backward Ricci flows
{(Ml?v gk(T)7pk)}k€Z+v TE [07 T)

converges to a backward Ricci flow (M2, goo(T), Poo), 7 € [0,T) in the C™
Cheeger—Gromov sense if there exist open sets Uy of My, with po, € Ui and
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Ukez+Ur = Mo and deffeomorphisms @y, : Uy — Vi, := @ (Uy) C My, with
@1 (poo) = pi so that {(Uk, ®1gr(7)) trez+ converges to (M2, goo(7)) in the
C*° topology on each compact set of M2 x [0,T).

By carefully investigating the proof of [8, Lemma 7.66], where curvature
is assumed to be bounded on the whole of M} x [0,T), one can show the
following lemma without modification (cf. [8, Lemma 7.66]).

Lemma 3.3. Let {(M}, 9x(7),pk) }kez+, T € [0,T) be a converging sequence
of pointed backward Ricci flows in the sense of C° Cheeger—Gromov and

(M2, 9oo(T), Do), T € [0, T) be the limit. Then we have
3 Gk 9o
(3.5) hzisogp g(kaO)((I)k(Q))T) < g(pwyo) (q,7)

forT € (0,T). The equality is achieved in (3.5), with limsup replaced by lim,
provided (P (q),T) can be joined to (px,0) by a minimal LI -geodesic within
the image ®(K) C My of some compact set KK C Mo for all large k € ZT.

Now we verify the convergence of reduced volumes.

Lemma 3.4. Let {(M]}, gr(7),pk) tkez+, T € [0,T) be a sequence of pointed
backward Ricci flows converging to (M2, goo(T), Doo). Assume that

[e.e]

|IRm| < Cp on Vi x [0,T) and U U, = M.
keZ+

Then for any T € (0,T),

(3.6) lim V%

Jim Vi o)) = Va2 0)(7)-

Proof. Let us put u, (g, 7) := (4rr)~"™/? exp(—é?; 0)(q, 7)) for x € Z*T U {o0},
and fix 7 € (0,7) and Ty € (7,T). Set Voo := My
We invoke Shi’s gradient estimate (Theorem 3.1):

C(n)C§
min{Cy, Tp — 7}

IVR?(-,7) < on Bjg 7, (Ve, —v/Co) for 7 € [0, Tp)

where

Bio.1,)(Va, =/ Co) := {x € Vi; By ()(z,1/Co) C Vi for all 7 € [0, Tp]}.

Fix r > 0. Then by Proposition 3.2, we can find C(r) < oo such that any
L9+-geodesic vy ([0, 7]) in M, with v/(0) = p, and [V|,, o) < r can not escape
from By (p«, C(r)) when « is sufficiently large or = co.
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Define (-, 7) : My — [0, 00) by

in(g,r) = ug(q,7) if ¢ € LB (py,7)
’ 0 otherwise

Then each (-, 7) has a compact support in By, (y(pk, C(r)) and it follows
from Lemma 3.3 that

(3.7) limsup k(P (q), 7) € {uoo(q,7),0}-

k—o0

Therefore, noting that (-, 7) < (477) /2 exp(3n(n — 1)CoT), we derive
from Proposition 3.1, Fatou’s lemma and (3.7) that

k—o0 ’ k—oo

lim sup f/(g"' 0) (7) —e(r) <lim sup/ ug (-, T) dpg, (7)
p CB;(pW“)

k—o0

= lim Sup/ g (Pr(-), T) dpp; g, (7)
Bo(peo,C (7))

k—o0

< / limsup g (Pr(-),T) d.“@ng(?)
Bo(peo;C (1))

< Vim0 (7

On the other hand, by combining Fatou’s lemma and (3.5), we obtain

lim inf V7*

koo (Pr0 k—o00

(7) > lim inf / uk(Pr (), 7) diayg, (7)
LBz (poo,T)

k—o0

2/ oo (- 7) g
LB+ (poo.) Goo (T)

> ‘7&;0)(7") —e(r).

> / lim inf g (P(-), 7) dptay g, ()
,CB-T—(perT) |

We also used Proposition 3.1 to get the last inequality. Since r > 0 and
7 € (0,T) are chosen arbitrarily, we conclude that

lim V2

Jim VAL (1) = Vi 0)(7)

(Poo>

for any 7 € (0,7). This completes the proof of Lemma 3.4. U
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4. Proof of the main theorem

Before proceeding to the proof of Theorem 1.1, we first establish the follow-
ing technical lemma.

Lemma 4.1. For anya > 0 and 7 > 0 with a7~ > 2, we can find e, (a7 1)
> 0 depending on a7~! and n > 2 which satisfies the following: let (M™,
g(7)),7€[0,T),T < 0o be a complete backward Ricci flow with Ricci curva-
ture bounded bellow. Put

a) = {(p,s) € M x [0,T); [Rml(p,s) > a(T —5)""}.
Suppose that the reduced volume based at (p,s) satisfies

Y~/(p7s)(Q(_pls)%) >1— z-:n(oﬁ_l) at all (p,s) € M(«)
with Q(p,s) = [Rm|(p, s). Here we define f/(p,s)(i') as ‘7&50)(7") for gs(7) ==
g(t+5),7€[0,T —s). Then M(a) =0, that s,

Rm|(-,7) < a(T —7)7t on M x [0,T).

One might notice the similarity of the statement of Lemma 4.1 to those of
Perelman’s pseudolocality theorem [25, Theorem 10.1] and Ni’s e-regularity
theorem [23, Theorem 4.4]. In fact, the proof of Lemma 4.1 follows the same
line as those of them. (As the referee report says, there is a close relation
between gap and local regularity theorems.)

Proof of Lemma 4.1. We prove by contradiction. Fix o > 0 and 7 > 0 with
a7 > 2. Assume that we have a sequence {(M}, gx(7))}kez+,T € [0,T)) of
complete backward Ricci flows with Ricci curvature bounded below such
that

o Mi(a) = {(p.7) € My x [0,T4); [Rm|(p,7)(T — 7) > a} # 0 and

. Vg" (Q(pT 7)>1—k=! for any (p,7)€ My(a), where Q) =
Ko/, .

Applying Perelman’s point picking lemma (Lemma A.2) for (A, B) =
(k, ), we can find a point (pg, ) € My («) such that Vi’f . )(Qk T)>1-—
k! and

[Rm|(z,7) < 2Qk

for (z,7) € By, () (K, k:Q,;l/z) X [Tk, Tk + %Q;la], where Qf, := |Rm|(pg, 7).
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Consider the sequence {(M]', g(7),pr) }rez+ of rescaled Ricci flows

9i(7) = Quar(Qy 'm + ), T € [0,/2].

Then every g(7) has [Rm|(py,0) = 1, [Rm| < 2 on By, (o)(pk, k) x [0,a/2],
and f/(%;,o) (7) > 1 — k~! by Proposition 2.1.

Now we observe that the injectivity radius of (M, gi(0)) at py is uni-
formly bounded from below. To see this, we use Proposition 3.2 to get small
6 = 6(r) > 0 so that L exps(pk,7) C Bg,(0)(Pk, 1) for some large r > 0 and

all large k. Then

-1 7k - (7K
L=k < Vi 0D <V 00
< (47['5)7”/26”(”71)6\/01@6(O)ng(o) (pk, 1) + E('f‘)

from which we obtain a uniform lower bound for Volg, (o) B, (0)(Pk, 1) The
desired lower bound for the injectivity radius follows from Cheeger’s lemma.

Since each (M, gx(7)) has a uniform curvature bound and lower bound
for the injectivity radius at (pg,0), according to Hamilton’s compactness
theorem [15], we can take a subsequence of {(M}’, §i(7), pr) }kez+ converg-
ing to the limit Ricci flow (M2, goo(T), Poo), T € [0, /2). From Lemma 3.4,
we infer that 17(‘;’7270) (7) = 1, which implies that the limit (M2, go0(0)) is
isometric to the Euclidean space by Theorem 2.1. This is in conflict with
that |Rm|(pso,0) = 1. The proof of Lemma 4.1 is now complete. O

Now we present the proof of Theorem 1.1.

Proof of Theorem 1.1. Take &,, := €,(3) > 0 from Lemma 4.1. Suppose that
(M™, g(7)), 7 € [0,00) is a complete ancient solution to the Ricci flow with
Ricci curvature bounded from below satisfying that

V(g) > 1—e,.

Due to Lemma 3.1 and the monotonicity of the reduced volume, we know
that

‘N/(p77)(7‘) >1—¢y forall (p,7) € M x [0,00) and 7 > 0.

By Lemma 3.2, we know that 71 (M) is finite, and applying Lemma 4.1 for
all T > 0 yields that (M",g(7)),T € [0,00) is flat. The only flat manifold
with finite fundamental group is the Euclidean space. Thus (M™, g(7)) is
isometric to (R",gg) for all 7 € [0,00), i.e., (M", g(7)),7 € [0,00) is the
Gaussian soliton. This concludes the proof of Theorem 1.1. O
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Remark 4.1. Theorem 1.1 may have several variations. (See the questions
in [22] for instance.) The following, which also generalizes Theorem 1.2, may
be thought of as one of them.

Theorem 4.1. There exists €, > 0 satisfying the following: let (M™, g(1)),
T € [0,00) be a complete ancient solution to the Ricci flow with bounded non-
negative Ricci curvature. Suppose that the asymptotic volume ratio v(g(p))
of g(70) 1is greater than 1 — &), for some 19 € [0,00). Then (M™,g(7)),T €
[0,00) is the Gaussian soliton.

The following proposition was proved by the author by utilizing Cheeger—
Colding’s volume convergence theorem [5, Theorem 5.9] and Lemma A.1(b).

Proposition 4.1 [30, Theorem 7]|. Let (M,g(7)) be a complete backward
Ricci flow with bounded non-negative Ricci curvature. Then the asymptotic
volume ratio v(g(7)) of g(7) is constant in .

The proof of Theorem 4.1 is essentially the same as that of Theorem 1.1
and we leave it to the interested reader.

We also comment here that Theorem 4.1 is not true when the ancient
solution g(7) in the statement is replaced with an immortal solution g(t),t €
[0,00) to the (forward) Ricci flow. In fact, one can show that any Ricci
flow ¢(t),t € [0,T") which has bounded non-negative curvature operator and
the initial metric g(0) = go with positive v(gog) > 0 extends to the immortal
solution ¢(t),t € [0, 00). (See also the example in [10, Chapter 4, Section 5].)

5. A gap theorem for gradient shrinkers

In this section, we present the proof of Corollary 1.1 and discuss the case of
expanding Ricci solitons.

5.1. Shrinking Ricci solitons

We now prove Corollary 1.1. Recall that (M", g, f) is a complete gradient
shrinking Ricci soliton with Ricci curvature bounded below.

Proof of Corollary 1.1. First, we construct an ancient solution to the Ricci
flow. (Recall the proof of Theorem 2.1. See also [10, Theorem 4.1].) Define
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a one-parameter family of diffeomorphisms ¢, : M — M, 7 € (0,00) by

d A
—@; =—Vfop, and ¢y =1idyy.
dr T

It is easy to see that the gradient vector field V f is complete, thanks to
the assumption on the lower bound for Ric. Then we pull back g by ¥, :=
©7 ! s0 as to obtain a backward Ricci flow go(7) := % (¥7)*g, 7 € (0, 00) with
go(A) = g. Put ¢g1(7) :==g(t+1),7 € [0,00) and fix some point p € M. It

suffices to show that

(5.1) Vo) > [ () dy

since the left (resp. right)-hand side of (5.1) is < 1 (resp. >0).
Let us first give a heuristic argument. It seems reasonable to hold that

f/(go (7) =V(g0) = / (4m\) 2] dpg  forall ™ >0
p,0) v

(cf. [3]). Then inequality (5.1) will follow from Lemma 3.1, if it is applicable
to this case. Of course, the problem arises from the fact that 7 = 0 is the
singular time for go(7).

Now we give a rigorous proof. Recall that we have normalized f in (1.3)
so that

Ryry + IV £ L —

go(T) 7
where fr = f(-,7) := (¥-)"f = f o¢;. Since Ry (;) is non-negative (Propo-
sition A.1), so is fr. Put z1 := ¢, () and z3 := ¢, (z) for some z € M.

Then it follows from the argument in [8, p. 344] that (1) := ¢; 0 ¢! (21)
is the £9%-minimal geodesic from (z1,71) to (2, 72) and

T 4 . 71
ZﬁL(%ﬁ)(wz,Tz) = f(z2,71) — \/gf(ﬂflﬂ'l)

Fix a compact set K C M, e > 0 and 7 > 1. Take q € p>(K) and ps €
©2(K) with ¢ = ¢z 0 ¢! (p2). From the triangle inequality for £-distance,

(5.2)
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Sublemma 3.1 and (5.2), it follows that

L (o n 1 : 1
e oy(g 7 =1) < 2\/7( o (g7 _1)+Lgp’0)(p2,1))
1

zf Lo (@ Hzmm K)

< f q, T \/7f p27 +C >__1/2

< f(g,7) + C(K)77/2.

x LY

< (p,O)( 1)

From this, we deduce that

Vigy) > Vo) (7~ 1) — e

> eC(’C)Tl/Z/ (4ﬂ%)*"/2e*f(q’f)dugo(f)(q) -
©-(K)

= CR)T / (47 \) "2 T dpy — e
K

We have used the equation

/ h oz ditgy,yeg = / hdu, for any h € L*(dug)
M M

which follows from the definition of pull back. Inequality (5.1) then follows
from the arbitrariness of 7 > 0, > 0 and K C M.

By using (5.1), Theorems 1.1 and 1.3 immediately imply Corollary 1.1.
As for (3) of Corollary 1.1, it is easy to see that the Euclidean space regarded
as a shrinking soliton is the Gaussian soliton up to scaling (cf. [8, p. 416]).
This concludes the proof of Corollary 1.1. O

In the above proof, inequality (5.1) was enough for our purpose, however,
we can actually show that the equality holds in (5.1) in the situation of
Corollary 1.1. Here we describe the proof of this for future applications.

Proposition 5.1. Let (M", g, f) be a complete gradient shrinking Ricci
soliton with Ricci curvature bounded below by —K € R. Assume that [ is
normalized so that (1.3) holds. Then, with notation as in the proof of
Corollary 1.1, we have

(5.3) V(g1) = /M(47r/\)_"/2e_f dig.
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Proof. Take a sequence {7;};cz+ with 7, = 0o as i — oo and put «; :=
\/1—==. Fix >0 and 7 > 0 sufficiently large. For any ¢ € K;(7 — 1) :=

L9 Kz 17,—1(1% r), take p; :=y(m; — 1) € K := LI K+, _17,-1(p, 1), where v
is the minimal £9'-geodesic from (p,0) to (¢, 7 — 1).
It follows from the combination of Sublemma 3.1 and (5.2) that

E!h 91

poy(@T—1)= 2F< )@ T = 1)+ L(g;,o)(pi,n - 1))

> o ——

L 0.7
. (f(qﬁ) -\ 25w
> oi(f(0.7) — S mas 7))

= a;f(q,7) — C(m)7 /2
Recall that L(g; 0) (+,+) > 0, which follows from the non-negativity of the scalar

curvature of g;(7) (Proposition A.1), and that K; is compact.
Thus, by Proposition 3.1,

Vo < (1-2)" 0 -1 + e

< 477) 2 exp(—09 T — 1) )dpg, 7y + 3e(r

/K(H)( ) (£ 07 = 1)) ditg r) + 3e(r)

< (Ol / (477) 26 I 3e(r)
Ki(7—1)

< O / (47\) " 2e= S dpg + 3e(r).
M

Now we observe that e~/ is integrable for large i € Z*. To do this,
let us recall that f-volume [, e Tdy is finite if the Bakry Emery tensor
Ric + Hess f is bounded below by positive constant [21,27]. In our case, we
know that

Ric + Hessa;; f > (2/\ (1-— ai)K)g >0

and hence | M e—aif dpg makes sense for all large ¢ € Z7.
Since r > 0 and 7 > 0 are arbitrary, we have obtained that

(5.4) Vo) < [ (my e, (< o)
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and the right-hand side of (5.4) converges to the normalized f-volume as
i — 00. Combined with (5.1), this completes the proof of the proposition. [

5.2. Expanding Ricci solitons

Finally, we consider gradient expanders of non-negative Ricci curvature and
prove the result corresponding to Corollary 1.1 for them. A gradient expand-
ing Ricci soliton is a triple (M, g, f) satisfying

1
Ric — Hess f + —g =0
1C €SS 2)\9

for some positive constant A > 0. We normalize f € C>°(M) so that R+
IVf|? = A"1f =0 on M for the expander (M, g, f) too.

Proposition 5.2 [4]. Let (M", g, f) be a complete expanding Ricci soliton
with non-negative Ricci curvature. Then

(1) M™ is diffeomorphic to R™.
(2) We have

(5.5) /M(47T)\)_”/Qe_f dpg <1

and the equality holds if and only if SM”,g,f) is, up to scaling, the
|-

expanding Gaussian soliton (R", gg, —5-).

We remark that the proposition is a restatement of a result of [4]. Because
our proof is simple and purely geometric in contrast to the one in [4], we
decided to include it here.

Proof of Proposition 5.2. First, we note that the potential function f is
bounded below and %—convex, i.e., Hess f > %g > 0. Therefore, f has the
unique critical point p € M where the minimum value of f is attained. Part
(1) of the proposition follows from this.

Next, as in the proof of Corollary 1.1, we construct a self-similar solu-
tion to the (forward) Ricci flow go(t) := £ (¢¢)*g,t € (0,00) and put g1 (t) :=
go(t+1),t € [0,00).
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Define the forward reduced distance at (q,t) € M x (0,00) by
0@ t) = \[mf{ﬁ 7(0) = p,7(F) = ¢}

where we defined the forward L-length Lt () of v:[0,t] — M by

ﬁ-l—(,y) = /j\/%(‘ii; ;(t) + Rgl(t)(’)/(t)))dt.

Then we consider the formal reduced volume defined by

(5. V(0= [ (mty e o Oy

We do not care whether ‘A/&O) (t) is monotone. (This is the case when g;(t)
has bounded non-negative curvature operator or non-negative bi-sectional
curvature in the Kéhler case [24].)

Since (M™, g1(t)) has non-negative Ricci curvature, we have

€+ )(qu_ 1)

(.0 inf \[’ It

2\/75—71 il
- e > jAd i

dt

91

and by Lemma 2.1,
t—1 n/2
n/2 _ 2
()" V-1 < [ (40 exp (5o vl bt

[ zesp (- BB g,
1.

IN

Then, from the same argument as in the derivation of (5.1) in the proof
of Corollary 1.1, we derive that

/ (4x\) ™2 e fdu, < hmlnf V(glo)()
M

and hence
2

(5.7) /M(47T)\)”/2efdug < /M(47r)\) n/2 o p(—dggg\'))dug <1

which yields (5.5).
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When the normalized f-volume is 1, we have equalities in (5.7). Then we
know from the equality case of Lemma 2.1 that (M", g) is isometric to the
Euclidean space. The only way to regard (R™, gg) as a gradient expanding
Ricci soliton is the Gaussian soliton, up to rescaling. This finishes the proof.

O

6. Concluding remarks

In this section, we collect some remarks.

Remark 6.1. Let (M", g(7)),7 € [0,T) be a super Ricci flow %g =:2h <
2 Ric satisfying Assumption 2.1 on a closed manifold M. Put H := trh. Fol-
lowing [25], we define the W-entropy for a triple (g(7), f,7) by

61 W fr) = [ [rOVIE )+ f = nfudigy

where f is a smooth function on M", 7 > 0 and u := (477)"™/2e~/.
We evolve u by the conjugate heat equation %u = A u— Hu, or
equivalently,

9(7)

of 9 n
E_AQ(T)f_|vf| +H—;

Then, by simple calculation, we obtain the entropy formula for the super
Ricci flow:

d
SW(g(r). £,7)
1 12
= —27‘/ Uh—I—HeSSf - 79‘ + (dH — 2divh)(V f)
M 2T
OH
+ (Ric — h)(V £,V f) - %(W + Ay H + 2|h|2>]ud,ug(7)
<0

from which we simultaneously recover the entropy formulae of Perelman
(h = Ric) [25] and Ni (h = 0) [22].

We also have similar formula for the super Ricci flow analogue of
F-entropy introduced in [25, Section 1].

Remark 6.2. (1) We can find the optimal value ,, of the constant obtained
in Theorem 1.1, namely ¢, := 1 — max{V(g)} > 0. We take the maximum
over all the complete n-dimensional non-Gaussian ancient solutions to the
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Ricci flow with Ricci curvature bounded below. The maximum is achieved,
as is seen by the limit argument used in the proof of Lemma 4.1. Then it is
easy to see that {e,}>2, is a non-increasing sequence. It seems interesting
to determine the exact value of lim,,_ o €5,.

(2) Now we calculate an asymptotic reduced volume (or normalized
f-volume) for the round n-sphere (S, gg») with constant Ricci curvature
Ric = 1ggn. Then g(7) := (1 + 7)ggn, T 6 [0, 00) is an ancient solution to the
Ricci flow, while (8™, gs», f) with f = § is a gradient shrinking Ricci soliton.
By Proposition 5.1,

V(g) = / (4m) 20~ 2y,

/9 mm+ se \/7 \/7 /‘
asn  oo.
'(m+1)
Here we have put n =2m + 1,m € %Z“‘ and used that Vol(S™, mgsn) =
27+ )T (m + 1) and Stirling’s formula:

'm+1)=+vV 2rm™ze” (™) for m > 0,

where 6(m) \, 0 as m ,* co. This gives an upper bound for the constant ¢,
obtained in Theorem 1.1:

n<1—e%mMy2e-1\,1—- V21 asn /.

Remark 6.3. Theorem 1.3 has another corollary which was pointed out
by Professor Lei Ni.

Corollary 6.1. Let (M",¢(t)),t € [0,T) be a complete Ricci flow with
bounded curvature and positive injectivity radius at t = 0 which develops sin-
gularity at finite time t =T < oo. Then any singularity model of (M™, g(t))
has finite fundamental group.

The singularity model is the limit of dilations of (M™,¢(t)) around a
singular point (see [10, Chapter 8] for the precise definition). We can take
such a blow-up limit in the corollary by virtue of Perelman’s no local col-
lapsing theorem [25, Section 7] and Hamiton’s compactness theorem [15].
The corollary immediately follows from the fact that such a singularity
model is an ancient solution with positive asymptotic reduced volume
(cf. [8, Lemma 8.22]).
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We will be able to use this corollary in order to understand the singu-
larities of the Ricci flow further. For example, we can prove the following:
for any ancient solution (N"~1 gn(t)),t € (—00, ), the canonical ancient
solution on S* x N™~! cannot occur as a blow-up limit of the Ricci flow as
in Corollary 6.1. In the case where N is a sphere, this result was conjectured
by Hamilton [14, Section 26] and proved by Ilmanen—Knopf [16].

Remark 6.4. (1) Feldman-Ilmanen—Ni [12] have discovered the forward
reduced volume V(;o) (t) for the (forward) Ricci flow (M™, g(t)),t € [0,T)
which is non-increasing in t. However, its definition is given by

~ —n —+ .
Vipoy (1) = /M(m) P2elo0 00 dpuy

(cf. with (5.6)) and it is not well defined for general non-compact manifolds.
It is not likely that Theorem 1.1 has an analogue for the forward reduced
volume f/(;,o) (1).

(2) One can also easily generalize the monotonicity of ‘7(;0) (t) to the
forward super Ricci flows %g > —2Rigc, if the condition corresponding to
Assumption 2.1 is imposed.

Remark 6.5. In Carrillo-Ni’s preprint [4], the potential function f of the
gradient Ricci soliton (M™, g, f) is normalized so that

/M (471)\)_”/2e_fdug =1.

Then their main result is the logarithmic Sobolev inequality for gradient
Ricei solitons with u(g, f) := A(R+ |V f|?) — f as the best constant. They
also showed that u(g, f) > 0 for gradient shrinking Ricci solitons (under the
curvature condition stronger than ours) and conjectured that u(g, f) =0
implies that it is the Gaussian soliton. It is easily checked that u(g, f) =
—log Vol¢ (M), where Vols(M) is the normalized f-volume of (M", g, f)
with f being normalized in our sense as in (1.3). Hence, Corollary 1.1.(3)
gives an affirmative answer to the conjecture in [4].

Remark 6.6. After the first version of this paper was completed, the result
of Zhang [31] came to the author’s attention. It states that for any gradient
Ricci soliton (M, g, f), the completeness of g implies that of V f. Recall that
we have used the assumption that Ric > —K for some K € R in the proof
of Corollary 1.1 only to ensure the completeness of V f and the existence
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of minimal L-geodesics between any two points in space—time. A natural
question is whether the assumption on Ric in the statement of Corollary 1.1
is superfluous.

Appendix

In this appendix, we present very detailed proofs to the facts on the super
Ricci flow used in the proof of main theorem. The proofs rely on the following
lemma whose proof in [25] works as well for the super Ricci flow.

Lemma A.1 [25, Lemma 8.3]. Let (M", g(7)) be a complete super Ricci
flow.

(a) Assume that Ric(-,70) < (n — 1)K on the ball By, (xo,70). Then outside
Of BTO (‘TO’ TO)?

0

(E + Ag(m))dm(-,;ro) <(n-1) (;Km + 7“0_1),

The inequality is understood in the barrier sense.

(b) Assume that Ric(-,70) < (n — 1)K on the union of the balls Br,(xo,70)
and By, (z1,70). Then
+ 2
d—dT(xO,:pl) <2(n— 1)<§Kro+ral>.

dr T=To

Here, %f(T) ;= limsup,_,q M

derivative.

denotes the wupper Dini

A.1. Perelman’s Point picking lemma

Lemma A.2 [25, Section 10; 17, Lemmas 30.1, 31.1]. Let (M",g(7)), T €
[0,T) be a complete super Ricci flow and A, B > 0 are arbitrary numbers.
Assume that there exists a point (x1,71) € M(B), where M(B) = {(x,7) €
M x[0,T); | Rm|(z,7)(T"— 1) > B}. Then we can find a point (ps, 7«) € M (B)
such that

(A.1) |[Rm|(z,7) < 2|Rm|(ps, 7) =: 2Q
for all (z,7) with d, (x,p.) < AQ™Y? and 7, <1 < 7 + %BQfl.

The proof is divided into two steps as in [25].
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Claim 1. Take xo € M and A’ >0 satisfying that 4(n —1)Be <1 and
(eA")? > 3/2 for some small e > 0 and A’ > 2A. Then we can find a point
(ps, T«) € M(B) such that (A.1) holds for all (z,T) with

dT(xva) <d, (p*;$0) + A,Qil/Q and 7o <7 < Ty + %BQil-

Proof. If not, we can construct a sequence {(z;,7;)}icz+ C M(B) starting
from (z1,71) € M(B) satisfying that

Qitr1 > 2Q;, div1 <d;+ A/Q_1/2 and 7 <71 <7+ %BQ;I

7

where we put Q; := |Rm|(z;, ;) and d; := d, (z;, xo). We see that (z;41, 7i1+1)
lies in M(B) if (z;,7;) does. Indeed,

Qit1(T —Ti41) — B> 2Q¢(T - T — %BQl_l) - B
- 2<Q¢(T ) - B) > 0.

This implies that {(z;, 7) }iez+ C M(B).
Then Q; > 2°"'Q1 — oo as i — 0o, which contradicts to that

R<T+BQ'<T—e,<T and d; <dy+24'Q;"%
Here 1 >0 is taken so that |Rm|(x1,71)(T — 71 —e1) > B. Hence the

sequence {(x;,7;)} stops at finite steps and the terminal one is the desired
point (pu, Tx). O

Claim 2. The point (ps,T«) just obtained satisfies the desired property.

Proof. Take = € B, (py, AQ™'/?) and put rg := e AQ /2. Let 7 € [, 7 +
%BQ‘l] be the supremum of 7" such that

|[Rm|(-,7) < 2Q on B;(xq,r0) U B(z,70) for all 7 € [19,7"].

It follows easily from the choice of (p.,7:) that 7 > 7. and |[Rm| < 2Q on
B (zg, 1) for 7 € [, 7 + 3BQ 7.
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Applying Lemma A.1(b) for 7y = cA'Q1/2,

Ao (,20) = dr. (2,20) < 2(n = 1) (3e QY2 + (c4)7QV?) (' — 7.)
<2(n—1)eA'BQ™'/?
S %Alel/Q.

Therefore, we have that
dr(2,20) < dr. (2,ps) + dr. (P, 00) + 3A'Q72 < dr. (pry20) + A'Q?
and 7 = 7, + %BQfl. As z € B, (ps, AQ~1/?) is arbitrary, we conclude that
|Rm| < 2Q on B, (p., AQ™Y?) x [1s, 74 + %BQ_I].

This completes the proof of the lemma. O

A.2. Ancient solutions have non-negative scalar curvature

Proposition A.1 [6, Proposition 2.1]. Any complete ancient super Ricci
flow (M™,g(7)), T € [0,00) satisfying (2.2) has non-negative trace of time
derivative 2H = tr%g > 0.

Note that we have no assumption on the bound of % g in Proposition A.1.

Proof. We give a proof by contradiction which is based on the maximum
principle argument. Assume that H (g, 79) < 0 for some (xg, 79) € M x [0, 00).
We may assume that 79 = 0.

Let ¢ : R — [0,1] is a non-increasing C? function satisfying that ¢ = 1
on (—o00,1/2], ¢ =0 on [1,00) and " — % > —C\/p on (—0o0,1) for some
C > 0. Such a function can be constructed from ¢(s) = (s — 1)* for s <1
near s = 1.

Take sufficiently large Tp > 0 so that n|H|(xo,0)~! < Tp. Find 79 > 0
such that Ric < (n — 1)ry 2 on B, (xg,70) for all T € [0, Tp] and fix A > 0 so
large enough that |H|(xo,0) > nC(Arg) 2.

Put

x,x0) — 2(n — 7“717'
u(z,7) = (p(dT( , %0) Adr(o Dry )H(a:,T).
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Then
9 (G A)dr(,m0) = §(n — D)t
(E + A)“(l‘ﬂ') = Arg H(z,T)
2 wH(x,7)
gy A H )+ s+ 2T, V) (7).

Let tmin(7) := mingeps u(z, 7) and assume that wumin(71) = u(z1,7) <0
for some 71 > 0 and x1 € M. Then d;, (x1,x9) < Arg + %(n — 1)7"617'1 and
H(x1,m) < 0. Furthermore, we have Vu(z1,7) = 0 and Au(z1,71) > 0.

If dr, (z1,70) < ro, then u = H near (z1,71) and

d+ B
——Umin(71) < liminf u(zy, 7) — u(z1,m)
dr TN T—T1
< —AH (w1, m) = 2/h[*(@1,71)
2 2
= _7H2 = — —Umin 2.
~ n (21,71) Y (1)

If d;, (z1,20) > 7o, by Lemma A.1(a) and that 2ab < a® + b,

d* 2 7 2(»0/2 H(mlﬂ—l)
g min(n) < =2elh (e, m) + (o = == ) S0
2 H(.I‘l ’7‘1)
< —ZpH? - Cp——5+
< - eH (z1,m) - CVp (Aro)?
2 nC? 1
< _ZoH? L o2
<y (z1,71) + 2(Arg) tg5. (z1,71)
1 nC? 1
= _ﬁumin(Tl)2 + m - %Umin(Tl)Q-
Since |tmin|(0) > |H|(20,0) > nC(Arg)~2, we know that %umin < —%
u?. on [0,7Tp]. Therefore,
(r) < " —
UminT) S —0o0
NUmin (0) ™1 + 7
as T — N|umin|(0) ™! < Tp. This is the desired contradiction. O
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