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On characterization for a class of pseudo-convex
domains with positive constant pseudo-scalar
curvature on their boundaries

SoNG-YING L1

For any compact strictly pseudoconvex pseudo-Hermitian CR man-
ifold (M, 6y) in the sense of Webster, the solution of CR-Yamabe
problem concludes that there is a contact form 6 which conformally
equivalent to 0y so that the psudo scalar curvature for (M, 0) is a
constant. The current article gives a natural and easily verified suf-
ficient condition, and proves that if (M, 0) satisfies the condition
and has a positive constant pseudo scalar curvature on M, then
(M, 0) must be CR equivalent to the unit sphere.

1. Introduction and main results

Let (M,0) be a strictly pseudo-convex pseudo-Hermitian compact hyper-
surface in C"*! in the sense of Webster [36] with a pseudo-Hermitian real
one-form 6 on M. Let Ry be the Webster pseudo-scalar curvature for M
with respect to 6. By the solution of the CR Yamabe problem given by
Jerison and Lee [18], Gamara and Yacoub [10] and Gamara [9] (for n = 1),
there is a pseudo-Hermitian real one-form 6 so that (M,6) has constant
Webster pseudo-scalar curvature Ry. Let p be a defining function for M.
Then 6 = 2%(8/) — dp) is a pseudo-Hermitian one-form for M, and any Her-
mitian one-form can be constructed in this way by using defining function
of M. When M = S§?"*1 the unit sphere in C""!, if p(z) = |2|? — 1, then
Ry =n(n+ 1) on M. The main purpose of the paper is to give some charac-
terizations on p so that the pseudo-scalar curvature Ry is a positive constant
on M if and only if M is CR-equivalent to the sphere S?"+1,

Let D be a smoothly bounded pseudo-convex domain in C". Let u be a
strictly plurisubharmonic exhaustion function for D (u = +o00 on 90D). Let
p(z) = —e~™“3), Then the Fefferman’s functional J(p) of p is defined as:
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where H(p) is the complex Hessian matrix of p, dp = (97p,...,0mp) is a
1 x n matrix and (9p)* is its adjoint matrix.

Let f(z) be a positive function on D. It was known (see, for example,
[7,25]) that

(1.2) J(p)=f(2) >0in D; p=0o0ndD
if and only if
(1.3) det H(u)(z) = f(2)e™™V" in D; u=+oco on dD.

When f(z) € C*(D) is positive for all z € D, the existence and unique-
ness of a strictly plurisubharmonic solution of (1.3) were given by Cheng
and Yau in [7]. In particular, when f(z) = 1, they proved that the plurisub-
harmonic solution u of (1.3) defines a complete Kéhler-Einstein metric on
D: az az dz; ® dz;.

When D is strictly pseudo-convex, uniqueness and a formal approxima-
tion solution p of (1.2) with u = —log(—p) being plurisubharmonic in D
were given by Fefferman [8] earlier; the existence of such a solution was
proved by Cheng and Yau [7] with p € C"*3/2(D). Lee and Melrose [22]
gave an asymptotic expansion solution for p. In particular, they proved
that p € C"*27¢(D) for any ¢ > 0. In general, p fails to be in C"*2(D).
Further informations about complex Monge-Ampere equations and pseudo-
Hermitian manifolds can be found (for examples) in: [1-6,11-17,23,26-35]
and [38].

When M = {z € C"": p(z) =0} is hypersurface in C""!, using the
notation of J(p), the following formula for the Webster pseudo-Ricci cur-
vature of (M, #) was given by Li and Luk in [30]:

(1.4) Ricz(w,ﬁ) = _Llog J(p)(2) (w,@) + (n + 1)det(}15€2§)l}p(z) (w,ﬁ)

for v,w € H,(M), holomorphic tangent space of M at z, where

n+1 82
1.5
(1.5) u(z) w, ) Z 82j82k w]vk
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Assume that ¢ : D — B,y is a biholomorphic mapping, and if p(z) =
|p(2)|> — 1, then det H(p) = J(p) = |det ¢/(2)|? on D and log J(p) is pluri-
harmonic in D. By (1.4), we have Ry = n(n + 1) on 9D.

The main purpose of the current paper is to prove the converse is also
true, we state it as the following theorem.

Theorem 1.1. Let p € C3(D) be a defining function for D C C"! so that
u(z) = —log(—p(2)) is strictly plurisubharmonic in D. Let M = 0D and § =
2(0p — 9p). Assume log J(p) is harmonic in the Kdihler metric %dzi ®
dz;, we have the following two statements hold:

(a) If Rg = c >0, constant on 0D, then D is biholomorphic to the unit
ball By, 11 in C"HL,

(b) Webster pseudo-scalar curvature

det H(p)
J(p)
Notice that if u(z) = —log(—p(z)) is the potential function for the

Kéhler—Einstein metric for D, then J(p) =1 on D. By Theorem 1.1 and
Theorem 3.1 in [24], we have the following corollary.

(1.6) Ry =n(n+1) on OD.

Corollary 1.2. Let D be a smoothly bounded strictly pseudo-convex domain
in C"T1. Assume that u(z) = —log(—p(2)) is the potential function for the
Kiihler-Einstein metric for D (defined by (1.3) with f = 1) and 0 = 3 (dp —
dp) on M = 90D. If Ry = ¢ > 0, constant on 0D, then there is a biholomor-
phic map ¢ : D — Bpi1 so that det ¢'(2) is a constant on D.

The paper is organized as follows: In Section 2, we provide several main
lemmas. In Section 3, we will prove part (b) of Theorem 1.1. Finally, the
proofs of Part(a) of Theorem 1.1 and Corollary 1.2 are given in Section 4.

2. Main lemmas

Let D = {z € C": p(z) < 0} with C? defining function p. Let u(z) = — log
(—=p(z)) be plurisubharmonic in D. Then the relation between J(p) and
det H(u) is given by the following lemma.

Lemma 2.1. Let u € C*(D) and let p(z) = —e~*. Then

(2.1) det H(u) = J(p)em+Dv,
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Proof. By viewing Ou as a 1 by n matrix and (u)* is its adjoint matrix,
one has that

(2.2) 9p=—pdu, H(p)(z) = —p(z)H(u) + p(2)(9u)" Ou.
Thus

C o de P —pdu_

Toh= et | Bt (@
n 1 —0u

= (o)™ det {—(8u)* —H(u) + (3u)*8u]
n 1 —ou
)+ det [0 —H(u) + (Ou)*Ou — (8u)*8u}
)" det(—H (u))
= ¢~ (DU det H (u).

=—(p
=—(p

Therefore, (2.1) holds and the lemma is proved. O

Assume that u is strictly plurisubharmonic in D, we let [u¥]* = H (u)™1,
and use the following notations:

0%*u ou ou
(2.3) Uiz = 92,07, Ui—aley Uj—aizj
and
(2.4) Oul|? = uﬁaiuf%u, T(2) := |0u)? + e .

Then if p(z) = —e (), then by Lemma 2.2 in [24],
(2.5) det H(p) = e ™ det H(u)(1 — |0u|?) = J(p)e“(1 — |0u|?).

Since w is strictly plurisubharmonic in D, by (2.1), we have J(p) > 0 on D.
Thus

det H(p)
J(p)

Then the following lemma was included in the proof of part(b) of Theorem
2.4 in [24], given in pages 468-470.

(2.6) 1 =e(1-T(2)).
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Lemma 2.2. Let D be a bounded pseudo-convexr domain in C". Let u €
C4(D) be strictly plurisubharmonic in D, and let p(z) = —e~%. If —log J(p)
is subharmonic in the metric uﬁdzi ® dzj, then

n

(2.7) Z uﬁaﬁ <_detH(p)> (2) >0, zeD.

= J(p)

The next result is the main theorem of this section.

Theorem 2.3. Let p € C3(D) be a defining function for D C C" so that
u(z) = —log(—p(2)) is strictly plurisubharmonic in D. If —log J(p) is sub-
harmonic in Kdhler metric uﬁdzi ® dzj, and if there is a positive constant
¢ so that

det H(p) _ e on
(2.8) ) - oD,
then
(2.9) W =c on D.

Proof. Since det H(p)/J(p) = ¢ > 0 on 9D, replacing p by cp if it is neces-
sary, without loss of generality, we may assume that ¢ = 1. We can write

det H(p)
J(p)

Since —log J(p) is subharmonic in the metric u;;dz; ® dz;, by Lemma 2.2,

(2.10) =14+ A(2)p(z), ze€D.

we have that det H(p)/J(p) attains its minimum over D at some point in
0D. Thus (2.10) holds with A(z) <0 in D. By (2.6), one has

_ det H(p)

(2.11) 1-T(:) = =53

et —e =1+ A)p)(=p) +p.
Thus, by (2.10),
(2.12) T(z)=1—p(z) + (1+ Ap)p = 1+ A(2)p(2)*%.

We claim that T'(z) =1 on D (i.e., det H(p)/J(p) =1 on D).

By Lemma 2.2, if there is zp € D so that det H(p)(z0)/J(p)(20) = 1, then
det H(p)/J(p) =1 on D (i.e., A =0). Otherwise, we have A(z) <0 on D,
we will prove there is a contradiction.
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Let C = max{—A(z) : z € D}. Then C € (0,00), and by (2.12), we have
(2.13) 0<(1-T)<Cp(z)?=Ce™, on D.

By (2.12) again, one has T'(z) := |0u|? + e~ < 1 on D. Since e~* =0 on
0D and e™ > 0 in D, one can easily see that

(2.14) b:=max{e " :2e D} <1, zeD.

By (2.13), we have

1 1

_y-3/4 S —3/4,3u/2 <
(2.15) =Ty Pz o, <

Note: This is a key place we use the condition det H(p)/J(p) =1 on 0D.
For any fixed positive integer m satisfying

n+1)2
(2.16) m > 03/4((1J_rz;))2’

it is easy to see that

217)  m-m-sa_ ) 0+ AU s g

D.
(I—ev) 4dl—ewp =% *€

Let
- 52 _
(2.18) Ly, = u" 9207, — nRe (u’u;0;)
and
(2.19) Lo = Lo +m(1 = T) "3/ *Re (9;Tu"95).

For any zp € D, we will show L, ,,T(z9) > 0. By a holomorphic change of
coordinates, without loss of generality, we may assume that

(2.20) uz(20) =0, 1<4,5,k<n.

It was proved by the author in [24] that if T(z) <1 on D and if u is the
strictly plurisubharmonic solution for the Monge—Ampere equation:

(2.21) det H(u) = Je™ D" in D;  w =00 on dD
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with —log J is subharmonic in the metric uijdzi ® dzj, then
ugaﬁT(zo) S (ukeuku +e )
(2.22) >n(l—T) —|0ul2(1—e¥) + u’]uuulkuﬁ

Note: This is (2.24) in [24] while (2.21) in [24] becomes inequality with our
assumption u* 9;710g J(p)(20) < 0.
By (2.20), one has that 9yu*(z) = 0. Thus, for 1 < j < n, one has

(2.23) 7 7
071 (20) = ukzukuﬁ +uz(l—e™), 0;T(20) = u“uiku}- +ui(1—e").

Thus,

(2.24) ui;uiaj%T(zo) = uijuiukzukujlé + [Ou2(1 —e™)

and

(2.25) ugaﬁT(zo) >n(l-T)— uijui&jT + uzjuiukzukuﬁ + u”umulkuﬁ.
Thus,

(2.26)
L,T>n(l—T)—Re(l+n)u" uZ&T + Re u’JuzuMukul +u’ uuulkuﬂ.

By (2.23), one has

1

(2.27) ui(Z()) = 1 — v

[0:;T (20) — ukzuzuik(zo)].
Thus,

— (14+n)Re uﬁuiﬁjT
1+n

g [—uijBiT&T + uijukﬁuzuikﬁj—.T]
(2.28) > - e + i—e u)2 U o, To;T — e Mty ulkuﬂ
and

(2.20) Reuwuiuluguz(z0) > —|0ulZuiut sy (zo).
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Combining (2.26), (2.28) and (2.29), one has

L, T(z) >n(1—=T)+ (1 —|0ul® — e “)u ukeuzkuﬁ

B |:((1+7’L) N (1+n)?|oul? ,

(2:30) 1—e %) 4(1- e‘“)2

] u 9; To:T.

Therefore,

LonnT(20) >n(1-T)+(1— T)u¥ ukeulkule

m (14+n)  (@+n)?ou? ]
+ |:(]- - T)3/4 B (]_ — e*u) 4(1 —e u)2 :| Ja T&T
m (1+n) (1 +n)?|oul® ] s
B {(1 — T)3/4 S (l—ev) 4(1-—ce u)g } 0, To;T

(2.31) > 0.

Since det H(u) = J(p)e™ D" we have 3", &i[J(p)e™Vuui] = 0 for
all 1 < j <n. Thus,

Re Z 8i[e—nue—4m(l—T)1/4J<p)e(n+l)uui38;T>]

ij=1
_ 6(n—i—l—n)ue—4m(1_T)1/4 [LnT(Z’O) + m(l . T)_3/4Ui38iT&jT]
(2.32) = gl =T p LT
Since
ij ij Piﬂj i il
2.33 J = (— j__rFr _
we have
(2.34) et zn: 0T = PP 570 on oD
' piumO5t = =g e Ot = ‘
- 0pl5 —p
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Let |0pl3 = 327_ [9;p(2)|?. Then,

o Pi e Mg —4m(1-T)/* n+1Du ij
0 =Re Z /Q \3p|0 A=D1 1 (p)em+h) u”9;T)do(2)

_ Re/ Z d;(e e —4m(1— T)1/4J(p)e(n+1)uui38jT)dv

4,j=1

_ / e AmI=T) L du(2)
Q

(2.31) shows that the integrand in the last integral is non-negative on D.
Thus, the above identity implies that

(2.35) el =" p  T(z) =0, zeD.
Therefore,

LynnT(2)=0, inD.
Maximum principle (for both 7" and —T") implies that

max{7T(z): 2z € D} =max{T(z): 2 € D} =1

and
min{7(z) : 2 € D} = min{T'(2) : z € D} = 1.
Therefore,
T(z)=1, and det Hlp) =1 inD.
J(p)

This contradicts to A(z) <0 on D (i.e., T(z) <1 on D). Therefore, our
claim T'(z) =1 is proved, and so

det H(p) )
2.36 — =1 in D.
(239 7)
Therefore, the proof of Theorem 2.3 is complete. O

The following result essentially is the corollary of the main theorem of
Stoll [33], Burns [3] and Wong [37] in our notation:
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Corollary 2.4. Let p € C3(D) be a defining function for D C C" so that
u(z) = —log(—p(2)) is strictly plurisubharmonic in D. Let M = 0D and
0 = 5-(0p— dp). If det H(p)/J(p) is a positive constant on the boundary
0D of D, then D is biholomorphic to the unit ball By, in C".

Proof. Since u = —log(—p) is plurisubharmonic in D, we have J(p) >0
on D. Notice that det H(p)/J(p) is a positive constant on D, we have p
is strictly plurisubharmonic in D. Let 29 € D be such that

(2.37) m = —min{p(z) : 2 € D} = —p(20).

Then 9p(zp) = 0 and

(2.38) J(p)(20) = mdet H(p)(z0).
Let
(2.39) 7(2) = p(z) + m.

Then 7: D — [0,m) is smooth, onto and strictly plurisubharmonic in D.
Moreover, since |07|2 = \6p|g and det H(p) = det H(7), we have

J[r] = —det H(1)[1 — |07|2] = —m/det H(p) + J(p).

Therefore,

(2.40) W =constant on D <= J(r)=0 on D.
Notice that

(2.41) J(1) = =" det H(log 7).

Thus

(2.42) J(1) =0 < det H(log7) =0, D\ 7 0).

Combining the above relations and the main theorem of Stoll [33], Burns
in [3] and Wong [37], the proof of Corollary 2.4 is complete. O
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3. Proof of part(b) of Theorem 1.1

First let us recall some notions and a formula for the Webster pseudo
Ricci curvature and pseudo-scalar curvature proved in [30]. Let M be a
real hypersurface in C"*! with a defining function p € C3(C"™1). Let D =
{z€ €™ :p(2) <0} and let U be a neighborhood of M. Assume that
u(z) = —log(—p(z)) is strictly plurisubharmonic in D NU. From now on,
we always use p to denote a defining function for M and 6 = %(Bp — dp)
is the pseudo-Hermitian form for M associated to the defining function
p. We define a second-order differential operator D5 associated to p for
1 < a,8 <n as follows:

(3.1
D

~—

s Pa 0? rg 0* Palg 0?
oB 020075 P41 02011023 g7 02a0Zn+1  |pnt1|? 02n410Zn41

The following explicit formula for the Webster pseudo-Ricci curvature and
pseudo-scalar curvature in terms of defining function p for (M, §) was proved
in [30]:

Theorem 3.1. Let M = 0D be a strictly pseudo-convex hypersurface in
C" Let pe C3(DNU)NC®(DNU) be a defining function for M with
that J(p) > 0 on D N U and u(z) = —log(—p) is plurisubharmonic in D N U.
Let 0 = (8p — dp)/(2i). Then for v,w € H(M) = Ty o(M), we have:

det H(p)
J(p)

where Lg(w,v) = ZZJ;; 9,;(2)wi; is the Levi form associated to g.
In a local coordinates, at those z € My = {z € M : pp41(z) # 0}, we have
the Webster pseudo-scalar curvature

(3.2) Ric(w,T) = —Liog j(p)(w,T) + (n + 1) L,(w,v),

(3:3) Ry(z) = — z": haﬁpag log J(p) +n(n+ 1)(1(3)57}[(;))’
a,f=1 J(p)

where the pseudo-Hermitian metric h,5 =D 5(p) and [hO‘B] = ([haﬁ]t)_l.

Proposition 3.2. With the notation above, h,5 =D, 5(p), we have

_ _ a B
(3.4) haﬁ<z>=paﬁ—%, zeM, 1<a,B<n.
P
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Proof. Since, for 1 < i,k < n with hk} = ij(p)
n
i P
P — =
(o o)
:Zn: pﬁ_ ud <p' Pk —p ip +Mp >
j=1 0p2 K ppgr P Pt knd T T, 2 et

n
= Ok Py PkPF
=> (pkj T PrrT T o P g P

j=1 FPn+1
B (p S SN A >
P |8p|/2) kj Pl n+1j S| kn+1 | |2 n+1n+1
in+1 Pk Pi i1
— 5zk _ pm—’_lpkm + pm—HanrlTH _ 710kn7+1 _|_pm-|—1pkni+1
Pn+1 Prnt1
PPk int1_Pk
_|_ - " PR
|pn+1|2pn+1n7+1 P Pn+1 pn+1n+1
Pk pzp”“pi Ponit pr PO i )
012 " 10p2 FTE T (0p2 pusr 10pI3 puga TN
L P p’p”“p Pk P POt i P
:n+1 kn+1 |ap’% kn—+1 ‘pn—&—lP n+1n+1 ’apP Pl n+1n+1
= -
Therefore, (3.4) holds, and the proof of the proposition is complete. O

Let A, be the Beltrami-Laplacian with respect to the metric uijdzi ®
d?j. Then

n+1

— 2
(3.5) Ay=> u? 9

02:0%Z;
ij=1 v

Since u = —log(—p), we have (see [7,24]) that
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Then,
n+1 i 7 2
. pip] P
3.7 Ay, =(— Yo — .

Thus if f is harmonic in the metric u;5dz; @ dzj, then

n+1 i 7 2
R W
9 Auf= 2 (” —p+|ap|%) 050 "

1,7=1

29

Proposition 3.3. With the notation above, for any f € C*(D), we have

n+1 _ P] n _ ,Ozp7
(3.9) > (w ra,o|2> fa=2>_ (pﬂ -1 pyg> D(f)-

ij=1 ij=1

Proof. Since

n+1

n ; n n

n _ l,07 . - 0=
7 pz p; prj )
= - -
A (p |ap|2> (e + oS~ i

- Zifn+1fi Z n+ljfn+1j Z Finr Z mJrlferl

pip’ T Pi
+Z< R A >fn+1n+1

7t
Pn+1 \ Pn+1

)

s 1PPzZ P 2= PP~ [ —
0012 = puit T = 002 & ppgr

N (Xizip pi)(ijl P ps)
10p12 | pn1]?

fn—l—lT—l—l
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221 piPz) =
— (1 - &
< 0p2 Z

n+1j
Jos17 § :p Jos13

1 P+l
> p’p*- > i pif’
+ 11— == prtly 4 &=Ll PP
( 0p|2 ; Pﬁ Z el P ?
n ,0m _ pn_l’_lr_j’_l " (Zi:l p Pi)(Zj:1 /ﬂVj) R
Pn+1 |ap|;2) |pn+1|2 it
_ z”: [pn+1j - pn+1pj] f - z": [pin+1 . pn—i-lpi] f .
- 2 +1j 2 i n+1
st 005 |7 o 9pl5 | 7"

—— pn—l-lpn—l-l -
—|P —4’(%’% fn+1n+1'

Moving the right side to the left hand side, we have

(5 P (5 P
(3.10) > (pw |apyz> fs= > (p” N |8p!,%> Dy;(f) =0.

ij=1 ij=1

Therefore, the proof of (3.9) is complete, and so is the proof of the
proposition. [l

Proof of part(b) of Theorem 1.1. Let f(z) =log.J(p)(z) be harmonic
in the metric u;;dz ® dz;. By (3.8), and then by (3.9), we have for all
ze€M=0D

n+1 i 7 2 n i g
_ g P rf g_rr -
(311) 0= <pﬂ -~ |ap,%> 907, Z (pJ |8p|%> D (f)(2)-

ij=1 ij=1

By (3.4) and f =log J(p), we have

(3.12) Z hO‘BDaB(log J(p)) =0, =ze M.
a,B=1

Applying the formula (3.3) for the Webster pseudo-scalar curvature Ry, we
have that Ry =n(n+ 1)det H(p)/J(p), i.e., (1.5) holds, and the proof of
part(b) of Theorem 1.1 is complete. O
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4. Proof of Theorem 1.1 and Corollary 1.2

We have proved part(b) of Theorem 1.1. Now we prove part(a) of
Theorem 1.1.

Proof of part(a) of Theorem 1.1. Since log J(p) is harmonic in the met-
ric uﬁdzl- ®dz; in D and the pseudo-scalar curvature Ry is constant ¢ on
0D, by part(b) of Theorem 1.1, we have

det H(p)
4.1 c=Ry=n(n+1)—————= on JD.
(41) n+ )<
Therefore,
H
(4.2) detHlp) ¢ onop,

J(p) n(n+1)

This with —log J(p) being harmonic in the metric u;zdz; ® dz;, we have that
all conditions of Theorem 2.3 hold. By Theorem 2.3, we have

det H(p) c
(4.3) 7o Samn 20 D

By Corollary 2.4, we have that D is biholomorphic to B,11, and the proof
of part(a) of Theorem 1.1 is complete. O

Proof of Corollary 1.2. Since u is the potential function for D, we have
J(p) = 1. Hence, log J(p) = 0 is harmonic in u;dz; ® dz;. By part(b) of
Theorem 1.1, we have Ry = ¢ on 0D, and then by part(a) of Theorem 1.1
that D is biholomorphic to B,, ;1. Moreover, det H(p) = c on D. Let p* = cp.
det H(p®)/J(p°) =1 on D. Then by (2.37) and (2.38), there is zg € D with

det H (p°)(20)

(44)  P(0) = min{p(=) : z € D} = ——o v S

=1
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By (2.6), we have T'(z) =1 on D. By (2.5) in [24], we have

det H(log(1 + p°))(z) =0, for all z € D with p°(z) > —1.

Applying part(ii) of Theorem 1.2 in [24], there is a constant Jacobian biholo-
morphic mapping ¢ : D — B, 1. The proof of Corollary 1.2 is complete. [J
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