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Blow-up time for a nonlocal diffusion problem with
dirichlet boundary conditions

DIABATE NABONGO AND THEODORE K. BONI

This paper concerns the study of the following initial-boundary
value problem

{utza(J*u—u)—&-f(u) in Qx(0,7),
u=0 in (RN —-Q)x(0,7),
u(z,0) =up(z) >0 in €,

Where Qisa bounded domain in R with smooth boundary 9, J

fRN r —y)u(y, t)dy, J: RY — R is nonnegative, sym-
metrlc (J(z) = J(— )) bounded and [y J(2)dz = 1, f(s) is posi-
tive, increasing, convex function for positive Values of sand [ o d:)

< 0o. The initial data ug € C*(Q). We show that if ¢ is small
enough, the solution of the above problem blows up in a finite
time and its blow-up time goes to the one of the solution of the
following differential equation

(1) = fla(t), t>0,
{04(0) = M7

as € goes to zero, where M = sup,cq uo(z).
Finally, we give some numerical results to illustrate our analysis.

1. Introduction

Let © be a bounded domain in RY with smooth boundary 99Q. Consider
the following initial-boundary value problem

(1.1) ug =e(Jxu—u)+ f(u) inQx(0,7),
u=0 in (RY —Q)x(0,7),
u(z,0) = up(z) >0 in Q,
where Jxu(x,t) = [pn J(x—y (y, t)dy, J: RN — R is nonnegative,

bounded, symmetrlc (J(2) = J( ) and [py J(2)dz =1, f(s) is a positive,
increasing, convex function for the posmve values of s, [ o ds) < 400. The
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initial data ug € C*(Q). Here (0,T) is the maximal time interval on which
the solution u of (1.1) to (1.3) exists. The time 7" may be finite or infinite.
When T is infinite, we say that the solution u exists globally. When T is
finite, the solution u develops a singularity in a finite time, namely

T (., ) oo = +o0,
where [Ju(.,t)||cc = max,eq |u(z,t)]. In this last case, we say that the solu-
tion u blows up in a finite time and the time T is called the blow-up time of
the solution u. Recently nonlocal diffusion problems have been the subject
of investigations of many authors (see [3-8,14-21,24,25,27,33,39] and the
references cited therein). Nonlocal evolution equations of the form

Up = /RN J(x —y)(u(y,t) — u(z,t))dy

and variations of it have been used by several authors to model diffu-
sion processes (see [5,8, 14,20, 21]). The solution u(x,t) can be inter-
preted as the density of a single population at the point z, at time ¢ and
J(z — y) as the probability distribution of jumping from location y to loca-
tion x. Then the convolution (J *u)(x,t) = [pn J( Ju(y,t)dy is the
rate at Which individuals are arrivmg to pos1tion T frorn all other places
and —u(z,t) = — [pn J( Ju(z,t)dy is the rate at which they are leav-
ing location x to travel to any other site (see [20]). Solutions of nonlinear
parabolic equations (local diffusion) which blow up in a finite time have been
the subject of investigation of many authors (see [9,10,13,23,29,34, 36, 38]
and the references cited therein). One may also find in [33] some results
on blow-up for nonlocal diffusion with Neumann boundary conditions. In
this paper, we are interested in the asymptotic behavior of the blow-up time
when ¢ is small enough. Our work was motivated by the paper of Friedman
and Lacey in [23], where they have considered the following problem

up =eAu+ f(u) in Qx (0,7,
u=0 on dQx (0,7),
u(z,0) = up(z) in Q,

where A is the Laplacian, f(s) is a positive, increasing and convex function
for the nonnegative values of s, 0+°° f”és) < +00. The initial data ug is a
positive and continuous function in 2. Under some additional conditions on

the initial data, they have proved that when ¢ is small enough, the solution
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u of the above problem blows up in a finite time and its blow-up time goes
to the one of the solution of the following differential equation

(1.4) o (t) = fa(t), a(0)=M,

as € tends to zero where M = sup, g uo(x).

Let us notice that the result of Friedman and Lacey holds when f(0) > 0,
but they have noticed that if the solution increases with respect to the second
variable, it is possible that their result holds for f(0) = 0. The proof in [23]
is based on the construction of upper and lower solutions, and it is difficult to
extend the method in [23] to our problem. In this paper, we obtain a similar
result for the problem described in (1.1) to (1.3) using both a modification
of Kaplan’s method (see [29]) and a method based on the construction of
upper solutions. Our paper is written in the following manner. In the next
section, we prove the local existence and uniqueness of the solution of (1.1) to
(1.3). We also give some results about the maximum principle for nonlocal
problems. In the third section, under some conditions, we show that the
solution w of (1.1) to (1.3) blows up in a finite time and its blow-up time
goes to the one of the solution of the differential equation defined in (1.4) as
€ goes to zero. Finally, in the last section, we give some numerical results
to illustrate our analysis.

2. Local existence

In this section, we shall establish the existence and uniqueness of the solution
of (1.1) to (1.3) in © x (0,7) for small 7" and certain initial data.

Let to be fixed and define the function space Y, = {u € C([0, ], C(Q2))}
equipped with the norm defined by [ully, = maxo<i<, [[ulleo for u € Yy,
It is easy to see that Y;, is a Banach space. Introduce the set X =
{u/u € Yy, lully,, <bo}, where by = 2|uol|oc +1. We observe that X, is
a nonempty bounded closed convex subset of Y;,. Define the map R as
follows

R : Xto — Xtou
t t
R(o) (e, =u(o)+e [ [ a-y)lol.s)-vle)dydst [ Fo(w.s)ds,
0 RN 0
where we impose

v(z,t) =0 forzeRYN —Q.
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Theorem 2.1. Assume that ug € Yy,. Then R maps Xy, into X;, and R
is strictly contractive if to is appropriately small relative to ||ug|oo-

Proof. We get
[R(v) — uo| < 2¢elvlly, t + fllvlly;, )t
which implies that [|R(v)|y,, < [[vollec + 2€boto + f(bo)to. If

bo — [|uol|oo

(21) 0= 2o+ F(bo)

then
[R()ly;, < bo.

Therefore, if (2.1) holds, then R maps Xy, into X;,. Now we are going to
prove that the map R is strictly contractive. Let tg > 0 and let v,z € X,
and let @ = v — z, we discover that

[(B(v) = R(2))(z, 1) < €

/ / J(@ — y)(oly,s) — alz, s))dy ds
0 RN .
+ /0 (F(o(z,)) — F(z(z,5)))ds|

Use Taylor’s expansion to obtain

[R(v) = R(2)| < 2ellally;, t+ tllv — zlly;, £ 18]y, ),

where 3 is an intermediate value between v and z. We deduce that

IR(v) = R(2)lly;, < 2ellelly,,to+ tollv = zllv,, /' (18]v,),

which implies that
I1R(v) = R(2)lly;, < (2¢to +tof (bo)llv = 2llv,,
> then [R(v) — R(2)|ly,, < v — z|ly,,- Hence, we see that

If to < st
0 = Zer2f"(bo
R(v) is a strict contraction in Y;, and the proof is complete. n

It follows from the contraction mapping principle that for appropriately
chosen tg, R has a unique fixed point u(z,t) € Y;, which is a solution of (1.1)
to (1.3).

If [|ully,, < oo, taking as initial data wu(z,to) € C(€2) and arguing as
before, it is possible to extend the solution up to some interval [0,¢;) for
certain t1 > tg.
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Now, let us give some results about the maximum principle for nonlocal
problems.

The following lemma is a version of the maximum principle for nonlocal
problems.

Lemma 2.1. Leta € C°(Q x [0,T)) and let u € C%'(Q x [0,T)) satisfying
the following inequalities

up — /RN J(x —y)(u(y,t) —u(z,t))dy + a(z, t)u(z,t) >0 in Q x (0,7,

u(z,t) >0 in (RN —Q) x (0,7),
u(z,0) >0 in Q.

Then we have u(z,t) > 0 in Q x (0,T).

Proof. Let Ty < T. Since a(x,t) is bounded in Q x [0,Tp], let A be such
that a(z,t) — A > 01in Q x [0, Tp]. Introduce the function z(z,t) = eMu(z, )
and let m =min, g0 7, z(x,t). Then there exists (zo,t9) € Q x [0, Tp)
such that m = z(xo,tg). If 29 € RN —Q, then m > 0. If zo € Q, we get
z(x0,t0) < z(x0,t) for t < tg and z(xq,to) < 2(y,to) for ye Q, which implies
that

(2.2) Zt(wo,to) S 0
and
(2.3) / o~ )=l to) — =l t0))dy > 0.

Using the first inequality of the lemma, it is not hard to see that
(%o, o) — / J(@o — y)(u(y, to) — ulzo, to))dy+(a(zo, to) — A)z(zo, to) = 0.
RN

It follows from (2.2) and (2.3) that (a(zo,to) — X)z(z0o,t0) > 0, which implies
that 2(xo,t0) > 0 because a(xo,to) — A > 0. We deduce that u(x,t) >0 in
2 x [0, Tp], which leads us to the result. O

A direct consequence of the above result is the following comparison
lemma.
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Lemma 2.2. Let u,v € CY9(Q x [0,T)) be such that

w— [ I = p)ulont) =~ ule.O)dy — fule.) > v

—/R J(@—y)(v(y,t) —v(z,t))dy — fv(z,t)) inQx(0,T),

(z,t) in (RN — Q) x (0,7),
(z,0) in Q.

Then we have u(z,t) > v(z,t) in Q x (0,T).

Proof. Let z(z,t) = u(z,t) — v(x,t) in Q x (0, 7). Applying the mean value
theorem, a routine computation reveals that

o= [ I = 0)(et) = 2y + (€. 0)x(0.0) > 0
in Qx (0,7),

2(z,t) >0 in (RY —Q) x (0,7),

2(2,0) >0 in ,

where £(x,t) is an intermediate value between u(z,t) and v(z,t). Use
Lemma 2.1 to complete the rest of the proof. O

3. Blow-up times

In this section, we show that if ¢ is small enough, the solution u of (1.1)
to (1.3) blows up in a finite time and its blow-up time goes to the one of
the solution of the differential equation defined in (1.4). Before starting, let
us recall a result which may be found in [24,25]. Consider the eigenvalue
problem below:

(3) | 7= letn) = ola)dy = xpla) i,
(3.2) o(x)=0 in RN —Q,
o(z) >0 in Q.

It is well known that the above problem admits a solution (¢, A) such that
0 < A < 1. We can normalize ¢ so that fRN pdr =1.
Now, let us state our first result on the blow-up time.
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Theorem 3.1. Suppose that ug(x) = 0 and f(0) > 0 and let A = X [;° fcé‘;).
If e < & then the solution u of (1.1) to (1.3) blows up in a finite time T

which obeys the following estimates

0<T—Ty<elpA+ o(e),

o0 ds

where Ty = | 7(5) is the blow-up time of the solution «(t) of the differential
equation defined in (1.4).

Proof. Since (0,T) is the maximal time interval of existence of the solution
u, our aim is to show that T is finite and satisfies the above estimates.
Since the initial data ug is nonnegative in €2, from Lemma 2.1, u is also
nonnegative in Q x (0, 7).

Introduce the function v(t) defined as follows:

u(t) = / u(x, t)p(x)dx for t € (0,7T).
RN
Take the derivative of v in ¢ and use (1.1) to obtain
v=e [ o ([ = iutn0ay) do-eoty+ [ sato et
RN RN RN
From Fubini’s theorem, we have
vi=z [ o) ([ elo)te—ds) ay-cotys [ sutonetads
RN RN RN
Since J is symmetric, we arrive at
vz [ utwn) ([ I elo)t) dy-cotos [ st et
RN RN RN
It follows from (3.1) that
v'(t) = 5/ u(y, ) (e(y) — Ap(y))dy —ev(t) + [ f(u(z,t))p(z)de,
RN RN
which implies that

V() = —ev(t) + - f(u(z, t)p(z)d.
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Using Jensen’s inequality, we find that
V'(t) > —edv(t) + f(v(t)) fort e (0,T).

Obviously, we have

> for t € (0,7).

It is not hard to see that

* ds tods t
> sup

o T TR ) e TR T

because f(s) is an increasing function for s > 0. We deduce that

V'(t) > (1—cA)f(v(t)) forte (0,7).
This estimate may be rewritten as follows

v
f(v)

Integrate the above inequality over (0,7) to obtain

> (1—¢cA)dt forte (0,T).

1 > ds

(34) TSi=2A), 76y

which implies that the solution u blows up at the time T" because the quantity
on the right hand side of the above inequality is finite. On the other hand,
setting

2(z,t) = a(t) in RY x (0,Tp),
it is not hard to see that

zt(x,t)—a—:/N J(x—y)(z(y,t)—z(x,t))dy— f(z(z,t))=0 in Q x (0,T),

R
z(x,t) >0 in (RYN —Q) x (0,7),
z(z,0) =0 in Q.

Comparison Lemma 2.2 implies that 0 < u(z,t) < z(z,t) = a(t) in Q x (0,
T.), where T, = min{T,Tp}. It follows that 7" > Tj. Indeed, suppose that
T < Ty, which implies that 0 < ||u(.,T)||ec < a(T) < +00. But this is a
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contradiction because (0,7") is the maximal time interval of existence of the
solution u. We deduce that

*© ds
(3'5) TZTO— 0 m

Apply Taylor’s expansion to obtain - =144 + o(¢). Use (3.4), (3.5)
and the above relation to complete the rest of the proof. O

Now let us consider the case where the initial data are not null. We have
the following result.

Theorem 3.2. Let f(0) = 0. Suppose that sup, g uo(z) = M >0 and let
e be such that e < %, where A= T%ﬂ) Then the solution u of (1.1) to
(1.3) blows up in a finite time and its blow-up time T satisfies the following

estimates

€
< — < R —
0o<T T0_6T0A+f(M/2)+0(5),

where Ty = ]\? % is the blow-up time of the solution a(t) of the differential

equation defined in (1.4).

Proof. Since (0,T") is the maximal time interval on which u exists, our goal
is to prove that T is finite and obeys the above relation. Since the initial
data ug are nonnegative in 2, from Lemma 2.1, w is also nonnegative in
Q% (0,T). Let a € Q such that up(a) = M. There exists 6 > 0 such that

up(x) > M —e for x € B(a,d) C Q.

Consider the following eigenvalue problem

36) [ I lel) ey = Aspla) i Bla.d)

(3.7) o(z) =0 in RY — B(a,d),
(3.8) ¢(x) >0 in B(a,?).
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We know that the above problem admits a solution (¢, As) with 0 < A\s < 1
[24,25]. Let w be the solution of the following initial-boundary value problem

wy — a/RN J(x —y)(w(y,t) — w(x,t))dy — f(w) =0 in B(a,?)
x(0,T7),

w=0 in(RY = B(a,d)) x (0,T%),

w(z,0) =up(x) in B(a,d),

where (0,7™) is the maximal time interval of existence of the solution w(z,t).
Introduce the function v(t) defined as follows

v(t) = / o(x)w(z,t)de for t € (0,T7).
RN
As in the proof of Theorem 3.1, we find that
V'(t) > —eXsv(t) + f(v(t)) > —ev(t) + f(v(t)) forte (0,TF)

because 0 < A\s < 1. We deduce that

ev(t)
fo(®))

Since f(s) is a convex function for the positive values of s and f(0) =0,
then @ is an increasing function for the positive values of s. Due to the
fact that v(0) > M —e > %, we have

002 5000 (1= Fey ) 2 700 (1= 550377) >

Therefore, we have v/(t) > 0 for t € (0,7*). Indeed let to be the first ¢ > 0
such that v/(t) > 0 for t € (0,tg) but v'(¢ty) = 0, which implies that

ev(to) > |

(3.9) V() > f(v(t)) <1 - > for t € (0,T%).

f(v(to))

The fact that v(tg) > v(0) > M —e > % implies that

i) > £(o(0) (1 -

0= /(to) > f(uto)) (1 - 2]“;61\]\44/20 0,



Dirichlet boundary conditions 875

which is a contradiction. We deduce that v(t) > v(0) > % for t € (0,7%),
which implies that

v'(t) > flu(t)) (1 - HZ\%) :

Obviously, we have
(3.10) V() > (1—eA)f(v(t)) in (0,T%).

This estimate may be rewritten as follows:

dv *
m > (1—¢eA)dt forte (0,T%).

Integrate this inequality over (0,7™) to obtain

T < 1 /OO ds < 1 /°° ds
T 1-cA U(O)f(S)_l—EA M—sf(s)‘

This implies that the solution w blows up in a finite time because the quan-
tity on the right hand side of the second inequality is finite. On the other
hand, from Lemma 2.1, we have u > 0 in Q x (0,7"), which implies that

w—e [ Iyl ) e )y fw) >

—f/‘J@—ymm%w—wuxww—fwoianﬁwwuﬂ»
RN

uw>w in(RY — B(a,d)) x (0,T,),
u(z,0) > w(z,0) in B(a,d),

where Ty, = min{7, T*}. It follows from Lemma 2.2 that

u(z,t) > w(z,t) in B(a,0) x (0,T}),
which implies that

©  ds

(3.11) T<T" < T

Indeed, suppose that T > T*. We have [|u(.,T*)||oc > [|w(:, T*)||oc = +00.
But this is a contradiction because (0,7) is the maximal time interval of




876 Diabate Nabongo and Théodore K. Boni
existence of the solution u. We observe that
/°° ds_°°d5+/Mds<°°ds+ €
v—e () I f(8)  Ju—e [(s) T Ju f(s)  f(M—¢)

because f(s) is an increasing function for the positive values of s. The fact
that f(M —¢) > f(%) implies that

©  ds * ds €
(3.12) /M_aﬂs)S v 70 Ty

Setting z(z,t) = a(t) in R x (0,Tp), it is not hard to see that

zt—a/ J(x—y)(z(y,t) — z(x,t)dy — f(2) =0 in Q x (0,T),
in (]RN Q) (0,7),
(a:,()) 2 uo( ) in Q.

Comparison Lemma 2.2 implies that 0 < u(z,t) < z(x,t) = a(t) in Q x (0,
T°), where T° = min{Tp, T'}. We deduce that

> ds

v f(s)

Indeed, suppose that Ty > T, which implies that o(T) > [Ju(-, T)||cc = +00.
But this is a contradiction because (0,7p) is the maximal time interval of
existence of the solution «(t). Apply Taylor’s expansion to obtain ﬁ =

1+eA+o(e). Use (3.11)-(3.13) and the above relation to complete the rest
of the proof. O

(3.13) T>T=

Remark 3.1. Theorem 3.2 remains valid when f(0) >0 if we take A=
I fl%i In.deed usmg (3.9) and the fact th.at f0+°° f‘fz) > SUPg>q f(s)’ we
obtain the inequality in (3.10). Now, reasoning as in the proof of Theorem

3.2, we obtain the desired result.

4. Numerical results

In this section, we give some numerical results to illustrate our analysis. We
consider the problem (1.1) to (1.3) in the case where Q2 = (-3, 3),

if |z| < 2,
0 if 2] > 2.

| =

J(x) =



Dirichlet boundary conditions 877

Let I be a positive integer and let h = % Define the grid z; = ih,—1 <
i < I, and approximate the solution u(z,t) of the problem (1.1) to (1.3) by
the solution U, ,En) = (UE”I), LU I(n))T of the following discrete equations

(n+1) )
U n n
—l _€§ch zi —z;) (U = U™ + f(of™),
j=—I
—I<i<I,

v =0, U"=0
U-(O)ZU()(.%'), —I1<i<I,

7

where x; = ih, —I <i < I. If f(u) = €", then

Atn = min L h267”Uh(,n>”oo .
e(6+h)’

If f(u) = u?, then

4 h2
At, = min , .
6 +1) UM o0

Here HU,En)HOO = SUp_s<i<s \Ui(n)|.
We need the following definition.

Definition 4.1. We say that the discrete solution U,Sn) of the explicit
scheme blows up in a finite time if lim, 4 ||U, ,(ln)Hoo = 400 and the series

::6 At,, converges. The quantity Z:{i% At, is called the numerical blow-
up time of the solution U,

In the following tables, in rows, we present the numerical blow-up times,
the numbers of iterations, CPU times and the orders of the approximations
corresponding to meshes of 16, 32, 64, 128. We take for the numerical
blow-up time T" = Z"_Ol At;, which is computed at the first time when
|77t — T < 10716, The order(s) of the method is computed from

log((Tyn — Ton) /(Ton — Th)>.

5= log(2)
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Numerical experiments for ug(z) =0, f(u) = e*.

First case: ¢ = 5"

Table 1: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the explicit Euler
method.

I AL n CPU time s

16 1.030317 325 9

32 1.007324 1208 128

64 1.001738 4476 1032 2.04
128 1.000344 16885 8216 2.00

Second case: € = %.

Table 2: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the explicit Euler

method.

I ™ n CPU time s

16 1.031544 325 10

32 1.007590 1208 142

64 1.001947 4476 1932 2.01
128 1.000536 16885 8421 2.06

Numerical experiments for ug(z) = 20sin(nz), f(u) = u”.

1

First case: ¢ = i5-

2

Table 3: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the explicit Euler

method.
I " n CPU time s
16 0.053430 269 8
32 0.050902 1010 708
64 0.050305 3705 1622 2.08
128 0.050182 10124 7845 2.12
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1

Second case: € = %0

Table 4: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the explicit Euler
method.

I K n CPU time s

16 0.053342 269 8 —
32 0.050815 109 117 —
64 0.050217 3703 1548 2.07
128 0.050091 10124 6314 2.14

Remark 4.1. If we consider the problem (1.1) to (1.3) in the case where
the initial data are null and the reaction term e*, it is not hard to see that the
blow-up time of the solution of the differential equation defined in Theorem
2.1 equals one. We observe from tables 1 and 2 that when € diminishes, the
numerical blow-up time tends to one. This result has been proved in Theorem
2.1. When the initial data ug(x) = 20sin(xw) and the reaction term u?, we
find that the blow-up time of the solution of the differential equation defined
in Theorem 2.2 equals 0.05. We discover from tables 8 and /4 that when €
diminishes, the numerical blow-up time goes to 0.05, which is a result proved
in Theorem 2.2.
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