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Estimates on the lower bound of the first gap
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We give a new lower bound for the first gap Ay — A; of the Dirichlet
eigenvalues of the Schrodinger operator on a bounded convex
domain 2 in R™ or S™, in terms of the diameter of the domain
and the global convexity.

1. Introduction

We give a new estimate on the lower bound of the gap of the first two
Dirichlet eigenvalues of the Schrodinger operator on a bounded convex
domain € in R™ or S”, in terms of the diameter of the domain and the
global convexity. Let A; and A2 be the first two Dirichlet eigenvalues of the
Schrédinger operator —A + V' to the eigenvalue problem

(1.1) —Au+Vu=Au inQ, uw=0ondQ,

where A is the Laplacian on ©, V : @ — R! a non-negative convex smooth
function, € is bounded and convex domain in R™ or S™, where ‘convex
domain’ means the second fundamental form of the boundary with respect
to the outward normal to the boundary is positive definite.

It is an interesting and important problem to find a lower bound for the
first gap Ao — A1 > 0. There has been a lot of work on this problem. See
[1,4] for the references. For a general bounded convex domain in R", Singer
et al. [15] showed that
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where d is the diameter of the domain. Yu and Zhong [19] later removed the
factor 1/4. Lee and Wang [9] showed the above estimate remains true for
the Laplacian on a bounded convex domain in S™. The author [11] proved
that global log-convexity holds if the domain in R™ or S" is convex, and
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therefore one has the strict lower bound

7T2

Ay — A > 2

Smits [14] gave an alternative derivation of the above result.

There are two directions for the further study of the lower bound.

One direction is motivated statistical physics. van den Berg [5] conjec-
tured that the lower bound is 372/d?. See also Yau’s Problem Section in
[13, 16] and Ashbaugh [1]. The authors in [2,4, 3, 8] proved the conjecture
in R? for some special symmetric domains and for some special potential V.

The other direction of the study is motivated by geometry. See Yau’s
Perspectives on Geometric Analysis [18] for details. In [17], Yau gave an
interesting estimate

2
(1.2) Ao — M\ 29%+2(COS7T\/§)204,

where 6 is any constant with 0 < 6 < 1/4, d is the diameter, and o > 0 is
the global log-convexity

=1 i 2(—In 7, 7) (2
(13) o=inf _inf (V)] (7.7) (@),

f is a positive first eigenfunction. By [6,11], o > 0. Yau [17] gave an
interesting estimate on the lower bound of « in terms of the potential V.
The above (1.2) gives Ao — A1 > m2/4d? and Ay — \; > 2 and inter-
mediate results between the two.
Along Yau’s geometric direction and using Li-Yau [10] and Yu-Zhong
[19]’s approach, in this paper we improve (1.2) to the following;:

2
(1.4) Ao — Ay > 2—2 +0.62a.

If the domain and the potential have certain symmetry, then we have

2

(1.5) Ao — M\ > %+a.

We expect that the results can be contributed to the study of the bound
along the direction motivated by statistical physics as well.

Theorem 1.1. If A is the Laplacian in R™ or S™ and if A\1 and A2 are the
first two Dirichlet eigenvalues of the Schridinger operator —A + V' with a
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non-negative convexr potential V on a bounded conver domain €2 in R™ or

S™, then (1.4) holds.

Theorem 1.2. If in addition to the conditions in Theorem 1.1, the domain
Q has a certain symmetry that the minimum of the ratio of eigenfunctions
is the opposite of the maximum, then (1.5) holds.

Remark. The above result holds when € is in a manifold with non-negative
Ricci curvature and positive a.

We prove our results by using the maximum principle and test functions.
In the next section, we study exact solutions of some ordinary differential
equations and explore the properties of the function £ constructed by the
author in [12], the Zhong—Yang function n and the ratio £/n, which are
essential to our construction of the required test functions. The functions &
and 7 and their properties also have other important applications. We then
use the exact solutions to construct the test functions in Section 3 and prove
our main results. The last section is for deriving some preliminary estimates
and the conditions for test functions and for proving some technical lemmas
needed in the proof of the Theorem 1.1.

2. Exact solutions of some ODEs

Lemma 2.1. Let

21) &)

cos?t + 2tsintcost + t? — (72 /4) [ T 71'}
= on |— .
cos? t

Then the function & satisfies the following
1 1 2 / . 2 . T
(2.2) 55 cos“t — & costsint — & =2cos”t in (_§ 7) :

(2.3) & cost —2€sint = 4tcost in (—g,g),

w/2 -
(2.4) /0 E(t)dt = —3

1—7;2:5(0) < &(t) Sf(ig> =0 on [—%g}
¢ is increasing on [—g, g} and & (ig) = ﬂ:%,
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€(t) <0 on (—g,O) and &'(t) >0 on (0, g) ,
2

I ™ " B ™ " T T
3 i)_2,§(0)—2<3—4> and £'(t) >0 on [—5,5}7

2
§’§t)>, >0 on (O, g) and 2 (3 — T) < glgt) < % on {—g,g] )
¢ (3) =35 €CO<0on (-5.0) ama " >00n (0.5).

Proof. For convenience, let ¢(t) = £'(t), i.e.,

(2.5) g(t) = €(t) = 2(2t cost + t?sint + cos? tsint — (72/4) sint)

cos3 t

Equation (2.2) and the values &(47/2) = 0, £(0) = 1 — 72 /4 and ¢/(£7/2) =
+27/3 can be verified directly from (2.1) and (2.5). The values of £” at 0
and £m/2 can be computed via (2.2). By (2.3), (£(t)cos®t) = 4t cos?t.
Therefore £(t) cos?t = ft/2 45 cos? sds, and

™

/7’r/2 g( )d 2/71‘/2 g( )d 8/‘#/2 1 /7T/2 ) d d
t)dt = t)dt = — _— scos” sds t
—7/2 0 0 cos?(t) Jy

w/2 s 1 /2
——8/ </ 2dt> scoszsds——S/ scosssinsds = —r.
0 o cos*(t) 0

It is easy to see that ¢ and ¢’ satisfy the following equations

1
(2.6) iq” cost —2¢'sint — 2gcost = —4sint,
and
cos?t 2costsint 4
(2.7) (¢)" - (d) —2(¢) =

2(1 + cos? t) 1+ cos?t “1+cos?t’

The last equation implies that ¢’ = £’ cannot achieve its non-positive local
minimum at a point in (—m/2,7/2). On the other hand, {"(+m/2) = 2, by
equation (2.2), {(£7r/2) =0 and &'(+7/2) = +27/3. Therefore £"(t) > 0
on [—7/2,7/2] and & is increasing. Since &'(0) = 0, we have £'(t) < 0 on
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(—7/2,0) and &'(t) > 0 on (0,7/2). Similarly, from the equation

2.8
25 cos?t oy costsint(3+2cos?t), ., 2(5cos?t+ costt)
2(1 + cos? t) ()" = (14 cos?t)? () = (14 cos?t)?
8costsint
(1 + cos?t)?

(")

we obtain the results in the last line of the lemma.
Set h(t) = &"(t)t — &'(t). Then h(0) = 0and A/(t) = "' (¢t)t > 0in (0,7/2).
Therefore (¢'(t)/t)" = h(t)/t> > 0 in (0,7/2). Note that

g(=t) _&@) € " m? ¢'(t) 4
— L e =60 =) amd =, T3
This completes the proof of the lemma. O

Lemma 2.2. Let

(4/m)t + (4/7) costsint — 2sint on [7z z}
5 :

(29) )= 2

cos? t
Then the function n satisfies the following
1
(210) §n/,COSQt_n/COStSint_T/:_Sint m (_g’g> ,

8 T T
2.11) 1/ cost — 2nsint = < cost —2 i (—7,7),
(2.11) 7' cos 7 sin — cos in 573

Ly " ,,(ﬂ 1 [Wﬂ}
- - = )< < —)== —= =
2 ”(2)-"()—" 2) T2 1Tl
32
"y [_ﬁ E} d ///(iﬁ)_ .
) >0on [=5. 5] and 0T (E5) = 15

_ 2((4/m) cost + (4/m)tsint — sin® ¢ — 1)

(2.12) p(t) =1'(t) = cos3 ¢ '

Equation (2.10), n(£w/2) = £1, 7/(0) = 2((4/7) — 1) and n'(£7/2) =
8/3m can be verified directly. We obtain n”(+7/2) = £1/2 from the above
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values and equation (2.10). By (2.10), p=1/, p' =" and p” = n" satisfy
the following equations in (—m/2,7/2)

1
(2.13) 5p"cost—2p’sint—2pcost: -1,
cos®t ,m 2costsint , , sint
2(1+coth)p 1+ cos2t? L
and
cos?t ()" — costsint(3 + 2cos? t) "y — 2(5cos?t + cos?t) W)

2(1 4 cos? t)
cost(2 +sint)
(1 + cos?t)?

(1 + cos?t)? (1 + cos?t)?

The coefficient of (p”) in (2.14) is obviously negative in (—7/2,7/2), and
the right-hand side of (2.14) is also negative. So p” cannot achieve its non-
positive local minimum at a point in (—m/2, 7r/2) On the other hand,
p’(7/2) =32/157 > 0 (see the proof below), p”(t) >0 on [—7/2,7/2].
Therefore p’ is increasing and —1/2 = p'(— 7r/2) <pt) <p(r/2) =1/2.
Note that p’(0) =0 (p is an odd function). So p'(t) > 0 on (0,7/2) and
p is increasing on [0,7/2]. Therefore, 2(4/7 — 1) = p(0) < p(t) =71/'(t) <
p(m/2) =8/3mw on [0,7/2], and on [—7/2,7/2] since p is an even function.
We now show that p(mw/2) =8/3m, p/(w/2) =1/2 and p”’(7/2) = 32/157.
The first is from a direct computation by using (2.12). By (2.10),

5

2

lp' (E) 1 (71’) — lim n'(t) costsint + n(t) — sint
2 2
2 t—x cos?t

-3 ()1

So p/(mw/2) = 1/2. Similarly, by (2.13),

1,/ . 2P/ (t)sint — 1 T 7r 16
b (5) -t PO (5) - () 4 2
2P (2) t—1>I§n— cost +ap 2 P 3 - 3m

Thus p"(7/2) = 32/15m. O

Lemma 2.3. The function r(t) =& (t)/n'(t) is an increasing function on
[—7/2,7/2], i.e., r'(t) > 0, and |r(t)| < 7%/4 holds on [—7/2,7/2].
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Proof.  Let p(t) = n/(t) as in (2.12) and ¢(t) = £'(t). Then r(t) = q(t)/p(t).
It is easy to verify that r(+7/2) = +72/4. By (2.13) and (2.6),

1
<2> p(t)r” cost + (p/(t) cost — 2p(t) sint)r’ —r = —4sint.

Differentiating the last equation, we obtain

Bp(t) Cost] ()" + Bp’(t) cost — gp(t) Sint] (')

+ [p"(t) cost — 3p/(t) sint — 2p(t) cost — 1](r') = —4 cost.

Using (2.13), the above equation becomes

1
(2.14) [Qp(t) cos t] () + Bp’(t) cost — gp(t) sin t] ('Y

+ [p'(t) sint + 2p(t) cost — 3](r') = —4 cost.
The coefficient of (r') in (2.14) is negative, for p/(t)sint 4 2pcost — 3 <
1/2 +16/3m — 3 < 0. This fact and the negativity of the right-hand side of

(2.14) in (—7/2,7/2) imply that ' cannot achieve its non-positive minimum
on [—7/2,7/2] at a point in (—7/2,7/2). Now

. Lo s(t) cos?t
L) = st (4/m)tsint —sin{ — 1)2
~ lim [s(t)/ cos* t]
t—>z- [((4/m) cost + (4/m)tsint —sin®t — 1)/ cos® ¢
— lim [s(t)/ cost]

=z~ [(1/2)7'(1)]?
(4/3m —7/12)
(4/3m)?

> 0,
where
4 12 8
s(t) = ——t? —t?cost + — cos’t + —tsintcost
T T T

2
— costsin?t + (1 — 3) cost — m + 4tsint.

Therefore, r/(t) > 0 and r is an increasing function on [—7/2,7/2]. O
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3. Proof of the main result

Let fs be the second eigenfunction and f a positive first eigenfunction of
problem (1.1). It is known that fo/f changes its signs in Q (see [7]) and is
smooth up to the boundary 99 (see [15]) and can be normalized so that

fo o f2
sup= =1, inf—==—k, and0 <k < 1.
o f Q f
Let A = Ay — Ay,
—(1-k)/2
) _hlf-0-B2

(1+k)/2

Then the function v satisfies the following

(3.2) Av=—-Av+a)—2VoV(lnf) inQ,
ov
(33) aiN =0 on 897
(3.4) supv =1 and infv= -1,
Q Q

where N is the outward normal of 9€2, and

1—-k

is the “midrange” of the ratio fo/f. Note that 0 < a < 1.
We set in this paper, unless otherwise stated,

(3.6) A=X—)\ and 5:%.
and let
2/(h2 _ 2
Z(t)= _ max [Vol'/(b” v )
z€Q,t=sin~"(v(zx)/b) A

for t € [—sin~!(1/b),sin~1(1/b)].
We have the following estimates (3.7) and (3.8), Lemma 3.1 and
Corollaries 3.2 and 3.3.

(3.7) 0<6<3.

(3.8) Z(t)<1l+a, te [— sin~! (2) ,sin~ ! (2)] .
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Lemma 3.1. If the function z : [—sin~1(1/b), sin=1(1/b)] = R! satisfies
the following

(1) z(t) > Z(t) t € [—sin~(1/b),sin"1(1/b)],

(2) there exists some xo € Q such that z(ty) = Z(to)
at point to = sin~(v(xg)/b),

(3) z(to) > 0,
then we have the following
(3.9)
0< %z”(to) cos? tg — 2/ (tg) costgsinty — z(tg) + 1 + csintg
2 (to)
4z(tp)

Corollary 3.2. Ifin addition to the above conditions (1)—(3) in Lemma 3.1,
2'(to) >0 and 1 — ¢ < z(tg) < 1+ a, then we have the following

— 25 cos®ty — costo[2 (to) costy — 22(to) sintg + 2sintg + 2¢].

0 < =2"(tp) cos®tg — 2/ (tg) costgsinty — z(tg) + 1 + csinty — 26 cos? tg.

N | =

Corollary 3.3. Ifa =0, which is defined in (3.5), and if in addition to the
above conditions (1)~(3) in Lemma 3.1, 2'(tg) sintg > 0 and z(tg) < 1, then
we have the following

1
0< §Z/I(t0) cos® tg — 2/ (tp) costosinty — z(tg) + 1 — 26 cos? tg.

The proofs of the above lemma and its corollaries are similar to those
on [11]. For completeness we present the proofs in the last section. We now
show the following result.

Theorem 3.4. Ifa >0 and pud < (4/7%)a for a constant pu € (0,1], then
2
v
Ao — Ay 2> Z + po

Proof.  Let pe =yt — e > 0 for small positive constant e. Take b > 1 close
to 1 such that p.d < (4/7%)c. Let

(3.10) 2(t) = 1+ en(t) + ned€ (),
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where ¢ and 7 are the functions defined by (2.1) and (2.9), respectively. Let
I = [—sin~1(1/b),sin"!(1/b)]. We claim that

(3.11) Z(t) < z2(t) fortel.

By Lemmas 2.1 and 2.2, we have

1
(3.12) 52// cos’t — 2 costsint — 2z = —1 — ¢sint + 2.0 cos? t,
(3.13) Z'(t) >0
(3.14) O<1—%:z(—g)Sz(t)gz(g>:1+%§1+a,

where (3.13) is due to the following.

1) = enf (1) + b€ (1) = m(( f'(”)

ped /(1)

2

> _
pcon' (t < s 1 > 0.

Let P € R! and tg € [—sin™*(1/b),sin~!(1/b)] such that

P =max (Z(t) — 2(t)) = Z(to) — 2(to)-

tel
Thus

(3.15) Zt)<z(t)+ P fort €I and Z(ty) = 2(to) + P.

Suppose that P > 0. Then z + P satisfies the inequality in Corollary 3.2 of
Lemma 3.1. Then

Z(to) + P = Z(to)
1
< 5(2 + P)"(to) cos®> tg — (z + P)(to) costgsintg + 1

+ csinty — 26 cos? tg

1
= 5,z”(1t0) cos’tg — 2/ (ty) costosinty + 1 4 csinty — 28 cos® tg

1 /
< 57 (to) cos“tg — 2'(tg) costgsinty + 1 + esinty — 20 cos” tg
= z(to).
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This contradicts the assumption P > 0. Thus P <0 and (3.11) must hold.
Now we have

IVt < \z(t) fortel,
that is

(3.16) VA > Vel
z(t)

Let ¢1 and g2 be two points in Q such that v(q;) = —1 and v(g2) = 1, and
let L be the minimum geodesic segment between q; and ¢g. L lies on Q
completely, since ) is convex. We integrate both sides of (3.16) along L and
change variable and let b — 1. Then

ﬁdz/ V1] dz—/m LI
L \/2(t) —n/2 v/ 2(t)
(175 )" .\
™ i
— T 2 s :
(S0 2@y d) 2 = \ 715, 2 (1) dt

Square the two sides. Then

(3.17)

7.‘_3

>

T [T, () dt

Now
/2 w/2
[ swae= [ e + e de = (1 - poym,
—7/2 —7/2
where we used the facts that [” ~/ 32 n(t) dt = 0 since 7 is an even function,
and that fW/Q (t)dt = —7 (by (2.4) in Lemma 2.1). Therefore

77'2 7T2
2 m and A 2 ﬁ + HeCx.
Letting € — 0, we obtain
2 2
A Z (l—ﬂw and A Z % + U
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Theorem 3.5. If the “midrange” a = 0, then
2
(3.18) Ao — A > ﬁ + a.

Proof.  Let
y(t) =1+ 5.
By Lemma 2.1, for —7/2 <t < /2, we have

(3.19) %y”coth—y’ costsint —y = —1 + 26 cos® t,
(3.20) y'(t)sint > 0,

and

(3.21) y (ig) =1 and0<y(t) < 1.

We need only show that Z(t) < y(t) on [—m/2,7/2]. If it is not true, then
there is a tp and a number P > 0 such that P = Z(to) — y(to) = max Z(t) —
y(t). Note that y(t) + P >1— (1/2)(7?/4 — 1)+ P > 0. So y + P satisfies
the inequality in Corollary 3.3 in Lemma 3.1. Therefore

y(to) + P = Z(to)

1
< §(y + P)"(tg) cos® tg — (y + P)'(tg) costgsinty + 1 — 28 cos® tg
= —1" (o) cos® tg — ' (to) costosinty + 1 — 26 cos® ty

= y(to)-

N —

This contradicts the assumption P > 0. The rest of the proof is similar to
that of Theorem 3.4, just noticing that § < 1/2 < 4/(7? — 4). O

Proof of Theorem 1.2. Since a =0 in such case, we may directly apply
Theorem 3.5. Il

Proof of Theorem 1.1. Since 0 < a < 1, eithera=0o0r 0 < a < 1.
If a = 0, then we apply Theorem 3.5 to obtain the bound with u =1,

2
Az%ﬂy.

If 0 < a < 1, then there are several cases altogether.
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o (I): a> (x%/4)s.

o (II): a < (m%/4)0.

(IL-a): a > 0.765.
(Il-b): 0 < a < 0.765.
% (II-b-1): a > 1.530.
* (II-b-2): a < 1.530.

For Case (I): 0<a<1 and a> (7%/4)5, we apply Theorem 3.5 for
u =1 to get the following lower bound

7T2

ﬁ + «
For Case (II-a): 0.765 < a < (w2/4)d, we apply Theorem 3.4 with u =
(4/7%)(a/6) since ((4/7%)(a/8))d < (4/7?)a and 0 < (4/7%)(a/§) < 1. Then

2 2

/\>7T +4a T +4a/\
— + ——a=— + =\
—d ) d2 = n?
Thus
2
A > 1 T

= 1— (da/m2) &2
On the other hand we have bound (3.7),

A > 2.

The above two estimates give

A > ﬁ+4£2a> 52+78(0'765)a> 7T—2+§oz
—d owr T d? 2 d2 50
The theorem is proved in this case.
For Case (II-b-1): 0 < a < 0.765, a < (72/4)6 and a > 1.536, we apply
Theorem 3.4 with pu = (4/72)(a/d) since ((4/7%)(a/8))d < (4/7%)a and 0 <
(4/7%)(a/8) < 1. Then

)\>772+4a >7r2+4153 >7r2+31
-t 502 5+ 70> —F + -«
—d?2 w2s T d2 0 w2100 d? 50

which is what we want to prove.
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For the remaining Case (II-b-2): 0 < a < 0.765, a < (72/4)6 and
a < 1.539, we define a function z by

z(t) =1+ en(t)+ (6 — acz)ﬁ(t) on [— sin™! 1, sinl] ,

b
where
(3.22) o= u
([3/2 —72/8 — (w%/32 — 1/6)(153/100)]200/153
_ (8/3m—m/4)? )C
[—1+(12—72)(100/153)]
and
2 4 34 —m)
: = — -2).
(3:23) T 32 <3(4 S )

Let [ = [—sin~!(1/b),sin"1(1/b)]. We now show that
(3.24) Z(t) < 2(t) onl.
If (3.24) is not true, then there exist a constant P > 0 and ¢y such that

Z(to) — 2(to) _ Z(t) — 2(t)

Pc? = = max
¢ —&(to) te[—sin—1(1/b),sin"1(1/b)]  —&(t)

Let w(t) = z(t) — Pc2&(t) = 1+ en(t) + mé(t), where m =6 — oc? — Pc?.
Then

Z(t) <w(t) onI and Z(tg) = w(to).
By Lemma 4.1, w(tp) > 0. So w satisfies (3.9) in Lemma 3.1,

w'(to)
4w (to)

8
0 < —2(0 + P)c®costy — cos ty (c cost + 4mt cos t> .
T

We used (2.2), (2.3), (2.10) and (2.11) to obtain the above inequality. Thus
(3.25) / / |
U+P<_w(to)<c+mt>:_n(0) <1+m§<0)><1+ﬂ'mt0>.

2c2w(tg) \ 7 mw(to) en' (to) 2¢
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The right-hand side is not positive for ¢ty > 0, by Lemmas 2.1 and 2.2. Thus
to < 0, and

B (1 N mf’(to)) (1 N mto) _2¢(to) <7Tt077/(t0) n 7Tmt0>

en' (to) 2¢ mton' (to) \ 2&'(to) 2¢
m™m
«(-1-5e)
< 1 2¢(t) (Wto??'(to) _ 1>2
~ Amton/(to) \ 2¢'(to)

_1(2¢w) < 2€/(t0) )‘1_
- 4 (Wton,(to) + 7Tt077,(t0) 2
By Lemmas 2.1 and 2.2, we have 2(3—72/4) <¢'(t)/t <4/3 and

2(4/7 — 1) < 1/(t) < 8/37. So

312 —7w2) _ 2¢(to) 4
8 = rtor(te) S 3(d—n)

Note that the function f(t) =t + 1/t — 2 achieves it maximum on [A4, B] not
containing 0 at an endpoint. Therefore

" (1 " TZf'/((foO))) (1+550)| < 1 (3(44— m e 2) '

Now (3.25) becomes

T

(3.26) ”+P§w%y

where 7 is the number in (3.23). On the other hand, by Lemma 4.1,

(3.27)
3 w2 (x2 1) 153] 200 (8/3m — m/4)?
z(to) > <{2 3 <32 - 6> 100} 153 [-1+ (12— 7r2)(100/153)}> ‘
=Z>0

Since —P&(tg) > 0, we have w(tg) > z(to). This fact, (3.26) and (3.27) imply
that for P > 0

o+ P <o,

which is impossible.
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Therefore we have the estimate (3.24). Now we proceed as in the proof
of Theorem 3.4. We obtain the following

P

7|l — (6 —oc?)]’

A2 >

Since § — oc? > 0.6256 by Lemma 4.1, we have

P SR s S
T [1—=(6—0c?)]d? T [1—0.6258] d?
and
2 72 31

4. Technical lemmas and estimates

Lemma 4.1. Ifa < 1.536 and 0 < a < 0.765 then

= <B a ﬂ: B (g a é‘) ig] %g -1 +((81/23i ;27;{f32/153)]> ¢

forte [—-m/2,7/2] and

§ — oc? ~ 0.6251622834375 > 0.6250,
where ¢ = a/b and b > 1 is any constant and o is the constant in (3.22).

Proof. By Lemmas 1.3-1.5, the function z on [—7/2,7/2] has a unique crit-
ical point t; € (—m/2,0) if 0 < a < (7%/4)6 and z is decreasing on [—7/2, 1]
and increasing on [t1,7/2]. Therefore

min z= min z = z(t1).
[=7/2,7/2] [=7/2,0]

So we need only consider the restricted function z|[_r /o) for the minimum.
Now first consider the Taylor expansion of & at 0 for ¢t € [—7/2,0].
By Lemma 2.1, £(0) = —72/4+1, £(0) =0 and ¢”(0) = 2(3 — n%/4) and
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¢"(t) < 0on (—m/2,0). Thus

f(t)2—<7f—1>—|—<3—7f>t2.

Similarly, using the data n(—n/2) = —1, '(—n/2) = 8/37 and "' (t) > 0 on
(—=m/2,0) (actually on [—7/2,7/2]), and the Taylor expansion of  at —m/2,
we have for t € [-7/2,0],

Therefore on [—m/2,0],

2(t) =1+ en(t) + 06(t)
21—(7;2—;)0—(7;2—1)5+<?)87T—Z>ct
+ [—ic—k (3—7f> 5] t2

Let v = 1.53 and ag = 0.765. That a < vd implies ¢ = a/b < v§, where
b > 1is a constant. Using conditions (3.7) § < (n—1)/2n < 1/2 and a < ay,
we obtain

2 2 2 2
TP (LA P (PR P U (N Y S G
16 3 1 16 3 1
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(8/3m — m/4)?

)

%)

) } w -1+ G- w2/4><1/u>]> ‘
)]

1 (8/3m — m/4)? > .

a0 [F1+(12— (1)
> 0.5433 > 0.

Let 7 be the constant in (3.23). Then
9 TC

oc = )
(13/2 — 72/8 — (n2/32 — 1/6)0](1 o) — {2525

TVO
(13/2 = 72/8 = (/32 = 1/6)0](1/a0) ~ =507 )
~ 0.3748375165636

<

and
§ —oc® > 0.6250.

Proof of the estimate (3.7). We estimate the maximum of the function
(4.1) P(x) = |Vo|> + Av?,

where v is the function in (3.1), and where A > 0 is a constant.

Let A =01in (4.1). Function P must achieve its maximum at some point
xo € Q. Suppose that zg € 9. Choose an orthornormal frame {e1,...,e,}
about z¢ such that e, is a outward normal to 9. By (3.3), v, = dv/ON = 0.
Thus at xg

Vin = €jenv — (Ve, en)v

= —(Ve,en)v

n—1
=—> hiju;
j=1
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and
n n—1
P, =2 g Vjvjp + 2Avv, = E VjUjn
j=1 j=1
n—1
= -2 E hij’Ui’Uj
t,j=1

< 0 by the convexity of 0f2.

On the other hand, that P attains the maximum at the boundary point xg
implies that

P, > 0.

Thus at zg, —2 Z?;:ll hijviv; = P, = 0. By the convexity, v1 = -+ = v,—1 =

0 and Vv = 0 at zg. Therefore v is a constant. This is impossible, so o € 2.
Vu(zg) # 0 (otherwise v is a constant). At zo,

VP(zp) =0 and AP(zp) <O0.
Take a local frame so that
vi(xo) = Vou(zg) and wv;(zg) =0, i > 2.

Thus at o we have
0= %VPZ = vjvji + AU’UZ',

(4.2) v11 = —Av and wv; =0 17> 2,

0> %AP(@'O)

= Vj;Vj; + Vv + Aviv; + Avvy

= vjzl- +v1(Av)1 + Rjivjv; + A|Vo]? + AvAv

> 2] 4+ v1(Av); + A|Vo|? + AvAv

= (—Av)? = A\|Vv|? = 201 (VoV1n f)1 + A|Vo|? — Mou(v + a)
—2AvVouVin f

= —(A=A)|Vo? = Av’(A — A) — arAv — 20} (In f)1y
—2v1(In f)1(vi1 + Av),
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where we have used (3.6) and (4.2). Therefore at zo,
(4.3) 0> —(\—2a— A)| Vo] — A\ — A)v? — a)Av.

Using the fact that A = 0 in the above inequality, we get (3.7). O

Proof of the estimate (3.8). We first prove the following

2
[Vl <A1+ a),

(4.4) s <

where b > 1 is an arbitrary constant.

Let A= X1+a)+e€in (4.1) for small € > 0. The function P achieves
its maximum at some xg € Q. If Vo(z) # 0 and xg € €, then (4.3) holds
at zog with A = A1+ a) + €. Thus

A
IVo(20) 2 + A1 + a)v(zg)? < —27

< a)\+€[>\(1+a)+€] < [A1+a)+¢€.

This estimate holds if zg €  with Vv (zo) = 0. If 29 € 9, then the convex-
ity of Q and previous argument in the proof of (3.7) imply that the above
estimate holds. So we have the estimate (4.4). By the definition of Z, we
have (3.8). O

Proof of Lemma 3.1.  Define

2
J(x) = {bLV_U,UZ - )\z} cos’t,

where ¢t = sin~!(v(z)/b). Then

J(x) <0 forx € Q and J(zp) =0.

If Vo(zg) = 0 then
0= J(xg) = —Azcost.

This contradicts condition (1.3) in the theorem. Therefore

Vou(xg) # 0.

If 2y € 092, then by an argument in the proof of (3.7), the convexity of
Q and that J(z¢) is the maximum would imply that Vov(zg) =0. Thus
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zo € 2 = Q\9Q. The Maximum Principle implies that
(4.5) VJ(zg) =0 and AJ(zg) <O0.
J(x) can be rewritten as
1 2 2
J(x) = b—ZIVv| — Az cos“t.

Thus (4.5) is equivalent to

= Acost[z’ cost — 2z sint]t;
To Zo

2
(4.6) 67 Z V;Vij
and
2 2 2 " 2 / 2
(4.7) 0> 0 Zvij + 02 vaijj — A2"|Vt]* + 2/ At) cos” t
1,J 1,J

+4)\7 costsint|Vt]* — \zAcos® t

To
Choose a normal coordinate around xg such that vi(zg) # 0 and v;(xg) =0

for i > 2. Then (4.6) implies

Ab
(4.8) v = ?(z' cost — 2zsint)

Zo

and wvy;| =0 fori> 2.

o Zo

Now we have

IVol?| = Ab?zcos?t|
) To
Vo|?
Vt|?| = | = Az| ,
| ’ Zo bz - U2 Zo
A
ZU1 = Asint = costAt — sint|Vt]?| |
b Zo Zo
1 . Av
At . = @ <Slnt’vt’2 + b)
0

1 . A 2
l— [/\zsmt - E(v +a)— bvl(lnf)l]

)
Zo
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and
2
Acos?t| =a(1-2) = \VU\Z——UAU
Zo bz
4
= —2X\zcos’t + b—zkv(v +a)+ b—vil(ln M
Zo
Therefore,
2 2 2 9
DI o St
i’j
)\2
= ?(z’)2 cos?t — 2X\%z2 costsint + 20222 sin’ t|
Zo

2 ZUWZJJ’ o (VU V(Av) + R(Vv, Vv))

> b—QVU V(Av)

4
= —92)\2zcos?t — 12 vlvll(ln f)

2|Vt 4 2/ At) cos® t

b2 (Inf)ll Oa

Zo
1
= — 222" cos®t — \%22' costsint + g)\Qz’(v +a)cost

)
Zo

2
+ E/\z’vl(ln f)1cost

and

407’ costsint|Vt|? — AzA cos® t

Zo

2
= 4\*22' costsint + 2022 cos® t — 5)\22 sint (v+a)

4
— =Xz sint vy (In f);

Zo

Putting these results into (4.7) we obtain

)\2
(4.9) 0> —=M222"cos?t + ?(z’)2 cos®t + X2/ cost (zsint 4 ¢ + sint)

+ 20222 — 2022 — 2\%czsint — 4 z cos? t(In f)1y
4
2

vl — 2(

Zo

b
— (2" cost — 2zsint)] vi(ln )1
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The last term in (4.9) is 0 due to (4.8). Now
(4.10) 2(to) > 0,

by condition (1.3) in the theorem, and

(In f)11

(4.11) —

>,

by the definition of 6. Dividing two sides of (4.9) by 2A\%z

(4.11) into account, we have

and taking

Zo

1 1 int
0> —=2"(ty) cos® tg + =2/ (to) costy ( sintg + ctsinto + z(to)
2 2 Z(to)

— 1 —csintg + 25 cos® to + (2 (to))? cos® to.

4Z(t0)

Therefore,

1
0> —izll(to) cos® tg + 2/(tp) costosinty + z(tg) — 1 — esintg + 26 cos® ¢y

Z'(to)
4z(to)

+ costo[2’ (to) costo — 22(tg) sintg + 2sintg + 2¢].

O

Proof of Corollary 3.2. By condition (1.2) in the theorem, (3.8), |sintg| =
|v(to)/b] < 1/band 1 — ¢ < z(tg) < 1+ a. Thus for ¢ty > 0,

—z(to) sintyg + sinty + ¢ > —sintg — asinty + sintg + ¢

1
>a <b — sint0> >0,

and for tg < 0,
—z(tg) sintg + sintg + ¢ > —sinty + esintg + sintg + ¢ > ¢(1 4 sinty) > 0.
In any case the last term in (3.9) is non-negative. O

Proof of Corollary 3.3.  The last term in (3.9) is non-negative. O
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