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The existence of Type II singularities for the Ricci
flow on S+

Huli-LING GU AND XI1-PING ZHU

In this paper, we prove the existence of Type II singularities for
the Ricci flow on S™t! for all n > 2. This also gives an affirmative
answer to the degenerate neckpinch conjecture of Hamilton.

1. Introduction

Let M be a compact manifold. Given an initial Riemannian metric g, the
Ricci flow is the following evolution equation
59@'
(1.1) ot
9i3(0) = Jij

= —2R;;,

on M. This is a non-linear (degenerate) parabolic system on metrics. In the
seminal paper [17], Hamilton proved that Ricci flow admits a unique solution
on a maximal time interval [0,7") so that either T"= 400 or T' < +o0o and
|Rm| is unbounded as ¢ — T'. We call such a solution ¢(¢) a maximal solution
of the Ricci flow. If T < 400 and the curvature becomes unbounded as ¢
tends to T', we say the maximal solution develops singularities as ¢ tends to
T and T is a singular time. It is well known that the Ricci flow generally
develops singularity.

Suppose that a solution (M, g(t)) to the Ricci flow develops singularities
at a maximal time T < +o0. According to Hamilton [22], we say it develops
a Type I singularity if

sup (T — t) Kpax(t) < +00,
t€[0,T)

and say it develops a Type II singularity if

sup (T — t) Kpax(t) = +00,
tel0,T)

where K ax(t) = max{|Rm(z,t)| | x € M}.
Clearly, a round sphere, or more generally a finite product of several
space-forms with positive curvature, shrinks to form Type I singularities.
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In [11,19], Hamilton and Chow proved that the Ricci flow on two-sphere
S? (with an arbitrary metric) always develops a Type I singularity and
shrinks to a round point. In [17,18], Hamilton proved that Ricci flow on
a compact three-manifold with positive Ricci curvature, or a compact four-
manifold with positive curvature operator, develops a Type I singularity and
shrinks to a round point; recently, Bohm-Wilking [7] had shown that the
Ricci flow on a general compact n-dimensional Riemannian manifold with
positive curvature operator also develops a Type I singularity and shrinks
to a round point.

Intuitively, a compact manifold with the shape like a dumbbell will
develop a Type I singularity in the neck part. In views of the work [23]
of Hamilton on four-manifolds with positive isotropic curvature (see also
[10]), a Type I singularity with neckpinch is expected. One says a solution
(M™*1 g(t)) of the Ricci flow encounters a Type I singularity with neck-
pinch at time T < 400, if there exists some proper open subset N(t¢) of
M"™H1 such that N(t) is diffeomorphic to R x S™ and the pullback of the
metric g(t) [y to R x S™ approaches a “shrinking cylinder” soliton

ds® +2(n — 1)(T — t)gean

in a suitable sense as t T, where gcan denotes the round metric of radius
1 on S™. Indeed, such examples of Type I singularities with neckpinch for
the mean curvature flow were known more than 15 years ago (see, e.g., [16]
and [3]). It is very surprising that the existence of Type I singularities with
neckpinch for the Ricci flow was only known very recently. The first rigor-
ous examples of Type I singularity with neckpinch for the Ricci flow were
constructed by Miles Simon [30] on non-compact warped products R x ¢ S™.
For the Type I singularity with neckpinch on compact manifolds, the first
rigorous examples were given by Sigurd Angenent and Dan Knopf in [5]
by constructing suitable rotationally symmetric metrics on S™*!, where the
definition of a rotationally symmetric metric is the following.

Definition 1.1. A metric g on I x S™, where [ is an interval, is called
rotationally symmetric if it has the following form:

g = (p(l‘)2dl'2 + w(w)Qgcana MRS I,

where gcan is the standard metric of the round sphere S™ with constant
(sectional) curvature 1.

For the Type II singularity for the Ricci flow, a rigorous example on
R? was given by Daskalopoulos and Hamilton in [14]. However, no rigorous
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examples of Type II singularity for the Ricci low on compact manifolds have
yet appeared. Indeed, the existence of a Type II singularity on compact man-
ifolds has been already proposed as an open question in the introduction of
the book of Chow-Lu-Ni [13]. An intuitive description of the formation of
Type II singularities of the Ricci flow on compact manifolds had been given
by Hamilton in Section 3 of [22] (see also Chow—Knopf [12] and Topping [31]).
Hamilton has conjectured the existence of such a singularity for some “crit-
ical geometries,” which he calls a degenerate neckpinch (c.f., the footnote in
page 6 of [22]). In [15], Garfinkle and Isenberg carried out numerical sim-
ulations to support the degenerate neckpinch conjecture of Hamilton. (For
the mean curvature flow, the existence of Type II singularities was already
justified by Altschuler—-Angenent-Giga [1] and Angenent—Veldzquez [4].)

The purpose of this paper is to demonstrate the existence of Type 11
singularity for certain rotationally symmetric initial metrics on S™*!. This
will also prove the degenerate neckpinch conjecture of Hamilton. Our main
result is the following.

Theorem 1.2. For each n > 2, there exist rotationally symmetric metrics
on S™ such that the Ricci flow starting at the metrics develop Type II
singularities at some times T < 400.

This paper contains four sections. In Section 2, we recall some useful
estimates of Angenent—Knopf [5] on rotationally symmetric solutions to the
Ricci flow. In general, to understand the structure of singularities, one usu-
ally needs to get a classification for gradient shrinking solitons. The recent
work [27] of Perelman gives a complete classification to positively curved
gradient shrinking Ricci soliton in dimension three. Section 3 contains an
extension of Perelman’s classification to higher dimensions in the class of
rotationally symmetric metrics. Finally in Section 4, based on the general-
ized classification, we will prove the main result, Theorem 1.2.

Our work in this paper benefits from a conversation with Professor R.S.
Hamilton, who suggested the second author to consider the class of rotation-
ally symmetric metrics. The second author is partially supported by NSFC
10428102 and NKBRPC 2006CB805905.

2. Angenent—Knopf’s estimates

Consider a rotationally symmetric metric

(21) 9= QO(.CC)QCZCC2 + w(x)zgcan
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on the set (—1,1) x S™, where gean is the metric of constant sectional
curvature 1 on S™. Note that the coordinate z is ungeometric. A more
geometric quantity is the distance s to the equator given by

Then
g 1 0
s o(z) oz
and
ds = p(r)dx

With this notation the metric is
(22) g = d82 + wQQCan'

In order to extend g to be a smooth Riemannian metric on S"*!, it is
sufficient and necessary to impose the boundary conditions:

Y(£1) =0, lim ¢s(z) = F1

z—+1
and
()
xl—l>m:|:1 ds?k =0

for all k = 1,2,.... The Riemannian curvature tensor of (2.2) is determined
by the sectional curvatures

Yss

Ky=—
G

of the n 2-planes perpendicular to the spheres {z} x S™, and the sectional
curvatures

1—y?
K, = 2

of the @ 2-planes tangential to these spheres. In the ungeometric coor-
dinate z, the Ricci tensor of the metric g given by (2.1) is

Rie=nf -t S b (- O

In the geometric coordinate this simplifies to

¥ ¥

+n— 1}gcan-

Ric = (nKp)ds? + *[Ko + (n — 1) K1]gean.
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The scalar curvature is given by
R=2nKy+n(n—1)K;.

These computations can be found in [5] or the textbook [28].

Suppose we have a time-dependent family of metrics g(-,t) having the
form (2.1). Then the family g(-,t) satisfies the Ricci flow if and only if ¢
and 1 evolve by:

(2.3) pr = nwfso,
2
(2'4) e = Pss — (n - 1)11/}1%

According to Angenent—Knopf [5], the (interior) local minimal points of
the function = — v (z,t) are called “necks” and the (interior) local maximal
points are called “bumps.” As long as the solution exists at a time ¢, the
radius of the smallest neck is given by

Tmin(t) = min{y(z, t)[1,(x, t) = 0}.

Of course, if the solution has no necks at time ¢, we let rnin not be defined.
Denote by x4 (t), x_(t) the right-most bump (i.e., the largest local maximal
point on (—1,+1)) and left-most bump (i.e., the least local maximal point on
(—1,41)) respectively. The region right of x (t) and left of x_(t) are called
the “right polar cap” and “left polar cap,” respectively. In [5], Angenent
and Knopf obtained several useful estimates for the Ricci flow via Equations
(2.3) and (2.4). We recall some of their estimates as follows.

Proposition 2.1 (Angenent—Knopf [5]). Let g(t) be a solution to the
Ricci flow of the form (2.2) such that 15| < 1 and the scalar curvature R > 0
and Vs has finitely many zeroes initially. Then

(1) (Proposition 5.1 of [5]) As long as the solution exists, || < 1.

(2) (Lemma 7.1 of [5]) There exists C = C(n,g(0)) such that as long as
the solution exists,
C
(3) (Lemmas 5.6 and 7.2 of [5]) If the left polar cap is strictly concave (i.e.,
Yss < 0) at initial, then as long as the solution exists, left polar cap
exists and remains strictly concave, and D = limy »p p(z_(t),t) exists.
Furthermore, no singularity occurs on the left polar cap if D > 0.
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(4) (Lemma 9.1 of [5]) There exists C = C(n, go) such that

K
7 log L + 2 —log Luin(0)] < C,

whereK:—Koz% and L = K| = 11—1}?3'

3. Classification of shrinking solitons

To understand the structure of singularities, one usually needs to get a
classification for gradient shrinking solitons. In [27], Perelman obtained a
complete classification for non-negatively curved gradient shrinking soliton
in dimension three. An open question is how to generalize Perelman’s clas-
sification to higher dimensions. In the next proposition, we obtain such a
classification for the class of rotationally symmetric solitons.!

Proposition 3.1. Let (M,g;;(t)), —oo <t <0, be a non-flat gradient
shrinking soliton to the Ricci flow on a complete (n + 1)-dimensional mani-
fold and assume the metric g;;(t) is rotationally symmetric. Suppose (M, gi;
(t)) has bounded and non-negative sectional curvature and is k-non-collapsed
on all scales for some k > 0. Then (M, g;j(t)) is one of the following:

(i) the round sphere S™H1;

(ii) the round infinite cylinder (—oo,+00) x S™.

Proof. Note that for a rotationally symmetric metric, the non-negativity
of sectional curvatures is equivalent to the non-negativity of the curvature
operator. Indeed, we can choose a coordinate system (2, z1,- - . 2™) (where
2V is the radial direction and z¢,i = 1,---,n, are the spherical directions)
on M such that all components of the Riemannian curvature tensor van-
ish in the coordinate system except the sectional curvatures Rjn;0 = 1Ky
and R;j;; = 1Ky (i # j), and then the equivalence follows directly from
Propositions 1.1 and 1.2 of [28].

First, we consider the case that the gradient shrinking soliton is compact
and has strictly positive sectional curvature everywhere. By Theorem 1

in [7], we see that the compact gradient shrinking soliton is getting round

'Recently, we noted that a complete classification (without any curvature bound
assumptions) of rotationally symmetric shrinking solitons had been obtained inde-
pendently by Kotschwar [25]. His method is to study the corresponding ODE
system of the soliton equation.
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and tends to a space form (with positive constant curvature) as the time
tends the maximal time ¢ = 0. Since the shape of a gradient shrinking Ricci
soliton is unchanging up to reparameterizations and homothetical scalings,
the gradient shrinking soliton has to be the round (n + 1)-sphere S™*1.

Next, we consider the case that the sectional curvature of the non-flat
gradient shrinking soliton vanishes somewhere. Note that a rotationally
symmetric metric is defined on I x S™ for some interval I. By Hamilton’s
strong maximum principle in [18], we know that the soliton splits off a
line and then the soliton is the round cylinder R x S™. (We remark that
RF x S"1=F is not rotationally symmetric if k& > 1.)

Finally, we want to exclude the case that the gradient shrinking soliton is
non-compact and has strictly positive sectional curvature everywhere. Sup-
pose there is a complete (n + 1)-dimensional non-compact x-non-collapsed
gradient shrinking soliton g;;(t), —oo <t < 0, it satisfies

1
(3.1) ViVf + Rij + 279@' =0, on —oo<t<0,

everywhere for some function f and g(t) = ds? + ¥?(s,t)gecan and with
bounded and positive sectional curvature at each time t € (—o00,0). Let
us consider the shrinking soliton at time ¢ = —1. Arbitrarily fix a point xg
in M. By the same arguments as in the proof of Lemma 1.2 of Perelman [27]
(or see the proof of Lemma 6.4.1 of [9] for details), one has the following:

(1) at large distance from the fixed point zg the function f has no critical
point, and its gradient makes small angle with the gradient of the
distance function from zg;

(2) at large distance from xg, the scalar curvature R is strictly increasing
along the gradient curves of f, and

limsup R(z,—1) < g;

di—1)(z,x0)—+00 B
(3) the volume of the level set of f satisfies
(3.2) Vol{f = a} < Vol(S"(1/2(n — 1)))

for all large enough a.

In the three-dimension case, Perelman (in Lemma 1.2 of [27]) argued by
using Gauss—Bonnet formula to the level set {f = a} to derive a contradic-
tion. But now we are considering the general dimensional case; in particular,
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the (generalized) Gauss-Bonnet formulae are not available. So we need a
new argument in the following.

By using Gauss equation and (3.1), the intrinsic sectional curvature Rim
of the level set {f = a} can be computed as

Rijij = Rijij + (h“h" — hi)
(fufjj z])
(fii + f]])

3.3
(3.3) N I

4WW
1

vt fa = )

= Rijij +

Denote by X = IVfI the unit normal vector to the level set {f =a}. Let
us set

0 0
— 50 @
X =00 400
and
€; u?aa()_'_ ?8807 Z:1727' , 1,

where the summation convention of summing over repeated indices is used
and {z% 2!, .- 2"} is the local coordinate on the (n + 1)-dimensional rota-
tionally symmetric manifold with g = ds? 4+ ¥?gecan with 20 = s € R and
P=(z', - 2") € 8" and gops = ag at (s, P). In these coordinates all com-
ponents of the Riemann tensor and Ricci tensor vanish except Ru0a0 = Ko
and Rapag = Ki(a # B) and Ry = nKo and Ryo = Ko+ (n — 1)K, (o=
1,2, +,n) where Ky = _wds;s and Ky = 11;5 ; and then the scalar curvature
R =2nKy+n(n—1)K;. So we have

_ o 0 58 76 na
Rijij = RO a5 g i a3 )

_ «@
= E g u; “1 u; Ragw
afyn

= Z(uf‘u Ropas — Zuo‘u’gu’gu Ropap

= Y@ (W? + (W)W Ko+ Y (ufu)2K
=1
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( [(u?)?(w))? + (u)2(u)?] + 2(ud)?(W9)? | Ko
+

a,B=1
= [(u)? + (W) Ko + Z [(ug ) — ufuuf ug) Ky
a,B=1
= [(u?)? + (u9)?] Ko + [(1 — (u?)?)(1 — (u9)?) — (u?)?(ud)?) K
(34) = [(u))?+ (u9)?] Ko + [1 — (u)? — (ud)?] K1,

where in the fifth and sixth equalities we used

B=1
and
n
> () =1
3=0
since {e1, -+ ,en} is an orthonormal basis of the level set {f = a}. Then by

(3.4) we have

Rii = Rixix + Y Rijij

j=1,5#i
= [(u 9)2 (50)2]Ko+[1—( 0)2— (6°)%) K
(3.5) + Z )2 Ko + Z [1— (u?)? — ()] K,
J=1j#i J=1j#i

[()? +1 = ()] Ko + [0 — n(u])? =1+ (u])?] K
— [1+ (n— 1)Ko + [(n — 1)(1 — &) K]

where € = (u?)? < 1, if a is large enough. It follows

R;; <2K0+(TL—1)K1 = <

S |=

1
27
and then

1—Rii—Rjj > 0.
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Again by (3.5) we know

(3.6) Rii > Ko+ (n—1)(1—-¢)K;
and by (3.4) we know

(3.7) Rijij < 2¢Ko + (1 — €)K1.
Hence by (3.3), (3.6) and (3.7)

Rijij < Rijij + — Rii — Rj;)?

1
Vet T

4\Vf|2(

< 2Ko+ (1 —e)K; + 2(Ko+ (n—1)(1 —e)K))J

= 2eKy + m{l — Q(K(] + (n — 1)(1 — E)Kl + 2(n — 1)(1 — E)Kl
1

-2+ (0= (1 = K] + 1~ 2K
+(n—1)(1—e)Ky)

_ 2(721_1){1 — (1 — 26(n — 1)Ko — [1 — 2(Ko + (n— 1)(1 — £)K1)]
+ ol = 2o+ (n= D1 =K

(3.8)
1
S2n—1)

for sufficiently large a, since 2(1 —2e(n — 1))Kp > 0and 1 — 2(Ko + (n — 1)
(1 —¢e)K;) > 0 and |V f] is large as a is large. Then by (3.8) and the volume
comparison theorem we know

Vol{f =a} > Vol(5"(v/2(n — 1)))

for large enough a and then it is a contradiction with (3.2).
Therefore, we have proved the proposition. O

4. Type II singularity formation happens

Suppose we have a family of rotationally symmetric solutions

{(8"", ga(t))]a € [0,1]}
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Figure 1: A neckpinch forming.

Figure 2: A degenerate dumbbell.

of the Ricci flow with g, (0) = ds? + %2 gean, @ € [0, 1], where gean is the stan-
dard metric of constant sectional curvature 1 on S™. We specify the initial
metrics as follows.

When « = 1, let the initial metric g1(0) be a symmetric dumbbell with
two equally sized hemispherical regions joined by a thin neck. By the work
in [5], we can assume that the two hemispheres are suitably large and the
neck is suitably thin so that this initial metric ¢;(0) leads to a neckpinch
singularity of the Ricci flow at some time 77 < +o0o (see figure 1).

When « = 0, let the initial metric go(0) be a lop-sided and degenerate
dumbbell where go(0) = ds? + 13 gcan With 19(0) has only one bump and it
is non-increasing on the right polar cap and is strictly concave on the left
polar cap (see figure 2).

Clearly, we may choose ¢1(0), go(0) to have positive scalar curvatures.
Let {ga(0) | @ €[0,1]} (see figure 3) be a smooth family of dumbbells
(including degenerate dumbbells) connecting g1(0) to go(0) and satisfying
the following:

(i) for each a € [0, 1], ¥4 (0) has exactly two bumps or one bump,
(ii) for each a € [0, 1], (¢a)s(0) has only finitely many zeros, and satisfies

[(¥a)s](0) < 1,
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Figure 3: The smooth family of dumbbells.

(iii) for each a € [0, 1], 104(0) is strictly concave on the left polar cap,

(iv) each initial metric go(0), o € [0, 1], has positive scalar curvature.

Since the scalar curvature is positive, each solution g4 (t), a € [0, 1], will
exist up to a maximal time T, < 400 and develops a singularity. The main
purpose of this section is to show that there exists ag € [0,1) such that the
solution g, (t), with the metric go,(0) as initial datum, develops a Type II
singularity. We remark that a Type II singularity might occur in such family
of metrics has been conjectured by Hamilton, which he calls a degenerate
neckpinch. The intuition had been already described in Section 3 of [22]
(see also [12] and [31]).

Let us first consider the case of solutions with degenerate dumbbells as
initial data.

Lemma 4.1. Suppose g4(t) is a rotationally symmetric solution of the Ricci
flow on S"1 with g, (0) = ¢(x,0)2dx? + 2 (x,0)gean, = € [~1,1]. If at the
initial time, the scalar curvature R(®) > 0, Vo (x,0) has only one bump, it is
non-increasing on the right polar cap and is strictly concave on the left polar
cap, and |(Va)s|(z,0) < 1 on [—1,1], then either the solution g,(t) develops
a Type II singularity or it shrinks to a round point.

Proof. By the assumption that R(® >0 and by applying the maximum
principle to the evolution equation of the scalar curvature

OR
o = AR+ 2| Ric|?,

we know that the maximal time T must be finite.
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Let us consider the geometric quantity s defined by

xT
s(z,t) = / oz, t)dz.
0
The metric can be written as

g= d52 + 1/13(8, t)gcan-

In the following, we will write a function f= f(s) as shorthand for f =
f(s(z,t)). Since 9o(+1,t) =0, we know that for any time 0 < ¢ < T, the
bump exists. By the standard Sturmian comparison [2], we know that
Ya(x,t) also has a unique bump for each t € [0,7"). Let z.(t) denote the
unique bump. By Proposition 2.1(3), we can define

D = Jim o (w(8)1).

We divide it into two cases as follows.

Case 1: D > 0.

In this case, by Proposition 2.1(3) and the assumption that 1, is strictly
concave on the left polar cap, we know that no singularity occurs on the left
polar cap. Thus, the singularity must occur on the right polar cap. Take
the maximal points (Pm,tm), i.e., the points (Pm,tm) with

|Rm(Pp,twm)| = sup  [Rm(Q, )] — 400,
t<t,, QESH1

as m — —+oo.

For any time t € [0,7"), we have (1)s(P,t) = —1, where P is the pole
of the right polar cap (i.e., the point with x =1). Then we can choose
the nearest point P}, to P such that (¢Ya)s(Ph,tm) = —5. If dy, (P, P) >
dtm(]sm, P), we set P,, = P,,, otherwise set P, = P/.. Clearly in the region
between Py, and P, we have |(1a)s| > 1.

We first claim that the curvature at (P,,t,,) is comparable with the
curvature at the maximal point (Pm, tm). Indeed, if P, = P,,, then there is
nothing to show. If P,, # P,,, then it follows from the estimate in Proposi-
tion 2.1(2), the condition that 1, is non-increasing on the right polar cap,
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and the choice of the point F,, that

c C

)l = ) = R Pnt)

On the other hand,

Kl(Pmatm) = 1- (wa)g(vatm) . 3

So

3 > 2 R (B, t)].

Pmym > K Pm:m = T o/ p 1 <
oo tn)| = B3 Ponsb) = 3505, 5,7 % 10

Obviously, we have

|Rm(Prn, tm)| < [Rm(Prs, )|

since (P, ty,) is the maximal point. Hence, the curvatures at (P, t,,) and
(P, tm) are comparable. Here we denoted by |Rm| the largest absolute
value of the eigenvalues of the curvature operator Rm.

By the evolution equation of the scalar curvature R

OR .19
5 = AR + 2|Ric|

and by using the pinching estimate in Proposition 2.1(4), we get

dRmax

— < CRZ, .
dt — max
Then, we have
C
> —
Rmax(t) =T _¢

for some constant C.
We now argue by contradiction to show that the solution develops a
Type II singularity in this case.
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Suppose not, then the singularity is of Type I. That is, there exists some
constant C' > 0 such that

Cc-1 C
. < (a) < .
Define
(M) 1y _ pla) 3 v
s - t) = R Pm7tm o)t ‘7tm ’
9;; (1) ( )(9. )]< - R(a)(ijth

for t € [—tmR(a)(Pm,tm), 0]. Then we claim that the distance from P, to
the pole P measured in the rescaled metric ggjm)(-,()) is bounded. Indeed,
by the estimate in Proposition 2.1(2), we know

for some constant C. Thus, we have

C

2
Po,tn) < 75—,
val ) | Rm(Pry, tn)]

and by using |(¢a)s| > % in the region between P, and P, we further have

(4.2) dp (P, P) < Lallmotm) 2¢

" % B V ’Rm(Pmatm”

where d; is the distance measured with the metric g, (t). Therefore, by the
pinching estimate in Proposition 2.1(4) we know that the distance from P,

to the pole P measured in the rescaled metric ggn)(-, 0) is bounded.

The rescaled gi(]m)(t) is a solution of the Ricci flow defined for ¢ €
[~tm R (P, ), 0] and 0 < R(™(-,t) <1 and R™(P,,,0) =1 and has
bounded curvature. After taking a subsequence of gi;-n and by the assump-

tion that D > 0, we can assume that the marked manifold (S™*1, ggn) (t), P)
converges to a marked manifold (R"™, g;;(t), P), —oo <t <0, which is a
solution of the Ricci flow on R™*! having non-negative curvature operator
(by the pinching estimate in Proposition 2.1(4)) and bounded curvature,
satisfying R(Ps,0) = 1 at some point P, and being k-non-collapsed for all

scales. So the limit is a non-flat ancient x-solution on R"*1.
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The reduced distance, due to Perelman [26], is defined by
@ 1. T @ :
19 (q,7) = NG inf {/0 V(RO (y(s), tm — 5) + \fy(s)]%ga)ij(tm_s))ds\
v 1 [0,7] — 5™ with 4(0) = PA(r) = q},

where 7 = t,, — t for t < t,,,. Then by the Type I assumption, we have

17 C
S S
zﬁ/o Ve s

(4.3) c o
. 2ﬁ/o 75
=C.

1) (P,T)

IN

We can now use Perelman’s backward limit argument in Proposition
11.2 of [26] to choose a sequence of times ¢ — —oo such that the rescaling
of gij(-,t) around P with the factor |t;|~! and with the times ¢ shifting to
the new time zero converge to a non-flat gradient shrinking soliton in C},
topology. Indeed, in the Proposition 11.2 of [26], Perelman takes a limit
around some points ¢(7) where the reduced distance at ¢(7) are uniformly
bounded above by (n+ 1)/2. Instead, in our situation, we want to take
a backward limit around the fixed point P. By inspecting the proof of
Proposition 11.2 of [26] (see also the proof of Theorem 6.2.1 of [9] for the
details), one only needs to have a uniform upper bound for the reduced
distance at the fixed point P. This is just our estimate (4.3) by the Type
I assumption. Then the same argument as Perelman in Section 11.2 in [26]
applies to the present situation.

By combining with Proposition 3.1 and noting that the gradient shrink-
ing soliton g;; is non-compact, we conclude that the backward limit is
S™ x R. Since the limit is taking around the pole and the metric is rota-
tionally symmetric, it cannot be S™ x R. So we get a contradiction! Hence,
we have proved that the singularity is of Type II.

Case 2: D =0.

In this case, if the singularity is of Type II, then there is nothing to prove.
Thus, we may assume that the singularity is of Type I. By the same argument
as in Case 1, we can first take a rescaling limit around the pole P at the
maximal time T to get an ancient k-solution, and then take a backward
limit around the pole P again to get a non-flat gradient shrinking soliton.
If the shrinking soliton is compact, by Proposition 3.1 we know that it is
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the round S™*!. This implies that the original solution shrinks to a round
point as the time tends to the maximal time 7. If the shrinking soliton is
non-compact, we know from Proposition 3.1 that it is S x R. Thus, the
same reason in the proof of Case 1 gives a contradiction! Therefore, we have
proved Lemma, 4.1. O

Lemma 4.2. The set Ay of a € [0,1] such that the initial metric g,(0)
leads to a neckpinch singularity of the Ricci flow at some time T, < 400 is
open in [0, 1].

Proof. Obviously it is not empty for 1 € A;.

Suppose a € A, then we claim that 1,(0) has two bumps. Other-
wise it has only one bump. Since it satisfies the assumptions of Lemma
4.1 by the conditions (i), (ii), (iii) and (iv), then we know that either it
shrinks to a round point, or it forms a Type II singularity. Consequently,
the initial metric does not lead to a neckpinch for such «. This contra-
dicts with o € A;y. Similarly, 1,(t) has two bumps as long as the solution
exists. Take a small rotationally symmetric perturbation g&k)(O) of g4(0)
with limg_,o Hg&k) (0) — go(0)|| = 0 in the C? topology. Then g((f) (0) still has
two bumps. We need to show that g&k) (0) leads to a neckpinch singularity
at the maximal time To(lk) < +o0.

Since g((lk)(O) are very close to g,(0) in the C? topology, the scalar cur-
vatures of the metrics gak (0) have a uniform positive lower bound. Thus, it
follows from the evolution equation of the scalar curvature that the maximal
times To([k) are uniformly bounded. After passing to a subsequence, we can
then assume that Ték) — T as k — o0o.

Claim: T > T.
Indeed, suppose not, then there exists € > 0, such that

T—e<TW® <«THe<T—e<T

for all sufficiently large k. Consider the time interval [0,7 —¢]. By the
assumption that g&k) (0) are sufficiently close to g(0) and g¢(t) is smooth on
[0,T — €], we first show that the curvature of g&k) (t) is uniformly bounded
on [0,T — €] for all sufficiently large k.

For each 0 <t <T — ¢, set

M(t) = sup{|Rm™ (2, t)||k > 1, = e ST}
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and
to = sup{t > 0|M(t) < +oo},

where Rm®) denotes the curvature of g&k) (t). We want to show that tg =
T —e.

By Shi’s local derivative estimate in [29], we know that ¢y > 0. Suppose
to < T — &, then for any small ¢ > 0, consider the time interval [0, %y — ¢'].
By the earlier definition of M(t), we know that the curvature of g((xk) (t? is
uniformly bounded by M (ty —¢’) on [0,ty — &']. By taking a limit of g&k (t)
and by the uniqueness of the solution to the Ricci flow ([17] or [22]), we get
that the limit must be the original solution g(¢) on [0,ty — &’]. Thus, the
curvature of g&k) (t) is uniformly bounded by some constant C' which does not
depend on ¢’. Then by Shi’s local derivative estimate in [29] again we know
that the curvature of g )( t) is umformly bounded on [0,tg — &'+ &]. By

choosing ¢ small enough, we get tg — &’ + C > 1p; it is a contradlctlon' So

we have proved that tg = T — . That is, the curvature of g,(l )( t) is uniformly

bounded on [0, T — ¢] for all sufficiently large k. Similarly as before, we can
take a limit of g&k) (t) and the limit is g(t) on [0, — ¢] by the uniqueness.
Since g(t) is smooth on [0,77], we conclude that the curvature of g((xk) (t) is
uniformly bounded by some constant C’ which does not depend on . Again
by Shi’s local derivative estimate in [29], we know that the curvature of

g&k) (t) is uniformly bounded on [0,7 — & + &| for all sufficiently large k.

By choosing 8 >0 sufﬁmently small and using that T( ) ST ask — 00, We
get T — e + C, > T( ) for all sufficiently }arge k, which contradicts with the
definition of the maximal time. Hence, T' > T.

Next we show that each g&k)(O) leads to a neckpinch singularity at the
maximal time 7" < +o0. For all sufficiently small & > 0, since g,(0) leads

to a neckpinch, we have

(ra)min(T — €)

(4:4) Valae(T — ). T —2)

< 1

By the assumption that g&k)(O) is sufficiently close to g,(0) and T, k) _,
T > T, we know that as k is large enough, To(ék) >T —¢ and g(k)(
sufficiently close to go(T' —¢). So

—¢€) is

(r&k) Jmin (T — €)

(4.5)
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In views of the work of Angenent and Knopf [5], we know that if we have
a rotationally symmetric g(0) = ds? + ¥2(0)gean on S™*! which has two
bumps z4(0) and ﬁ(g?o) < C~! for some universal constant C' > 0 (e.g.,
we can take C' = 100), then it leads to a neckpinch singularity. Thus, the
inequality (4.5) implies that g&k)(O) leads to a neckpinch singularity. There-

fore, we proved that A; is open in [0, 1]. O

We remark that this lemma and its proof are related to two results of
Angenent-Knopf in [5,6]. In [5], Angenent—Knopf proved that neckpinches
occur for an open set of certain rotationally symmetric initial data. In [6],
they also proved that the singularity time 7" is a continuous function of the
initial metric, for the “reflection symmetric” metrics considered there.

In the next proposition, following Perelman’s Theorem 12.1 in [26], we
will give the singularity structure for the rotationally symmetric solutions
of the Ricci flow.

Proposition 4.3. Suppose g;;(t), t € [0,T), is a rotationally symmetric
solution of the Ricci flow on S™1 with g(0) = ds? + 1¥?(0)gean. If at the ini-
tial time, the scalar curvature R > 0, then for any given € > 0, there exists
K = K(£,9(0)) > max{2e ™1, Q(3T)} > 0, where Q(3T) denotes the upper
bound of the curvature for the times t < %T, such that for any point (xq,to)
with to > 3T and Q = R(wo,t9) > K, the solution in {(y,t)|d7(y,z0) <
e2Q7 1 tg —e2Q7 <t < to} is, after scaling by the factor Q, e-close to
the corresponding subset of some orientable ancient k-solution, where Kk is
a positive constant depending only on T and the initial metric g(0). Conse-
quently, in the region, we have the following gradient estimates

! 0
IV(R™2)| <n and a(R_l)l <7

for some constant n = n(x) > 0.

Proof. This is just a higher dimensional version of Perelman’s singularity
result (Theorem 12.1 of [26]) for the rotationally symmetric class. In Theo-
rem 12.1 of [26], Perelman obtained this singularity structure result for any
three-dimensional solution. For details, one can consult [24] (from pages
83 to 88) or [9] (from pages 399 to 405). By inspecting Perelman’s argu-
ment, when one tries to generalize Perelman’s singularity structure result
to higher dimensions, one only needs to have a higher-dimensional version
of the (three-dimensional) Hamilton—Ivey curvature pinching estimate and
shows the canonical neighborhoods of an ancient k-solution consisting of
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e-necks or e-caps. For our case, since the metric is rotationally symmetric,
the estimate due to Angenent—Knopf in Proposition 2.1(4) gives the desired
curvature pinching estimate. While for a rotationally symmetric ancient x-
solution, it is clear that any canonical neighborhood is either an e-neck or
an e-cap. S0 by repeating Perelman’s argument, we obtain the proof of the
proposition. [l

We can now prove the main theorem.

Proof of Theorem 1.2. Suppose ¢, (t) is the family of the solutions to the
Ricci flow satisfying the following conditions:

(i) for each a € [0,1], 14 (0) has exactly two bumps or one bump;
(ii) for each a € [0,1], (¢a)s(0) has only finitely many zeros, and satisfies

|(¢a)s|(0) < 1,

(iii) for each a € [0, 1], 104(0) is strictly concave on the left polar cap;

(iv) each initial metric ¢go(0), @ € [0, 1], has positive scalar curvature.

We want to show that there exists o € [0,1) such that for the solution
Jay, (t) of the Ricci flow on S™*! with initial data g, (0) = ds? + wiogcan, up
to a maximal time T,, < 400 and develops a Type II singularity.

Since g1(0) = ds? + ¥} gean and by our assumption that g;(0) leads to a
neckpinch singularity. Then by Lemma 4.2, we know that A; is not empty
and open in [0,1]. While by Lemma 4.1, we know that the solution go(t)
with the initial data go(0) either develops a Type II singularity or shrinks
to a round point; so 0€A;. Let («, 1] be a connected component of A;. We
want to show that the « is the number we want.

If go(0) develops a Type II singularity, then there is nothing to show.
Thus, in the following we always assume that it does not develop a Type II
singularity.

Claim 1: ¢,(0) ezactly has two bumps.

Indeed, if 1,(0) has only one bump, then 1, is non-increasing on the
right polar cap. By our construction we know that 1, is strictly concave on
the left polar cap. Thus by Lemma 4.1, we know either the singularity is of
Type II or it shrinks to a round point at the maximal time 7,, < +o00. By our
assumption, the singularity is not of Type II. So it is shrinking to a round
point, and then there exists a time ¢ < T}, close to T, such that the curvature
is positive for ¢t > . Whenever 3 € (a, 1] C A; is sufficiently close to «, the
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metric gz(0) is sufficiently close to the metric g,(0) (in the C* topology).
By Lemma 4.2, we can choose 3 € (o, 1] C A; sufficiently close to « so that
the maximal time T of gg(t) satisfies T > ¢ + (T, — t)/2; moreover, by the
continuous dependence of the initial metric, the curvature operator of gg(t)
is also positive at the time ¢ = ¢. Hence by Theorem 1 in [7] we know that
93(0) will shrink to a round point at the maximal time T3 < 400, which
contradicts with € («, 1] C A;. Therefore, we have proved Claim 1.

Claim 2: ¢, (t) exactly has two bumps as long as the solution exists.

Indeed, since g4 (t) is a rotationally symmetric solution of the Ricci flow
on S™*1 we know that at the poles of the right and left polar caps 14 (t) = 0
for any time 0 < t < Tj,; so, there always exists one bump. By the standard
Sturmian comparison in [2] we know that the number of the bumps is non-
increasing in time. Suppose at some time ¢y € (0,7,,) such that the right
most bump disappeared, then v, (t9) has only one bump. Thus by Lemma
4.1 and our assumption, it shrinks to a round point. Particularly, there exists
a time to < t < T, such that the curvature is positive for all times t > ¢.
By the same argument as before, we can choose 5 € («, 1] C A; sufficiently
close to @ so that the maximal time T of gg(t) is greater than ¢ and the
curvature of gg(t) at the time ¢t = t is also positive. By applying Theorem 1
in [7] again we know that gz(0) will shrink to a round point at the maximal
time T3 < +o0, which also contradicts with 8 € (a, 1] C Ay. Thus, we have
proved Claim 2.

So in the following we always assume that ¢, (¢) has two bumps for all
times t € [0, T,).

At the maximal time T}, the solution gs(t) does not develop a neckpinch.
In the view of Angenent—Knopf’s results [5], the smaller polar cap must col-
lapse. So, without loss of generality, we may assume that singularity occurs
on the right polar cap. Similarly as in Lemma 4.1, we first take the maximal
points (P, tm) on S™ (Le., [Rm(Pp,tm)| = supi<;, gesntr |[RM(Q,1)]).
We then take the nearest point P}, to the pole P on the right polar cap,
such that (va)s(Ph.tm) = —5. If d, (P}, P) > di, (P, P), then we set
P, = Pm; otherwise we set P, = P/ . Clearly in the region between P,
and P, we have |(¢4)s| > 3.
Define

(M) _ p(a) 3 v
(L t) =R Pm,tm )t '7tm
g (1) ( )(g )a( + R(a)(Pm,tm)>

for t € [t R (P, tm), 0].
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Claim 3: A subsequence of gg.n)(-,t) around the point P will converge to a
non-flat complete ancient k-solution on a smooth manifold M, where K is
some positive constant depending only on the initial metric g, (0).

Indeed, if the maximal point (Pm, tm) is on the right polar cap, then by
the estimate in Proposition 2.1(2), the condition that 1, is non-increasing
on the right polar cap and the choice of the point F,,, we know that

C < C
V2 (P tm) ~ Ya(Prmstim)

|Rm(]5m,tm)| <

On the other hand,

K (P ta) = E el lnd = o B
So
Bin(Pon, t)] > K1 (P ) =~ > | Rin(Bor, )],
102 (B b)) = 4C
Obviously

[Rm(Pr, tm)| < \Rm(pm, tm)|

since (Pm,tm) is the maximal point. Thus, the curvatures at (P, t,,) and
(P, tm) are comparable. Then by repeating (part of) the argument as in
Case 1 in Lemma 4.1, we know that a subsequence of gg»n)(, t) around the
point P will converge to a non-flat complete ancient s-solution on a smooth
manifold M for some positive constant x depending only on the initial met-
ric go(0).

We remain to consider the case that the maximal point (Pp,,t,,) does
not lie on the right polar cap and then it must lie in the region between the
two bumps.

In this case, we first prove the following assertion:

For any A < 400, there exists a positive constant C(A) such that the
curvatures of gi(;n)(-,t) at the new time t = 0 satisfy the estimate

|Rm ™ (y,0)| < C(4)

whenever dgm)(,’o) (y, Pn) < A and m > 1, where Rm(™ denotes the curva-
ture of the metric ggn).

This assertion in the three-dimensional Ricci flow has been verified by
Perelman in his proof of the Theorem 12.1 in [26] (the first detailed expo-
sition of this part of Perelman’s argument appeared in the first version of
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Kleiner—Lott [24]), where the only three-dimensional features he used are the
Hamliton—Ivey curvature pinching estimate and the canonical neighborhood
condition of an ancient x-solution consisting of the e-necks and e-caps. In
our case, by noting that the metric is rotationally symmetric, the canonical
neighborhood condition can be easily obtained as pointed out before, and
the pinching estimate has already been given in Proposition 2.1(4). So by
some slight modifications, Perelman’s argument also works for our case. In
the following we only give the details for the modified parts. For the com-
plete details, one can compare with [24] (from pages 85 to 87) or [9] (from
pages 400 to 402).
For each p > 0, set

M(p) = sup{R"™ (,0) | m > 1,z € S""'  with do(x, P) < p}

and
po =sup{p = 0| M(p) < +oo}.

By the pinching estimate in Proposition 2.1(4), it suffices to show that pg =
+00.

We need to adapt Perelman’s argument to show that pg > 0.

For arbitrary fixed small € > 0, by Proposition 4.3, we know that there
exists K = K(, ¢a(0)) > max{2e~1, Q(3T,)} > 0, where Q(37,) denotes
the upper bound of the curvature for the times ¢t < %Ta, such that for
any point (xg,ty) with ¢y > %Ta and Q = R(O‘)(azo,to) > K, the solution
in {(y, t)|d? (y, w0) < e 2Q ', tg —e2Q " <t < to} is, after scaling by the
factor @, e-close to the corresponding subset of some orientable ancient &-
solution for some positive constant x depending only on the initial metric
9a(0). Consequently, we have the gradient estimate in the region

1 0
(4.6) IV(R™2)[ <7 and a(Rfl)l <7
for some constant n = n(x) > 0.
If R)(P,,,t,) > K, then by the gradient estimate in (4.6), we know
that there exists some constant ¢ = ¢(n) > 0 such that

R (z,t) < 2R (P, tm)

for any point € By, (P, ¢(R@ (P, tm)) 7). Hence in this case we have
po > c> 0.

If R (Pmytm) < K, then we prove that py > ¢ for some constant ¢ =
¢(c, K, ¢), where ¢ is the positive lower bound of the scalar curvature R
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on S"t1 at the initial time. In fact, consider the points = € By, (P, %(R(O‘)
(P, tm))”2):

(i) if R (x,tm,) < K for all points x, then pg > £ > 0 (since R (P, )
> ¢);

(i) if R (z,t,,) > K for some point =, denoted by yo the nearest point
in By, (P, %(R(a)(Pm, tm))"2) to Py, with R (yg,t,,) = K, then by
Proposition 4.3 and the gradient estimate (4.6), we know that

(4.7) R (y, t) < 2R (yo, t) = 2K

for any point y € By, (yo, «(R® (yo, )" 2). Since the scalar curva-
ture has a positive lower bound ¢ by our assumption, we know that
there exists ¢ = ¢cK~2¢2 > 0 such that

(4.8) B, (yo,c(K)"2) D By, (P, ¢ (R (P, )" V?).

It follows from (4.7) and (4.8) that for any point z € B;, (P, (R
(Prs tm))™'?)
R <2K.

Then pg > ¢/ > 0. Set ¢ = min{§, ¢'}; then, in this case we have py >
c> 0.

Hence, we have proved py > 0.

In the rest, we can apply the same argument of Perelman [26] (see also
[24] and [9] for details) to obtain that pg = 4+o0o0. That is, the curvatures
of gz(;n (-,t) at the new times ¢ = 0 stay uniformly bounded at bounded
distances from P, for all m. Furthermore, by the estimate in Proposition
2.1(2) and using |(¢a)s| > % in the region between P, and P, we know that
the distance from P,, and P measured in the rescaled metric ggn)(-,O) is
bounded. So we obtained that the curvature of gg-n)(-,t) at the new times
t = 0 stay uniformly bounded at bounded distances from P for all m. This
completes the proof of the assertion.

By the gradient estimate in Proposition 4.3, Shi’s local derivative esti-
mate in [29] and Hamilton’s compactness theorem in [21], we can take
a CfX subsequent limit to obtain (M, goo(-,t), P), which is complete, x-
non-collapsed on all scales and is defined on a space-time open subset of
M x (—o0, 0] containing the time slice M x {0}. Clearly it follows from the
pinching estimate in Proposition 2.1(4) that the limit (M, goo(-,t), P) has
non-negative curvature operator. Then exactly as Perelman’s argument in
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Theorem 12.1 of [26] (see also [24] and [9] for details), we can get that the
curvature of the limit g (-, ¢) at £ = 0 has bounded curvature and also that
the limit goo(-,?) can be defined on (—oo,0]. So we have proved that goo (-, t)
is an ancient k-solution on M and Claim 3 holds.

Since we had assumed that the singularity is not of Type II, there exists
some constant C' > 0 such that

C

T, —t

0 < R(Pp,t) <

Then by Claim 3 we know that a subsequence of gl(;ﬂ)(-,t) around P con-

verges to a non-flat ancient x-solution g;; on M. Thus by the same proof
as in Case 1 in Lemma 4.1, we obtain that there exists a sequence of times
tx — —oo such that the rescaling of g;;(-,t) around P with the factor [t;|™*
and with the times ¢ shifting to the new time zero converge to a non-flat
gradient shrinking soliton in C}%. topology. If the non-flat gradient shrinking
soliton is non-compact, Proposition 3.1 tells us that it is R x S™. Since the
limit is taking around the pole P and the metric is rotationally symmetric,
it cannot be R x S™. This contradiction implies that the non-flat gradient
shrinking soliton is compact. By Proposition 3.1 again, we know that it is the
round S™t!. Consequently, the curvature of the original solution becomes
positive as the time ¢ closes to the maximal time 7,,. Then by repeating the
same proof as in Claim 1, we can choose (3 € (o, 1] C A; sufficiently close
to o such that g3(0) will also shrink to a round point at the maximal time
T3 < +00, which contradicts with 3 € (a, 1] C A;. So the singularity must
be of Type II. Therefore, we have proved our Theorem 1.2. O

Remark 1. During the proof of the main theorem, we actually proved the
existence of Type II singularities on non-compact manifolds. More precisely,
we proved that for each n > 2, there exists complete and rotationally sym-
metric metrics on R with bounded curvatures such that the Ricci flow
starting at the metrics develop Type II singularities at some times T < 400.
In particular, we can take the initial metrics on R"*! to be the complete and
rotationally symmetric, with non-negative sectional curvature and positive
scalar curvature, and asymptotic to the round cylinder of scalar curvature 1
at infinity.

Remark 2. In the unpublished preprint [8], Robert Bryant proved the
existence of the non-trivial steady Ricci solitons on R™ by solving certain
non-linear ODE system. These steady Ricci solitons are complete, rotation-
ally symmetric with positive curvatures. By combining with the work of
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Hamilton [20], this paper gives another proof for the existence of the non-
trivial steady Ricci solitons on R™ for all dimensions n > 3, which are also
complete, rotationally symmetric and have positive curvatures.
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