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Stability of Euclidean space under Ricci flow

OLIVER C. SCHNURER, FELIX SCHULZE AND MILES SIMON

We study the Ricci flow for initial metrics which are C° small
perturbations of the Euclidean metric on R™. In the case that
this metric is asymptotically Euclidean, we show that a Ricci har-
monic map heat flow exists for all times, and converges uniformly
to the Euclidean metric as time approaches infinity. In proving this
stability result, we introduce a monotone integral quantity which
measures the deviation of the evolving metric from the Euclidean
metric. We also investigate the convergence of the diffeomorphisms
relating Ricci harmonic map heat flow to Ricci flow.

1. Introduction

In this paper we investigate the evolution of a family of complete non-
compact Riemannian manifolds (R”, g(¢)) under Ricci flow (RF)

2g(t) = —2Ric(t), inR" x (0,00),

g(t) = go, in CP_ ast\,0,
where g is a given initial metric on R"™. We study the long-term behavior as
t — oo of solutions to (RF) for initial metrics go which are C°-close to the
standard Euclidean metric h, in standard coordinates h;; = d;;. For analytic
reasons, it is convenient to study the Ricci harmonic map heat flow which
is a variant of the Ricci-DeTurck flow

9i5(t) = (90)is in CP_(R") as t \,0,

where V; = gi, (9%, — "T'F)) g"%, for a flat metric h, V; = g;9TF g". If a
family of metrics (g(¢)),¢(g,00) s0lves (1.1), we call it a solution to the h-flow
with initial metric gg. Precise definitions are to be found in Section 2. Note
that the h-flow (1.1) and the (RF) equation are equivalent up to diffeomor-

phisms [12] in the case that the initial metric is smooth, and M is compact.
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128 Oliver C. Schniirer, Felix Schulze and Miles Simon

Definition 1.1. Let g; and g3 denote two Riemannian metrics on a given
manifold. We say that g; is d-fair to go, if

57 1g2 < g1 < bgs.
We call g1 e-close to ga, if g1 is (1 + &)-fair to go.

We denote with M¥(R™, I) the space of families (g(t));cs of sections in
the space of Riemannian metrics on R™ which are C* on R™ x I. Similarly,
we define M>, MF and use MF(R") if the metric does not depend on t.
We wish to point out that we use C* on non-compact sets to denote the
space, where derivatives of order up to k are in L. We also use Cfgc.

Our existence result reads as follows.

Theorem 1.2. For every e > 0 there exists 0 < g9(e,n) < &, such that the
following is true: if go € MY(R™) is a Riemannian metric on R™ which
is €g-close to the standard metric h = ¢, then there exists a solution g €
M= (R™, (0,00)) N M _(R™,[0,00)) to (1.1) such that g(t) is e-close to h

for allt. Ast — oo, the metrics g(t) converge subsequentially in M52, (R“)
to a complete flat metric.

In this situation, our main theorem addresses convergence to the Euclidean
background metric.

Theorem 1.3. Let g € MOO(R”, (0,00)) n MY (R”, [0, oo)) be a solution

loc

o (1.1). Assume that g(t) is €(n)-close to the standard metric h for all
t >0, for some £(n) chosen sufficiently small, and that go is e(r)-close to h
on R"\ B,(0) with (r) — 0 as r — oco. Then

gt) = h inC® ast — 0.
That s,
sup|g(t) —h| — 0
Rn

ast — oo, and

sup
Rn

ast — oo for all k € {1,2,...}.

hvkg(t)’ 0
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In this paper we will be concerned with the geometric quantities

(12) Som = galbl hb1a29a2b2hb2a3 P gambmhbmal
and
(13) wm = Garb, hb1a2ga2b2 hbzas L gambmhbmal-

We use the Einstein summation convention, i.e., we sum over repeated upper
and lower indices like aj, bj, 1 < j <m, from 1 to n. If (\;) are the eigen-
values of (g;;) with respect to (h;;), we get

Pm :Z)\im and wm = Z)\:n
i=1 "7 =1

In particular

n

(1.4) ¢m+¢m—2n:2<1+w—z> :ii(xr—n?zo

i=1 i i=1

is non-negative and vanishes precisely when \; =1 for all i € {1,...,n}.

loc

satisfying all the conditions of Theorem 1.3. Then there exist m = m(n) € N
and £(n) > 0, such that the following holds. If 1 < p < § can be chosen such
that initially

Theorem 1.4. Letn >3 and g € M2 (R™,[0,00)) be a solution to (1.1),

(1.5) /n(cpm + Pm — 2n)P < oo,

or, equivalently,
19(0) = hl[Lar < oo,

then there exists a smooth family (pt)i>0 of diffeomorphisms of R™, o =
idgs, such that for g(t) := ¢fg(t) the family (§(t))e>0 is a smooth solution
to the RF equation satisfying

g(t) = (pso)"h in MOO(R”) as t — 0o

for some smooth diffeomorphism oo of R™ which satisfies pr — poo in
C>* (R™",R") as t — oo and

|poo(z) — x| = 0 as |x| — 0.
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Rewriting (1.5) in terms of a decay condition on ¢(r) in the closeness
condition for gy (see Theorem 1.3), yields the following

Corollary 1.5. Letn >3 and g € M2, (R",[0,00)) be a solution to (1.1),
satisfying all the conditions of Theorem 1.3. If gy is €g-close to h for some
g0 = eo(n) > 0 sufficiently small, and in addition there exist constants C' > 0
and ¢ > 0 such that go is Cr—1=C-close to h on R™\ B,(0), then the same

conclusions as in Theorem 1.4 hold.

Note that the solutions constructed in Theorem 1.2 satisfy the conditions
of Theorem 1.3, but are not necessarily €(r)-close to h at infinity. We point
out that these solutions may depend on the subsequence chosen in the con-
struction in Section 4. Note, however, that it is not clear, whether solutions
to the initial value problem (1.1) are unique, as in general gg does not have
bounded curvature or a well-defined Riemannian curvature tensor. Even if
g(t) is e(n)-close to h on R™ for all ¢ > 0, we do not know, whether such
solutions are unique. If we study only solutions as constructed in Section 4,
we can replace the e(r)-closeness condition imposed on gy by a considerably
weaker integrability condition.

Theorem 1.6. Fizp > 1, m =m(n) € N sufficiently large, and 9 = ¢(n)
> 0 sufficiently small. Let gy € M° (R”) be a Riemannian metric which is
go-close to the standard metric h. Let g € M. (R",(0,00)) be a solution to

(1.1) as constructed in Section 4. If for every § > 0 the integral I"*(0), as
defined in Theorem 6.1, is finite, then

g(t) > h in M*®R") ast — oco.

In the situation of Theorem 1.6, if 1;*(0) is finite, we can show that the
diffeomorphisms ; stay bounded and converge in C} to a limiting diffeo-
morphism @q.

Outline. In order to prove stability of Euclidean R™ under the h-flow, we
proceed as follows.

If we perturb the metric on R", such that the perturbed metric is C°-
close to our original metric and the perturbation is small enough, this is
preserved for all times. The perturbation is measured in terms of the devi-
ation of the eigenvalues ()\;) of the perturbed metric with respect to the
Euclidean metric from one. We have

(1+5)*1§>\i§1+5 fori=1,...,n
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everywhere for all times and 0 < ¢ = &(n) provided that initially (1 +g¢)~!
< A <1+ ¢ for some 0 < g9 < gg(n).

We have interior estimates for the gradient of the metric evolving under
DeTurck flow. If we assume that A; < ... < \,, we get the estimate

c

[Ai(z,t) = Xi(y, )] < i + el (7, Y).

Thus, for large times, the eigenvalues A; are almost spatially constant in
any Euclidean ball. It is, however, possible that these spatial constants vary
in time. In particular, it is not clear up until now whether these constants
converge as time tends to infinity.

Our perturbation of the Euclidean metric is small near infinity, i.e., all
eigenvalues \; approach one near infinity. Note, however, that we do not
impose a decay rate on our initial metric, at which the eigenvalues converge
to one as we approach spatial infinity. Still, we obtain for all positive times
that the eigenvalues converge to one at spatial infinity.

In order to get uniform control on the eigenvalues, we use the quantity
considered in (1.4) for some m € N. It vanishes precisely when \; = 1 for all
1 and measures the deviation from A; = 1. The functions ¢, and ,, were
initially considered by Shi in [12]. The key estimate is to show essentially
that [(¢m + ¥m — 2n) is non-increasing in time. Here we integrate over
the manifold at a fixed time. For technical reasons we have to consider a
more complicated quantity. For details we refer to the respective proofs in
Section 6.

This implies convergence of the eigenvalues \;(z,t) to 1 as t — oo, uni-
formly in x. For if this were not the case, we could pick points (z,tx)
with t; — oo such that at least one \;(xg,tx) differs significantly from 1.
If ¢; is large enough, we find a big ball, where at least one eigenvalue dif-
fers considerably from 1. This yields an arbitrarily large contribution to
[ (¢m + ¥m — 2n) if tj, is big compared to max; |\;(z, t;) — 1|, contradict-
ing the monotonicity of [(¢m + ¢ — 2n). Thus A\;(z,¢) — 1, uniformly in
x as t — oo, follows.

Remark 1.7. Note that all the above results also hold if we replace R™ by
Tk x R"* for n — k > 1, where T* is a flat k-dimensional torus.

In two space dimensions, Ricci flow is a conformal flow given by the
evolution equation

~g=—-R
atg g7
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where R is the scalar curvature, see [6]. In this situation, we obtain (for
details, see the appendix) the following.

Theorem 1.8. Let gg = e~ "°h, where h = § is the standard Euclidean met-
ric, and ug € C° (RQ) such that

sup Jul =0 asr— oo.
R2\ B, (0)

Then there exists a smooth solution (g(t))ie(0,00), 9(t) = e 0V, to RF such
that u(-,t) — ugy in Cﬂ)c as t (0. Furthermore, as t — oo, we obtain that
u(-,t) = 0 in C= (R?).

For two-dimensional RF, Wu [16] studied long-time behavior and conver-
gence of solutions. She studied initial complete metrics gg = e*“°h which have
bounded curvature and satisfy e~“|Dug|?> < co. In this case, she showed
that a long-time solution to RF exists and that it “converges smoothly in
the sense of modified subsequences” to a smooth limiting metric as ¢ — oc.
A smooth family of metrics (g(t))ic[0,00) On R™ “converges smoothly in the
sense of modified subsequences” to a metric [ on R™ as t — oo if there exist
diffeomorphisms ¢; : R® — R™ and a sequence t; < to < ... with ¢; — co as
i — 00, such that (¢;)*(g(t;)) — [ smoothly on any fixed compact subset of
R™. In particular, this does not imply uniform convergence on all of R™.

By imposing strong decay conditions on the curvature tensor at infinity,
stability of flat space under RF was proved by Shi [13]. Stability of compact
flat manifolds under RF was studied by Guenther et al. [4] and by Sesum [15].
In the rotationally symmetric situation stability of flat Euclidean space
was investigated by Oliynyk and Woolgar [10]. Chau and the first author
obtained a stability result for the Kahler potential of stationary rotation-
ally symmetric solitons of positive holomorphic bisectional curvature under
Kéhler-Ricci flow [1]. Uniqueness of solutions to RF with bounded curva-
ture on non-compact manifolds is discussed in [2,8]. Clutterbuck and the
first two authors proved stability of convex rotationally symmetric translat-
ing solutions to mean curvature flow in [3]. Short-time existence results for
CY-metrics were shown in [14] using similar techniques to this paper.

The rest of the paper is organized as follows. We introduce our notation
in Section 2 and recall some evolution equations in Section 3. In Section 4
we show the existence of solutions for all times. We prove interior closeness
and a priori estimates in Section 5. In Section 6 we show that an integral
quantity based on the expression in (1.4) is monotonically decreasing along
the flow. Combining this with the interior gradient estimates, we obtain in
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Section 7 that the eigenvalues of g;;(z,t) with respect to the background
metric converge uniformly to one as t — co. An iteration scheme allows us
to improve our gradient estimates for large times, see Section 8. In Section
9, we study the diffeomorphisms relating RF equation and (1.1), and show
their convergence for large times. We address the proof of Theorem 1.6 in
Section 10. Stability results for RF in two dimensions are addressed in the
appendix.

2. Notation

Let g = (9ij)1<ij<n be a Riemannian metric. By (g(t)):c(0,00), We denote a
family of metrics. We denote the inverse of (g;;) by (gij ) and use the Einstein
summation convention for repeated upper and lower indices. If g; and go are
two metrics such that (g1);;6¢7 < (g2);;€'¢7 for all (51) € R", we denote
this by g1 < g2. Unless otherwise stated, geometric quantities like covariant
derivatives V; and Christoffel symbols Ffj are computed with respect to the
evolving metrics g(t). We use indices h to denote quantities depending on
the metric h, e.g., th denotes the covariant derivative of g with respect
to h, i.e., a partial derivative. In short formulae, we also use Vg instead.
With the exception of the beginning of Section 4, h will always denote the
standard metric on R™. On R", we will always use co-ordinates such that
hij = d;;. A ball of radius r, centered at z, is denoted by B,(x). We will
only use Euclidean balls. The norm *|-| is computed with respect to the
flat background metric h. We also denote it by |-|. The letter ¢ denotes
generic constants.

In formulae, where we use A; to denote the eigenvalues of g;; with respect
to hi;, we will always assume that h;; = d;; in the co-ordinate system cho-
sen. Several times, we will use that "|g;;(z,t) — gi;(y,t)] < A implies that
|Ni(z,t) — Ai(y, t)| < A if we assume that A;(-,¢) <... < A\,(-,t). Similarly,
" gij(2,t) — hij| < A implies |\;(z,t) — 1| < A.

3. Evolution equations

In this section, we collect some evolution equations from [12] and state some
direct consequences.

Assume that in appropriate coordinates, we have at a fixed point and at
a fixed time h;; = 5@']‘7 Gij = diag(A1, A2y ..y An), A > 0.
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The evolution equation for the metric, computed with respect to a flat
background metric, is [12, Lemma 2.1],
gtgm = 9"V Vigi
+ 1ggra < "Vigpa Vigap + 2 Vagip Vagib — 2 Vagip Vigig
~2'V0pa Vigiq — 2hvigpahvbgjq> :
Consider ¢, as defined in (1.2). The evolution equation of ¢,, for a flat

background metric h;; is [12, Lemma 2.2, Equation (70)],

0 . h
a%pm = gab}va}vb@m

G ()] (v

7]‘1

2
- mi Vigia + Vg — Vigar ) -
% )\ Jrl)\)\ ( kYiq qYik — qk)

We deduce for g(t) that are e-close to h that
a < Z‘jh h, _(m+3) h, 2
S2om < 99V o —mlm = 1)(1+ ) Y ("Vagy)
i?j7k

From the evolution equation of the metric, we get for v,,, as introduced in
(1.3), the evolution equation

9
ot

0
¢m - mhalblgblaz hazbng2a3 o h‘ambm agbmal

b b mbm - h, h,
= mh’al 1gb1a2 ha2 2gb2a3 e hll <g’L] vl ngbmal)

+em)ymh Vs xh L agu-xgxg tag Lk Vg Vg
R S

m—1
_gzj v Ava b mz [Z )\k)\m 2— k] =+ <h’v g..>2
m < A a¥ij

fem)ymh ke kh L agx-xgxg tag Tl x Vg Vg,
—_— e

m—1
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where * indicates contractions and linear combinations of contractions. The
factor c¢(n) indicates that the number of the respective terms depends only
on n. Therefore, we deduce that

a i ah, h,

— < g¥ . .

at¢m <97 ViVt

2

—m(m —1)(1+2)" "D 3" ("Vigy)

i7j7k

+ c(n)m(1 4 &)™ Z (hvkgij>2 .

i’j’k

4. Existence

In this section we prove long-time existence of the h-flow for a smooth initial
metric gg which is e-close to h = §. Short-time existence for Ricci-DeTurck
flow on non-compact manifolds was first proved in [12]. Short-time existence
for an arbitrary smooth background metric h with bounded curvature, when
go is e-close to h, was proved in [14], using similar techniques to those of
Shi. We also reprove the short-time existence here for completeness. (Note
that some of the citations in [14] in the proof of the short-time existence
were incorrect.)

Lemma 4.1. Let (g(t)):ejo,r) be a smooth e-close solution to the h-flow with
flat background metric h = § on a closed ball D C R™ with 0 < e < e(n) and

g(-,t)lap = h(-)|lap- Then

sup

hMmM 2
V| < cln,m, D, T.9(0)).
Dx[0,T)

Proof. We proceed exactly as in the proof of Shi [12, Lemma 3.1]: where he
uses g, we use h. The only other minor difference is that the dependence
on ¢g(0) does not explicitly appear in Shi’s paper [12, Lemma 3.1]. This is
because he has § = ¢(0). O

Lemma 4.2. Let (g(t))co,r) be a smooth solution to the h-flow on B;,
1 € N, where h is the standard metric on R™. Then for all € > 0 there exists
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0 < eo(n,e) < e, such that the following holds. If g(0) is eg-close to h and
g(t) =h on 0B; x [0,T), then g(t) is e-close to h for allt € [0,T).

Proof. Consider ® := ¢y, + ¢, — 2n as in (1.4). It vanishes on 9D x [0,T).
The evolution equations in Section 3 imply that

0 iih
4.1 — P < gvV,; VD

as long as ¢(t) is é-close to h for £ > 0 satisfying
e(n)(1+ 2P < (m— 1)

Choose ¢ = £(n) and m = m(n) accordingly.

Fix § > 0 so that ® < 26 implies, see (1.4), that the metric is e-close to
h, in particular &-close to h. Now fix g = £¢(n) > 0 such that ¢y < € and so
that ® < § for every metric which is eg-close to h.

Consider the maximal time interval I C [0,7") on which ® < 24. We may
assume that I = [0,7] with 7 <T'. This implies that (g(t))¢c[o,) is &-close
to h (even e-close to h). According to (4.1) and the maximum principle,
max,ep P(z,t) is non-increasing in ¢ for all t € [0, 7]. Thus ®(7) < ®(0) < 6.
This contradicts the choice of 7. Therefore I = [0,T) and (g(t))icpo,) is
e-close to h. O

In the remainder of this section, we will denote with eg(n,e) > 0 the
constant in Lemma 4.2. Note that although we allow for arbitrary € > 0, it
follows from the proof that £y(n,e) < g for some small € = &(n) > 0.

Theorem 4.3. Let € > 0 be given, and gy be smooth and £¢(e,n)-close to
h =9 on a closed ball D C R™. Assume that go = h near 0D. Then there
exists a unique smooth solution (g(t))ie(o,00) to the h-flow with g(0) = go and
g(®)lap = hlap. Furthermore, (g(t))ejo,00) 1 €-close to h.

Proof. Lemma 4.2 implies that a prospective solution g(t) is e-close to h
as long as it exists. Therefore, we can apply the a priori bounds of Lemma
4.1 on a bounded time interval. We may then use the same arguments as
in [9, Theorem 7.1, Chapter VII] to show that a smooth solution exists (the
argument used there is based on the Leray—Schauder fixed point argument
of [9, Theorem 6.1, Chapter V]). Note that this argument works for every
finite time interval. g
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Theorem 4.4. Let g € M (Bg,[0,T]) be é-close to h, solving (1.1), where
€ =£&(n) > 0 is sufficiently small and h = 6. Then

h M 2
sup |'V"g|" < clm.m, g(0) 3, T).
BR/QX[O,T}

Proof. This follows using the arguments of Shi [12, Lemmas 4.1 and 4.2]. O

Theorem 4.5. Let € > 0 be given, and gy be smooth and eo(n,e)-close to
the standard Riemannian metric h =3 on R™. Then there exists a e-close
solution g € M{2. (R™,[0,00)) to the h-flow (1.1).

Proof. Let B; be the balls of radius ¢ and center 0 (with respect to the
Euclidean metric). Set gy = n;go + (1 — 1;)h, where n; : R — R is smooth,
and satisfies 7, =0 on B; — B;_1, 7; = 1 on B;_o, 0 <1 <1 and |[V™|? <
c(m,n). Note that ‘gy is eo-close to h. Let ‘g(t) € M (B;,[0,)) be the
solution coming from the local existence theorem (Theorem 4.3) above.
Using the interior estimates of Theorem 4.4 above, we see that the solu-

tions all satisfy
v (4) (9

for all ¢+ big enough, and so, using a diagonal subsequence argument, we
can find a subsequence which converges to a solution g € M$ (R™,[0,00))
where the convergence ‘g — ¢ is uniform on B; x [0, 7] for every fixed j € N

and T € (0,00) and ¢(0) = go. O

sup
B;Xx[0,T)

< C(j790’32j7m7 kaan)a

We do not know, whether the solution obtained in Theorem 4.5 is unique or
depends on the subsequence chosen.

5. Interior estimates

Note that the following lemma does not imply \;(x,t) — 1 — 0 for |z| — oo
uniformly in ¢, i.e.,

lim  sup sup  sup |A(z,t) — 1|
R—00 3 cRn\ Bg i€{1, ..., n} t€]0,00)

may be non-zero.



138 Oliver C. Schniirer, Felix Schulze and Miles Simon

Lemma 5.1. Let g € My, (R",(0,00)) be a solution to (1.1) with go as

in Theorem 1.3. Then the eigenvalues (A\i(x,t)) of (gij(x,t)) with respect to
(hij(x)) uniformly tend to 1 in bounded time intervals,

lim A;(z,t) = 1.

|z| =00

This lemma is a direct consequence of the following interior closeness
estimate.

Lemma 5.2. Let g € M3, (R",(0,00)) be a solution to (1.1) which is E(n)-
close to the Euclidean background metric h. Assume that go is e-close to h
on some ball Br(xo) for some e < &(n)/2. Then there is a constant y(n) > 0

such that g(t) is 2e-close to h on Bgj(xq) fort € [0,7R?].

Proof. According to the estimates in Section 3, there exists an €(n) > 0 and
m(n) € N such that

8 h, h, h, 2
5P+ v = 2) < gV V(o + ¥ —20) = 3 ("Vagy) -

7:7j7k

If the background metric h is the standard flat metric on R", we define

for A >0
A Tt
gii(x,t) = gij ()\’ )\2> .

If ¢ is a solution to the h-flow, ¢* is also a solution to the h-flow as h is the
standard metric on R”. Moreover, g* is e-close to h, if g is e-close to h.

By scaling with the factor A = 1/R and translation we can assume that
R=1 and z9p =0. Let n € C2°(B;) be such that 0 <np <1 and n=1 on
B/, and let

C=n"(om +VYm —2n).
We compute
8 abh h, abh h,
a( < 9" Vo V¢ — 29" Vun vb(@m + Y — 2”)
h, h, h, 2
— (m + ¥m — 20)g" Vo Vin —n > ( kaij)

i7j7k
abh—
< g va vbC + ¢,
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since

h, h, 2
[Fim+tm =20 <3 ("Vrgy) and |[Vil2/n < Cn lles).
1,5,k

So by the maximum principle the maximum of ¢ grows at most linearly,
which implies the stated estimate. O

By scaling we want to extend a priori derivative estimates for the metric
to balls of any radius. If the background metric h is not necessarily flat, the
third author [14] obtained the following

Theorem 5.3. Let R>0. Let h be a complete background metric of bounded
curvature. Fix T =T(n,R,h) >0 sufficiently small. Fiz a point zy. Let
g be a solution to the h-flow on "Br(xo) x (0,T) which is &-close to the
background metric h for € = E(n) > 0 fized sufficiently small, where hBR(:L‘o)
denotes a geodesic ball of radius R with respect to the metric h. Then

c(n,i, R)
/2

hVig(ac,t)‘ <

for all (z,t) € h’BR/Q(a:O) x (0,T) and all i € N.

Applying Theorem 5.3 to g* as defined in the proof of Lemma 5.2, we
get directly the following.

Corollary 5.4. Let h denote the standard flat metric on R™ and assume
that e = e(n) > 0 and v = y(n) > 0 are chosen sufficiently small. If g solves
the h-flow in Br(xg) X (0, 7R2) for some xg € R™, R > 0, and if g is e-close
to h on Br(zp) X (O,’sz), then we get the a priori estimates

c(n, 1)
+i/2

Vg1 <
for all (z,t) € Brja(xo) x (0,7R?) and all i € N. We set c1 := c(n, 1).

Proof of Theorem 1.2. Let us first assume that go € M2, (R™). Theorem

loc

4.5 implies that an e-close solution g € M$ (R",[0,00)) to (1.1) exists.
The interior decay estimates of Corollary 5.4 and Arzela—Ascoli imply that
the metrics g(t) converge subsequentially in M to a complete flat metric
as t — oo.

We approximate gg € Mg (R") by smooth metrics ‘gy preserving the

go-closeness. Thus we obtain solutions ‘g € My, which are e-close to h.
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In view of the interior a priori estimates we obtain a limiting solution g €
& (R", (0,00)).

Note that g(t) — go in MY _ast \, 0: fix a point o € R™ and use go(z)
as a flat background metric on R™. Thus the metrics ‘g are again solutions
to the h-flow with h = go(z¢). Hence we can apply the interior closeness
estimates of Lemma 5.2 in order to see that all metrics ‘g attain their initial
values uniformly in ¢. This implies that g(t) — go as t N\ 0 locally uniformly.

g

6. Integral estimates

In this section, we are once again concerned with the quantity ¢, + ¥m — 2n
as introduced in (1.4).

Theorem 6.1. Fiz 6 >0, m=m(n) EN and p>1. Let ge ML
(R™,(0,00)) be a solution to (1.1) which is €(n,m)-close to the standard
Euclidean metric h for some 1 > & = &(n,m) > 0 sufficiently small. Let g

be as in Theorem 1.3. Then the integral

. 1 1
10=170 = [ (ontim—2n—of =1 [ @t

18 mon-increasing in time.

Proof. As g is é-close to h, @m + ¥m — 2n is uniformly bounded above.
According to Lemma 5.1, we see that ¢, + ¥y, — 2n — 0 for |z| — oo and
t bounded above. Thus the positive part of v, + ¥, — 2n — § is contained
in a compact set for every bounded time interval and I(¢) is finite there.

Assume that in appropriate co-ordinates, we have at a fixed point h;; =
(Sij, Gij = diag()\l, Aoy e, )\n>7 A; > 0.

Recall from Section 3 that we can estimate in the evolution equation of
©m + Y¥m for metrics e-close to h as follows

a s h, h,
= (om +vm) < g7V, vj(‘Pm + Pm)

ot
—m(m—1)(1+¢)~ " Z (}Lngij)2
ig k

+ c(n)ym(1 4 )™ Z (;kagij)Q .

i7j7k:
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We now want to show that I(¢) is decreasing in time for m and e chosen
properly. Note that ®” iy is Lipschitz continuous in space and time, and the
support of &7 mg 18 contalned in Br(0) for some R > 0 on bounded time
intervals. This vields that I(t) is Lipschitz continuous in time as well and
thus also absolutely continuous. By Sard’s theorem we know that for almost
every § > 0 the sets

Us = Us(t) :={z € R" | pm(z,t) + (2, t) —2n > 5}

have a smooth boundary for almost every ¢. For such a § and 0 < 1 < to,
we can compute

21 d
I(t I(ty) O dxd
(t2) (t2) /t pd7/71 m,g 4L AT
tz 8
/ / fm;l (om + Ym) dz dT,
t1 Us 8

as ®,, 5 is compactly supported as long as ¢ is finite. Since the boundary of
Us is smooth we may estimate and integrate by parts

t2 ;5 h, h,
I(ta) — I(t1) < /t /U @gl*; 9”7 Vi Vi(pm + wm)) dxr dr
1 t2 S5
/ m(m —1)(1 + &)~ 1)<I>p ! Z (ngw> dx dr

b JU i,k

to n 2
/ / m(1+e)" b LS (Vg ) dedr
t1 Ua

i, 7,k

ta
/ / P éylg” qu)m’(; do dt
t1 BU(;

tz - h, h,
- / / (p— 1)@21_(?9” Vi®ms VjPmsdedr
t1 U5

t2 L. h
/ / " 1 Zg”) V@5 da dr
t1 U5

ta n 2
/ / 1))(1+¢) ™0 ] ( ngij> dx dr
t1 U5

i’j)k

ta
/t1 /Ua 1+€)m+1<1>p ! Z (ngw) dx dr

i, 7,k
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p— 1 2
/ o ngz‘j)
Us i3,k
: (—(m — D1 +e)™™ 4 e(n)(1 + 5)m+3) dx dr,
where we used generic constants ¢(n), the estimates

ij

<c(l+e)- Z (hvkgij)2a

i7j7k

m,(s’ <em(l+e)™t. Z (hvkgz’j)2
1,7,k

and the fact that hVCIJ,W; is antiparallel to the outer unit normal v of Us along
0Us. Note that the integration by parts involving the exponent p — 2 above
is justified by applying the divergence theorem on sets Us, for a sequence
d; ¢ 0, where we can assume by Sard’s theorem that OUs, is smooth for all
v and that OU;, — OUs. If m and ¢ are such that

1+ c(n)(1+¢)?™2 < m,

we obtain that the right-hand side is non-positive and our theorem follows
for such a §. Fix € > 0 accordingly. Since

Iy () = I, (2)
for 9; — 0 we obtain the above monotonicity for all 4. O

Corollary 6.2. Let g € M (R",(0,00)) be a solution to (1.1) with go as
in Theorem 1.3. Let m, p and £ be as in Theorem 6.1. If I)""(0) is finite,
then I)""(t) is non-increasing and thus

IP(t) == ;/n(cpm + Oy, — 2n)P dz = I)"P(t) < I)"P(0) < .
Proof. Theorem 6.1 implies that
(1) < IP(0) < IgP(0)
for every 6 > 0. For 6 0, we get
1) = I3 (1)

and our claim follows. O
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7. Convergence of eigenvalues

Lemma 7.1. Let g € M2, (R, (0,00)) be a solution to (1.1) with gy as in
Theorem 1.3, such that g(t) is £(n)-close to h for allt. Then the eigenvalues
(Ni)1<i<n of g(t) with respect to the background metric h converge uniformly

to one ast — 00,

sup [Ai(z,t) =1 -0 ast— oo.
TER™

Proof. Denote the eigenvalues of g;; with respect to h;; by (\;). It is conve-
nient to assume that Ay < ... < \,.

Assume that the lemma were false. Then we could find ¢ >0 and a
sequence (zg,tr)ken in R™ x [0, 00) with ¢ — oo so that

(71) max ])\Z(xk,tk) - 1’ 2 QC
ie{l,...,n}

The strategy of the proof is to use Corollary 5.4 with ¢ =1 to show
that we find a controlled spatial neighborhood of (zg,?;) such that (7.1)
is fulfilled with 2¢ replaced by (, i.e., the eigenvalues are not all close to
one there. Therefore, ., + ¥, — 2n is estimated from below by a positive
constant in that neighborhood. For large values of ¢, these neighborhoods
can be chosen arbitrarily large. Thus Ign’p becomes large, if § is chosen small
enough. This contradicts Theorem 6.1.

Here we present the details: let Br(x) denote a Euclidean ball around
. According to Corollary 5.4, applied with i = 1, we obtain for = € Bg(x})
that the eigenvalues (\;(z, 1)) differ at most by ¢- R - t,;l/Q from the eigen-
values (A;(zg, tr)),

R
sup  [Ni(@r t) — A )] <

e{l,...,n} \/f;

We deduce that in a ball of radius at least R around x; with R := %C Vi,
we have

e [Ai(@, b)) — 1] = ¢

Note that this implies

Az, t) — 1] > C.
eiax W t) =1 2 ¢
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So at least one eigenvalue differs significantly from one in that ball. As
our solution is €(n)-close to h with 0 < £(n) < 1, we still have

<A+t N <1+e<2

D=

We obtain in Bg(zk) X {tx}

1 1
¢m+¢m—2n=ZW(Ai -1)?> —¢2

= 9m
=1 1 2

We define § := %21 ¢? and get in Br(zy) x {t1}

@w1+‘¢nl_'2n/2 20,

This allows to estimate I3 ""(t;) from below as follows:

ISP (ty) >

=

/ (m + m — 2n — §)E,
Beym(®)
1

> 8 cln) (Cllwt?)

We deduce that I3""(t;) — oo for t; — co. This contradicts Theorem 6.1
which implies that

I (ty) < 177(0)

as our initial decay assumption guarantees that for fixed m € N, as in
Theorem 6.1, p > 1, and § > 0, the integral I;""(0) is finite. O

Proof of Theorem 1.3. Lemma 7.1 implies that g(t) — h in C° as t — oo.
The convergence of the derivatives hvmg(t) for all m € N is a consequence
of Corollary 5.4. O

If 1, (0) is finite for some m, p as in Section 6, such a calculation implies
even a decay rate in time of

sup |Ai(z,t) — 1.
rER™

Lemma 7.2. Let g € M{X, (R™,(0,00)) be a solution to (1.1) with go as in

loc

Theorem 1.3, such that g(t) is €(n)-close to h for all t. Then the eigenvalues
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(Ni)1<i<n of g(t) with respect to the flat background metric h converge to 1
ast — oo:

s 1\ 7/ 22pn)
sup  sup  Nife,0) — 1] < e(n,mp,er) - (IP(0)) /. ()
z€R™je{l,...,n} t

if 157 (0) < oo.
Proof. Fix zy € R", ty > 0, and ip € {1, ..., n}. Define
¢ = %‘)\io(wo,t(ﬁ — 1‘.

We want to estimate ¢ from above. As in the proof of Lemma 7.1, we obtain
that

< max max iz, tg) — 1,
¢s ie{l,...,n} xEBcﬁ/cl (xo)’ il O) ’

1
Om + VYm —2n > 7<27

2 om
15"7(0) > 1" (to)
1
- / (90771 + wm - 2n)p
p acech/E/C1 (z0)
1/1 1 n
HCBRCACYOR
P \2 c1
and thus
(202" < e(nym,per) -ty ™ - 1P (0).
Our claim follows. O

8. Improved C'-estimates

Based on an iteration of two steps, we can improve our a priori estimates.
So far, we have obtained a priori estimates of the form
c(n,m,p,ci(n), I)"P ¢
|g—h|00§ ( ’ 7p773( )7 0 ) = 2 7
+2(2p+n) t2(2p+n)
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see Lemma 7.2, and

(8.1)

for every i € N, see Lemma 5.4. The two steps to improve these are
as follows.
Step 1: Interpolation inequalities of the form ||Dul?. <c- ||ul g~

| D?u|| 1~ and an iteration argument as in [11, Lemma C.2] can be applied
to a metric g satisfying (8.1) and

a
|9 — hlco < o
for some constant a. We obtain for any 0 < 8 < « the estimate

C((Ck)lgkgko(i,a,ﬂ)a a,a, 3)
t(i/2)+8 ’

¢k as in (8.1). Note that if 3 gets closer to «, the upper bound depends on
more and more constants ¢ as in (8.1).
Step 2: Recall that for solutions of the h-flow satisfying

< t’Y
arguing as in Lemma 7.2 yields
|9 — hlew < ——
t7(2p+n)
Iteration. We start with
’ \ ‘ = o

According to Corollary 5.4 (with i = 1), we may take vy = % So Step 2
yields
Cy
<
By combining Steps 1 and 2, we get

lg — hlco <

0

ta

lg — hlco <
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with ap = (3 4+ (1 — 0)ovy) 35 for any fixed 0 <6 < 1. We also get

Ck(0)

o

lg — hlco <

with a1 = (5 + (1 = 0)ay) 5t for all k € N.

It is easy to check that

n n

—— =y <a<..< V.
22p+n) ! 2 2(2p + dn)

As qy is increasing in k, we see that lim oy exists. Passing to the limit in
the defining equation for a4 yields

n
li =
hoe T 2(2p + on)

Now & > 0 can be chosen arbitrarily small. So we obtain for any 0 < { < 1

c(€)

|g - h’CO < /)~

We can finally apply step 1 once again in order to obtain a derivative bound.
Thus we have proved the following.

Lemma 8.1. Let g be as in Lemma 7.2. Then we obtain for every0 < ( < 1
the estimates

c(¢)
l9= hlev < =
and for every i € N
- (©)
(8.2) VY| < s <

9. Construction of a solution to Ricci flow

In this section we construct a solution to RF for smooth initial metrics g
on R™ which are e-close to the standard metric 9. It is well known that on
a compact manifold, we can recover the RF from a solution to the h-flow
using time-dependent diffeomorphisms [7,14]. We use the a priori estimates
of the previous section and construct diffeomorphisms in our set up which
allow us to construct a solution to the RF (similar to the compact case).
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Lemma 9.1. Let g € M2 (R",[0,00)) be a solution to (1.1) which is
é(n)-close to h (for all t with € as in Theorem 1.2). Then there exists
a smooth family of diffeomorphisms (o(-,t))ici0,00), Pt = p(5t) : R" — R,

with ¢(x,0) =z, such that (¢¢)*(g(t)) solves (RF).

Proof. Let ‘¢ : B; x [0,00) — B; C R™ be the solutions to the ordinary dif-
ferential equations
509) (@,t) = mp(x, )V (p(x,t).1), (1) € Bi x [0,00),
io(z,0) = x, x € By,
where V(y,t) := g7 (QF% - thv) (y,t), and n; : R™ — R is a smooth cut-
off function 0 <7 <1 with 7|p,,, =1 and n|g-_p, = 0. Notice that 'V :=
n;V is smooth and compactly supported in B;. Hence the ¢;(-,t) : B; — B;

are diffeomorphisms.
Using again Corollary 5.4 we see that for x € B;/5 and small times

This implies that

V0| < 4.

(here we have used that g(t) is e-close to h). In particular, this gives us

’at(%)a(%t)’ =

t

0

g(l@)a(ﬂcﬁ) dr < c(n)Vt.

(f0)*(2,1) —:):’ S/o

This implies that ‘o(-, )] B, is independent of i for i big enough, j fixed and
t bounded above. In particular we obtain, taking a (diagonal subsequence)
limit, a well-defined solution ¢ : R x [0,00) — R™ to the equation

(9.1) {aat(%‘?)a(%t) =V (p(,t),t), (z,t) € R x [0,00),

o(z,0) = x, x € R™,

and thus ¢y = ¢(t,) : R® — R" is a diffeomorphism for all t. According to
[12] (¢¢)*(g(t)) solves the RF equation. O
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In the situation that we have the improved decay estimates of Lemma 8.1 we
show that the diffeomorphisms ¢; converge to a diffeomorphism s : R® —
R™ as t — oo for n > 3 as long as p > 1 is small enough.

Theorem 9.2. Let g € MS (R",[0,00)) be a solution to (1.1) and m, p

and £(m,n) all be as in Theorem 6.1. Assume that (1.5) holds. For n > 3,
@t converges in C3 to a diffeomorphism o : R™ — R™ as t — oo.

Proof. Step 1. Fix p with n/2>p > 1 and ¢ > 0 such that a.:=(1/2) +n/(4p)
— ¢ > 1. In the following, our constants ¢ may depend on n, p, ¢, m and I;"”
as defined in Theorem 6.1.

We wish to show that

lpi(z) —z| < e Vite[0,00).

Corollary 5.4 implies that

d

c
@%(55)

=an

Hence |p¢(x) — x| < c for all 0 <t < 1. So we may assume that ¢ > 1. The
evolution equation (9.1) for ¢; and the fact that |[Vg| < ;% imply that

C

d
'dt‘pt(z) = Ga

As o > 1, we see that (upon integrating from 1 to ¢ > 1) |p1(x) — p(x)| < c.
By the triangle inequality we get

lpe(z) — 2| < pr(z) — p1(@)] + |p1(z) — 2] < e
For later use, note that this implies for F} : R™ — R" defined by F; := ¢, 1
|Fi(x) — x| < e

Step 2. Using the estimate ‘%npt(x)‘ < ;& from Step 1, we see that
for fixed =z € R", ¢i(z) — y as t — oo for some y € R". We define
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Yoo() = limy—soo i(). All the derivatives of ¢; (for ¢ > 1) satisfy

B,(y)> T, Dy C? (Ck’)7 I(gn’p)
tOé

2
srios (149 ) < ‘@ Ve B(y)

for some o > 1 and

Imvp

sup ‘hv%t(a:) SC(soﬂBr(y),n?m,PaQ(Ck)a 0 )

’2
z€B.(y)

This may be seen as follows (for the rest of this argument, we set V := V).
Differentiating gives for V' as in (1.1)

(9.2)
V™V (2, 8)] < em Y [Vitg] - |Ving],
k=1 i1+ tig=mt1
1<iy, ... i <m+1
(9.3)

IV (V(p,t), ) <em D>, > |(VV) (1), 8)] - [V - |Vigl.

i=1 Ji+Hig=m
1<j1,0mdi<m

Then

2 V()
L+ [V (@) ?)
V™ pu(2)| [V Grpu()|

(14 IVmeu()?)
_IVa@)] [V V() (@)
(14 IVmeu()?)

gt log (1 + |Vm90t($)’2) = (

<c

Substituting (9.2) and (9.3) into the above, using the estimates for }ng‘
and arguing inductively (for m) leads to the estimate.
Hence ¢oo : R® — R™ is C°° and ¢; — @oo converges in Cpy, as t — oo.
Step 3. We wish to show that ¢, is a diffeomorphism. Let F; be the
inverse of ;. Letting [(t) := ¢;g(t), we know that [ solves RF on R". But
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then we get in view of (8.2)

l

. . c
(z,t) = 2- | Ric()|(z,t) = 2 - 9| Ric(g)| (s (z), 1) < VETE) fort > 1,

al

which is integrable (from 1 to co). This implies that [(¢) converges locally
uniformly to a well-defined continuous Riemannian metric I, as ¢ — oo in
view of [5, Lemma 14.2]. According to [5], there must exist a ¢ = ¢(y) with
1n(z) <l(z,t) < ch(z) for all t € [0,00) for all € By (y), for all y € R, as
Theorem 4.4 implies this uniform equivalence for ¢ € [0, 1].

Now using the definition of [ we get

s o k

O¢ (@.1) 555 (o, gan(iu(0).

oy™
Dp® OpF

< = A

= (1+28) (D) (Dg)" (,1).

1
75043 < l&ﬁ(x)t) =
C

In particular, we see that det (Dg;)? (z) > 1/(c¢(1 + £)) > 0, where Df is the
Jacobian of f. Taking the limit as t — oo we get det (Dgog)? (y) > 1/(c(1 +
£€)) > 0. As det (Dypp) = 1, we see that det (Dpoo)(y) > 1//(1 4+ &)e(y) >0
for all y € R™. Hence ¢ is an immersion. In view of the derivative estimates
for |V™gy|, the function ps : R™ — R" is a smooth diffeomorphism if it is
bijective. Recall that F, = F(-,t) = (¢¢) " for t < co. The estimates for ¢,
above ensure that there exists a function F, : R™ — R™ such that F; — F
in CY° as t — oo.

As ¢ and F; are smooth diffeomorphisms with estimated derivatives,
Y — Poo and Fy — Fi, we obtain

(Fo © o) () = tli}m (Fiowy) (x) =x for all z € R".

Thus oo is injective. Similarly, we see that ¢ is surjective. Hence ¢ is a
diffeomorphism. O

Proof of Theorem 1.4. In Lemma 9.1 we have constructed diffeomorphisms
@1 50 that (07 g(t))ie(o,00) SOlves the RF equation if (g(t))sc(0,00) sOlves (1.1).
Define g(t) := ¢;g(t). According to Theorem 1.3, we get g(t) — h. Theorem
9.2 implies that the diffeomorphisms ¢, converge to a diffeomorphism ¢o
for t — oo. Thus g(t) = @i h in C*™ as t — oo. O
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We can also show that the diffeomorphisms ¢; are close to the identity
near infinity, uniformly in ¢.

Lemma 9.3. Let g € M2 (R",[0,00)) be a solution to (1.1) as in Theorem

9.2 and (#t)iejo,00) be the diffeomorphisms of R™ constructed before. Then
for every n > 0 there exists an R > 0 such that

sup |pi(z) — 2| <7
R™\Bgr(0)

for all t € [0, 0.

Proof. We first want to show that for any given 7’ > 0 there exists an Ry > 0
such that g(t) is n’-close to h = 6 on R™\ Bp, (0) for all ¢.

By Lemma 7.2 we can choose a T' > 0 such that ¢(¢) is n/-close to h on all
of R™ for t > T. Now choose Ry > 0 such that ¢(0) is n’/2-close to h on
R™\ Bg,(0). Applying the interior closeness estimates, Lemma 5.2, we see
that we can find Ry > Ry such that g(¢) is n/-close to h on (R™\ Bg,(0)) x
[0, T]. Note that this implies

sup |g(t) — o] <7
R"\BRI (0)

for all t. By Lemma 8.1 we have that

Cc

h
‘ Vg | < £1/24n/(4p)—C

for ¢ > 0. Now fix t; > 0 such that

oo ¢ n
/tl A=< < 5

By interpolation we deduce from Lemma 5.4 that

/
"Vg| < LIUDR R™\ Bp, (0)

Vit

for ¢t > 0, and in particular for 0 < ¢t < t;, where 6(n) — 0 as 7 — 0. Arguing
as in Step 1 of the proof of Theorem 9.2 we obtain the claimed estimate for
some R > R;. O
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10. Convergence based on integral bounds

Proof of Theorem 1.6. In view of Corollary 5.4 and interpolation inequalities
of the form ||Vovl|co < ¢ - ||lv]|co - [|v]|cz, it suffices to prove that g(t) — h in
CY as t — oo.

Assume the conclusions were false. Then we could find § > 0 and points

(g, thy ) € R™ x (0, 00) x {1,...,n},
k € N, such that {;, — oo as k — oo and
‘)\lk(.%'k, tk) - 1’ 2 46.

By the construction of the solution g(¢) in Section 4 from solutions ‘g, we
ﬁ.nd sequences (z?) jen with z? — 00 as j — 00, such that for the eigenvalues
(*A1)1<i<n of 'g, we have

(10.1) By (T, te) — 1| > 36.

Fix R > 0. We want to establish a similar bound on the spatial ball Br(zy) x
{tx}. This is done as follows. We consider only k > ko so that the ¢ is
sufficiently large and hence the right-hand side in the estimate of the first
spatial derivative (i = 1) in Corollary 5.4 is bounded above by 6/R. Then we
choose Ry, > R such that v(2R})? > ti, where v is as in the corollary. Now
we fix j = j(k) so large that v}, = i* o = 2Bk + |xg| + 1. This ensures that
the metric “*g is defined on the cylinder Bag, (z)) % (0,7(2Rj)?). Hence
we can appTr Corollary 5.4 for that cylinder and get the gradient estimate

"V”’“g(-,tk) < 0/R in Bgr(xg). In view of (10.1), we obtain
(10.2) inf  sup ‘Uk)\l(:v, tr) — l! > 20.
z€BR(zk) 1<I<n
Define
15 P (1) :/ (icpm-i— ¢m—2n—5)p dz,
P JB:(0)
where

3
3

% . 1 % % m
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By construction of the initial metrics ‘gy, we have for the eigenvalues
(Mi(2))1<i<n of the metric gy with respect to h which we label such that
A(x) <...< A\(x) and similarly for the eigenvalues ‘\i(z) < ... <\, ()
of “gg for |z| < i the inequalities

)\l(l') < Z)\l(a;) <1 if Al({L’) <1,
1 <in(x) < N(z) if 1< N(),

which implies in particular the estimate (‘A" — 1)2 < (AN = 1)% for all
1,1, m € N. We deduce that

n

) . 1 .

"om + "hm — 2n = Z Z)‘lm (z)\;n - 1)2
=1

<3 i?(l Fe(m)m (O — 1)?

<@ +s<n>>2mZ§n (A —1)?
=1
= (14 £(1)>™ (@ + Y — 20).

Thus

. 1 . .
IP(0) = . /B-(o) (“om + "thm — 2n — (5)i dx 0

2m} _ Y
(10.3) < (@ +e(n) p/Bi(o) (@ + W — 20 — 6)%. da

1
<(1+ a(n))Qm]; / (om + Ym —2n —0)% dx

n

t=0

t=0
— (L+£(n)™I"(0) < o

is uniformly bounded in 1.
The proof of Theorem 6.1 extends directly to our situation and ensures
that

ISP(E) <IYVP(0)  for t > 0.

Here, (igom + "y, — 20 — 5)+ is compactly supported in B;(0) due to the
boundary values imposed on ‘g in Theorem 4.3. Therefore, we do not have
to use the local closeness estimates of Lemma 5.2 in order to justify the
integration by parts employed in the proof of Theorem 6.1.
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Using (10.2) and (10.3), we estimate for € and m such that (1 +e(n))™ <
2 as follows:

(14 e(n)*™I5"7(0) = "I5"*(0)

> "I (t)

1
= / (VkQO(% tk) + V’Wb(l‘,%) — 2n — 5)2_ dx
P JB,,(0)
1 n 1 P
Vi 2
= o (A (@, tr) = 1) =6 da
oS vtz e

= 1/33@0 <<1 T 5>p
1

z/ 5
p BR(Zk)

5P
= —c

’ (n)R".

As R > 0 can be chosen arbitrarily large, we arrive at a contradiction. This
finishes the proof of Theorem 1.6. O

Appendix: Conformal Ricci flow in two dimensions

Studying RF on R? for conformally flat metrics g(z,t) = e“®t)§ is equivalent
[6,16] to considering the evolution equation

(A1) c‘?tu =Agju=e"Asu on R? x (0,00).

We are especially interested in initial conditions ug : R? — R fulfilling

(A.2) sup |up|] -0 asr — oo.
R2\B..(0)

We wish to point out that we do not assume in the following that ug ful-
fills an eg-closeness condition for a small constant g > 0, corresponding to
sup |ug| being small. It suffices to have sup |ug| bounded. Note also that in
two dimensions, we do not have to study Ricci harmonic map heat flow first
before we can obtain results for RF.
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In this situation, we get the following existence result.

Theorem A.l. Let ug € C°(R?) satisfy ||uo||r~ < co. Then there exists
u € C™(R? x (0,00)) solving (A.1) such that u(-,t) = ug in C_ (R?) as
t ™\ 0. Ast — o0, u(-,t) converges subsequentially in CX. to a complete flat
metric.

Idea of Pmof Mollifying ug, we get a sequence u, € C™ (RQ), 1 € N, such
that uf —ug in CL  as i— oo, |Juh|l . <lluollz=, and HD2u | L +

| Du||L= < ¢;. According to [16], there exist smooth solutions u" for ¢ > 0
solving (A.1) with u'(-,0) = u} such that |u x t)’ < sup |ug. The tech-
niques of Krylov—Safonov, Schauder, and scaling imply ‘Dku” < tk t>. Thus
we find a smooth solution u to (A.1). Considering ¢ = u'(z,t) — u'(zo), we
can argue as in Lemma 5.2 (using 1? instead of ¢, + 1¥m — 2n) to see that
for any 0 > 0 we find ig = (9, up) and ¢ > 0 such that ’ui(:v,t) - ui(xo)| <46
for |z — xo|> +t < ¢ and i > ig. Thus u(-, ) — ug in CL _ast \, 0. Note that
in the case of (A.2), this convergence is uniform in space. The remaining
details are similar to the higher dimensional case. O

Theorem A.2. Let ug be as in Theorem A.1 and assume that (A.2) is
fulfilled. Let w be the solution to (A.1l) obtained there. Then u(-,t) — 0 in
C* ast — oo.

Idea of Proof. The proof is similar to the proof of Theorem 1.3. Choose p >
sup |ug| + 1. According to the construction of u in the proof of Theorem A.1
and the maximum principle, we have p > sup, |up(z)|+1 > sup,,
|u(z,t)| + 1. Instead of Theorem 6.1, however, we use the following estimate
(and a similar argument for the negative part of u)

d 1

i Js s(u—0) dv = /{ 6}(u — 0P e Asudx
2 u>

- / (1 — )P~2((u— 6) — p+ 1)e"Vul2 dz < 0.
{u>d}
O
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