COMMUNICATIONS IN
ANALYSIS AND GEOMETRY
Volume 16, Number 1, 27-89, 2008

Riemannian nilmanifolds, the wave trace, and the
length spectrum

RUTH GORNET

This paper examines the length spectrum on two-step nilmanifolds
toward determining what, exactly, the wave trace says about iso-
spectral manifolds. In particular, for each length occurring in the
length spectrum of a two-step nilmanifold, we compute the leading
order term in the associated wave invariant, under the assumption
of the clean intersection hypothesis. En route, we calculate the
Poincaré or First Return map for all two-step nilmanifolds. As an
application, we explain certain examples of Heisenberg manifolds
constructed by C.S. Gordon (C.S. Gordon, The Laplace spectra
versus the length spectra of Riemannian manifolds, Contemporary
mathematics: nonlinear problems in geometry (Mobile, Ala., 1985)
vol. 51, AMS, 1986, pp. 63-80.) that are isospectral on functions,
but have different multiplicities in the length spectrum. The mul-
tiplicity of a length is defined here as the number of free homotopy
classes of loops that can be represented by a closed geodesic of that
length.

1. Introduction

The spectrum of a closed Riemannian manifold (M, g), denoted spec(M, g),
is the collection of eigenvalues of the Laplace—Beltrami operator A act-
ing on smooth functions. Two manifolds (M, g) and (M’,g’) are isospec-
tral if spec(M, g) = spec(M’', g'). The length spectrum of (M, g), denoted by
spec[L}(M ,g), is the collection of lengths of smoothly closed geodesics of
(M, g), counted with multiplicity. The multiplicity of a length is defined as
the number of free homotopy classes of loops containing a closed geodesic of
that length. The absolute length spectrum of a Riemannian manifold (M, g),
denoted specy (M, g), is the set of lengths of smoothly closed geodesics with
no multiplicity assigned. (The absolute length spectrum is also referred to
in the literature as the weak length spectrum.)

This material is based in part on work supported by NSF grant DMS-0204648
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A major open question in spectral geometry is the precise relation
between the Laplace spectrum on functions and the (absolute) length spec-
trum. Using the heat equation, Colin de Verdiere [5] has shown that gener-
ically (in the family of all Riemannian manifolds), the Laplace spectrum
determines the absolute length spectrum. This result can also be obtained
from the classical (wave) trace formula [11] (described below). In the case
of compact, hyperbolic manifolds, this arises from the Selberg trace for-
mula [40]. (See also [4, Chapter XI].)

In sharp contrast, Miatello and Rossetti [33] have constructed pairs of
compact flat manifolds that are isospectral on one-forms but which do not
have the same absolute length spectrum. (See also [6,7].) There is no
known example of a pair of manifolds that are isospectral on functions but
with unequal absolute length spectra.

Also in contrast, C.S. Gordon [14] has constructed pairs of isospectral
Heisenberg manifolds that have unequal multiplicities in the length spec-
trum, and the author [21] has constructed other higher-step nilmanifolds
with this property. These examples are of great interest, as it has been
shown that all known methods for producing examples of isospectral nil-
manifolds necessarily yield examples with the same absolute length spec-
trum [14,27]. A Riemannian two-step nilmanifold is a closed manifold of
the form (I'\G,g), where G is a simply connected two-step nilpotent Lie
group, I' is a uniform (i.e., I'\G compact) discrete subgroup of G, and g is a
left invariant metric on G, which descends to a Riemannian metric on I'\G
that we also denote by g. A Heisenberg manifold is a two-step Riemannian
nilmanifold whose covering Lie group G is one of the (2n 4 1)-dimensional
Heisenberg Lie groups.

The purpose of this paper is to understand the behavior of the length
spectrum on the isospectral Heisenberg manifolds of Gordon in particular,
and on two-step nilmanifolds in general. Our approach is to compute certain
wave invariants, which are defined below. En route to calculating the wave
invariants on two-step nilmanifolds, we must calculate the Duistermaat—
Guillemin (DG) density. This in turn requires us to calculate the first return
or Poincaré map. We apply these calculations to the isospectral Heisenberg
manifolds of Gordon and show how a pair of manifolds can have the same
Laplace spectrum, i.e., the same wave invariants, and yet have unequal mul-
tiplicities in the length spectrum. We conclude from these calculations that
we cannot adjust the definition of the multiplicity of a length in the length
spectrum in order to ensure that known examples of isospectral nilmanifolds
must have the same length spectrum without making the multiplicity equal
to the wave invariants. In other words, the only weighting of each length
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that assures equality is precisely the weighting given by the wave trace. See
also Example 2.15 and Section 5.
For (M, g) a Riemannian manifold, define

enr(t) = trace(exp(itvVA)) = itV
A€spec(M,g)

This is a tempered distribution that is determined by the Laplace spectrum.
That is, if M and M’ are isospectral, then eps(t) = e (t). The classical trace
formula, arising from the study of the wave equation, provides information
about the singularities of eps(t). In particular [11],

(1) the singular support of es(¢) is contained in specy (M, g), and

(2) if 7 is in specy, (M, g) and 7 satisfies a Clean Intersection Hypothesis,
then ejs(t) is a classical conormal distribution in a neighborhood of
7, and the singularities of eps(¢) at 7 provide geometric information
about (M, g), the wave invariants.

See Section 2.1 below for more details about eps(t). Good references for
distributions and singular support are [41, 42]. See also [29,45].

The advantage of working with nilmanifolds is that they are “getatable”
in the sense that the spectrum [19,37] and the length spectrum [12,26] are
explicitly computable. Moreover, the generic results of Colin de Verdiere and
Duistermaat-Guillemin require that all closed geodesics be isolated and that
lengths be multiplicity free. Nilmanifolds possess a great deal of symmetry
so that closed geodesics always come in large dimensional families, thus
failing these generic hypotheses. Consequently, generic results relating the
Laplace and length spectra say nothing about the many known examples of
isospectral nilmanifolds and other isospectral families of manifolds [8, 9, 12,
14-19, 21-24, 34-38).

This paper, while self-contained, is a continuation of [25], in which the
author computes a necessary and sufficient condition for a two-step nil-
manifold to satisfy the Clean Intersection Hypothesis. The computations
of [25] are closely related to those here, and we use the necessary and suffi-
cient condition to avoid two-step nilmanifolds failing the Clean Intersection
Hypothesis in this paper. Of interest is the fact that the Heisenberg man-
ifolds of Gordon that exhibit unequal multiplicities in the length spectrum
are not related to the Clean Intersection Hypothesis. In particular, lengths
of a Heisenberg manifold that are “unclean” are associated to free homotopy
classes coming from central elements of the fundamental group. Whereas
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lengths of a Heisenberg manifold that exhibit unequal multiplicities in the
length spectrum come from noncentral elements of the fundamental group.

This paper is organized as follows. In Section 2 we review necessary
background information on the wave invariants and nilmanifolds. Large
parts of Section 2 summarize material included in more detail in [25]. We
include in Section 2 a warm up calculation of the wave invariants on the
n-dimensional flat torus. We also include a summary of the computation
of the wave invariants of interest on the Heisenberg manifolds of Gordon.
Because of broad interest in Heisenberg manifolds, the author attempts
to present this example so that a reader with a background in differen-
tial geometry may find it readable without getting bogged down with the
many technical details of two-step nilmanifolds. In Section 3 we calculate
the first return or Poincaré map and the DG-density for all two-step nil-
manifolds. The Poincaré map is quite explicit, but we are not able to get
a closed form for the DG-density in all cases. In Section 4 we examine
other special cases, including the wave invariants on two-step nilmanifolds
with a one-dimensional center/Heisenberg manifolds, and the DG-density
for a specific five-dimensional example with a two-dimensional center. The
five-dimensional example exhibits many of the subtleties possible in these
calculations.

2. Background
2.1. The wave invariants and the Duistermaat—Guillemin density

The calculation of the wave invariants by DG uses the cotangent bundle [11].
As we are working on Riemannian manifolds, there is a natural (musical)
identification between the cotangent bundle and the tangent bundle. The
paper [30] has a nice expository explanation of the wave trace, and the
set F'(,c) here is equal to the set W, (c) there. We refer to the paper [3]
for details about the calculation of the DG-measure. We refer to [12,13] for
details about the geodesic flow on nilmanifolds and the canonical symplectic
form on the tangent bundle, when canonically (musically) identified with the
cotangent bundle.

Denote by X the unit tangent bundle of a Riemannian manifold (M, g).
For v, € X, denote by o, (t) the unique geodesic in (M, g) with initial veloc-
ity vp. So 0y,(0) =p € M, and a;, (0) = v, € X. Denote geodesic flow on
(M,g) by ®: R x X = X. So ®(t,v,) = 0y, (t).
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Denote by ¢ a free homotopy class of loops of M. For 7 > 0, define
(2.1) F(r,c) ={v, € X : ®(1,vp) = vp, Toy 0.0y € c};

F(7,c) is the set of all initial velocities producing smoothly closed, unit speed
geodesics of period 7 (i.e., of length 7) that are, as closed loops, contained
in the free homotopy class c. Note that F(7,c¢) is empty if there does not
exist a closed, unit speed geodesic in ¢ of length 7.

For 7> 0, define &, : X — X by ®,(v,) = ®(7,v,). For v, € F(r,¢),
define FPS(7,v,) to be the fixed point set of ®,, . Note that since ¢ is
the identity on F'(7,c), we must have T, F'(7,¢c) C FPS(T Up).

Definition 2.1. A period 7 in specy (M, g) satisfies the Clean Intersection
Hypothesis if for all ¢ such that F(7,c) is nonempty, F(7r,¢) = Z; U...U Z,,
a finite union of submanifolds Z; of X, and for all v, in F'(7,¢), T, F'(7,c) =
FPS(7,vp). The manifold (M, g) satisfies the Clean Intersection Hypothesis
if for all 7 in specy (M, g), T satisfies the Clean Intersection Hypothesis.

For the remainder of this paper, we assume that the Clean Intersection
Hypothesis is satisfied.
Recall that

em(t) = Z etV

A€spec(M,g)

Let I be an interval in R such that specy, (M,g) NI = {7}. On the interval
I, [11, p. 61]

ety =Y > Bi(t—1),

F(q—,cc);é(b j:l
where
B;(t) :/ aj(s)efiStds
and
S '—1)/2 >
(2.2) a;(s) ~ (2—7”) Zaj kS~
as s -+ 00, j=1,...,r. Here d;j =dimZ;, and (1/1’)(“1-7'_1)/2 = e~ mild;=1)/4

if dj is even, j=1,...,r. The value o, can be identified as the Morse
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index for periodic geodesics in certain cases, see [10] and [11, pp. 69-70].
Duistermaat-Guillemin computed

1
(23) C“j,o = % /Zj d,u],

where dp; is the DG-density on Z;.

A primary goal of this paper is to compute d; and dpu; for (almost) all
lengths in spec; (M, g) in the special case that M is a Riemannian two-step
nilmanifold. The Z; were computed in [25, Theorem 3.8] (see Theorem 2.12
below) where we also computed an if and only if condition for a two-step
nilmanifold to satisfy the Clean Intersection Hypothesis (see [25, Theorem
2.6] or Theorem 2.14 below). We use the computation of d; and du; to
calculate o explicitly in the case of the isospectral Heisenberg manifolds
of C.S. Gordon. (See Example 2.15 below.)

We now describe the DG-density. (Our exposition follows that of [3].)
We must consider submanifolds of T'M rather than X to capitalize on the
symplectic structure. In order to do so, we amplify F(7,¢) to

(2.4) F(r,¢) = {(p,tv) : (p,v) € F(r,¢),t € RY} € TM.

(See [11, p. 60, line-12 ff].) For v, € F(7,¢), let V =T, TM and let
W = TUPF(T, ¢). Note that W C V depends on 7, ¢ and vy,

Recall that T*M has a canonical symplectic form Q. As M is Riemannian,
we can use € and the canonical (musical) isomorphism from 7*M to T M
to obtain a canonical symplectic form on 7'M, which we also denote by 2.

Let £ = {e1,...,ex} be abasis of W. Let V = {v1,...,vg} be a basis of
a complement of W in V. Denote by W+ = {v € V : Q(v,w) = 0,w € W},
the symplectic orthogonal complement of W. Let F = {f1,..., fx} be a
basis of a complement of W= in V' such that Q(e;, f;) = d;-

Note that @, (V) C V since v, € F(7,c). Consider the symplectomor-
phism @T*% :V — V. Define

T=1-%.,, .
By the Clean Intersection Hypothesis, W = ker(T"). (See [11, p. 60, line-8].)

Lemma 2.2 [4, Lemma A.2]. The DG-density evaluated on & =
ei1N---Nek 18
v(VAE)
&)= ————+=
H(é) v(TV ANF)’
where V= A...ANvg, F=fAN...ANfg, TV =Tvi A...NTvg and v is
an arbitrary half density.
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Note that TV is a basis of W+ (see [11, p. 60] or [3, p. 523]), and the
expression in the Lemma is independent of the choice of half-density v and
the choice of F and V. (Also note that for the W considered in this paper,
W is not isotropic.)

Our approach will be to calculate a where TV A F = aV A E. We then
have

(2.5) / dp; = / rdaj,

Where doj is the Riemannian volume form on Z; coming from X. We refer
to ‘041/2 as the DG-multiplier.

Finally, note that calculating TV requires calculating the derivative
<I>T*vp restricted to a complement of the fixed points of <I>T*vp. That is,
we compute the Poincaré or first return map on a complement of TUPF (1,¢)
in TM.

2.2. Riemannian two-step nilmanifolds and the first return map

The manifolds we consider in this paper are constructed as follows. Let G be
a simply connected Lie group, and consider the action of G on itself by left
translations. Let I" be a cocompact (i.e., I'\G compact), discrete subgroup
of G; the existence of I implies that GG is unimodular. A Riemannian metric
g is left invariant if the left translations L, of G are isometries for all p
in G, so the action of I" on G is by isometries. Note that a left invariant
metric on G is determined by specifying an inner product ( , ) on the Lie
algebra g of G and vice versa. A Lie algebra together with an inner product
(g,(, )) is called a metric Lie algebra. The left invariant metric g descends
to a Riemannian metric on I'\G, also denoted by g. With this metric, the

mapping
(2.6) m 2 (G,g) = (I\G,g)

is a Riemannian covering.
As is standard, we study closed geodesics on (I'\G, g) by lifting to the
universal cover (G, g).

Definition 2.3. Let o be a unit speed geodesic of (G, g). A nonidentity
element 7 in G translates o by an amount T > 0 if yo(t) = o(t + 1) for all
t € R. The number 7 is called a period of ~.



34 Ruth Gornet

As G is simply connected, the free homotopy classes of I'\G correspond
to the conjugacy classes in the fundamental group I'. We denote the conju-
gacy class in I' containing v € I' by ¢,. As m; is a Riemannian covering, we
have the following:

Property 2.4. The manifold (I'\G, g) contains a closed geodesic of length
7 in the free homotopy class ¢, if and only if the manifold (G, g) contains
a unit speed geodesic o(t) and there exists 7' € ¢y such that 7' translates
o with period 7. Under the mapping 71, the geodesic o then projects to
a smoothly closed geodesic of length 7 on (I'\G, g) in the free homotopy
class c,.

We likewise study the geodesic flow of (I'\G,g) by first studying the
geodesic flow of (G, g). Let X (resp. X) denote the unit tangent bundle of
I'\G (resp. G).

Because the metric on G is left invariant, the unit tangent bundle X is
equivalent to the sphere bundle, (viewing g as T.G)

(2.7) E2G xSl = {(5v):FeGveglv =1},
under the mapping vz — (p, L1, v). We use v; € X and (p,v) € G x S 1

interchangeably in what follows. "Note that the left action of G on G by
isometries determines an action of G on X by isometries:

(2.8) q-vp=q-(p,v) = (Lg(p),v) = vgp.
The subgroup I' then acts on x by isometries as above, and
x=DN\x=((\G) xs™ L

We let 7 denote the canonical mapping

(2.9) T: X > T\%,

so that 71 defined in (2.6) is just 7 restricted to the first factor.
Throughout this paper, elements with tildes such as p, vz, denote ele-

ments in G and X, respectively; elements without tildes such as p and v,

denote the image of p and v in I'\G and X, respectively, under the canonical
mapping 7 : X — X.
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For 7 > 0 and v € I, we define
(2.10) F(r,7) = {v € X : O, (vp) =7 - v5}.

With these identifications, we have for the free homotopy class ¢, and
the length 7 in the manifold I'\G, for any +' € ¢, (see [25, (1.13)])

(2.11) F(r,cy) = n(EF(1,7)).

As X is a Riemannian cover of X, we study @T*% by studying (iT*vﬁ :
Tvﬁi — Tw~v,;:% for v; € 73_1(1),3). (See [25, Proposition 1.15 ff.].) Note that
under the identification X = G x S"~!, we may write T, v, X as follows:

(212) T, X =TpG x T,S™ ' = {(u,vF) 1 u € TG, vt € g, v L v},

where by S"~! we mean the unit sphere in g. Likewise we have
(2.13)
T, % = T,(T\G) x T,S" " = {(u,v") : u € T,(I'\G),v" € g,v" L v}

We abuse notation slightly by identifying the components of w*vﬁ((u, UL)%) =
(u,vt),, and (u,vt),,. We may do this since 7 is a Riemannian covering,
so T,(I'\G) and TG are isometric vector spaces.

Example 2.5 Isospectral Flat Tori. The wave invariants are difficult
to grasp intuitively, and as it is the focus of this paper, we present the
following “warm-up” example. We calculate the wave invariant associated
to an arbitrary element of the length spectrum of a flat torus.

We first summarize computations that are included in [25, Example
1.19]. Let G = R™. HereI' = L, a lattice of full rank in R”. Then L\R" with
the metric induced from the Euclidean metric on R" is a closed Riemannian
manifold. In fact, it is a one-step Riemannian nilmanifold. Note that both
L\R"™ and R™ are Lie groups under addition and are endowed with a left
(and right) invariant metric, as translations are isometries. As in the general
case, we identify

X2R"x S ={(p,v): pEeR",veR",|v|=1}.

We continue to use v; and (p,v) interchangeably and v, and (p,v) inter-
changeably.

Geodesics in R™ are just straight lines, so geodesics in L\R”N are pro-
jections of straight lines. For vz € X, 0,,(t) = p +tv € R" and ®(t,v5) =
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Uptto = (D + tv,v). Since 1y : R” — L\R" is a Riemannian submersion with
totally geodesic fibers, for v, € X, ®(t,vp) = Vptto-

Free homotopy classes of L\R"™ correspond to conjugacy classes in L.
As R"™ is abelian, the free homotopy classes of L\R™ are in one-to-one cor-
respondence with the elements of L. The unit speed geodesic o, (t) on R"
projects to a closed geodesic of L\R"™ with period 7 in the free homotopy
class ¢; if and only if o, (t + 7) = [ + 0, (t) for all £. In this case 7 = |I| and
the length spectrum of L\R" is

specir) (L\R") = {JI| : l € L}.
One easily computes that
F(r,1) =R" x {I/|l|} and F(r,¢;) = L\R" x {l/|l]} if|l| =T

(See [25, Example 1.19] for more details.) Clearly, F'(7,¢;) is diffeomorphic
to L\R", and dim F(7,1) = n = dim F(7, ¢).

An arbitrary element of T, X that is normal to T, F(|l[,¢) is given by
(0,0%),,, where vt is any vector in R™ (viewed here as R" = T,R") that is
orthogonal to v. (See (2.13).) Let a(s) = (p,cos(s)v + sin(s)vt) € X. Then
a(0) = (p,v), and &(0) = (0,v1) € T, X. Also ®,(a(0)) = (p+ Tv,v), and

4 (a(s)) = (rot, o) e T, %

But p+7v=p+1=pin L\R", so
®T*7,p((0,UL)vp) = (TUL,’UL)DP €T, X.

We now compute the wave invariants. Recall that the symplectic form
on TR", obtained from T*R"™ via the musical isomorphisms, is just

Q((Aa B)v (A,7B/)) = <A7B,> - (BvA/>>

for A, B € R".
Let {e1, ..., en} be an orthonormal basis of R™ such that ey = 1/]l|. After
amplifying F(7,1) as in (2.4), we set

E={(e1,0),...,(en,0),(0,e1)}.

Then using 2 and Lemma 2.2,

F={(0,e1),...,(0,e,),(—e1,0)}.
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We set
V={(0,e2),..., (0 en)}.

We must calculate TV A F as a multiple of VA E, up to sign. Now
TV A F equals

T(0,e2) A+ ANT(0,en) A (0,e1) A=+ A(0,en) A (—e1,0)

= (—7e2,0) A--- A (—Tepn,0) A (0,e1) A--- A (0,en) A (—e1,0)
=47 DY A€,
Thus, the DG-multiplier is T(Tll)m, and the wave invariant associated
with 7 = |l| and [ € L is

Wave(|l],1) = S VOl(L\R™).

1
@mir) 1)
If we sum up over all free homotopy classes that contain a closed geodesic
of length 7, we obtain the wave invariant

~ Vol(L\R") ~ mult(r) n
Wave(T) = m Z 1= WVOI(L\R )
leL |l|l=7

Note that we may add up over the free homotopy classes since the dimension
of F(r,1) is independent of the length 7. Also, the Morse index for periodic
geodesics is zero in this case.

See [48] for an alternate computation of the wave invariants of the flat
torus. 0

Remark 2.6. In Example 2.15 below, we compute certain wave invariants
on Heisenberg manifolds. In Section 4 we consider all of the wave invariants
on Heisenberg manifolds, and we also explicitly compute the DG-multiplier
in the case of a nontrivial five-dimensional example with a two-dimensional
center.

2.3. Two-step nilmanifolds and their geodesic flow
For a Lie algebra g, denote by g!) the derived algebra [g,g] of g. A Lie

algebra g is two-step nilpotent if gV C 3, where 3 denotes the center of g,
and gV # 0. A Lie group G is two-step nilpotent if its Lie algebra is. Let T
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be a cocompact, discrete subgroup of a simply connected two-step nilpotent
Lie group G with left invariant metric g. The left invariant metric g descends
to a metric on I'\G that we also denote by g. The locally homogeneous space
(I'\G, g) is called a Riemannian two-step nilmanifold.

Throughout the remainder of this paper, G will denote a simply con-
nected two-step nilpotent Lie group, g will denote a left invariant metric on
G, and (g, (, )) will denote the associated metric Lie algebra. We denote
the orthogonal complement of 3 in g by v and write g =0 & 3.

On all simply connected nilpotent Lie groups, the Lie group exponential
exp : g — G is a diffeomorphism [39], so G is diffeomorphic to R™ where
n =dim g. For two-step nilpotent Lie groups, by the Campbell-Baker—
Hausdorff formula [44], we may easily write the group operation of G in
terms of the Lie algebra g by

exp(X)exp(Y) = exp <X +Y + é[X, Y]),

where X,Y € g. Thus,

exp(X) ! = exp(~X),
(2.14) exp(X) exp(Y) exp(X) ™! = exp(Y + [X,Y]),
exp(X) exp(Y) exp(X) " exp(Y) ™! = exp([X, Y])).

Let log : G — g denote the inverse of the diffeomorphism exp.

We use the following information about two-step nilpotent metric Lie
algebras, which was first developed by Kaplan [31] for the study of Heisen-
berg groups.

Definition 2.7. Let (g,(, )) be a two-step nilpotent metric Lie alge-
bra, g =v® 3. Define a linear transformation j: 3 — so(v) by j(Z)X =
(adX)*Z for Z € 3 and X € v. Equivalently, for each Z € 3, j(Z) : v — v is
the skew-symmetric linear transformation defined by

(2.15) ()X, Y) = (2, [X,Y]),

for all X, Y in v. Here adX(Y) =[X,Y] for all X,Y € g, and (adX)*
denotes the (metric) adjoint of ad X .

By skew-symmetry, j(Z) has dimg(v) purely complex eigenvalues
counting (algebraic) multiplicities and the nonzero eigenvalues occur in com-
plex conjugate pairs; the eigenvalues of j(Z)? are then real and nonpositive.
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Each two-step nilpotent metric Lie algebra carries with it the j opera-
tor. On the other hand, given inner product spaces v and 3 and a linear
transformation j : 3 — so(v), one can define a two-step nilpotent metric Lie
algebra (v @ 3, ( , )) by requiring that 3 be central, that & be an orthogonal
direct sum, and by defining the Lie bracket [, ] via (2.15). All two-step
nilpotent metric Lie algebras are determined this way.

Definition 2.8. Let (g,(, )) be a two-step nilpotent metric Lie algebra
and let Z € 3.

(1) Let x(Z) denote the number of distinct eigenvalues of j(Z)?. For ease
of notation, we write p rather than u(Z) when Z is understood.

(2) Let —91(2)?, —92(2)2,. .., _ﬁu(Z)Q denote the p distinct eigenvalues
of j(Z)?, with the assumption that 0 < 91(Z) < ¥2(Z) < --- < V,(2).
The distinct eigenvalues of j(Z) are then {+91(2)i,...,£9,(Z)i}.

(3) Define M(Z) ={1,...,u(Z)} when kerj(Z) is trivial, and M(Z2)
{2,...,u(Z)} when kerj(Z) # {0}. We write M instead of M(Z)
when Z is understood.

(4) Let Wy, (Z) denote the invariant subspace of j(Z) corresponding to
Im(Z), m=1,...,u. Then j(Z)|2Wm(Z) = —In(Z2)’ldjw,, (z); ie.,
Wn(Z) is the eigenspace of j(Z)? with eigenvalue —1,,,(Z)2. In partic-
ular, if ¥1(Z) =0 then W1(Z) = kerj(Z). By the skew-symmetry of
j(Z), v is the orthogonal direct sum of the invariant subspaces W,,,(2)
and we write

v = @umZIWm(Z) = ker j(Z) DPmem Wm(Z)

(5) Note that if m € M, letting J = j(Z) and 9, = U, (2),
-1

—1
Tw,.(z) = @J\an(z)
in(s8..
e (2 = cos(s9)1d + Smf; )

Notation 2.9. Let Xy + Zy be a vector in g with Xy € v and Zj € 3.
(1) Define X; and X2 by Xo = X;j + X2 such that X; € kerj(Zy) and
XQ 1L keI‘j(Z()).

(2) Let &, denote the component of Xy in W,,(Zp), for each m € M.
We write Xo = > i &m. If Wi(Zp) = ker j(Zp), then {; = 0. When
necessary, we assume j(Z)1& = 0 if 91(Z) = 0.
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Definition 2.10.

(1) For V in v, define Py : 3 — [V, g] as orthogonal projection onto [V g].
Define Pif : 3 — [V, g]* as projection onto [V, g]*, the orthogonal com-
plement of [V,g] in 3. For V € v and Z € 3, define Zy = Py(Z) and
ZEH = PE(2).

(2) With notation as above, define K : g — 3 by

K(Xo+2Z0) = Zo + Z )" ms m).-
mEM

(3) Set Ky = Py o K and Ki+ = P o K.

The following theorem gives the length spectrum of an arbitrary two-

step nilmanifold (I"'\G, g) by computing the periods of an arbitrary element
of vy eT.

Theorem 2.11 [26]. Let G be a simply connected two-step nilpotent Lie
group with left invariant metric g. Let (g, ( , )) be the associated metric Lie
algebra. With notation as above, let v = exp(V + Zy + Z‘%) be an element
of G. The periods of v are precisely

2
(1) {\/‘VP + ’KL(L(Q‘/‘L PATE : Xo + Zy satisfy (1)—(iv) below} ,
\%

where MZ(% =0 if Zir =0. Given Zy € 3, M = M(Zp), and X2 =
Y omem Em €0, where &, € Wi (Zy), the conditions referred to in (f) are
the following:

(1) |X2—|—Z0| =1 0TX2+Z0:0
(ii) V € kerj(Zy) and Xo L kerj(Zp)
(iif) Z;+ € spanp {Ki(Xa + Zo)}

ZE 9 (Z
(iv) for all m € M such that &, # 0, | ‘i‘ (Zo) S/
27| K7 (X2 + Zo)|

Let 7 be a period of v = exp(V + Zy + Zj;). Define 7 = /72 — [V 2.
The set F(7,7) C X is calculated as follows.

Theorem 2.12 [25]. Let G be a simply connected two-step nilpotent Lie
group with left invariant metric g. Let (g, ( , )) be the associated metric Lie
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algebra. Let v =exp(V + Z) € G and let T > 0. With notation as above,
. 1 3
Firon) = {up 0= 20V 4 a6 + Z0). ana
(X Xo + Zy satisfy (a)-(e) below} :

Given p€ G, Zg €3, M= M(Zy) and Xo =)\ &m €0, where &, €
Wi (Zy), the conditions referred to in ("K) are the following:

(a) | Xo+ Zp| =1 or Xo+ Zy =0,

(b) V € kerj(Zy) and Xo L kerj(Zp),

(¢) Kir(Xa + Zp) = 1Z#, where 1Z‘%—O if Zix =0,

(d) for allm € M such that &y, # 0, 529, (Z0) € Z and
)

(e) [V dogp] + Zy = [V, j(Zo) 1 Xa] + oKy (Xa + Zy), where
(Z(]) 1X2 =0 ZfX2 + ZO =0.

Note that F(7,7v) =0 if no such p, X, Zy exist.

Remark 2.13. Let v =exp(V + Zy + Z‘%) as above. By the above the-
orems, if Z‘ﬁ =0 then v has a unique period 7 = |V|. If Z‘% £ 0, by let-
ting Xo = 0 and Zy = Zi+/|Zi|, we conclude that 7= |V + Zi| is always
a period of 7, and is, in fact, the maximal period [12]. That is, if 7 is a
period of v, then 7 < |V + Zi5|. If 7 is a period of v and 7 < |V + Zj+| and
if v € F(r,7) then

1
= ;(V + 72(X2 + Z0)),

with X5 # 0 and 7 defined above.

The following theorem gives a necessary and sufficient condition for a
length 7 to satisfy the Clean Intersection Hypothesis.

Theorem 2.14 [25, Theorem 3.1]. Let (I'\G, g) be a Riemannian two-
step nilmanifold. With notation established above, (I'\G,g) satisfies the
Clean Intersection Hypothesis if and only if for all vy =exp(V + Z) € I' and
for all m € M(Z), 9m(Zi) € 2nZt. In particular, if T € specy(D\G, g)
and there exists ’y € I' and v, € F(,cy) such that T, F(7,c,) # FPS(7,v,),
then T = |V + Zi5| and there exists m € M(Zi¥) such that Im(ZiF) € 2nZ7.
On the other hand if y=exp(V +Z) €L and V,,,(Zi5) € 2nZ* for some
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m € M(Zif), letting 7= |V + Zif|, then F(1,cy) # 0 and T, F(7,cy) #
FPS(7,vp).

Example 2.15 Isospectral Heisenberg manifolds. In [14, 15, 18] the
geometry of isospectral Heisenberg manifolds was explored. These examples
are a motivating factor for this paper.

Recall the 2n 4+ 1-dimensional Heisenberg group is defined as

N

x
I, y'|z,ycR",z€R},
0

H, =

S O =
HQ@

where I, is the n x n identity matrix. The group operation is determined by
matrix multiplication. Letting (z,y, z) € R?"*! be a coordinate system on
H,, we have (z,y,2) - (¢/,y,2") = (x+ 2",y + ¢, 2+ 2+ zy’). A basis for
the Lie algebra h,, of H,, is given by B {Xl, coy X Y1, Y, Z} where in

local coordinates, X; = 8?1: , Y, = 8 + x;= 8z and Z = aaZ’ i=1,...,n. The
Lie bracket is given by [X;, Y] = 5UZ and all other basis brackets deter-
mined by skew-symmetry or equal to zero, 7,5 = 1,...,n. We specify a left

invariant metric g for H,, by specifying an orthonormal basis of b,,. Without
loss of generality [14,15,18] we may assume that this orthonormal basis is
of the form

1 1 1
() {fX e R RO 2
where 0 < a1 < a9 < -+ < ay.

Define II : H,, — R?" by (z,y, 2) = (x,y). We specify the metric g on
R?" by restricting g to an orthogonal complement of the center span{Z}
of h,. That is, we view R?" as span{X1,..., Xy, Y7,...,Y,} with inner
product determined by specifying {er,...,\/%fn.Xn, ﬁ)ﬁ,...,r n}
as an orthonormal basis. With this choice of metric, Il is a Riemannian
submersion with totally geodesic fibers. Note that we abuse notation by
identifying elements of R?" and elements of the Lie algebra of R?".

Let T" be a cocompact, discrete subgroup of H,,. Let L = II(T"), which is
a cocompact, discrete subgroup of R?": i.e., L is a lattice in R*™. Let ¢ > 0
be such that I'N Z(H,,) = {(0,0,ck) : k € Z}. We write I' =T'(L, ¢). While
L and ¢ do not completely determine I' as a set, L and ¢ do determine the
isometry class of I'. That is, if ' = I'(L, ¢) and IV = I"(L, ¢), then (I'\H,, g)
and (I'"\H,,g) are isometric [14,15,18]. We call (L\R?", g) the associated
torus of (I'\Hp, g).
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We may now present the construction used by Gordon and Gordon
and Wilson to construct (nontrivial) pairs of isospectral Heisenberg
manifolds. (]

Theorem 2.16 [15, Propositions 2.14 and 2.16], [43, Proposition
II1.5 and Remark II1.8]. FEvery Riemannian Heisenberg manifold is iso-
metric to one of the form (I'\H,, g) where I' = T'(L,c) and g descends from
a left invariant metric on H, that is determined by specifying the orthonor-
mal basis of the type (h), where 0 < a; <as <...<a,. Two manifolds
(T\Hy, g) and (T"\H,, g") of this form are isometric if and only if g = ¢’ and
I = ®(T") for some automorphism ® of H, such that ®*g = g. The man-
ifolds (T\Hy,,g) to (I"\Hy,q') of this form are A-isospectral if and only if
c=c,ai=d,i=1,...,n (ie, g=g), and the associated tori (L\R*", g)
and (L'\R?",g) are A-isospectral.

We now show by direct computation that isospectral Heisenberg mani-
folds must have the same wave invariants. This must be true, as the wave
invariants are a spectral invariant. However, it is of interest to see exactly
what geometric information is contained in the wave invariants.

Let (I'\H,,g) and (I"\H,,g) be isospectral Heisenberg manifolds. By
Theorem 2.16, I' = T'(L,c) and I = T'(I/, ¢) where (L\R?", g) and (L"\R?",
g) are A-isospectral. Note that since volume is a spectral invariant, we must
have Vol(I'\H,,, g) = Vol(I"\ Hy, g).

We may decompose the length spectrum of (I'\H,, g) as follows. Recall
from above that lengths of closed geodesics in (I'\ H,,, g) are determined by
the periods of y-periodic geodesics on H,,. Let v € I'(L, ¢), so v = (,y, ck)
where II(y) € L and k € Z.

Because I' and I” have the same center, and because (H,, g) covers both
manifolds, the lengths and multiplicities coming from periods of central ele-
ments must correspond. It follows from (4.2) and (4.3) below, which are
computed in Section 4.1, that the associated wave invariants must likewise
correspond, i.e., the DG-multipliers are equal and the resulting volume cal-
culations must be equal as well, as they depend only on Vol(T'\H,,g) =
Vol(I'\ H,, g) and the a;,i = 1,...,n. See Remark 4.1 at the end of Section
4.1 for more details.

We thus restrict our attention here to the case where a length or period 7
arises from a noncentral element 7 of T, i.e., yo(s) = (s + 7) where II(y) =
lp # 0 and o is a unit speed geodesic on H,,.
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We write v = (lp, *), and we know 7 = |lp|. (See Remark 2.13.) We show
below in (I-DG) that the DG-multiplier in this case is

1
7Cn=D72[ J10]

where J is defined in Definition 2.7 above. Let N = Jly/|Jlp|. Then N is
a unit normal to C(v, Hy), the centralizer of v in H,, since x € C(v, Hy)
if and only if logxz 1. N. Here, log: H,, — b,, is the inverse of exp : §,, —
H, and is given by log(z,y,2) = > ;(z;X; + %:Yi) + (2 — 3z -y)Z. By [9,
Appendix A],

Vol(I\F(r,7)) = Vol(C(7, D)\C (v, Hn)) = p;," VoU(I'\ Han)

where
min?'eL I(l, Jlp)]
|J 1o ’

pi, = min"proj(logy, N) =
yel
where by min™ we mean the least positive element and by proj(log~y, N) the
vector projection of logy onto N. Note that the dimension of I'\ F'(7, ) is 2n.
The wave invariant associated with an element = (lp,*) and period
T = |lp| is then

1

2.16 W. =
( ) aVe(T) ’Y) (27'['7"L) (2n_1)/2pl0 |Jl0|

Vol(D\ H,,).

One can compute that the number of free homotopy classes of loops ¢, with
II(v) =1y is py, | Jlo|/c, [9, (A.10)]. We must sum up over these p;,|Jlp|/c
free homotopy classes of loops, and furthermore sum up over all I’ € L such
that |I’| = |lo|, obtaining a wave invariant for 7 = |ly| of

mult(7)
Wave(r) = WVOI(F\Hn),

where mult(7) is the multiplicity of the length 7 in speci;)(L\R*"). Note
that by Theorem 2.16, isospectral Heisenberg manifolds must have isospec-
tral associated tori. It is well known (see for example [2]) that L\R?" and
L'\R?" are isospectral if and only if they have the same length spectrum:;
i.e., there exists a length preserving bijection from L onto L.

We conclude that isospectral Heisenberg manifolds must have the same
wave invariants.
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There is no reason to assume that the length 7 = |lp| is not additionally
the period of a central lattice element. If this is the case, then the leading
term associated to 7 will not come from the noncentral fixed point set. This
is because the dimension of the fixed point set for a central element will
always be larger than for a noncentral element, so the leading term of the
singularity at 7 will come from geometric information from the central fixed
point set.

We are now able to explain the examples of isospectral Heisenberg man-
ifolds with different multiplicities in the length spectrum. Recall that the
multiplicity of a length 7 is the number of distinct free homotopy classes
of loops that can be represented by a closed geodesic of length 7. As free
homotopy classes of loops correspond to conjugacy classes in I', in the case
of a 7 not appearing in a central free homotopy class, this amounts to
counting the number of free homotopy classes ¢, with |II(y)| = 7, which
equals

(2.17) mult(r) = 3 Y 1= % S Il

lEL cy€T leL
[l]=7 TI(y)=L =7

There is no reason to believe the right-hand side of this equation is a spectral
invariant, and indeed, in [14], Gordon gives explicit examples to show that
it is not.

However, when we weight each free homotopy class with the value of the
wave invariant (2.16), we then end up with a spectral invariant, the wave
invariant!

Throughout the remainder of the paper, a dot denotes a derivative with
respect to s, and a prime denotes a derivative with respect to ¢ or r.

For v = exp(V + Zy + Zi) with period 7, let v5 € F(7,7). Our goal is
to calculate @, , i.e., the first return or Poincaré map. To do so, we need
the following. '

Proposition 2.17. Let G be a two-step nilpotent Lie group with left
invariant metric g. Let v = exp(V + Z) € G have period T, and let v; €
F(r,7). Let a(s) = (pexp(ai(s)),az(s)) € X such that a1(0) =0 and
az(0) =v. Let az(s) = X§+ Z§ with Z; € 5 and X§ € v. Let exp(X*(t) +
Z5(t)) be the geodesic through e with initial velocity as(s). Then the
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Poincaré map satisfies

(I = B, )(@(0)) = (I = D, )(@1(0), a2(0))
= (—XO(T) — ZO(T)

(2.18) + [v, a1(0) + ;XO(T)} =X '0(r) + Xg) .

AlsoZ éT*% (&(0)) # v - &(0) if and only if XO(7) # 0 or Z°(t) # [V,a1(0)]
or X'0(1) # XJ.

Proof of Proposition. This follows directly from the proof of [25, Proposi-
tion 3.11]. Note that the conditions (1)-(3) of [25, Proposition 3.11] are
equivalent to ®-(vs) = 7 - vs, which must be satisfied since v5 € F(7,7v). O

In order to use Proposition 2.17 to calculate ér*vﬁ (X) for X ¢ TvﬁF(T, v),
we must calculate X°(7), Z%(7) and X'0(7), where exp(X® (1) + Z*(7)) is the
geodesic through e with initial velocity ag(s) = X§ + Z§, where Z§ € 3 and
X € v. Because we will be taking limits and derivatives of vector curves
X5+ Z§ in g, and because the number of distinct eigenvalues of j(Z;) can
vary with s, we will need the following definitions and properties.

Definition 2.18. Let (g,(, )) be a two-step nilpotent metric Lie algebra.
Define U = {Z € 3 : there exists an open neighborhood O of Z such that p
is constant on O}. We call U the simple subdomain of 3.

Proposition 2.19 [26, Proposition 1.19]. Let (g,(, )) be a two-step
nilpotent metric Lie algebra. Then the following hold.

(1
(2) The function u(Z) is constant on U.

(3) The function Oy, : U — R is smooth on U — {0} form =1,...,u(Z).
(4) If Z is a limit point of U, then w(Z) < u(U).

The simple subdomain U is open and dense in 3.

)
)
)
)
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First assume that Zy = lims_0 Zs € U. We may then assume that the
number of distinct eigenvalues of j(Zs) is constant for s in a neighborhood
of 0. Let X7 denote the component of X in ker j(Zs). Let X5 denote the
component of X orthogonal to ker j(Zs), and let &, denote the component
of X5 in Wy, (Zs), for m € M = M(Zy) = M(Z,). By [1], if Z; and X§ are
analytic in s, we know that the invariant subspace W,,(Zs), the eigenvalue
curves U, (Zs) and the eigenvector curves X7, X5 and &, are analytic in s,
m € M. Thus all of the limits and derivatives exist below.

If Zy € U, then we must be more precise. As U is dense in 3, Zp is a
limit point of . By Proposition 2.19 and continuity of the set of (unordered)
eigenvalues [32, §11.5], two of the eigenvalue curves must approach each other
as Z approaches Zy € 3 — U and the counting function p has a discontinuity
at Zy. We proceed as though exactly two eigenvalue curves v,,, and 9,
intersect at Zj; the statements generalize in the obvious manner in the case
that more than two eigenvalue curves intersect at Zy. As U is dense and
open in 3, there exist Z; — Zy, Zs € U, such that %st takes any desired
value, and such that as s — 0,

im ¥, (Zs) = Vm(Zp) and  lim 9,0 (Zs) = 9 (Z0).
s—0 s—0

We may assume that the curves ¥,/ (Z;) and 9, (Z5) are analytic (in s) in
what follows.

When considering X5 =" - M(Z,) &7, note that the subscript m might
depend on s in the limit. However, we may assume that u(Zy) < u(Zs) for
all s near 0. If u(Zop) < u(Zs), we view Wp,(Zp) as the sum of its refined
invariant subspaces, which we now define.

For sufficiently small positive values of s, j(Zs) has invariant subspaces
W (Zs) and Wy, (Zs), respectively. By [1, Theorem 4.16], since j(Zs) —
j(Zp) and skew-symmetry holds, we may define

W'(Zo) = im Wy (Zs) and  W"(Zo) = lim Wy (Zs).
s—0 s—0

Note that since W,,,.(Zs) and W, (Z) are orthogonal, invariant subspaces
of j(Zs) for all s, their limit spaces W/(Zy) and W"(Zy) are orthogonal,
invariant subspaces of j(Zy), and

Wm(Zo) = W/(Zo) D W”(Z()).

We refer to W/(Zy), W"(Zy) as refined invariant subspaces of j(Zp).
By passing to refined invariant subspaces when necessary, we deduce that
all of the derivatives exist below, even in the case that Zy ¢ U, and that the
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limiting values are as given. Another technical detail is the possibility that
limg_,0 9 (Zs) = 0 for some m such that £, # 0. To account for this, we
write

(2.19) M=NUM,

where N is defined as the subset of M such that, for n € N, lim,_,0 9, (Zs) =
0 and 9,(Zs) > 0 for all s # 0. Define M as the subset of M such that, for
m e M, lim,_09(Zs) #0. Thus X5 =3 1, & + > ,en &y Note that
if ¥1(Zs) =0 for all s, then & =0 for all s, and the vector component
corresponding to ¥1(Z,) is included in X3 and not in X3. Because of this
possibility, the notations X ? and Xg are ambiguous.

We use the convention that a(0) = X1 + X2 + Zp as in Notation 2.9,
while X? = lim, 0 X, 7 =1,2 and 28 = lim,_0 Z3. Thus Z9 = Zy but

X=X Y

neN

and

“2 =2 G

neN meM

where we define €9, = lims_,0 &3, Js = 7(Z§) and 95, = 9., (Z5).

Let a(s) = (pexp(ai(s)), az(s)) be a curve in X with a1(0) = 0, ag(0) =
v=X1+Xo+ Zy and v, € F(7,¢y). Now as(s) = X{ + X3 + Z§ where
Z5 €3, Xi+X5 1, X{ekerj(Z;) and X5 L kerj(Z5). Also, X35 =
Yonen bn T 2 mens &y Where &€ Wi (Z3) and & € Wy (Z5) as above.
Define =5, = J&5,/V;,, for m € M(Z}).

Let exp(X*(r) + Z*(r)) be the geodesic through e with initial velocity
az(s). Eberlein [12] first explicitly solved the geodesic equations, so that the
values for X*(r) and Z*(r) are as follows.

X*(r) = X5 + (7 — 14)(J, "1 X3)
1 — cos(rvs, sin(rv;,) .o
=rXP+ ) ~;+Zés)£m

meM meM m

n Z 1 — cos(rv) Hn n Z sini(;;ﬁi)g?s1

neN neN n
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X"(r) =X} +e X35
= X7+ > sin(rdg,)=5, 4+ Y cos(rd, )&,

meM meM
Sin(rdl) e s o
D gt UEE) + Y cos(rdr)e;

neN nenN

2%(r) = /0 ’ <Z§ + ;[Xs(r),X’S(r)]) dr.

Taking the derivative with respect to s of X*(r) and evaluating at s = 0, we
have

) ] ) 0 o 0 0y _
Xo(r) _ TX? n Z 19971 <7’79m sin(rd;,) + cos(rd,,) 1) E9n

99,2
meM m
o (192 cos(rdd) —sin(rd¥,)\ o 1 — cos(rv},) =
+Z19m< 902 £m+z—0‘—‘m
meM m meM m
sin(r92) +o .o (192 sin(rd9) + cos(rdd) — 1Y\ _q
D el o =0
meM m neN
.0 [ 792 cos(r¥9) — sin(r 0 1 — cos( 7’190 1 —cos(rdy) o
+ ( Ik S+ =
neN n neN

sin(rd9) -,
t2

neN n

Note that for m € M, the values above are clearly well defined, since all
of the values are analytic in s. For n € N, observe that |Z5| = | T J&o| =

|€5| by using the definition of & (2.15), so =5 = L J.& is likewise well

n
defined with continuous derivative in s. But for n € N we now abuse nota-
tion slightly. For example, for n € N, sin(r92) /92 is technically not defined,
while limg_,o sin(rd?) /97 exists and is well defined. We use the convention
that for n € N, when necessary, seemingly undefined values are defined as
the limit as s — 0% of nearby values. With this established, for n € N

<m99L sin(r¥?) + cos(rv?) — 1> ﬁ <m92 cos(ri?) — sin(rﬁ%)) _0

00 ﬁngfg d (o) 1 — cos(rdV) 0 sin(r¥?)
'] ds|, =" ¥ ’ 90
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We now have

X0(r) —T<X0+an>+zlcosrﬁ “[r)n—i_zblngmﬂ )gm’

neN meM meM m
X)) = (X? + Z §2> + Z sin(r9? )20 + Z cos(r® )e2 |
neN meM meM
. . . : 99 sin(rdY,) + cos(rdd,) — 1
Xo(r):r<X{’+Zgg>+20%(rm e 2 )521
neN meM 190
.0 (192, cos(r99,) — sin(rd?, 1 — cos( m?o 1 —cos(rdy,) =o
+ Z ﬁm( 190 2 gm + Z —m
meM meM
sin(r99, r?
-y g L 50
meM m eEN

A similar analysis yields

X0 = (X? + Z fg) + Z 9% cos(r2,)E0, — Z 7‘199,1 sin(rv9,)€2,

neN meM mEM
+ Z sin(r9%,)Z0, + Z cos(rv?, §m+2r— (Js&)-
meM meM neN

If we let 7 =7 in the above, then by condition (d) of Theorem 2.12,
if €9 # 0 then 799, € 27Z*. Also note that €2, # 0 if and only if 20, # 0.
However, if £ = 0 but 5% # 0, we cannot assume 799, € 2rZ*. We thus
divide the set M into two disjoint subsets.

(2.20) M ={meM:£ #0} and M"={mec M:£ =0}.

We then have

XO(7) —T<X1+Z§n>+z< >§m+22d|0 (J:£2)

neN meM’

1 — cos(799, 19
(2.21a) N Z cos(T L%ﬁ Z sin(7 )§m

meM" meM"
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A similar analysis yields

X'07) = (X?JrZéng > é%>+ > rinED, +ZT— (JE2)

neN mEM/ meM’ neN

+ ) sin(rd9)ZD, + > cos(r9),)E0,,

meM” meM"

which implies

_X/O(T)—{—X((]):— 27'190”0 Zle (Js&)

meM’ TLGN
(2.21b) - Z sin(799 )20, + Z (1 — cos(T199))€0..
meM’ meM”

Now recall that

29(r) = jsb /0 (Zg T ;[XS(T),X/S(T)O dr.

Since everything in sight is analytic in both s and r and bounded with
bounded derivative in s near 0, and since we are integrating over a finite,
closed interval, we can use uniform convergence to bring the derivative %
under the integral sign. Using the linearity of the Lie bracket in each com-

ponent and the product rule, we thus have

d

5,20 = [ (24 0. X0+ X0, X)) an

After substituting in the above values of X°(r), X'O(r), X%(r) and

Xlo(r), using the fact that X; = %V, integrating, and using the fact that
for m € M', 79°, € 2rZ*, we obtain

Z%r) =120 + [v, / ’ 217_(7“X/ (r) — Xo(r))dr]
Y g (€ )

meM,heM’
90 —0
m h
0 =0
-y 190 X043 gn,_]
meM’ ~ ™M neN

+ Z i =0 i (J4€3)
200 | 7™ ds, "

meM’ neN
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- W[fm, i, ss,i)]

meM’'neN ~m

Z 7'(199#921 - 7927931) = go]
2 —m>Sh
m,heM/’ 192(19%2 - 192 )
99, #99

(309 4+ 99,) 0
2.21¢ + —h Tl =0
(2:21¢) ; 1907 [Em &l

28, 9)

+ Z T}L ([ 7‘—‘h] [gmagh])

Z 99 (1 — cos(t9Y,)) 20 =0

+ =, 0
2 02 m> —h
meM'/ ,he M’ ﬁ?n(ﬂgn _’lgh)
z99n¢1991
B sin(7199) F €01
Z 02 02 l=mSh
meM!! he M/’ ﬁm 719}1,
99, #09

n Z ﬁ%sin(rﬁ?n) [-0 :2}
2 2, [Smy—
meM’ heM’ 7921(79%1 _792 )
99, %95

1—cos(t9%) 20 .0

+ Z 90 2 79072n [gmagh]

meM!' ,he M/’ m ~ Yh
ﬁ?n;ﬁﬂ%

Similarly

(2.21d)

/O | (X () — X0y

219m~0 7'199,1 0 1 - 2 d
= D oIt 2 gt 2 @w*Zﬁdf (/&)
meM’ ~m meM’ meM’ neN
2sin(799,) — 792, (cos(799,) + 1) -4

* Z 2799, 2 =

meM//

(cos( 7'190 — 1)+ 7'190 sin 7'190

n Z ) i ( )fm

e M 2799,
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Finally, we require the canonical symplectic form on T;, TG viewed as
T,G x Tyg. Recall that we use the canonical form on the dual bundle
together with the inner product and the musical isomorphisms to obtain
the canonical symplectic form on T, T'G.

Theorem 2.20 [13]. With notation as above, for a Riemannian two-step
nilmanifold, the canonical symplectic form on T, TG = T,G' x T,g is

wo, ((A1, B1), (A2, Ba)) = (A1, B2) — (A2, B1) + (v, [A1, A2])
where A1, Ay € T,G = Lyyg and By, By € T,g.
3. The DG-multiplier in the wave invariants

We now use (2.18) and (2.21) to determine the Poincaré map, and in some
cases the DG-multiplier, for the periods associated to an arbitrary element
~v € T for an arbitrary two-step nilmanifold (I'\G, g).

We use Theorem 2.11 and Remark 2.13 to divide our computations into
several cases.

Case I. v =exp(V + Zv) and 7 = |V| (i.e., Zi = 0)

Case II. v =exp(Z) and 7 = |Z|

Case III. v =exp(Z) and 7 < |Z]

Case IV. y=exp(V + Zy + Zi5), Zir #0 and 7 = |V + Z|
Case V. y=exp(V + 2y + Zi&), Zir #0 and 7 < |V + Z|.

In Cases I, II and IV we are also able to obtain a reasonable, geometric
formula for the DG-multiplier. In Cases III and V, the expression of the
Poincaré map is sufficiently prohibitive. We are able to compute the DG-
multiplier for Case III and V only in special cases or specific examples.
See Section 4 for the special case of a one-dimensional center/Heisenberg
manifold, and a specific five-dimensional example.

Recall that we seek to calculate du from (2.3) and Lemma 2.2. For this,
we must calculate T = I — @, on a basis of 7% normal to TUI.)F(T, 7). For
x € G, define C(z, G) as the centralizer of z in G. For X € g, define C (X, g)
as the centralizer of X in g.
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We continue the notation of Section 2.
Case I: Poincaré Map. v = exp(V + Zy) and 7 = |[V| (i.e., Zi = 0).

Let V. =V/r=V/|V|. Tt follows from Theorem 2.12 that F(r,v) =
C(v,G)G x {V} where Gexp(V)§~' =~. Let v; € F(1,7), so v5 = (p,V)

and p = xq where x € C(v,G). So that pexp(V) = vp. Then

T,,F(r,7) = C(logv,g) x {0}

As éT*vﬁ =1Id when restricted to C(log~v,g) x {0}, we must calculate
(1) éT*vﬁ (U,0) where U L C(log7v,9), (2) QZDT*U};(O,U) where U LV and
U € v and (3) i)T*vﬁ(O,C) where ( € 3.

For (1), we let a(s) = (pexp(sU), V), so that a1 (s) = sU and az(s) = V.
Thus Z5 =0, X5 =0 and X7 = V. Using (2.21) we see that X°(7) =0
~X'0(7) + X9 =0 and Z°(7) = 0, thus by (2.18)

(1-1) (1d = &,., )(U,0) = (IV.U],0).

For (2), we let a(s) = (p,cos sV +sinsU), so that ai(s) = e, as(s) =
cos sV +sinsU, a1(0) = 0 and a2(0) = U. Here Z§ = 0so X5 = 0 and X} =
cos sV +sinsU. By (2.21), X°(7) = 7U, =X °(7) + X3 = 0 and Z°(7) = 0.
Thus by (2.18)

(1-2) (Id — .., )(0,U) = (—TU + %[V, U, 0).

For (3), we let a(s) = (p,cossV +sins(), so that ai(s) =e, aa(s) =
cossV +sins¢, a1(0) =0 and ag(0) =¢. Here Zg§ =sins¢ and Z§ = (.
Let V =X+, cr&m, where Xq € ker j(¢) and &, € Wp,(¢) for m €
M(C). Thus X§=cossX1+ ) crCc088,, X{=cossX; and X9 =o0.
Note that £, = cos s&,, so that €0 =&, €2 =0, 0 = j(O)ém/0m(¢) and
=20 =0. Also, 9%, = sins0,,(¢), so that 9%, =0, ¥, =4,,, N =M and
M = (. Finally, d%‘o(,]s{fl) = j(0)&, for n € N. Plugging these values into
(2.21), we have X0(7) = 72—2]'(0\7, —X'1) + X0 = —7j(¢)V and Z%(r) =
¢+ 5[V, 7(¢)V]. Thus by (2.18)

(13) (4=, )(0,0) = (=i (OV = ¢+ ZVLF(OV], =(OV )

Case I: DG-Multiplier. We must now wisely choose bases £,V and F so
that dp can be expressed in terms of 7,7 and vz. We continue the notation
of Lemma 2.2.
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Let {V,Y1,...,Y0, (1, .Gy Cogts - - -, (e} be an orthonormal basis of

C(log~,g) such that 3 = spang{(1,...,(}, [V, 0] = spang{C1,..., G}, G L
[V,g] for j=b+1,...,cand Y; L3, i=1,...,a. Let C(log~v,g)* be the
orthogonal complement of C(logvy,g) in g. Let {YIJ-,...,Y;JJ-} be an
orthonormal basis of C(log~,g)*. The set {[V,Yi'],...,[V,Y;}]} forms
a basis of [V,g], so the dimension of [V, g]| is equal to the dimension of

C(log~,g)*.
We set

&= {(‘77 0)’ (}/1,0)7 SRR (Ya,O), (CLO)) sy (Cc’o)a (07 ‘7)}

Then using Theorem 2.20 we compute

F = {(07 V)a (0, YVl)v ) (0, Ya)a (07 Cl)v ) (Ov Cc)a (_Vv 0)}
We set

V={(Y{,0),...,(Y50),0,Y5),...,(0,YH), (0,Y1),...,(0,Y,),
(07 Cl)a ) (07 Cc)}

We must calculate TV A F as a multiple of VA E, up to sign. Now
TV AN F equals

TYE, 00 A ATV 0 AT, Y A--- AT(0, Vi)
AT(0,Y1)A--- AT(0,Y,)

AT0,6) A AT(0,¢) A0, V)N, Y1) A---A(0,Yy)
A(0,C1) A+ A(0,¢) A (V,0).

From (I-1), T(Ys,0) = ([V, Y51],0), § = 1,...,b. Let
(I-M) Ms g = (Cg, [V, Y5)),

for 3,6 =1,...,b. Then [V,Y;'] =3} | MssCs. Thus T(Yi50)A... A
T (Y, 0) = det(M)(¢1,0) A ... A (¢p, 0). We now must compute TV A F =

det(M)(C1,0) A+ A (G, 0) AT(0,Yi) A--- AT(0,Y5)
AT, Y1) A - AT(0,Y,)

AT0,6) A AT(0,¢) A0, V)A 0, Y1) A=A (0,Yy)
A(0,¢1) - A(0,8) A (V,0).
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By (I-2), T(0,Y;") = (—7Y5- + Z[V,¥§5],0), 6 = 1,...,b, and T(0,Yy) =
(=7Ya,0), a =1,...,a. Since [V, Y;] € span{(i, ..., (}, and since 7(0, Y3-)
is then wedged with ({1,0) A -+ A ((p,0), we have up to sign TV A F =

det(M)(C1,0) A= A (G, 0) ATP(YE,0) A - A (Y5E, 0)
ATY7,0) A - A (Y, 0)

AT0,6) A AT(0,¢) A0, V)A(0, Y1) A---A(0,Y7)
A(0,¢1) A A (0,6e) A (V,0).

By (1'3)7 T(Oa Cﬁ) = (%T](Qﬁ)v - TCB + %[K](Cb)v]v _](Cb)v)a for ﬁ =
1,...,b and T(0,(3) = (—7¢3,0), for f=b+1,...,c. Since j(¢)V €
span{Y;",...,Y;5, Y1,..., Y.}, and since T'(0, () is then wedged with (Y1, 0)
A+ A (Yg,0), we can ignore the contribution of j((g)V in the left compo-
nent, #=1,...,b. Likewise, (g and [V, j((3)V] in the left component are
included in spans of other elements, for 5 =1,...,b; the only contribution
of T(0,¢g) to TV A F is (0,5(¢g)V), for =1,...,b.

Now j(Cs)V = S20_, MsgY;s-. So we have TV A F =

det(M)T%TP(¢1,0) A+ A (G, 0) A (YiH,0) A=+ A (Y55, 0)
A(Y1,0) A --- A (Yy,0)

AT det(M)(0, Y1) A=+ A0, Y5 ) A (Goyr, 0) A=+ A (e, 0)
A0, VYA, Y1) A== A0, Y1) A(0,(1) A=+ A(0,¢) A (V,0).

In conclusion, the DG-multiplier for dy when v = exp(V) and 7 =|V| is:

1
7(dim C(v,G)=1)/2| det M|’

(I-DG)

where M is defined in (I-M).
Case II: Poincaré Map. v = exp(Z) and 7 = |Z|

Let Z=Z/r = Z/|Z]. By Theorem 2.12, F(r,7) =G x {Z}. Let
v; € F(1,7), s0 v; = (P, Z) where p € G. Then

T, F(r, ) = g x {0}.

So @T*% = Id when restricted to g x {0}. We must calculate (1) @T*Uﬁ 0,U)
where U € v and (2)®,, (0,¢) where ¢ € 3.

p

For (1), we let a(s) = (p,sinsU + cossZ), so that ai(s) = e, as(s) =
sinsU + cossZ, a1(0) =0 and a(0) =U. Here Z§ = cossZ, so 93, =
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O (Z8) = cos s9,,(Z), and 99, = 0 for m € M(Z). Also, 99, = 0 if and only
if19() 0,s0 N = @andM M. Let

(I-U) U=X1+ Y &m,

meM
where X; € kerj(Z) and &, € Wy, (Z2). Let 9y = I(Z) = 9pn(Z) /7 and
Em = 3(2)ém/9m. Then X{ =sinsX; and X5 = Z Msmsfm, so that
§m—sms§m From thls we have X{ =0, ¢, =0, ) =0, 2 =0, X0

X1, €9 =¢, and 2% = Z,,. This implies M’ = ( and M” M. Plug-

ging these into (2.21) we have X9(7) = 7.X| + Y omeM TWEm +

in 19 Z ’ g . —_
e T e — X7 + X = = ¥ e S0 (2))Em + L

m

(1 —cos(Vm(Z )))ﬁm and Z°(7) = 0. By (2.18)

(Id o &)T*vﬁ)(ov U) _ <—7‘X1 + Z T(COS(ﬁm(Z)) - 1)Em

me./\/l ﬁm(Z)
B sin(,(2))
m; —on2) o™
(II-1) - Z sin(9,(2))=Em + Z (1 — cos(¥ )))§m>
meM meM

where X; and &, are defined in (II-U).

For (2), we let a(s) = (p,sins¢ + cossZ), so that ai(s) =e, as(s) =
sin s¢ + cos sZ, a1(0) = 0 and a9(0) = ¢. Here Z§ = sins¢ + cos sZ, so Z =
¢. Also X3 =0, s0 X7 =0 and ¢, =0 for m € M. From this we have
X9 =0, ¢ =0, 20 =0, XV =0, 5%:0 and 2% =0 for m € M. One
easily computes that X°(7) =0, =X (1) + X0 = 0 and Z°(7) = 7¢. Thus

(11-2) (Id = 7., )(0,¢) = (=7¢,0).

Case II: DG-Multiplier. Let {&},...,£*} be an orthonormal basis of
kerj(Z). For m € M, let &L, be a unit vector of Wn(Z). Let =L =
J(2)€L J9m(Z). One easily checks that &L and Z. are orthogonal unit
vectors in W, (Z ). Let €2, be a unit vector in W (Z) that is orthogonal to
both ¢! and Z! . Proceed until we have {¢} =L ¢2 =2 ' . ¢am Zdm} an

orthonormal ba31s of Wy, (Z) such that 2%, = j(2)£5,/9m(Z), a =1,... am.
Let {Z,(1,...,()} be an orthonormal basis of 3.
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We set

={(&.0),- -, (E,0),(Z,0), (¢1,0),- .-, (6, 0), (0, 2)}.

By Theorem 2.20,

F= {(075(%)7 RN (07 EZ“)? (Oa Z)? (07 Cl)? R (07 Cb): (_Z? 0)}
We set

V= {(0)5(1))5 sy (075;1/)’ (07 Cl)a sy (07 Cb)}
We must calculate TV A F as a multiple of V A &, up to sign. We have

TV NF =T(0,&) A--- AT(0,Z0) AT(0,(1) A--- AT(0,Gp)
/\(075(1)) /\(Ov:au) (O Z) (07<1)/\/\(07<b)/\(_2a0)

By (II-1) T(0,&)A---AT(0,&5°) = iT“O(fo, 0) A~ A(&°,0), and
from (II-2), T'(0,(1) A - - AT(0, () = +7b (Cl, 0)A--- A (Cb, 0). Now 70, &%)
= (=72, — 5, 7ES, %), where ¢, = (1 — cos(V ( )))/9m(Z) and s, =
sin(9(2))/9m(Z). The right-hand component of 7°(0,£%) is contained in
Wn(Z), and as in Case I, because the result is ultimately wedged with
(0,&1) A-++ A (0,Z"), the right-hand component contributes nothing to the
final wedge product. Note that j(Z)=%,/9m(Z) = —£%. So, T(0,2%) =
(—SmTES, + cm &, %), and the right-hand component of 7'(0, =) also lies

—m

in Wi,(Z). Thus the contribution of 7°(0,£%) AT(0,2%,) to TV AF is
(2, + 2,)(€2,0) A (2, 0).

Putting this altogether, we conclude that the DG-multiplier for dy when
v=exp(Z) and T = |Z] is

. _ —dim W,,,(Z)/4
(II-DG) (ame-n/2 T <2(1 ﬁCO(S(Zigm(Z))> -

meM(Z)

Note that by the Clean Intersection Hypothesis (Theorem 2.14),
(1 —cos(19,(Z))) # 0 for all m € M and for all Z € loggn ;.
Case III: Poincaré Map. v = exp(Z) and 7 < |Z|.

By Theorem 2.11, the periods of v with 7 < |Z| are precisely

Z
{!K(XL-’FZO)\ : Xo + Zy satisfy (1)—(iv) below}
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Given Zjp € 3 and Xy = ZmEM(ZO) &m € v, where &, € W,,,(Zp), the condi-
tions referred to above are the following;:

(i) [X2 + Zo| =1,
(11) X? 1 keI‘j(Zo), X2 7& Oa
(iii) Z € spang. {K (X2 + Zo)},

| Z]0m(Zo)

(iv) for all m € M such that &y, # 0 27| K (X2 + Zo)|

€ Z.

_ 1Z]
Let 7= KXot 70)
Theorem 2.12

where X, + Zy satisfies (i)-(iv) above. Then by

F(r,7) = {vs: v = Xo + Zy : Xo + Zp satisfy (a)—(d) below }.

Given p € G, Zy € 3 and Xy = ZmGM(Zo) &m € v, where &, € Wy,,(Z)), the
conditions referred to above are the following;:

(a) | Xo+ Zo| =1,
(b) X2 L kerj(Zp), X2 #0,
c) K(Xo+ Zp) = lZ and

(
(d) for all m € M(Zy) such that &, # 0, U (Zo) € ZZT.

Let v5 € F(7,7), so vy = (p, Xo + Zo) where p € G and v = Xo + Zy sat-
isfies (a)—(d) above. Note that since there is no restriction on § in F(r,7),
g x {0} C T, F(1,7), so @T*% = Id when restricted to g x {0}. Elements
not in T, F(r,7) are spanned by vectors of the following type: (1) &’T*Uﬁ
(0,v1) where vt € spang{Xa, Zo},v+ L v, (2) ‘57*% (0,U) whereU € v, U L
v, (3)Pra, ,(0,¢) where ¢ €3, ¢ Lwv.

For ( ) let X2 XQ/’XQ’ and ZO = Zo/‘Zo’ As ’XQ + Z()| =1, there
exists 3 so that v = cos 3Xs +sin3Zy. In particular, cos3 = |X3| and
sin 3 = [Zo|. Recall that Xo =7 v &m Where &y € Win(Zp). Let Xy =
Y mem §m, where &,, € W, (Z, 0), so that Em = §m/]X2] For m € M(Zy), let
Im = Om(20), J = j(Zp) and =, = J&p /. Set v+ = —sin X5 + cos BZ.
Now let a(s) = (p,cos(B + s) X2 + sin(8 + s)Zp), so that ai(s) = e, as(s) =
cos(B + )Xo +sin(B+5)Zp, a1(0) =0 and ag(0) = vt.  Here Z§=
sin(3 4 5)Zo, 50 U5, = 9 (Z3) = sin(8 + s)0p, and 99, = cos 30, for m €
M. Also, as sin 3 # 0, 92, = 0 if and only if J,, = 0, s0 N = ) and M = ./\/l
Then X§ =0, X5 = cos(3+ s)X2 so that fm =cos(B+ 8)&m and =
cos(f + 5)Z,,. From this we have XV =0, £ = cos 8¢, =0, = cos Bam,
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28 = cos 37y and X0 = 0. Also, fm = —sin &, and = AO = —sin 3=,,. This
implies that if €2, = 0 then €%, =0, so that the terms Wlth m € M" con-
tribute nothing to the following calculations. Plugging these into (2.21) we
have X0(7) = 7 cos fcot BXa, —X (1) + X§ = —7cos? BJ X3 and Z°(7) =
Tcos BZy + Tcos Besc? BY e mlém, T m]. By (2.18),

= P | Zo | Xa|
(14— &, )(0,0) = (Id — &, ) ( Nl ol
7 g | X2l |Zo\
| Xo| \Xz\ 1
X - m; m
( Z " 120" \X2\|Zo\ Z 2 bl
| Xo| )
I11-1 —T1——JX5
(1) | Zo|

For (2), we let a(s) = (p,sinsU + cos s(X2 + Zp)), so that ai(s) =e,
az(s) =sinsU + cos s(Xa2 + Zp), @1(0) =0 and a2(0) =U. Recall that
Xo =3 emEm, where &, € Wy, (Zp) and let ¥y, = 0,,(Zp), let Z, =
3(Z0)&m /) Om for m € M. Let

I11- = X} u d =i =20
(1I1-U) u w%ﬁn and =

where X{ € ker j(Zp) and & € W,,(Zy) for m € M. Here Z§ = cos sZ,
s0 U5, = U (Z5) = cos sUp,, and 99, =0 for m € M. Also, 9%, =0 if
and only if 9, =0, so N=0 and M =M. Now X =sinsX{ and
X35 =3 memlcoss&y +sinséy) so that &, = cos s, + sinséy and =5, =
F(Z8)E8, /93, = cos 82y, + sinsZ%.  From this we have Xy =0, X9 = X,
and &0 =&, 20 =5, Z0=0, X)?=Xp, & =¢ and =0 =Z¢

=, = 2.
Note that &, and &Y are not, in general, related so that M” is a
consideration in what follows.  Plugging these mto (2.21) we have
Y 1 TUm)) — 7—19 _

Xor) = XY 4 Dnep G + e 2 gm, ~X0(r) +

X0 = =D e SIN(T0)Z + D0 (1= cos(T9m)) &,

2(r) == 30 g X1 Enl 4 3 ga (6 Eml + [ Eh)
meM meM
Un(1 = cos(TUm)) (my =
D e T

+

m,heMm#h
sin(79m,)

- > W[ Eno €h]

mheEM,m#£R ™
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+ Z I%Sin—(”%ﬂ)[gm,_h]

2 _ 92
m,h€M,m#h U (05, — 0 )
(1 —cos(79m)) ;.n,
+ W[fm,éh]-
m,h€ M,m#h m h
Thus
(Id—i) )0,U) = [—rxv+ Z (cos(T¥ )—1)H —Zsm(ﬂgm)ﬁ“
AN W U -m O
meM meM
[T T — —_u
- 7[XY, T X)) — Z W([gmﬂ‘:m] + [&ms Em))
meM m
Ip(cos(T¥m) — 1) —y —
+ T [Eins Sl
m,heM m#h U (03, = U3)
sin(7%,,)
+ D 79(_792)[ m> &h]
m,he M,m#h
Z O sin(79,) € 5]
- 2 _ 92 ma‘—‘h
m,heEM,m+#h Um (5 — 9 )
cos(TUm) — 1) .4,
+ Z (19(2_392)[%7&1}7
m,he M, m#h m h
— Y sin(rdn)Eh A+ D (1—cos(ﬂ9m))§}7‘l>,
meM meM

where 9,,, = 9,,(Zp) and &% and ZY are given in (III-U).

For (3), we let a(s) = (p,cos S(X2 + Zy) + sinsC), so that ai(s) =e,
as(s) = cos s(Xo + Zp) + sins¢, a1(0) = 0 and a2(0) = ¢. Recall that Xy =
Y omem Em,  where &, € Wi (Zo), and let ¥y = U,(Zo) and Z, =
3(20)ém/Vm. Here Z§ = cos sZy + sin s¢, so 95, = 9, (Z5) and 99, = 9, for
m € M, but 19% cannot, in general, be simplified. Let X{ denote the compo-
nent of cos s X5 in ker j(Zg). Note that X = 0 and X € kerj(Zy). Let £,
denote the component of cos s Xy in Wi, (Z;). Let Z5, denote j(Z3)&5, /75,
Note that if Zg ¢ U (see Definition 2.18), then ¥, — 9% — 0 need not imply
that m = h, and 95, — 0 need not imply ¥, = 0. Finally, £, =0 need
not imply 59;1 = 0. Thus, there is very little simplification that can be
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accomplished from (2.21). We write

nenN meM’

2 0 : 0

T d cos(19,,) — 1~ sin(79,,) -
— —— (J.£ PV Tm) om0 m/) £0

= T - -

s Ty A - $h (@)

meM’ M neN mi(])%,hgeolw’ m

Ym="h

72 [ 0 d
D o <JS£S>}+ > [é , (ﬁ)}
0 m n m n
meM’ neN 2197" d8|0 meM’' neN %L d Slo
S T(Dh05, — 9099,)

B &
m,heM/’ 19%(199”2 _ /1922) [ h]

8,20
(309 +99) _ P20 — 0y
- > Bl - Y (En S+ 6. 6)
m,heM’ m moheM! m
= 9,=09

vy hleostrtn) “ Do oy g ) 1

2 2 2 2
meM' heM’ 19971(2921 7192 ) meM' heM’ 19971 7192
09, #99 99, #09
Z 99 sin(799,) €0 =0) 4 cos(799,) — 1 €0 ¢0)
- e S D D sl IS5
meM' he M’ 29%1(19971 _192) meM’! ,he M’ 19977, _192
00, #07, 09, #09
0 '—0 . 0 \=0
- Z 799, ZT J§n Z sin(79;,) =,
meM’ nenN meM”’
+ Z (1—003(72921)) 5&).
mEM//

Case III: DG-Multiplier. Given (III-3), we cannot hope to compute a closed
form that will apply to all two-step nilmanifolds for the DG-multiplier in this
case. However, it is easier than it might appear to apply these computations
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to the case of a one-dimensional center /Heisenberg manifold (see Section 4.1)
and a particular example (see Section 4.2).
Case 1V: The Poincaré Map. ~ = exp(V + Zy + Z‘%), V #0, Z‘% # 0 and
=V + Z¢|.

Let V =V/|V|and Zf = Z#/|Z{#| and V + Zi = (V + Z§) /|V + ZiF|.
By Theorem 2.12, F(1,7) = C(v, G)§ x )G x {V + Zi:} where Gexp(V + Zi) g
=1. Let v5 € F(T ), so vz = (p,V + Zi%) and p = xq where z € C(v,G).
So that pexp(V + Zi) = vp. Then

T,,F(r,7) = C(log,g) x {0}.

As @T*% = Id when restricted to C(log~,g) x {0} we must calculate
(1) éT*,Uﬁ (U,0) where U L C(logv,g9), (2) Prs (0,0 4 Where vt €
spang{V, Z&}, vt L v, (3) @r., (0,U) where U € v, UL v, and (4) @, (0,¢)
where ¢ € 3, L v. ' ’

For (1), we let a(s) = (pexp(sU),V + Zi5), so that ai(s) =sU and
az(s) =V + Z, @1(0) = U and ao(0) = 0. Thus Z§ = Zi- /7, X5 =0 and

=V/7r. So ZJ =0 and XY =0. Using (2.21), we obtain X°(7) =0,
~X'0(1) + X3 = 0 and Z°(7) = 0. Using (2.18), we have

(IV-1) (Id — &, )(U,0) = ([V,U],0).

Note that [V,U] # 0 since U L C(log~, g).

For (2), as |V + Zi&| = 1, there exists 8 so that V + Zi+ = cos BV +
sin 8Z;. Set vt = —sin BV + cos BZis. Now let a(s) = (p,cos(8+ s)V +
sin(B + 8)Z), so that ai(s) =e, az(s) = cos(ﬁ +5)V +sin(6 + ) 2y,
a1(0) = 0 and a2(0) = v*. Here Z§ = sin(8 + ) Zy;, Xj = cos(8 + s)V and
X5 =0. From this we have X9 =cos BV, XO —sin gV, ZJ = smﬂZv
and Z9 = cos 3Z;>. Plugging these into (2.21) we have X°(7) = —7sin 8V,
~X'0(1) + X§ =0 and Z°(r) = 7 cos 3Z;>. Thus

(IV-2) (Id = 7., )(0,00) = (=70™,0).

For (3), we let a(s) = (p, cos s(V + Z;%) + sin sU) so that a1(s) = p, as(s)
= cos s(V + Zi#) +sinsU, a1(0) = 0 and a2(0) = U. Here Z§ = cos sZis /7,
s0 95, = cos sy, (ZiF) /7, and 99, = 0 for m € M(Z). Also, 99, = 0 if and
only if ¥,,,(Zi5) =0, so N = ) and M = M. Let

(IV-U) U=X{+ Y & and Eb = j(Zp)n/0m(Z5),
meM
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where X} € ker j(ZiF) and &Y% € W,,,(Z3). Denote ¥y, = U4 (Zit) /7. Then
X{ =sinsX{ +cossV/7 and X35 =) _\(sins{}, so that & = sins{),
and 25, = sin sZ% for m € M. From this we have X{ = V/7, ¢% =0, 20 =
0, Zg =0, X0=Xx¥ & =¢* and ) =Z" for m € M. This implies

= () and M" = M. Plugging these 1nt0 (2 21) we have X0(7) = 7X U +
Zme/\/l ucoﬁbﬂw + Cment Bomley, X+ X =~ Tem
Sin(19m) =, + e (1 — cos(79,))En, and Z9(r) = [V, A] where

A Z 2sin(79m) — T0m(cos(T9m) + 1) _,

2719%” -
meM
(cos(T0m) — 1) + T sin(Tr,) .,
+ Z 2792, S
meM

Thus

) ) ) (cos(Un(Z7)) — 1)

(Id = &, )(0,U) = (TX1 +n;47 ﬁm(Z‘é) o
—Sin(ﬁm(ZL)) U

+ Z TW m

meM
(IV-3) = > sin(n(Zp)E + > (1 - COS(ﬁm(Zé)))SZ,),
meM meM

where X7, &% and =¥, are defined in (IV-U).

For (4), we let a(s)=(p,coss(V +Z;i-)+sins¢), so that
ai(s) = p, ag( ) =coss(V + Zi&) +sins¢, a1(0) =0 and a(0) = (. Here
Z§ = cos sZi /T + sin s, so that 95, = ¥,,,(Z§) cannot be simplified without
additional 1nf0rmat10n on the curves 9,,,(Z§). Note that ¥, = 19,,(Zi5). If
Zi5 ¢ U (see Definition 2.18), then it is possible that N # () and it is also
possible that 95, — 97 — 0 as s — 0. Here X7 represents the component
of 1V in kerj(Z§) and &, represents the component of 1V in Wi, (Zg).
Also, =5, = j(Z3)&5,/V;,. Note that since V € kerj(ZV) we must have
gm = 0form ¢ N, thus M’ = §). Also, X? +Zn€N§n+ZmeM” €0 = 0and

= (. Note that €2 =0 implies £, € W,, (ZiF) for m € M". Plugging
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these into (2.21) we have X0(7) = ZmeM,, 7(1 — cos(In(ZiF))) /Om (Zi) 20+
Smerrr ™ (AL —1) &, + Ven T oy, (o) and —XO(r) + X§ =

= Y menr S (Zi)Znt Y e nr (1= cos (I (23 )E= nen 7 s (TsEn)
and Z%(7) = 7¢ + [V, B] where

o Y 2N = OnlZ) coslIn(Z)) + 1) g

et 20m(Z))? -
2(cos(Im(Zy)) = 1) + U (Zy) sin(Im(Z5)) 20
* m;; T 20, (Z)? e
2 d s
+ Z %d | ( s n)
neN
Thus
cos(Um(Zy7)) — 1 -9
Id — &, )(0 m
Sin(ﬁm(zv))> 0
+ 1- m
P
2 d . .
SY G G vt T
neN ° neN
I s1n(19m(Zé)) + ﬁm(Z\%) =0
+ ‘/;Tmez]w” ﬁm(Z‘J/‘)Q —m
' (1= cos(Wm(Z))) 0 ?d
= Z sin(,, (Zi£))20, + Z (1 = cos(Im(Zy)))ém
meM" meM”
d s
(IV-4) - T;V Tdslo(Jsfn))

Case IV: The DG-Multiplier. Let {V,&},...,£5*} be an orthonormal basis
of ker j(Zi#). For m € M let &}, be a unit vector of Wy, (Zi). Let Z}, =
F(ZE)EL J9m(Zi5). One easily checks that ¢}, and Z}, are orthogonal unit

vectors in Wy, (Zit). Let €2, be a unit vector in W,,(Z;+) that is orthogonal
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to both ¢! and =L . Proceed until we have {¢} =L ¢2 =2 . £am Zdm}
an orthonormal basis of W,,(Zif) such that 2 = j(Z{)E2 /9m(ZiF), a =
1,...,amy,. We use the convention that if m ¢ M, £ =0 and =% = 0. Let
{Z#, ¢, - .. ¢} be an orthonormal basis of 3 such that {(1,...,(} is a basis
of [V,g]. Now, it is possible that £ € C(V,g) and E% & C(V,g). Thus,
formeMand a=1,...,a, we let ﬁffq’L denote the projection of &, onto
C(V,g)*, the orthogonal complement of C(V,g) in g. Define =0+ analo-
gously. We will need a second basis of v as follows. Let Yﬁ, ey YbL be an
orthonormal basis of C(V, g)L and let V,Y7,...,Y,; be an orthonormal basis
of bNC(V,g) such that Y5 L v, 6 =1,...,d.
We set

£ =1{",0),...,(Yy4,0),(v,0), (v",0),(¢1,0),...,(C,0),(0,v)}.
By Theorem 2.20
F={(0,Y1),...,(0,Yy),(0,v),(0,v%),(0,¢1),...,(0,¢), (—v,0)}.
We set
V={(¥1,0),.., (%5,0), (0,&), - (0,E), (0,07), (0,1), - (0, }-

Recall that T = I — &, .
Now T(YﬁL,O) =([V, YﬁL],O). Let M be a matrix whose entries are
defined by

(IV-M) M5 =< (g, [V, Y5"] >,
B,6=1,...,b. So

T(Y5,0) A AT(YE,0) = 2det M(C1,0) A -+ A (G, 0).
We may now omit elements in [V,g] in the left hand component in the
remaining values. By (IV-2) T(0,v%) = (—7v*,0) and by (IV-4) T(0,¢s) =
(—7¢5,0) for 6 =b+1,...,c. To see this note that (5 L [V, g], which implies
X7 =V/7 and X5 = 0 when applying (IV-4). So

T(Ov /UL) A T(Ov Cb-‘rl) ARRRNA T(Oa CC) = :l:Tc_lH_l(vLa 0)
A (Cb+170) JARRRNA (CC?O)

By (IV-3) T(0,£8) = (=75 + [V, %],0), so the contribution of T'(0,&})
A AT(0,65°) to TV AF is £7%(E5,0) A+ A (£5°,0). For m € M we
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have

T(0,&m)

= (—smT&, — emmTZ0, + [V, %], (1 — cos(Tﬂm(Z#))ff,iL — sin(rﬁm(Z‘%))E%)
and

T(0,Z)

»—m

= (cmmén, — smTEq, + (Vo] sin(r0m(Z7))€0, + (1 — cos(19m(Z7)))E5,),

where ¢, = (1 — cos(T9m(Z)))/9m(Zi5) and sy, = sin(79,(Zi5)) /9m (Z35).

The contribution of F means that (0,Y1) A--- A (0,Yy) is wedged with
every term in TV A F. Thus elements in v in the right-hand components
may be projected onto C(V,g)*, and we may ignore further values [V, %] as
they contrlbute nothing to TV A F. Likewise, we may replace &, and =%,
with §m and %% in the right-hand component. Thus, the contribution of

T(0,E2)ANT(0,2%) to TV A F is

i2(1—005(719m(Z#)))72 co ﬁm(Z\J/_):ohj_ A [ =e I () a,l
Tz (e ) A ()

Now,

T(0,¢s) = ( > (1= sm)én s — emE0s) = ¢+ [Vix]

meM

72 g

neN meM
. = d s
- sm(ﬁm(Z&)):Omﬂ - Z 7'£| (Jsgn,ﬂ)>7
neN ’

Where Emp s the component of %V in W, (cos S%Z‘J/‘ +sin s(z) and émﬂ =
d8| &, 5 and S g = §(ZF)6m,6/Im(Zi). As €0, 5 =0 for all m, 3, we have
Emﬁ"—‘mﬂ e Wp, (ZJ-) for all m € M. By writing f p and E?nﬁ as linear
combinations of the ¢, and =&, and by row reducing with the elements
in T(0,&3,) NT(0,=2%,), above, we see that the contribution of T'(0,(g) to
TV ANF is

0 o ﬁi J.£3 o i J.£3
Y = X g, Usne) = 2T g )

meM neN neN
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Let Ug =Y e &g and Jg =3 %‘Ojsggﬂ.

We now use the fact that both {V,&},..., 23"} and {V, Y/, ..., V1,
Y1,...,Y;} are orthonormal bases of v. Let M be the matrix whose -0
entry is

. dm D 2 .
Mgs= > << —7Jp, Y5 - <Tﬂm’LaY5L> <TU6 - 2Jﬁ7£m>

meM a=1

v Um ol oL 72 —a
(IV_M) + T&Tr{ 7Y;5 TUﬁ - ?J[% S )

8,0 =1,...,b. Then, putting everything above together, we obtain a
DG-multiplier of

]det M det M|—1/27_—(dimg—dim[\/,g}—1)/2X

2(1 — cos(Om (2 — dim W (Z7)/4
meM(Zi) Im(Zy)

)

where M and M are defined in (IV-M) and (IV-M), above.

Note that the values of M, U, 3,Jg depend on the chosen curves, but the
final expression (IV-DG) will not.
Case V: Poincaré Map. v =exp(V + Zy + Z),V #0,Zi5 #0 and 7 <
V + Zi|.

By Theorem 2.11, the periods 7 of v with 7 < |V + Zi:| are precisely

|Z:|2 e
{\/]V|2 + |K‘§(X2V+ AT : Xo + Zy satisfy (i)—(iv) below o .

Given Zy € 3 and Xo = Y\ &m € v, where &, € Wi, (Zp), the conditions
referred to above are the following:

(i) [ X2+ Zo| =1
(ii) V € kerj(Zp) and Xo L kerj(Zp), Xo #0
(i) 74 € spang. {KH(X + Z0)}

| Zi¢ |9m(Zo)

iv) for all m € M(Zy) such that 0,
(iv) (Z0) Sm 7 2 [ Kb (X2 + Z0)|

SV
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% where Xg + Zy satisfies (i)-(iv) above. Let 7=
\4 0 0

V/|V|? + 72. Then by Theorem 2.12

Let T2 =

1
F(r,v) = {Uﬁ TV = - (V+1(Xo+ Zy)),p and

Xo + Zj satisfy (a)—(e) below }.

Givenp e G, Zp € 3and Xo = ) v &m € 0, where &, € W,,,(Zp), the con-
ditions referred to above are the following:

(a) | X2+ Zo| =1,

(b) Ve kel"j(Zo) and Xo L kerj(Zo), Xo 75 0,

(¢) Ky (X2 + Z0) =  Zy,

(d) for all m € M(Zy) such that &, # 0, 329,,(Zp) € Z and
)

) 2T

(e) Vilogpl + Zv = [V, j(Zo) "' Xo] + 2 Kv (X2 + Zy).

Let v; € F(7,7), so v; = (p, Xo + Zo) where v = LV + (X2 + Zo))
where p and X5 + Zy satisfy (a)-(e) above. Note that p = zga, where
z € C(7,G), ¢ 'vg=exp(V + Zi) and a € G. Also note by condition (e)
that if (zda,v) € F(7,7), then (yda,v) € F(r,7) for all y € C(v,G), thus
C(logv,g) x {0} C T%F(T,W). (See Section 4.2 for an example where this
containment is proper.) So @T*% = Id when restricted to C'(log~, g) x {0}.
We must calculate (1) @T*% (U,0) where U L C(log~v,g), (2) @T*% (0,v1)
where vi- € spang{Xa, Zo},vi L v, (3) @T*% (0,v5) where vy € spang{V,
Xo, Zo}, v Lv,vs LV, (4) ‘57*% (0,U) where U € v, U L span{v, X2} and
(5) @,., (0,¢) where ¢ €3, ¢ L v.

For fl), we let a(s) = (pexp(sU),v), so ai(s) = sU, az(s) =wv, a1(0) =
U, and a2(0) = 0. Recall that Xo =\ &n, where &, € Wi, (Zp). Then
X3 =V/r, X5 = 2 Xy, Z5 = 2 Zg and 95, = 0, (Z3) = 20,(Zp). So X0 =
0, ngo, 52120, E?n:O, 199n:Oand Zgzoformej\/l. Also, 9% =0
if and only if ¥,,(Zp) =0, so N =0, and by (2.21) we have X°(r) =0,
~X'0(1) 4+ X3 =0 and Z°(7) = 0. Thus by (2.18)

(V-1) (Id - ., )(U,0) = ([V,U],0).
For (2), let Xo = Xo/|Xo| and_Zo = Zo/|Zo|. As |X2+ Zo| =1, there

exists (1 so that Xy + Zy = cos 1 X2 + sin 31 Zy. That is, cos f; = | X2| and
sin 1 = |Zo|. Recall that Xo =3\ &m where &, € Wi,(Zp), and let
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Xy = ZmeM§m> where §m € Win(Zo), 50 & = Em /| Xa|. Let ¥y = 9,0(20)
and let J = j(Zy). Let Z, = J&n/Om. Set vi = —sin 1 Xs + cos 41 Zo.
Now let a(s) = (B, £V + 2 (cos(B1 + s) X2 + sin(B1 + 5)Zp)), so that a;(s) =

e, az(s) =LV + 2 (cos(ﬂl + 5)Xo +sin(B1 + 8)Zp), a1(0) =0 and a2(0) =
Zot. Here Zs = Z2in(f1 + 5)Zo, s0 U5, = Um(Z5) = 2 sin(B1 + $)Umm,
and 7921 = 72 cos ﬂlﬁm for m € M. Also, as sin 8 # 0, 9%, = 0 if and only if
Uy = 0,850 N =0 and M = M. Then X; =V/r, X5 = 2 cos(f1 + s) X3 so
that &5, =22 cos(ﬂ1 + 8)&m and Z3, = 2 cos(By + $)Zm. From this we have

XY =0, 50 = cosﬁlfm, =0 = —cosﬁlum, Z8: —cosﬁlZo and XO
0. Also, §9n = —2sin B, and = = = = 22 5in 31Z,,. This implies that if

€9 =0 then £ =0, so that the terms with m € M” contribute nothing
to the following calculations. Plugging these into (2.21) we have X°(7) =
5 cos 31 cot 31 Xo, —XIO(T) + Xg = —772 cos? f1J X5 and

ZO(T) =1y cos 1 Zo + [V —(2 cot? B + 1)J J 11Xy + 5 cot 31 cos 31 X

+7yco8 Brosc? B Y (G T ).

meM

After normalizing by 7o/7 and substituting we have

z X ZO| |;(2|
Id - o, , = (Id — &, > , ——| X9+ —7

| X Xz T -1
= | — X2 ZO_ [gm,‘] gm]
( Tl Tz T Rl 2,

T (1+]Xs]?)

V-2 T
(V-2) A

[V, J 1 X5, -7 X2JX2)
|Zol
For (3),let V.= V/|V|. As |v] = 1, there exists 33 so that v = cos B2V +

sin f2(X2 + Zp). In particular, cos 32 = |V'|/7 and sin 32 = 2. Recall that
Xo =3 crm&m, where §m € Wi (Zy). Let 9y, = 9, (Zp) and let J = j(Zp).
Let 2y = J&n/Um. Set vy = —sin BoV + cos f2( X2 + Zp). Now let a(s) =
(P, cos(Ba + s)V +sin(Be + 8)(Xa + Zp)), so that ai(s) =e, az(s)=
cos(Ba + )V + sin(B2 + ) (X2 + Zo), @1(0) = 0 and a2(0) = vy Here Z§ =
sin(B2 + 8) 2o, 5095, = 9 (Z5) = sin(B2 + 8)Um, and 199n = cos BV, form €
M. Also, as sin 53 # 0,99, = 0if and only if ¥,,, = 0, s0 N =  and M = M.
Then X1 = cos(Ba + 5)V, X5 =sin(B2 + s) X2 so that &, = sm(ﬂg + 5)&m
and =5, = sin(f2 + 8)=,,. From this we have X = cos 3.V, §m = sin B2&,

) = sin BoZm, Z0 = cos J24y and XO — smﬁgv Also, fm = co0s P2€m

and 20 = cos /25,,. This implies that if €2, = 0 then fm =0, so that the
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terms with m € M"” contribute nothing to the following calculations. Plug-
ging these into (2.21) we have X0(7) = —7sin 3V + 7 cos 3o Xo, —X (1) +
X9 = —7sin By cos B2 X5 and Z0(1) = 7 cos 2 Zy — (Tsin Ba/|V | +
cot Bo) [V, J 1 Xo] + T2 [V, X,). By (2.18)

(10— éf*vg(o,v;) — (1d— &, ) (o v i+ zo>)

- = (—7vy + 1x X ).
(V-3) (7’1}2 TQM[VJ 2], — |vu 2>

For (4), we let a(s) = (p,sinsU + cossv), so that ai(s) =e, az(s) =
sin sU + cos sv, a1(0) =0 and a2(0) =U. Recall that Xo =3 1/ &m,
where &, € Wi, (Zp). Let Uy, = U (Z0), and let E,, = j(Z0)&m/Om- Let

(V-U) U=X{'+ Y &, and Eb = j(Z0)&h/Om,
meM

where X' € kerj(Zy) and & € Wi(Zy), for m € M(Zy). Here Zj=
cos 27y, s0 Uy, = Vm(Z3) = cos s21,,, and 99 =0 for me M. Also,
99, = 0 if and only if ¥, = 0, s0 N =0 and M = M. Now X = cos sZV +
sinsX{ and X5 =)\ (cossZ&y, +sinsy) so that &, = cos s?fm

sin &y, and =5, = cos s2E, + sin s=;,,. From this we have X0 1V, XS =
2 X, and &5, = 2, :Qn = 2E,, Z0=0, X=X £ =¢* and =), =
=t . Note that &, and & are not, in general, related so that M” is a

consideration in what follows. Plugging these 1nt0 (2.21) we have X0(7) =
1 20 —_ in(ro, v y
TN Tead - CE S Y Pl X0+ X =

20

— > mem Sin(120, ) =8, + Zme/\/t(l — cos(T29m ))fm,

2=~ 3 XS+ Y oo (e Enl + 6 Zh)

meM’ =™ mem

TUR(1 — cos(20,)) -
i Sy =
m€M’Z,;eM/ 7—279m (IQ%L — 19%) [ h]
m#h
7sin(m99,)
mEA;EJVI’ 7—2(19%1 - 19%) ['_'ma gh]
mn
T sin(7-2q9m) Y
" Z [ my = ]

2 _ 92
meM! heM’ TQﬁm(ﬁm ﬁh)
m#£h
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T(1 = cos(129m)) .0

meM' ,he M’

m#h
V. Z 27 sin(720,,) — 72'27;17;75(1 + COS(TQQS‘m))EUm]
meM T2Vin
27(cos(ma¥y,) — 1) + Ty, sin(n2¥y,) ,
v,y dricos(nin) =1 - ( >§m]
meM 27m
Thus
(V-4)

(Id — .., )(0,0)

cos7'19 -1
:§%+z zom) — e,

meM
7 sin( 72'19
-y Ol Z XY\ Zm]
meM mEM’
- Z 2,19 §m7—'m] [TmEQan])
meM

TR (cos(moy,) — 1) —u = Tsin(7e9,)
+ m,EN;EJW/ 7—2197”(797271 - 19%) [ o Hh] + mEN;EAi/TQ("}?n o 19%) [\_‘m’ gh]
mzh m#£h

_ E T, sin(m20,) & En] + Z r{cos(rytm) - )[§m7“

meM”,heM’T219m(1972n - 19?),) meM' heM/’ T2 (ﬁgn - h)
m#h m#h
T ou TToU — T sin(720,,) _u —cos(120m)) .,
NS it LB
meM meM
- Z sin(7e0m)Z,, + Z (1 — cos(m2Um))EN, )
meM meM

For (5), we let a(s) = (p,cossv+sinsC), so that ai(s) =e, as(s) =
cos sv + sin s¢, a1(0) = 0 and a(0) = ¢. Recall that Xo = " 1/ &m, Where
&m € Win(Zp) and let ¥y, = U, (Z0) and E,, = j(Z0)&m/Im. Here Z§ =
cos s2 Zg + sin s¢, so U5, = Im(Z§) and 99, = 240, for m € M but 99 can-
not, in general, be simplified. Let £, denote the component of cos S(TV +
2 Xo) in Wi (Z3). Let =j, denote j(Z5)¢y, /95, Note that if Zg ¢ U (see
Proposition 2.19), then ¥;,, — ¥ — 0 need not imply that m = h, and 9, — 0
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need not imply 9, = 0. Finally, €2, = 0 need not imply E,On = (0. Thus, there
is very little simplification that can be accomplished. Thus, we may only
write the following:

(V-5)

(Id - 7., )(0,0)

0 0 T, 0
=\(-7 X1+Z§n —Z 90 &m
neN meM’ m
2 d s cos(799,) — 1 - sin(79%)) -
- Z 5%\0(‘]35”)4_ Z g0 Tm~ Z Tgm

neN meM” m meM” m
B X1+zgg,:o] z o (80,30 + €1, 20)
meM’ M neN meM heM’

72 o d
- § 0 |E -5 Js . § 0 ) s ,
2199)1 |: m? d5|o( gn):| + 0 |:€m d |0( gn):|
meM’' neN meM’' meN ~m

(W00 = 905 —o o0
- Z 07,00 2 02 [:m’fh]
ﬂh(ﬂm - ﬁh )

m,heM/’
99, #09
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2 - 2
T LR P ]
d .
- Z 90 =0 — ZT% (Js&) — Z sin(r9° )=
meM’ neN o meM”
+ Z (1—Cos(ﬂ921)) %)
meM"

Case V: DG-Multiplier. As is clear from formula (V-5), a tractable closed
form for the DG-multiplier that will work for general two-step nilmanifolds
is not plausible. Section 4.2 applies the formulas in Case V to a specific
five-dimensional example.

4. Special cases and examples
4.1. One-dimensional center/Heseinberg manifolds

We consider the special case where the two-step nilpotent Lie group G has
a one-dimensional center; i.e., G is a Heisenberg Lie group. Here we need
only Cases I, II and III. To see this, if V ¢ 3, then [V, g] = 3, and so Zz = 0
for all V' 2£ 0. With this assumption, Case III becomes tractable, as formula
(ITI-3) never applies.

Let n = dim(G). Note that dim 3 = 1 implies ker j(Z) = {0} for all Z €
3,2 # 0. Let Z be a unit vector in j.

Case I: Let v =exp(V* + Z*), with V* #0. Then by Theorem 2.11
7 =|V*| > 0. Recall from (I-DG) that the DG-multiplier is

1
7(dim C(v,G)=1)/2| det M|’

where M = (Z,[V,Y+]), and Y~ is a unit normal to C(log+, g). One easily
computes that Y+ = j(Z)V*/|j(Z)V*|. To see this, note that [V,Y] =0 if
and only if (Z, [V*,Y]) = 0 if and only if (j(Z)V*,Y) = 0. This also implies
that dimC(vy,G) =n — 1. Finally, |det M| = [(Z,[V*, j(Z)V*D|/15(Z)V*|
= |7(Z)V*|. Thus, the DG-multiplier simplifies to

1

4.1 .
(.1 VA2 2]V
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Case II: Let v = exp(Z*), with 7 = |Z*| > 0. Recall from (II-DG) that
the DG-multiplier in this case is

(n—1)/2 H < 1—00519)2( )))dime(Z*)M‘

Because 3 is one-dimensional, the eigenvalues of j(Z*) are of the form
In(Z*) =219 (Z) = |Z* |tm, m =1,...,u. The multiplier for Case II
thus reduces to

" . — dim W, (Z)/4
f1—T1e—(n— 1 —cos(|Z%|tm
a2z I (e ~

m=1

Case III: Let v = exp(Z*), with 0 < 7 < | Z*|.
Recall that 9,,,(Z%) = |Z*|ty, m=1,...,u and Z = Z*/|Z*|. By [12
14,26], or Theorem 2.11, the periods of v are of the form

A1k, tn| Z*|
ETm 125 — k), 1 < Ko ke €LY
{\/t%<\|w> < ml? e}

Since 7 is a period of v, there exists mg € {1,...,u} and k,,, € Z" such
2
that 27k, < tm,|Z*| and such that 72 = 2 (27%”0) |Z*| — (%) . Let

MT:{mGMHk‘mEZ+ an:‘Z*|_\/’Z*|2_T2}

tm 2

One easily checks that if m € M, then k,, /tm, = km/tm. We set
U, = ®m€MTWm(Z)a 07% = @mgMTWm(Z)

Let zp = ”Mﬁ? and zo = /1 — zg. Then by Definition 2.7
F(r,7) ={(p, X2 + Zo) : Zo = 202, X2 € 07, |Xo| = w2} .
Let vz € F(7,7). Then
T, F'(r,7) = span{(U’,0), (0,U"), (0,v) : U' € g,U" € v, U" L v}.

To calculate the wave invariant, we need only (1) éT*vﬁ (0,v%) where
vt € span{Xy, Zo}, v L v*, and (2) éT*% (0,U),U €0,U L v,.
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For all m & M., let &, be a unit vector of W,,(Z). Let Zl =

m

J(2)€L /9 (Z). One easily checks that ¢! and =l are orthogonal unit
vectors in W,,,(Z). Let €2, be a unit vector in W,,,(Z) that is orthogonal to
both ¢! and =} . Proceed until we have {¢! =l ¢2 =2 ¢am Zaml ap

orthonormal basis of Wy, (Z) such that =%, = j(Z2)£5,/Vm(Z2), a=1,..., am.
We now have

{é-a En ‘mgMTvazlw'-vam}a

my=—m °*

an (ordered) basis of v:. Let {F1,---,FE,} be any (ordered) orthonormal
basis of g, and let {X»,Y1,...,Y;} be any (ordered) orthonormal basis of
v, where Xg = X2/’X2’

We set

& ={(F1,0),...,(E,,0),(0,Y1),...,(0,Yy), (0,v)}.
Then

F = {(07 El)? SRR (07 En)? (_}/1, _j(ZO)}/l)a SR (_de _j(ZO)Yd)a
(_’Ua _](ZO)U)} .

We set
V= {(O,f%),(O,E%),(O,UL):m:1,...,u,m¢MT,oz:1,...,am}.

We now calculate TV A F as a multiple of V A €. Note that since 3 is
one-dimensional, [£5,, X2] = 0 since X2 € v, and &2, L v,. By (I1I-2),

T(0,8m) = (=8m&m — cmZ, (1 = cos(79m))&5 — sin(19m) =y,
and
T(0,Z5,) = (cm&py, — SmZp, SIN(TU,)&r, + (1 — cos(79,))ZS,).

Here ¢, = (1 — cos(79,)) /O and s, = sin(7,) /P, and recall that 9, =
tm|Zo|. Since T'(0,£5,) A T(0,ES,) is wedged with (0, E1) A--- A (0, Ey,), the
contribution of T(0,£%) A T(0,E%,) to TV A Fis (s2, + ¢2,)(£2,0) A (E2,,0).
Note that (s2, + c2,) = 2(1 — cos(T9,,)) /92,

Now 7 = \/47km, /t2,, Vtmo|Z| — Thm,, and after plugging this into the
value for | Zy| from above, we see that 7., = Tt,,|Zo| = 27kmytm /tm,. Now,
by the definition of M, for m & M., 79,, & 2xZ". Thus, for m & M., (1 —

cos(T0m)) # 0. Finally, by (II1-1), T(0,v) = (T ey, —r %] j(ZO)XQ).
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Putting this altogether, we see that the DG-multiplier for Case III is

9

2(1 — ton | Z
@y ezl ()

where |Zo| = 2(|12*| — \/|Z*]2 — 72) and | Xa| = /1 — | Zo|2.

Remark 4.1. (Example 2.15, continued) Note that in the case of a one-
dimensional center, the DG-multiplier in Case II and III depends only on the
length 7, the value |Z*| and on the eigenvalues of j(Z) and the dimensions
of the invariant subspaces of j(Z), for Z a unit vector in 3. In Example 2.15,
we argued that the wave invariants, not just the DG-multiplier, associated
to the central periods were equal for the Heisenberg manifolds considered
there. We provide details of this argument now. Note that the only other
consideration in the calculation of the wave trace is Vol(I'\F(r,v)) and
dim F(,~). We already showed that dim F(7,~) is equal for the pairs of
examples considered in Example 2.15. The central periods correspond to
Cases IT and II1. In Case II, T\ F(7,7) = I'\H, x {Z}. The volume of this
will be equal in the pairs of examples, because isospectral manifolds must
have the same volume. For Case III, T\ F(7,7) = T\ H,, x S, (v,), where
Sy, (07) is the sphere of radius zo = | X2| in v,. Again, the volume in this
case is equal for the pairs of examples, since v,, xo and zy = |Zy| depend
only on 7, |Z*|, and the eigenvalues and dimensions of invariant subspaces
of j(Z) for Z a unit vector in 3. By Theorem 2.16, these values will be the
same for isospectral Heisenberg manifolds. (The wave invariants for Case I
are compared in Example 2.15.)

>—dime(Z)/4

4.2. Five-dimensional example of the Poincaré map

We now include a nontrivial example in order to demonstrate explicitly why
we need all five cases to compute the Poincaré map for general two step
nilmanifolds.

Let g = span{ X, Y1,Ys, Z1, Z3} where [X,Y;] = Z;, i = 1,2 and all other
basis brackets (not determined by skew-symmetry) are zero. Let G be the
simply connected Lie group with Lie algebra g. We use the inner product
on g for which the given basis is orthonormal. With this metric, letting
Z = 2121 + 229,



78 Ruth Gornet

and the eigenvalue curves of j(Z) are ©¢(Z) = 0 and ©(Z) = |Z|. The invari-
ant subspaces associated to these eigenvalue curves are Wy(Z) =
span{—z2Y] + z1Y2} and W(Z) = span{X, z1Y] + 22Y>2}. Note that v =
span{X, Y7, Y2} and 3 = span{Z;, Z>}.

Let v = exp(V + Z) where V € v and Z € 3. We analyze the periods of
~ and the DG-multiplier associated to each of these periods.

We consider the five cases I-V as listed above, as they can all occur.
Case . V #0 and Ziz = 0 and 7 = |V|.

Write V =2 X + y1Y1 + y2Y2. If 2 # 0, then C(V,g) = span{V, Z1, Z5}
so that C(V,g)t = span{Y{",Yst}, where Vit = (—y; X +2Y;) /4 /22 + 2,
i=1,2. As C(V,g)* is two-dimensional, we must calculate the 2x2 matrix
M ={(Z;,[V, Y]LD where ¢,j = 1,2. Thus

VERR
_YiY2 2 2|
Ve VO T

We conclude that if x # 0, then by (I-DG) the DG-multiplier for Case I is

M:

1
|V||det M|

If =0, then C(V,g)=span{Yy,Ys, 71,75} so that C(V,g)* =
span{X}. In this case, M is a 1x1 matrix. Note that [V,g] =
span{y1Z1 + y2Z2}. Thus |det M| = \<|—‘1/|(y121 +y222), [V, X])| = |V]. We
conclude that if x = 0, then by (I-DG) the DG-multiplier for Case I is

1
|V|5/2°

Case II. V. =0 and 7 = |Z].
Note that dim W (Z) = 2, so that by (II-DG), the DG-multiplier for Case
II is
1
| Z|2Y/2(1 — cos | Z])1/2

By the Clean Intersection Hypothesis, cos|Z| # 1.
Case IIIL' V =0 and 7 < |Z|.

We write Z = Y (2121 + 2222), with z% + z% =1and T >0. We also
denote Z = 2121 + 2975, the unit vector in the direction Z. We denote
Yy, = 21Y1 4+ 20Ys and Yyo = —2Y] + 21Ys and Z1 = —2071 4+ 21 Z5. Now
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the Lie group G with the given metric is an example of a two-step nilpotent
Lie group that is Heisenberg-like [26]. In particular, a two-step nilpotent
Lie group is Heisenberg-like if and only if all eigenvalue curves are of the
form 0,,(Z) = ¢y |Z|, for some constant c¢,,. Here, the eigenvalue curves are
©0(Z) =0and ©(Z) = |Z|. In the case of Heisenberg-like metric Lie groups,
the periods of elements take on a nice form [26]. In particular, the periods
of exp(Z) are

or’

VA
{]Z, 47rk(]Z]—7rk),1§k<‘ ‘keZ}.

One checks that

F(Tvp)/) = {(]5,11) :p€G7U:X2+Z()7Z():Z()Zv
Xo=z2U U € W(Z), |U‘ = 1},

where zo = /(|Z] — 27k)/(|Z] — 7k) and 29 = \/7k/(]Z| — k). Note that
ker j(Z) = span{Yz.} and W(Z) = span{X,Yz}. So that U =zX +yYz,
with 22 +y? = 1. Denote Ut = —yX +2Yz = j(Z)U. Let v; € F(r,7),
then

T, F(1,7) = span{(U",U") : U’ € g, U" € W(Z),U" L v}.
A basis of & is
£ ={(X,0),(¥2,0),(¥z+,0),(Z,0),(Z",0),(0,0),(0,U*)}.
Then
F=1{(0,X),(0,Yz),(0,Yz+),(0,2), (0, Z%), (v, —j(Zo)v), (U™, zU)}.

A basis of V is
V = {(0,v%),(0,Yz.), (0, ZH)},

where v = —;—‘;Xg + %’Zo.

We wish to calculate TV A F as a multiple of V A €.

From (I1I-1), we conclude that T'(0,v') = (TT?UL,*). From (III-2), we
conclude that T(0,Yz1) = (—7Yz: + %ZL, x). Here the *s refer to values
that we do not need to calculate, because we will be wedging with values
that will eliminate the contribution of x to TV A F.
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While @, (0,2 1) does not depend on the curve as(s), the expression
for it given in (HI 3) does, and its evaluation will involve more details.
We continue the notation of Section 2 and Section 3 Case III(3). Recall
that as(s) = cos s(waU + 2Z) +sinsZ+, so that Z§ = cosszZ +sinsZ+.

Also, ©° = |Z§| = \/C082 522 +sin?s. Note that |Z3| does not go to zero

as s goes to zero, so the set N =(. Using the subspaces kerj(Z§) =
span{—sin sYz + zp cos sYz. } and W(Z§) = span{ X, zp cos sYz + sin sY. },
one computes that, with X§ = xo cos sU,

—T2y COS S Sin §

M=oy

(—sinsYyz + zpcossYy 1)

and

T2Y20 cos? s

& = xx9c0ossX + GIE

(z0cossYz +sinsY ).

One easily checks that ©0 = 0, X0 =0, £ =2,U, &0 = Y2Yz1 and X0 =
—€Y. Note that since £ # 0, we have M” = (). Using Z° = j(Z3)£°/©%, we
have =20 = 2,U~L, and =0 = mff Y;.. Applying (I11-3) with these values, we
conclude that

7(0,2%) = <TZ;”2YZL - éa + 20203+ 22) 25 % )
0

Now

TYVAF =T(0,05) AT(0,Y5) AT(0,Z) A (0,X) A (0,YZ) A (0,Yz1)

A0, Z) A0, ZH) A (—v, —j(Zo)v) A (—U, 20U)

-+ <7—x221)J‘,0) ( 7Yy, + 1922 ZL,())
20

A <Tx2yYZL 272(1 +2y Ty +20)ZL 0>
20

A (0,00 A(U,0) A (0, X)A---A(0,2F)

3(1 _ 4
7—(17220)])/\5
225

=4
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We use here the fact that both {X,Yz, Y., Z, Z+} and {v,v-, U+, Yz, Z4}
are orthonormal bases of g.
The DG-multiplier for Case III is then

V220
T3/2\/1 — 24

Recall that 27 < 27k < |Z|, and 22 = (7k)/(|Z| — 7k) < 1.
Case IV.V £0, ZE £ 0, 7= |V + Z|.

For this case to occur, we must have V = A(y1Y] + 32Y2) and Z‘ﬁ =
2(—y2Z1 + y1Z2), where we assume 3> +y5 =1 and A >0. We let YV =
11Y1 +y2Ys and Y+ = —yoV] + y1Yo. Define Zy = y1Z1 + y2Z2 and Zy. =
—y2Z1 +y1Z2, so V. =AY and Zi> = 2Zy .. Note that [V, g] = span{Zy }.
Thus ker j(Zir) = spang{V} = span{Y'}, logC(v,G) = spang{Y,Y*, Zy,
Zy.1} and log C(v,G)* = RX. In this case

F(r,y) ={(p.v) : p € C(v,G)g,v = (V + Z7) [}

We let
€ ={(v,0),(Y",0),(Zv,0), (Zy+,0),(0,0)}.
Thus
F={(0.Y),(0,Y"), (0, Zy), (0, Zy+), (v, 0)},
and we let

V= {(Xv 0)7 (07 X)? (07 YJ_)? (O’UJ_)) (07 ZY)}'

We apply the above values to (IV-DG) in order to compute the
DG-multiplier here.

The matrix M is 1 x 1, so det M = (Zy, [V, X]) = —A. Because the met-
ric Lie group is Heisenberg-like, we are in the case where N = (). To calculate
the matrix M, we must evaluate the curve az(s) more closely. In the nota-
tion of Case IV(4) and (IV-DG), the curve as(s) = <E5(V + Zj7) + sin sZy
produces Z§ = 257y, +sinsZy, so that ©% = y/sin’s+ 22 cos? s/72.
Using the subspaces ker j(Z§) = span{—sinsY* + cos szY} and W(Z3) =
span{ X, zg cos sY+ +sin sY'}, where zg = z/7, we compute

A cos ssin s 2 COS S
S T e— 1 t J_>'
¢ 7(©9)2 (Sm Y+ T

Thus (g =Zy, Vi =X, Us=£0=2Y"4, J3=0, € =X and E* =Y.
Plugging this into (IV-M) we obtain the 1 x 1 matrix M to be £\ = £|V/|.
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We thus obtain a DG-multiplier of
T2V ZE 272 (1 — cos | ZiF ) V2.

By the Clean Intersection Hypothesis, |Z{| = 92(Z3) & 27Z.
Case V.V #£0 Zir 0 7 < |V + Z|.

As Z‘ﬁ #£ 0 we must have V = \Y and ZiF = YZy ., where Y =4,V +
y2Ya, A>0, Y= —ppY1 + 1Yo, Zye = —ypZ1 +y1Z2 and yi +y3 = 1.
Note that [V,g] = RZy where Zy =1 Z1 + y2Zo. As 7 < |V + Z‘ﬂ, we
must have 7 = +/|V|? + 72 where 75 = \/47rk(\Z‘J;\ —7k), k€ Z' and 1 <
k < |Zi|/2m. The fact that 7 must be of this form follows from the fact
that G is Heisenberg-like and the expression of the length spectrum given

in Case V, above. See [26] for more details.
Now

~ - 5 - 1
F(T77) = {(pﬂ)) -p € C(/y?G)QfU - ;V"f’ TZ(XQ +Z0)7

T

Xo = 22U, Zo = 20¢Zy+, U € W(Zy1),|U| = 1}’

where zg = \/7k/(|ZiF| — 7k), 22 = \/(\Z‘ﬂ —27k)/(|Zif| — k) and €=
+1, depending on the sign of Y. That is, eZy. = Zi5/|Z;|. Note that
2,2 _
ry+2z5 =1
Let v € F(7,7),s0v = %Y + 2(X2 + Zo), Xo = 22U, Zy = 20¢Zy+ and
U=zX+yY"t, where 2% + 32 = 1.
Then

T, F(r,7) = {(U,U") : U € log C(v,G),U" € W(Zy),v LU"}.
We have
£ ={(¥,0),(Y*,0),(Zy,0),(Zy,0),(0,v),(0,U")},

where Ut = j(Zy 1)U = —yX + 2Y+. Using the symplectic form in
Theorem 2.20, we have

2
F = {(0,Y>, (0, Y1), (0, Zy), (0, Zy1), <—v, - W“UL) ,

72
<—UJ‘ nger> }
TooT
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and we choose
Y ={(X,0),(0,07), (0,v3), (0, Zy)},

where
L n T2 )\
v = —ZoU + EIEQZyJ_ and Vy = —?Y + ;($2U + ZOEZYL).

By (V_1)7
T(X,0) = ([V,X],0) = (=\Zy,0).
Note that [V, g] = RZy, so we may ignore any Zy and [V, g] components in
the left hand entry of our remaining calculations.

Because g is Heisenberg-like, or by direction computation, [¢,j(Zo) 1¢]
= _;g? Zy. Also, j(Zg)Xa = x220eU+. Using (V — 2), we see that

T(O,’Uf‘) = <—7‘Z(X2 + Z()) + T ZQ + [V *] —7_21)26UL>

2

x
= —2?)1 —+ *, —7'23:26UL
z

Using (V-3), we see that
1 1 T2 1
T(0,vy) = | —Tvy + [V, *], ———x220eU~ |.
T

Finally, we use (V-5) to evaluate T'(0, Zy).

Let aa(s) = cossv +sinsZy. Then Zj = o*Zy + 3°Zy ., where a, =
sins, Bs = cos sTaz0€/T. So ©° = O(Z5) = | Z5|. Note that Z) = Zy, 00 =
moz0¢/T and ©° = 0. We conclude N = () when applying (V- 5)

Now as(s) = X7 + &° + Z;, where X{ € ker j(Z§) and £° € W (Z};) for all
5. We have ker j(Z3) = span{BsY — asY+} and W(Z§) = span{X, a,Y +
BsY+}. One easily calculates

COS s

Xf - ( ) (/68 - aSTQny)(ﬁsY - OCSYJ_)
and
s TT2T2COSS Cos s n
§" = o + (@92 (asA + Bsmazay)(asY + BsY ).

Note that since €°#0, M” =(. Thus X?:%Y, fozm"‘TJU, &0 =
e(B2y + Av1h) and X =—&. As E°=j(Z5)¢0/0°, B0 = nheyt
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and 20 = (7220> X+ (m2) Y. Applying (V-5) we compute
A 2yxo A
7(0, Zy) = <T€(yx2Y + —YL) Y220 7 —i—*Zy,O)

_ (T/\ye(zo —2) ol T2yexs . TATE ot 0).

Tozd Y1 Tezo 2 Taz
Recall that we seek to calculate TV A F =
T(X,0) AT(0,01) AT(0,v5) AT(0, Zy)
A0, Y)A(0,YE) A (0, Zy) A (0, Zy )
N <—v, _7223;220 UL> ( UL T220 U)

T2

as a multiple of V A €. First note that {X,Y, Y+ Zy, Zy .} and {v,v{, vy,
U+, Zy} are both orthonormal bases of g, so we may use either when cal-
culating the wedge product.

Now

; A
TV A F = +(=AZy,0) A (T?vf,fzxgyex> A <_mj, T2y T2R0¢ X)
Z

0 T

/\(—y)\Te (14—:10%)@%_723/6@1# .Z‘)\TEUL >

2
T2 Z% T220 T220

A0, Y)A (0, Y1) A (0, Zy) A (0, Zyr)

N (—v, T22$220y6X> N (—UL, ng()a;eX)
T T

2

We use here the fact that since we wedge with (0,Y) A (0,Y 1) A (0, Zy) A
(0, Zy 1), only the coefficient of X matters in the right-hand components.
Writing everything as a multiple of

VAE ==4(v,0)A (v1,0) A (vy,0) A (UL, 0) A (0, X)
A (Zy,0) A(0,Y)A(0,YE) A (0, Zy) A (0, Zy 1),

we have a DG-Multiplier of

1 20
NdetA| — Taa)\’
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where
2
0 T—x; 0 0 Tor3ey
20
0 0 _r 0 TQ)\yJZQZOE
T
A=1o —yAre(l+23) —7lexoy wATE 0
2(2)7'2 2072 T220
; 0 0 o TRmaeye
—TTZOxE
0 0 0 1 2
i

Note that 0 < 22 < 1 and X > 0.
5. Conclusions

The wave invariant calculations, particularly for the isospectral Heisenberg
manifolds, show that for a given length 7 in the length spectrum, both
the number of free homotopy classes containing a closed geodesic of length
7 and the volume of the initial velocities producing these closed geodesics
are of paramount importance when computing the wave invariants. One
might hope to adjust the definition of multiplicity to include the volumes
of the F (7, c) toward showing that all examples of isospectral (nil)manifolds
must have the same length spectrum with this new multiplicity. However, by
(2.17), the only multiplicity or weighting of each length that assures equality
is precisely the weighting given by the wave trace.
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