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1. Introduction

In [1], Perelman considered the functional

Wi, f,7) = /X (T(IVP+R)+ f— (n+ 1)) udV

for 7 > 0 and smooth functions f on a closed (n + 1)-dimensional Rieman-
nian manifold (X, g) where
e_f
U7 )02

and defined an associated entropy by

(g, 7) :inf{W(g,f,T), /XudV: 1}.

His ingenious realization was that when 7(t) > 0 satisfies 97 = —1, (X, g(t))
evolves by the Ricci flow
0
s = ~ 2R
and f satisfies the equation
of n+1
—— +Af+R=|Vf]
ot AL VIT+ 27

which preserves the condition

/ udV =1
X
then

d

SW (9(0), £(2),7(0)) ZQT/X Ry + Vi9;7 22 [av.

1025
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This implies, in particular, that

ulg(0), 7(1)) > 0

with equality exactly for homothetically shrinking solutions of Ricci flow.

An important consequence of this entropy formula is a lower volume
ratio bound for solutions of Ricci flow on a closed manifold for a finite time
interval [0,7"), asserting the existence of a constant k > 0, only depending
on n,T and g(0), such that the inequality

Vi(B}(20))
it 2R
holds for all ¢ € [0,T) and r € [0,+/T) for balls Bf(xq) (with respect to g(t))
in which the inequality 72| Rm/| < 1 for the Riemann tensor of g(t) is satisfied.
This lower volume ratio bound rules out certain collapsed metrics as
rescaling limits near singularities of Ricci flow such as products of Euclidean
spaces with the so-called cigar soliton solution of Ricci flow given by X = R?
with the metric
ds? — dz? + dy? ‘
1+ 22 +9y2

In this paper, we aim at adapting Perelman’s entropy formula to the
situation where a family of bounded open regions (¢)c(o,) in R+ with
smooth boundary hypersurfaces M; = 0§} is evolving with smooth normal
speed

ox
— 5
Here, = denotes the embedding map of M; and v is the normal pointing out
of €.

For open subsets Q@ € R™*! smooth functions f : Q@ — R and 3 : 0 —
R and 7 > 0, we consider the quantity

V.

Bm, =

Wg(Q,f,T):/Q(T|Vf|2+f(n+1))udm+27’ agﬂuds

with
et
(47‘(‘7’) (n+1)/2

u =
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and the associated entropy

p3(Q, 1) = inf {Wg(Q,f, 7)7/9de = 1} .

We then derive a formula which states that if (£2;) evolves as above, the

condition 7(t) > 0 satisfies %I = —1, f satisfies the evolution equation
of 9 n+1
T AAfF=|V
ot TAF=IVITH 27

in €; with Neumann boundary condition

Vf-v=p

on M; = 9 and if we introduce a family of diffeomorphisms ¢, : Q — Q
with 2 = ;(q), ¢ € Q obeying

ox

o —Vf(z,t)
then
d 5i; |2
fWg(Qt,f(t),T(t)) =27 ViVif — 1| udr — VW -vdS
dt . 27 M,

where W = 71(2Af — |[VFf?) + f — (n+1).

For evolving bounded regions (2, inside a fixed Riemannian manifold
(X, g) or inside a Ricci flow solution, one can derive analoguous versions of
this formula.

The main observation in this paper is that this can be converted to

(. £(0),7(1))
Vv, f i

dt
=27 /
. 27
op

+27/Mt <8t—2vMﬁ.va+A(VMf,VMf) - 2€_>udS

2
udzr

where A denotes the second fundamental form of M;.
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For functions § for which the hypersurface integral is non-negative, the
inequality

2

d
udzr

M@mmﬂwmu»>2¢/

dt ViVl = 2

t

results. When § = 0, i.e. for a fixed bounded region §2 with smooth boundary

inside a fixed manifold of non-negative Ricci curvature, Ni [2] has previously

obtained this inequality under the additional assumption of convexity of €.
This inequality implies, as in Perelman’s situation,

@ s r(t) > 0

dt
and therefore also the following localized lower volume ratio bound:
There is a constant x > 0 depending only on n,Qq, T, sup,,, |5] and ¢;
such that
V(% N By (x0))
>k
rn—i—l

holds for all t € [0,T) and r € (0,v/T] in balls B,(z¢) C R"*! satisfying the
conditions V(€24 N B, /2(z0)) > 0 and

V(Qt N Br(xO)) + r’ fthBT(xD) |5| ds <
Ci.
V(€4 N By /o(20)) =

Since this statement is scaling invariant for suitably homogeneous 3, it is also
valid on any smooth limit of suitably rescaled solutions of the flow consisting
of smooth, compact embedded hypersurfaces, but now for all radii » > 0 as
long as the other conditions still hold for the balls B, (x¢) which we consider.

In the important case of mean curvature flow, that is where (), is the
mean curvature Hy, of the hypersurfaces M;, the expression

o

Z(VM§) = o

—oVMHE . VM4 AV TM )

is the central quantity in Hamilton’s Harnack inequality for convex solutions
of the mean curvature flow [3]. Note that the right-hand side of the above
identity vanishes on homothetically shrinking solutions and for f = |z|?/47.
This motivates the following conjecture:
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Conjecture. In the case of mean curvature flow in R™ T for compact
embedded hypersurfaces My, the inequality

),

or
holds for f = f(t) as above and for T(t) > 0 where 57 = —1.

As we shall see, the validity of this conjecture in particular implies the
above lower volume ratio bound in the case of mean curvature flow. A direct
calculation shows that regions bounded by certain eternal solutions of mean
curvature flow, such as the product of R?~! with the grim reaper curve given
by y = —logcos x + t, do not satisfy the lower volume bound statement for
large r and, hence, should the conjecture hold, cannot occur as rescaling
limits in this situation. Similarly, certain stationary (zero mean curvature)
hypersurfaces would then be ruled out as rescaling limits such as for instance
the catenoid minimal surface in R3 and two parallel hyperplanes. In the
positive mean curvature case, White [4] has previously shown that certain
solutions of mean curvature flow, in particular the grim reaper hypersurface,
cannot occur as rescaling limits.

The embeddedness assumption for the hypersurfaces M; is essential.
Angenent [5] has shown that solutions of the curve-shortening flow with self-
intersections have the grim reaper curve as rescaling limit near singularities.

This paper is organized as follows. In Section 2, we define entropies for
open subsets € of complete (possibly non-compact) Riemannian manifolds
with respect to a given smooth function § defined on 92 and establish some
of their properties.

In Section 3, we derive the entropy formula involving the Harnack expres-
sion for evolving domains in R™"*!. All of the calculations go through with
necessary modifications such as adding Ricci and scalar curvature terms in
the appropriate places in the case of a fixed ambient manifold or a back-
ground Ricci flow solution. However, at the moment we do not see how they
might lead to interesting consequences.

In Section 4, we state our conjecture and show several consequences it
would lead to, such as a lower local volume ratio bound and non-existence
of certain degenerate rescaling limits.

In Appendix A, we give some explicit examples of entropy functionals
and their values in R*+1,

In the paper, a version of the logarithmic Sobolev inequality on bounded
open sets ) in complete Riemannian manifolds is used. In Appendix B,
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we provide a proof based on the standard Sobolev inequality, essentially
following Gross [6].

In Appendix C, we give a derivation of a Harnack-type evolution equa-
tion associated with solutions of a backward heat equation. This equation is
one of the central results in [1] and also one of the main ingredients in the
proof of our entropy formula. Details of this calculation first appeared in [7]
and [2].

The work presented in this paper was inspired by a discussion with
Grisha Perelman in January 2003 in Berlin. I would like to thank Richard
Hamilton, Gerhard Huisken, Dan Knopf, Oliver Schniirer, Carlo Sinestrari,
Peter Topping, Mu-Tao Wang and Brian White for helpful discussions. I am
particularly indebted to Felix Schulze for a number of valuable suggestions.

2. Entropy-type functionals for domains
in Riemannian manifolds

For open subsets (2 of an (n + 1)-dimensional complete (possibly non-
compact) Riemannian manifold (X, g), functions f: Q@ - Rand 8: 92 — R
and 7 > 0 we consider the quantity

Wg(ﬂ,g,f,T):/Q(T(|Vf\2+R)+f—(n+1)) udV + 27 aQﬁudS’

where

o/
The scalar curvature R, the expression |Vf|? and the volume and area
elements dV and dS are taken with respect to the metric g. We then define
an associated entropy by

p5(€2,9,7) = inf {Wﬁ(9797f77'),/ udV = 1} .
Q

For =0 and Q=X, Ws(Q,g,f,7) and pg(Q,g,7) reduce to
Perelman’s functional W(g, f,7) and his entropy quantity u(g,7). We
therefore write W for Wy and p for pg. We use n+ 1 instead of n as
we will later be interested mainly in the hypersurface 02 which we prefer
to be n-dimensional.
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When we do not intend to vary the ambient metric, we consider

Wg(Q,f,T):/Q(T|Vf]2+f—(n+1)) wdV + 27 8Qﬁud5’

with infimum pg(2, 7).

We shall only consider sets with smooth boundaries and smooth func-
tions f and [ although the above expressions also make sense for more
general sets and functions. In case 2 is unbounded, we require suitable inte-
grability conditions on f and 3. The function 8 could be the restriction to
0N of a function on X or be defined only on 0f). An important example of
the latter is 0 = H, where H is the mean curvature of 9€) with respect to
the outer unit normal.

In this section, we derive several basic properties for these entropies.
Some specific examples including the calculations of entropy values for some
natural choices of sets in R**! are discussed in Appendix A.

Proposition 2.1. Suppose that Q is bounded with smooth boundary and
that B is smooth. Then for any T > 0 we have

19 6, 7) > —e(m 2, g) (1 +log(1 4 7) + 7 sup | B](1 + sup Iﬁl))-
o0 o0

The same lower bound holds for pg(S2, 7).

Remark 2.2. The lower bound for ps(£2,g,7) and for pg(Q2,7) follows
from the logarithmic Sobolev inquality for €2 which in turn can be derived
from the standard Sobolev inequality (see Appendix B). The constant
¢(n,§, g) thus depends on the constant in the Sobolev inequality and
the L'(9Q)-trace inequality for C'!(Q)-functions, the latter controlling the
boundary integral. The ambient metric enters via bounds for the Riemann
curvature tensor on Q and the explicit bound for the supg, | R|-term arising
from the functional. Proposition 2.1 holds for more general sets such as
bounded sets of finite perimeter and for bounded (.

Proof of Proposition 2.1. We give the proof only for ug €2, g, 7). For pg(€2, 7)
simply set the scalar curvature term to zero. We essentially modify the
arguments in [7] and [2].
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Setting u = ¢? and using the condition fQ udV =1, we obtain

Wil g, f.7) = / (r(AVe] + Re?) — *log?) dV
(2.1) @

+ 27 Bp?dS — c(n)(1+logT)
o0

with [, ¢*dV = 1. The trace inequality

/ ©?dS < 02/ (|Vg02| +g02) av
i) Q

with co = ¢2(2, ¢) in conjunction with Young’s inequality yields

27 ﬁch dS‘ < / 27[Vg0|2dV+63T sup |B| (1 4+ sup|f]|)
1s)9) Q o0 o0

where c3 depends on cy. Here, we have used again the condition fQ ©?dV =1.
Combining this with (2.1) yields

Ws( Q. g, fo7) > / (2r[Vgl? — p?log o?) dV
Q

(2.2) —cy (1 +logT+ 71 (sup |R| + sup|5](1 + sup \5\)))
Q o0 onN
where ¢4 depends on the previous constants. Scaling the metric gives

/(2TW!2 —¢*logp?) dV = / (IVer|? = @2 log ¢2) dV;
Q 9
(2.3) —c¢(n)(14 log )

and

/goidvT =1
Q

where @, = (27)"*D/4p and dV; and |V, |? are taken with respect to g, =
(27)"'g.
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By scaling the standard Sobolev inequality

n/(n 1)
( [ i dv) < es(ttg) [ (Ve +lol) av

we see that the Sobolev constant cs(€2,g;) can be estimated by cg(€2,g)
(1+ /7). Therefore, by the logarithmic Sobolev inequality applied in
with respect to the metric g, (see Appendix B)

[ (¥er2 — log ) v = —c(n) (1 +loges(E.9) +log(1 + 7).
Q

Combining this inequality with (2.2) and (2.3), we arrive at

Wil g, f,7) > s (1 T log(1+ ) +  sup [3I(1 + sup mo)
o0 o0

with ¢5 = ¢5(n, 2, g) and for f satisfying [, udV = 1. This gives the desired
lower bound for pg(£2, g, 7). O

Proposition 2.3. Let Q be bounded with smooth boundary and assume
B to be smooth. Then for every T > 0 there exists a unique smooth min-
imizer for pg(,g,7) and pg(Y, 7). The minimizer depends smoothly on
Q9,08 and T.

Proof. We consider only pus(€2,9,7) again. The argument is analogous
as in [8]. The necessary semicontinuity and coercivity in W12(€2) for the
transformed functional

Ep) = / (r(4Ve2 + Rp?) — log g?) dV
(9]

+21 [ Be*dS — c(n)(1+logT)

o0
for u = ¢? subject to the condition fQ 0?dV =1 follow from similar
arguments as in the proof of the lower bound for 15(12, g, 7) given above.

The uniqueness and smooth dependence on the data is standard. O

The quantity
W=W({f)=1QAf - |Vf?+R)+ f—(n+1)

is featured in Ch. 9 of [1] and in [2]. It arises naturally in the Euler-Lagrange
equation for the functional W3(Q, g, f, 7).
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Proposition 2.4. The minimizer fuin for the functional Ws(2,g, f,T)
subject to the constraint fQ udV =1 satisfies the Euler—Lagrange equation

W(fmm) = :U*,@(QagvT)
i Q and the natural boundary condition
<mem; V> = B

on 0S). Here (-,-) refers to the metric g. For the minimizer of Wg(Q, f, ),
we have instead

W(fmm) = Nﬁ(Qa 7—)
where

W(f)=72Af = V) +f—n+1).
Proof. Standard computation using Lagrange multipliers. O

Remark 2.5. The Euler-Lagrange equation for the transformed functional
&0 = [ (rUIVoP + Re?) - Plog ) av
Q
+ 27 Bp?dS — c(n)(1 +log )
oN

for p? = u subject to the condition fQ ©?dV =1is

1
—41 Ap —2plog+ TR = u(Q,9,7) + (n+ 1) <1 + 5 log (47r7‘)> ®
in Q with boundary condition 2(Vg, v) = —(¢ on 0.

Proposition 2.6. For any smooth enough function f:Q — R satisfying

<vf71/>:6

on 0N with respect to the outer unit normal v we have

Ws(Q, 9, f,7 /WudV
with W =W (f) =7Q2Af = |[Vf?+R)+f—(n+1) and

5(9, f,7) / WudV
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for W =W(f)=7QRAf - |VfI))+ f—(n+1).

Proof. The boundary condition implies (Vu,r) = —fu on 02 and hence

Ws(Q, 9, f,7) = /Q (T(IVFP+R)+ f— (n+1)) udV — 2T/§2AudV
by the divergence theorem. Since
Au=u(|VF - Af).
the claim follows. (]
For the next statement we do not require €2 to be bounded.

Proposition 2.7. Suppose that ug(, g,7%) > —co or ug(,1%) > —co. Let
By (z0) C (X, g) satisfy V(2N B, a(z0)) > 0,

V(QN Br(w0)) + 7 [ygnp, (zy) 181 S
V(Qn Br/Q(xO)) a

C1

and r?|Rm| < ¢y in QN B.(xg) for the Riemann tensor of g. Then

V(N By (x0)) > k>0
rn+1
with k = k(n, cg, c1,c2).

Remark 2.8. We will actually prove that ug(€, g,7?) and ug(€2,r?) are
bounded above by the expression

V(@ B(x) |, V(QN By (20)) + 72 [o0np, () 181 dS
Pl V(0 By al0)

log

with ¢ = ¢(n,r?|Rm|). From this, the claim follows immediately.

Proof of Proposition 2.7. In the case 0 = X and 3 = 0, the proof is sketched
in Ch. 3 of [1] (see [7] and [2] for more details). We proceed along similar
lines.
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If we set e~/ = a(, the normalization condition for f becomes

(471‘7"2)(n+1)/2
fQ ¢dv

a =

The functional Ws(€, f,72) can then be expressed as

2
m /Q <4r2|v§’ +12R¢ — Clog(a()) v

2 i 505

By approximation, we may substitute functions ¢ € C2(X) into this expres-
sion. We choose ( as a cut-off function for B, /2(:60), that is ¢ satisfies

XB,/s(z0) < C < XB, (z) @ well as

S

where c is a constant which depends on 72 supg, B.(zo) [ Itm| and is therefore
bounded by c¢y. Since

< 8r’sup V(| < ¢

/ CAV > V(N B, ja(x)) > 0
Q

we can thus estimate

1 L |VC? V(N spt €) V(QN B, (x0))
e e gV < JoCdv = VN B, a(wo))’

Jensen’s inequality now implies

1

1 1
S - (4772)(n+1)/2 /QOLC dV'log <V(Q N spt¢) /Qac dV> '

Since spt ¢ = By (xo) and in view of the normalization condition the right-
hand side equals

V(€N By(x0))
o (G )
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The scalar curvature integral is estimated using the boundedness assump-
tion on the Riemann tensor in 2 N B, (zp). This yields the upper bound for
(€2, g,72) and p(£2,7?) stated in Remark 2.8. O

Remark 2.9. In [1], Perelman ruled out the occurrence of collapsed metrics
as rescaling limits of compact, finite time solutions of Ricci flow. A metric g
on X is called collapsed if there exists a sequence of balls B, (z) C (X, g)
satisfying r2|Rm| < 1 in B, () for which

V(Br, (k)

n+1
Tk

— 0.

An important example of a collapsed metric is the so-called cigar soliton
solution of the Ricci flow given by X = R? endowed with the metric

ds® = 7d$2 +dy” .
1+ 22 + 32
On collapsed metrics we have inf,~¢ p15(g, 7) = —o0 by the proposition.

The following reformulation of Proposition 2.7 links a kind of volume col-
lapsing behaviour of subsets of (X, g) to a property of the entropy 15(€2, g, 7).

Corollary 2.10. If for some fixed constants ¢ and co we can find a
sequence of balls By, (zx) C (X, g) such that V(2N By, j5(zx)) > 0,

V(N By, (2) + 77 fpanp,, (o) 15145 )
C b
V(QN B, ja(xr)) =

rZ|Rm| < ¢y in QN By, (vx) and

V(Qn By, (zk))

n+1
Tk

—0

then infT>0 )U'B(Qv g, 7—) = —00 and inf7'>0 Mﬁ(Q7 7—) = —00.

For compact 2, we can of course always find such a sequence of balls
with radii tending to infinity. In the case of non-compact regions, the sitation
is more interesting. Examples are the following regions in X = R"*1:
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The slab
Q={zeR" —d<uz, <d}

for some d > 0. On the hypersurface M = 02 we have H = 0. The
enclosed region (2 satisfies V(2N B,.;5) > 0 and

V(Qn By)
— < d
V(Q N Br/2) - c(n, )
for all balls B, = B,(0). Moreover,

o V(QNB)

r—00 7"”"’1

=0.

The “smaller” of the two regions bounded by the catenoid minimal
surface M = 02 in R3 given by

Q= {z= (& x3) €R> || > 1, |z3] < cosh™ |Z|}.

Note that H = 0 on 0f2. One checks that there is a constant ¢; such
that for all r > 2

V(QnB,)
T <oy
V(Q N Br/2)
and
V(QN B,) < cpr?log(l+7)
so that
QN B,
i V208D
r—00 s

The translating solution of mean curvature flow corresponding to the
grim reaper hypersurface M = 9Q where Q = R"~! x G with

G = {(a:n,an) € R?, /2 <y < T/)2, Ty > —logcosxn}.

An explicit calculation shows that the mean curvature satisfies
H(x) =e ®+t for any x € M = 0. Therefore, one checks directly
that there is a sequence of balls By, (zy) with rp — oo satisfying
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V(Q N B?"k/Q(xk)) > 07

V(Qn By, (zk))
<c(n),
V(N By, o))~
7 faQﬂBrk(xk)HdS <1
V(QmBmﬂ(xk)) N
and
V(QnN By, (x))
e — 0.
Tk

3. An entropy-type formula for evolving domains in R"*!

In this section, we restrict ourselves to domain evolution in R™*!. All the
calculations go through for fixed Riemannian manifolds or Ricci flow solu-
tions as ambient space if we add Ricci and scalar curvature terms in the
appropriate places. However, in this case, the formulas do not immediately
seem to lead to any interesting consequences.

We evolve bounded open subsets (€¢);cj0,7) with smooth boundary
hypersurfaces (M;)epor) in R™*!. More precisely, € = ¢,(Q) with M, =
O = ¢1(0Q) where ¢y = ¢(-,t): Q=R ¢t €[0,T) is a smooth
one-parameter family of diffeomorphisms. We will often abbreviate

T = ¢(pa t)

for p € Q. The normal speed of M; with respect to the inward pointing
normal —v is defined by

for x € M, or expressed in terms of the embedding map ¢(-,t) by

Bp.1) = =22 (p, ) v(o(p, 1)

for p € 0Q2. We assume the function 5 to be smooth. If, for instance, 8 =
H, the mean curvature of M;, this describes mean curvature flow up to
diffeomorphisms tangential to M;.
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Let us assume more specifically that the family of subsets (€2¢).e(0,1)
evolves by the equation

ox
3.1 — =-V t
(31) o~ Via1)
for x € ;. This flow is compatible with the evolution of the boundaries
M, = 0€) with normal speed ( if f satisfies the condition Vf-v = (3 on
M. Suppose f(t) satisfies the equation

0 n+1
(3.2) (m + A) F=IVIP+ =

in  for t € (0,T). The total time derivative of f is given by

df_@f 8x_8i_
(3.3) PR TN TRT

IVfI2.

Hence, (3.2) can also be written as

d
(3.4) <dt+A>f:”2+Tl.

If 7(t) > 0 evolves by % = —1, then (3.2) is equivalent to the equation

0
(3.5) <8t + A) u=20
for

- (47-‘-7-)(714-1)/2'

The above equations are more precisely expressed in terms of the pull
back of the function f via the diffeomorphisms evolving §2;. In fact, if we set
x = ¢(q,t) where ¢ = ¢(-,t) : Q@ — 4, the pulled back function given by

f(q’t) = f(¢(Q7t)7t)

satisfies

_of

4 af
ot

AR

(q,1)
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Analogously to Ch. 9 in [1] (see also [2]) the function W = 7(2Af —
IVfI2) + f — (n + 1) satisfies a nice evolution equation:

Proposition 3.1. Let (Qt)ic0,) be a family of subsets evolving by (3.1)
that is according to the negative gradient of functions f(t) satisfying equa-
tion (3.2). Suppose also that 7(t) > 0 evolves by % =—1 for t € (0,7).
Then, the function

W =7Q2Af = |Vf*)+ [ = (n+1)

satisfies the evolution equation

2

<Z+A>W:2T vivjf—% +VW.-Vf
m .
Proof. We use Perelman’s identity
(8+A>W:2T vivjf—@ 2+2VW-Vf
ot 2T

from Ch. 9 in [1]. A derivation of this can be found in [7] and in [2]. In
our evolving coordinates x = ¢(q,t) we change to total time derivatives

for W via W oW

22 yw

dt ot VW1,
which yields the result. For the convenience of the reader, we repeat the
details of the calculation discussed in [2] for the expression (% + A)W on

evolving sets Q; C R"*! in Appendix C. U

Proposition 3.2. Suppose the conditions of the previous proposition hold.

Then
d

il dr —
i Qtu z =0
forallt € (0,T). If f satisfies additionally Vf-v = on My = 0 then
Ao, (), 7(8)) = 2 / Vv f 05 [ yar
at’ PV T - T . v 2
(3.6) - VW -vudS
M

where W = 7(2Af — |Vf?) + f — (n +1).
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Proof. In view of the family of diffeomorphisms generated by

Ox 1

the volume element dx on the evolving sets {2; changes by

d
7 der =—-Afdx.
Since also
du Ou |Vul?
— = — 4+
dt ot U
and

Au=(IVf]? = Af)u,

we obtain in €

d ou
. _— = _ A =
(3.7) p” (udx) <8t + u) dxr =0
by Equation (3.5). Thus
d
— udx = 0.
dt Jo,

Combining the Neumann boundary condition, Proposition 2.6, identity
(3.7) and the evolution equation for W in Proposition 3.1 we then calculate

d

WS, 1), (1)

:i Wuda::/ (d—l—A)Wudw—/ AW uwdx
dt Ja, o \dt .

:/27

where we again used Vu = —uV f. The last integral equals

5ij |
Viij—?; uda:—/ (VW -Vu+ AW u) dx

_ / div (VW) dz.

t

The result then follows by applying the divergence theorem. O
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Remark 3.3. For a fixed domain 2 (i.e. when § = 0) inside a Riemannian
manifold of non-negative Ricci curvature, the inequality

iW(Q,f(t),T(t)) > — VW -vudS
dt u,

for a solution f of the above backward heat equation discussed in [2]. Ni
then shows that

—(VW,v) = 2rA(VM £, VY f)

and is therefore non-negative for a convex boundary (see below for a general-
ization of the corresponding calculation to evolving domains), thus obtaining

d
%W(Q,f(t),T(t)) > 0.

When examining the integrand —VW - v of the above boundary inte-
gral more closely, an interesting relation with the expression in Hamilton’s
Harnack inequality for the mean curvature of a hypersurface evolving by
mean curvature flow emerges. To appreciate this, one should first note
that the hypersurfaces M; evolve by the equation

(3.8) g“; = v —VMf

due to the Neumann boundary condition for f where VM denotes the
tangential gradient on the hypersurfaces M;.

Proposition 3.4. Under the above conditions on (M) and f(t) the quan-
tity W satisfies the identity

(39 —-VW.v=27 @f —2vMﬁ-va+A(va,va)—fT>

forallt <T,a>T and T = a—t where A denotes the second fundamental
form of M. This implies the inequality

9, £ 8), ()

dt
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Proof. In view of Equation (3.4) we have

df

=7 (27~
w T(dt

+ IVfP) + f.

We now calculate similarly as in Appendix C

d df

—Vf=Vf(Vf, )+ V.
A calculation as for instance in [9] using the evolution Equation (3.8) for
the hypersurfaces M; yields

for the outward unit normal field on M;. The second term arises from the
definition of A in terms of tangential derivatives of v. Combining these and
differentiating the identity 8 = V f - v yields

d d
O = (V) 4+ VTG M AT M),
Since
d,
VW v=—1 (QVC;;-quVWf]Z-V) +Vf-v
and V|V f|? - v =2V2f(Vf, v) we obtain the result by observing
a3 _ 08 My oM
@~ Y PV

in view of (3.8). The integral inequality then follows from Proposition 3.2.
Il

Remark 3.5. Let f be the minimizer for ug(Q,,7(to)). Since W (f') =
constant (see Proposition 2.4) we have

VW . -vudS =0
M,

at time to. However, even if we assume that f(¢) for ¢t < ¢ satisfies the “end”
condition f(tg) = f we cannot conclude that

lim VW -vudS =0
t—)to Mt
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and that therefore (note that W is differentiable at ty)

& W, £, (1) 2 0

[to

The problem occurs since VW involves third derivatives of f which do not
behave continuously on the boundary for ¢ — ty unless we impose
some kind of higher order compatibility condition on the “end” data ff
on Mtg = 89150.

4. A conjectured Harnack-type inequality for mean
curvature flow and its consequences

For 8 = H, the expression

o

Z(VMf) = o

—ovMpg . vMf 4 AWM VM
in Proposition 3.4 is the central quantity in Hamilton’s Harnack inequality
for convex solutions of the mean curvature flow (see [3]). Hamilton showed
that Z(V') vanishes on translating solutions of mean curvature flow for some
vector field V' which is tangential to the hypersurfaces M;. His Harnack
inequality states that
H

Z(V)+ 5 >0
holds for any tangential vector field V' on a convex solution of mean curvature
flow for ¢ > 0 with equality for a suitable vector field on a homothetically
expanding solution. We observe that on homothetically shrinking solutions
that is where

the identity
21Z(V)—H =0

holds for V = VM f where f = |z|?/4T.

Because of the term —H, we cannot expect this expression to be non-
negative for a general solution and for a general V. Certainly, it is negative
on translating solutions for a suitable V. For non-compact solutions, our
calculations do not lead to the integral inequality in Proposition 3.2 since
the integral expressions are usually not well-defined in this case as will see
a little later in the case of translating solutions. The above considerations
motivate the following.
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Conjecture. Let (M)i<r be a family of compact embedded hypersurfaces
evolving by their mean curvature. Let T(t) >0 with % = —1. Then the
nequality

J,

holds if f satisfies

5ij |? H
Viij—?; ud:c+/ (Z(VMf)—QT)’U,dSZO (@)

0 n+1
Z 1A — 2
<8t + > f=IVI+ 2T
i Qy for t <T with the boundary condition Vf-v=H and the domains
evolve by a family of diffeomorphisms generated by —V f.

Let us give two explicit examples of mean curvature flow solutions which
illustrate the situation: first, note that the evolution equation for the
hypersurfaces M; in the case 8 = H is

0$ M
— =—-Hv-V"f
ot /
which is mean curvature flow up to tangential diffeomorphisms.
If Q4 is the interior of a homothetically shrinking solution of mean
curvature flow, that is up to translation in time,

Qt =V 27‘90

for 7 = T —t, then f = |z|>/4(T — t) + c with ¢ chosen such that Jo, udr=1
is a solution of Equation (3.2). The Neumann boundary condition above
becomes simply

In this situation,

881;1 — oM M AVM L IME)
so VW -v = 0.

For translating solutions of mean curvature flow, the quantity —VW - v
is negative for positive H. However, our rate of change formula for Wy is
not well defined in this case as the entropy calculations are not justified in
this situation.

H

2 =0
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Indeed, if €); is the interior of a translating solution of mean curvature
flow, that is up to rotation in R™+1,

O =Q+tep

for some fixed set 2 and for all ¢t € R then

f=—tni1+ 71— log(4mr) /2
solves the boundary value problem. The Neumann boundary condition on
My in this case becomes H = —vp41.

We note that M; and ); are necessarily unbounded since compact solu-
tions cannot exist for all ¢ € R by comparison with spheres shrinking to
points in finite time. Moreover, the function u featuring in the integrand of
the entropy functional as well as in the normalization condition required for
the entropy is given by

e_f

W= —m—mmM = ex”+1_T

(47r7-)(n+1)/2

in our example. In view of the comparison principle for mean curvature flow
applied to M; and hyperplanes {z € R"*!, z,,,1 = a}, which are stationary
solutions of mean curvature flow, the sets {2; have an unbounded intersection
with the upper half space {z € R"*!, x,,,1 > 0} for every ¢t € R. Therefore,
the function u cannot satisfy the normalization condition th udr =1in .

There are a number of important consequences of inequality (C') espe-
cially for the open problem of no local volume collapse for mean curvature
flow solutions (an analogue of Perelman’s no local collapsing for Ricci flow
solutions) and consequently non-existence of certain degenerate rescaling
limits. This should provide sufficient motivation for settling the conjecture.

Proposition 4.1. Suppose that the conjectured inequality (C') holds. Then

CWn (O, (0, 7(1) > 0

holds for t < T where f(t) and 7(t) are as above. In particular, the entropy
is monotonic that is

i (a0 —t1) < pp (S, a — ta)

for 0 <ty <to <T and any a > ta.
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Proof. The first inequality follows directly from Propositions 3.2 and 3.4
applied to 8 = H and from (C'). To derive the second inequality, we let f%
for to < T be the minimizer for (£, 7(to)) and let f(¢) in addition to
solving the equation

0 B 9 n+1
<at+A>f—]Vf\ + 5

in €; and the boundary condition Vf-v = H on 0 for t < ty obey the
“end” condition f(to) = f'. Since

W00, £(0),7(8)) 2 0

we have

Wi (4, f(£), 7(t) < Wa (4, f(t0), 7(t0))
= Wi (Q,, [, 7(t0)) = 1 (Qy, 7(t0)).-

Taking the infimum on the left-hand side over all functions satisfying the
normalization condition

e_f
/Qt (dmryorn V=1

we obtain the desired inequality for the entropies at ¢t and at tg. Since ¢ and
to were arbitrary we are done. O

Corollary 4.2. Let (My),cjo,r) be a solution of mean curvature flow con-
sisting of smooth, compact, embedded hypersurfaces which enclose bounded
regions (4 )eo, 1) in R" 1. Suppose furthermore that inequality (C) holds.
Then for every r > 0 and every t € [0,T)

g (%) > por (R0, +17%).
Since T < 0o we have for every t € [0,T) and r € (0,/T]
g (Q,1%) = —co

where co depends only on n,Qo, T and supy, |H|. In particular, there
is a constant k>0 depending only on n,Qo,T,supy, |H| and ci such
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that the inequality
V(Qt N Br(ﬂﬁo))
Tn—&—l Z kK
holds for all t € [0,T) and r € (0,/T] in balls B.(x0) satisfying the condi-
tions V(€ N B, j2(w0)) > 0 and

V(Q N By(x0)) + 72 meBT(xo) |H|dS
V(€ N B, ja(x0)) -

Cl.

Proof. By the above Proposition applied with a =2 +t, t; =0 and to =t
and Proposition 2.1 applied to €y, we have

i (Q,7%) > g (Qo,t +12) > —c(n, T, SJI\}IP|H|,QO)

for all r < VT and t < T. The lower volume ratio bounds then follow from
Proposition 2.7 applied to €. U

For \; \,0,t; /*Tandz; - x € R™*!, we define a sequence (Qg) of rescaled
and translated

: 1
=+ (Q,\gs+tj - fﬁj)
J

where s € (—A;Qtj,)\*Q(T —t;)) = (aj,b)).

Definition 4.3. Let (M¢);c(o,1) be a compact, smooth, embedded solution of
mean curvature flow enclosing bounded regions (Qt)te[oj‘) in R"TY. We call
a smooth, embedded solution (M;)Se(,oqb) of mean curvature flow enclosing
(not necessarily bounded) regions () se(—oop) @ rescaling limit of (My).e 0,1
at (z,T) if there are sequences A\; \ 0, t; /T and xj — x € R""! such that

(Qg)se(aj,bj) — (Q;)SE(—OO,b)

smoothly in_compact subsets in space-time (that is in particular, the hyper-
surfaces M = 02, converge smoothly).

Remark 4.4. For a solution (M;).e[o,r) which becomes singular for ¢ T,
that is sup,.gsupyy, |A|* = oo for the second fundamental form A on M,
one can always find a rescaling limit for a suitable choice of sequences (z;) in
R and (A\;) N\, 0 (for example the reciprocal of the maximum of |A| at an
appropriately chosen sequence of times ¢; ' T'). The smooth convergence
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follows from standard a priori estimates for mean curvature flow (see for
instance [10]).

Rescaling limits are the so-called ancient solutions, which means that
they have existed forever. Examples of ancient solutions are all homoth-
etically shrinking solutions of mean curvature flow such as the shrinking
spheres given by M, = 0B ;. for s € (—00,0).

If the solution (M;)sc(o,1) has a so-called type II-singularity, that is

sup <(T —t)sup |A[2) = 00,
M,

t<T t

then by a rescaling process described in [11] one can even find a limit flow
which is an eternal solution, that is b = oco. Examples of eternal solutions
are all stationary solutions, that is solutions with Q) = Q for all s € R. In
this case, the hypersurface M = 0f2 is minimal that it satisfies H = 0. Other
eternal solutions are translating solutions of mean curvature flow for which
O = Q + sw for s € R where Q C R"*! and w is a fixed unit vector in R"*+1.
The corresponding hypersurfaces M = 0f2 satisfy the equation H + v - w=0.

The statement of Corollary 4.2 is invariant under scaling and translation.
Hence, the rescaled solution (M{)se(a, 5,) satisfies

V(9N B, (x0))
rn—i—l

>k>0

for all s € (a;,b;) and r € (0,vT/);) in balls with V(QLN B, 3(x0)) > 0
and

V(L0 Br(20) + 72 f1pip, (o) [H| S _
- s C1.
V(Qg N Br/Q(xO))

The constant k = k(n, Qo, T, supy,, |H|,c1) is the same as for the unscaled
solution. As a consequence, we obtain a lower volume ratio bound for rescal-
ing limits, but without the radius restriction.

Corollary 4.5. Let (Mt)te[o,T) be a solution of mean curvature flow con-
sisting of compact smooth, embedded hypersurfaces which enclose bounded
regions (Qt)eo,1) in R, Suppose furthermore that inequality (C) holds.
Then there is a constant k > 0 depending only on n,$,T,supy, |H| and
c1 such that any rescaling limit (M)se(—oop) Of (Mi)iejo,ry with limiting
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enclosed regions () sc(—ocop) Satisfies

V(2 N By (xo))
rn+1 Z R

for every s € (—00,b) and r > 0 in balls By(xo) with V(N B, j2(x0)) > 0
and
V(N By(z0)) + 2 meBT(xO) |H|dS _
V(@ B, 2(x0)) -

This Corollary rules out certain solutions of mean curvature flow as
rescaling limits under the assumption that our conjecture is valid.

Corollary 4.6. If the conditions of the above corollary are satisfied then the
following eternal solutions of mean curvature flow cannot occur as rescaling
limits of a compact, smooth embedded mean-convex solution (Mt)te[o,T) of
mean curvature flow which encloses bounded regions ()i, 1) in RHL:

(1) The stationary solution corresponding to a pair of parallel hyper-
planes that is given by Q. = Q for all s € R where

Q={zeR"™, —d<z,41 <d}

for some d > 0.
(2) The stationary solution of mean curvature flow corresponding to the
catenoid minimal surface M = 0Q in R? given by

Q= {z=(&,x3) €R3 || > 1, |z3] < cosh™! |z[}.

(3) The translating solution corresponding to the grim reaper hypersur-

face M = 0Q2 where Q = R x G with
G = {(xn,an) e R?, /2 < xp <T)2, Tyt > —logcosxn}.

Proof. All three examples admit sequences of balls for radii increasing to
infinity for which the volume ratio tends to zero while the other quantities
are controlled. This was discussed in Corollary 2.10. (]

Remark 4.7. (1) In the special situation where the original solution (M)
is mean convex, that is H > 0 for My and subsequently for all M; by the
maximum principle, White [4] ruled out the grim reaper hypersurface as a
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rescaling limit using techniques from minimal surface theory and geomet-
ric measure theory. His methods extend also to non-smooth limit flows of
generalized mean curvature flow solutions in the mean-convex case.

(2) In view of Corollary 2.1, the first two examples satisfy inf,~o u(Q, 7) =
—oo and the third one satisfies inf;~o g (2, 7) = —o0.

(3) The embeddedness assumption on the hypersurfaces M, is essential.
In [5], it is proved that rescaling limits of non-embedded planar curves near
singularities are given by the grim reaper curve I' = 9G defined above.

(4) Some other translating solutions can occur as rescaling limits such
as, for instance, a rotationally symmetric translating bowl (see, for instance,
[12]). The region bounded by this translating bowl opens up quadratically
so one can show that it satisfies the conclusions of the above corollary.

(5) For the shrinking solution Qf = B /.=, there is no lower bound of
the form

V(&N By)

i >k>0

with a fixed s for all s <0 and all » > 0 since the balls €/ shrink to the
origin for s * 0. This does not contradict Corollary 4.5 though as xk depends
on ¢; and in this case ¢; behaves like —c(n)r2s~! since for s € [~1/(2n),0)
and r > 1

r? fM;ﬂBT Hds _ fM‘; HdS B r?

c(n)

VIUNB,ys) V() s

Appendix A. Some basic properties of entropies in R*t1

Here, we discuss some explicit examples of entropies in R*+1.

(1) When 3 =0 and 2 = R"! we have (see [1])

WER™, f.7) = / (TIVFF+f = (n+ 1)) ude >0
Rn+1

/ udr =1
Rn+1

_ =P

4T °

for all f satisfying

with equality when f(x) In particular, therefore,
pR L 7) = 0

for all 7 > 0.
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This identity is equivalent to the Gaussian logarithmic Sobolev
inequality as discussed by Gross [6]. Scaling by = = /27y, setting
f= ‘% —log ¢? as in [1] and using the identity

/ (Iyl* = (n+ 1)) Yng1 dy = —/ div (yYn+1) dy =10
Rn+1 Rn+1

for the Gaussian
e (yl*/2)

Ynt1(y) = W

we obtain its standard form
2] dy < * Vl|? d
prlogp i dy < 5 Vol Yni1 dy
Rn+1 Rn+1

for all ¢ satisfying

/ P a1 dz = 1.
Rn+1

(2) For # € Q C R""| we set = Ay + x¢9 where A\ >0 and z¢ € R""L.
We then obtain

Ws(Q, f,7) = WATHQ — o), F(A -+ m0), \727)

207 [ NOw +0)— )
+ T y+x Y
A-1(99—0) Y (4mr—27) D/
and
1= / u(z)dx = / u(Ay + xo) dy.
Q )\71(971‘0)
Therefore

18(2,7) = g tae) (A (2 — 20), A7),

Suppose that 3 : R*""1 — R satisfies
T -
5(157) =wite)

for z,x9 € R™! and A > 0 or that 8 = By is a geometric quantity
which behaves like

Bly) = AB(x)
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where x = \y + x9 € 0N for y € %(8(2 — xp) such as for example the
mean curvature of 92. Then

,u,g(Q, T) = ,ug()\_l(Q — x0), )\_27').
For z¢p = 0, A = v/27,€) replaced by /272 and such functions § this
yields
pa(V21 Q1) = png(2,1/2).
If g € Q then
AN = zp) — RTL
Using this, the scaling identity for ug with A = /27 as well as the
identity u(R"™1 1/2) = 0 we expect that

,u,g(Q,T) =0

for 7 — 0. This should follow along the same lines as in [2].

A natural example is
x-v

7=

where v is the unit outward pointing normal to 0€2. By the above
scaling property we have

e (VIFQ,7) = (2, 1/2)

where x = /27y and y € Q.
An example of a function f on  C R**! satisfying the normaliza-
tion condition

eff
/Q (4rr) (D)2 dz =1
is

f:?—logc

. o—(laP?/47)
1_ / e
c o (4n7)(nt1)/2

where
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For this f and 3 = 57, one calculates
Q ||2 e—(z[?/47)
e—(|z[?/47)
+/89$VWdS +10gC.

2 2 |2
div (xe*%) = — <|§T —(n+ 1)) e*!‘f

the previous identity

Since

Ws(Q, f,7) =logec

by the divergence theorem.
Note that for Q = R""! we have ¢ =1 and hence Ws(Q, f,7) =

W, f,7) =0 for f = B[,
For the half-space H, = {x € R"™! 1,1 <a},a €R and = S

we calculate
a
1 Vo]
- = e 2 dz.
c —0o0

This implies that WZJ(H@, f,7) = —o0 for a — —oo as well as lim,_;
We (Hy, f,7) = 0 and limy o Wex (H,, f,7) = —log2 < 0 for fixed
a € R. ’

By the scaling and translation property above we have

|z]? 1 y)? 1
Wee (@ 20 Wy [ ——0, 7 10ge, =) =1
= ( g logeT ) =Wy (520,55~ loge og ¢

for x = v27y € Q) with the condition

1
/ Y1 dy = —.
(1/v2r)Q ¢

If the (n + 1)-dimensional volume of a set € inside large balls grows
like

V(Q N Bgr) < cRP
for R > Ry and p < n + 1, one checks that

/ Ynt+1dy — 0
(1/V/27)Q
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for 7 — oco. Therefore, as 7 — oo we have ¢ — oo and hence
pze (Q,7) = —oo.

Such sets €2 include, for instance, all bounded sets but also unbounded
sets which lie in a slab in R™*1. In the latter case the volume in balls
grows like R™.

Appendix B. Sobolev and logarithmic Sobolev inequalities

For the convenience of the reader who is unfamiliar with logarithmic Sobolev
inequalities we show how these can be derived from the standard Sobolev
inequality. We essentially follow a proof given in [6].

Theorem (Logarithmic Sobolev inequality). For any open subset Q2 of a
Riemannian manifold (X, g) which satisfies the Sobolev inequality

([ 1w

for all yp € C1(Q) there also holds a logarithmic Sobolev inequality of the
form

n

dV> s ) /Q (V] + [0)) dV

1
(€196 = P log?) v = —c(m)(1 + loges(@.9)) ~
Q

for functions ¢ satisfying [, ©?dV =1 and every e > 0.

Proof. By a standard approximation argument it will be sufficient to prove
the theorem for non-negative functions. We abbreviate

[l = (/prdV)p

for p > 0. The interpolation inequality for LP-norms says for functions 1
satisfying ||¢||; = 1 that

n—y
el < ol

for 1 < ¢ < 5. Since for ¢ = 1 we have equality, differentiation with respect
to g at ¢ = 1 preserves the inequality and leads to

n—1

/Qwogwdvgnloguwn .
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In view of the Sobolev inequality

[Pl = < es(Q,9) (VY[ +1)

for such functions this yields
| w1ogav < mlog (es(@.) (1711 + 1)

= nlog (:L IVl + 1)> + nlog(nes(9, 9)).

The inequality logx < x — 1 implies

/Q BlogddV < [Vylls + e(n)(1 + loges(2, g).

Setting 1) = ¢? with [, ¢?dV =1 gives

/Q ©?logp? dV < /Q V2 dV + ¢(n)(1 4 log cs(, g)).
Using Young’s inequality, we finally arrive
/9902 log p? dV < e/ﬂ |Vp|?dV + % + ¢(n)(1 4 loges(9,9))
where we again used [, ¢?dV = 1. O
Appendix C. Proof of the evolution equation for W

For the convenience of the reader we give a detailed proof of the evolution
equation of Proposition 3.1 in Section 3. In Section 3, we merely modified
the appropriate formulas discussed in [1] and [2] by transforming to total
time derivatives.

Let us briefly recall the set-up given in Section 3 in the case of evolving
domains in R"*1. We consider a family of subsets (Q)ter) in R™*! which
evolve by the equation

ox

(C.1) Fri =V f(z,1)

for x € Q; where f(t) satisfies the equation

0 B 9 n+1
(C2) <8t+A>f—|Vf| + 5
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in Q; for t € (0,T). The total time derivative of f is given by

(C.3) % 88{ <Vf, > O \wsp

and so (C.2) can also be written as

(C.4) <d >f_n—i—1

dt 2T
We also assume that 7(¢) > 0 evolves by % =-1

Proposition. In the above setting, the function W = 7(2Af — |V f|?) +
f— (n+1) satisfies the evolution equation

d
A =2
<dt+ >W T

2

1
ViV,f— 7'” +VW . Vf.

Proof. We adapt the computation in [2] to the case of domains evolving
by (C.1) (the different sign in Ni’s Lemma 2.2 stems from the fact that he
considers the forward heat equation by interchanging the roles of 7 and ¢.) In
a general Riemannian manifold (X, g), an additional Ricci term arises when
we interchange third derivatives of f. In the Ricci flow case, this expression
is balanced by terms coming from the time derivative of the metric. Details
of the latter can be found in [7].

If we write above x = ¢(q,t) where ¢y = ¢(-,t) : Q@ — Q; are the diffeo-
morphisms evolving €2, the pulled back function f given by

f(q,t) = f(¢(qvt)7t)

satisfies

df of
dt( 1) = 8t( ¢:t)-

The evolution Equation (C.1) written in terms of f(q,t) = f(é(g,t),t) looks

like
0¢ -
—(q,t) = =V f(g,t
¢ (@ t) fla,t)
where V is the gradient with respect to the pull-back of the Euclidean metric
under ¢; on Q C R"*! given by

9o 9o

9ii(q,t) = a*q,(q’t) : Tq(q,t)'
i j
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In these coordinates we have

Of of
VF?=g¢7 22,
VflF=g P01 94,
One now calculates
o _
7% = —2V;V;f,

and the inverse metric satisfies
o .
—g =2V'VIf.
57 f
Furthermore, one computes for the Christoffel symbols of the g;;

O e
. 0Tk = VFAT.

One then checks from this and Af(x,t) = Af(q, t) with

o o 0%F of
Af = g9 B
f=9 (8%8% Y Oqy >

that the identities

d d
(C.6) %|Vf|2 =2V,V,;fVifV;f +2Vf- vd—J;
and

d d
(C.7) aAf:Ad—J;+2|v2f|2+Vf-VAf

hold. We now follow [2] exactly, except for working with % instead of % —
|V £]?. The latter of the above identities in combination with (C.4) and the

relation % = —1 implies
d A n+1 2 12
. —+ A== -2 — -VAS.
(C.8) (dt+ )dt = IV°f|* =V f-VAf

Combining (C.6) and (C.4) with the Bochner identity

A|IVF? =2V +2Vf - VAF
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we find
d
(C.9) (dt + A) IVfI? =2|V2f]> +2V,V,;fV.fV,f.

To break up the calculation for W, we rewrite W = 7(2Af — |V f]?) +
f—(n+1) using (C.4) as
W=rw+f

where

df

(C.10) w=-27 — VP =2Af - v -ttt

From (C.8) and (C.9) we calculate

d 1
(dt+A>w—2|V2f|2 ”T* OV, fVifVf £ 2V f - VAS.

Since
—2V;V,;fVifV,f +2Vf - VAf =V f -Vw

we thus arrive at

d 9.9 MNn+1
(dt+A)w—2|Vf\ -
Using again g; = —1 we now compute
d d
— 4+ A A
(dt+ )W <dt+ )(Tw—l-f)
1 1
= w2 - P v Ve +
1
VYW —w— ]Vf\2+27|V2f\2— ”; .
Substituting the identities
2 119 61’]’ 2 n+1
2r|VfIf =27 |V, Vi f — —=| +2Af -
2T 2T
and .
w=2Af VP -2
-

yields the desired evolution equation for W. 0
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