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On the variational stability of
Kahler—Einstein metrics

XIANZHE DAI, X1AODONG WANG AND GUOFANG WEI

Using spin® structure we prove that Kahler—Einstein metrics with
non-positive scalar curvature are stable (in the direction of changes
in conformal structures) as the critical points of the total scalar
curvature functional. Moreover, if all infinitesimal complex defor-
mations of the complex structure are integrable, then the K&hler—
Einstein metric is a local maximal of the Yamabe invariant, and its
volume is a local minimum among all metrics with scalar curvature
bigger or equal to the scalar curvature of the Kahler—Einstein
metric.

1. Introduction

Stability issue comes up naturally in variational problems. One of the most
important geometric variational problems is that of the total scalar curvature
functional. Following [1, p. 132], we call an Einstein metric stable if the
second variation of the total scalar curvature functional is non-positive in
the direction of changes in conformal structures (we have weakened the
notion by allowing kernels; see also [20] where stability is defined in terms
of local maximum). By the well-known formula, this is to say,

(1.1) (V*Vh — 2Rh,h) > 0

for any trace-free and divergence-free symmetric 2-tensor h. Here Rh denotes
the natural action of the curvature tensor on the symmetric tensors [1].
The operator appearing in (1.1) is closely related to the Lichnerowicz
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Laplacian L4. Indeed, one has

(1.2) Loh = V*Vh — 2Rh + Rico h+ h o Ric.

The two thus coincide for Ricci flat metrics.

In [12], we studied the stability of compact Ricci flat manifolds. An
essential ingredient there is the use of spin structure and parallel spinors. In
fact, our result should really be viewed as the stability result for compact
Riemannian manifolds with non-zero parallel spinor. By [14, 36] this class
of manifolds essentially coincides with that of special holonomy, namely, the
Calabi—Yau manifolds, hyperK&hler manifolds, spin(7) manifolds and Go
manifolds.

In this paper, we use spin® structure to generalize our previous result
to manifolds with non-zero parallel spin® spinor. Since the existence of
non-zero parallel spinor implies that the metric is necessarily Ricci flat, our
motivation here is to extend our previous method to deal with non-zero
scalar curvature and we found spin® to be a good framework to work with.

Theorem 1.1. If a compact Finstein manifold (M,g) with non-positive
scalar curvature admits a non-zero parallel spin® spinor, then it is stable.

As we mentioned, this generalizes the stability result in [12]. Since a
Kahler manifold with its canonical spin® structure has non-zero parallel spin®
spinors, this implies

Corollary 1.2. A compact Kdihler—FEinstein manifold with mon-positive
scalar curvature is stable.

This also follows essentially from Koiso’s work [1,21], although it does
not seem to have been noticed before. Our approach of using spin® structure
is new and gives more general result. A well-known result in the same
direction is for compact Einstein manifolds with negative sectional curvature
[1,19,38]. In this case the manifold is strictly stable in the sense that the

o

operator V*V — 2R is in fact positive definite. In contrast, there are many
Einstein manifolds with positive scalar curvature which are unstable [9,20)]
(see also [6]).

It turns out that manifolds admitting a non-zero parallel spin® spinor
are more or less classified [26]. Namely a simply connected manifold has
a non-zero parallel spin® spinor if and only if the manifold is the product
of a Kahler manifold and a manifold with parallel spinor. Moreover, the
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spin® structure is the product of the canonical spin® structure on the Kéhler
manifold with the spin structure on the other factor.
To prove Theorem 1.1, we derive, for manifolds with non-zero parallel
o

spin spinor, a Bochner-type formula relating the operator V*V — 2R to

the square of a twisted Dirac operator. The difference, which is expressed in

terms of the curvatures, can be shown to be non-negative under our assump-
[¢]

tion. In fact, we prove that the operator V*V — 2R is positive semi-definite
for Kéhler manifolds with non-positive Ricci curvature. Our method also
proves that the Lichnerowicz Laplacian is positive semi-definite for Kéhler
manifolds with non-negative Ricci curvature.

The operator V*V — 2R (or the Lichnerowicz Laplacian) seems to have
a special penchant for appearing in geometric variational problems. Besides
the total scalar curvature functional, or equivalently, the Yamabe functional
if one normalizes the volume,

Y(g) - Vol(g)l_Z/na

there are also the first eigenvalue A\(g) of conformal Laplacian considered
n [12], the L™/? norm of scalar curvature [2]

K(g) = / 1,12 av,
M

and the Perelman’s functionals [9]. Using these functionals, we then deduce
a number of interesting consequences.

Theorem 1.3. Let (N,go,Jo) be a compact Kdihler—Einstein manifold
with non-positive scalar curvature.  Suppose all infinitesimal complex
deformations of Jy are integrable. Then gg is a local mazimum of the Yamabe
nvariant.

In the case of zero scalar curvature, the integrability condition is auto-
matic by the Bogomolov—Tian-Todorov theorem [5,33,35].

Theorem 1.4. Let (N, go,Jo) be a compact Kahler—Einstein manifold with
non-positive scalar curvature. Suppose all infinitesimal complex deforma-
tions of Jy are integrable. Then any deformation of gy with constant scalar
curvature must be Kahler—FEinstein.

This generalizes a result of [21] about Einstein deformations.
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Theorem 1.5. Let (N, go,Jo) be a compact Kdihler—Einstein manifold with
negative scalar curvature. Suppose all infinitesimal complex deformations
of Jo are integrable. Then there exists a neighborhood W of gy in the space
of smooth Riemannian metrics on N such that for any metric g € U with
scalar curvature Sy > Sg,

VO](Nv g) > VO](Nv gO)

and equality holds if and only if g is a Kdhler—FEinstein metric with the same
scalar curvature.

There are many examples satisfying the assumptions in the theorems
above. For example, the hypersurfaces of large enough degree in a complex
projective space. In fact, we do not know any examples of Kéhler—Einstein
manifolds of non-positive scalar curvature which do not satisfy the integra-
bility condition for the complex structure. It is likely that they all satisfy
the integrability condition, just as Calabi—Yau manifolds by virtue of the
Bogomolov-Tian-Todorov theorem [5, 33, 35].

The study of the Yamabe constant, also called Schoen’s ¢ invariant, has
attracted a lot of attention lately, cf. [7,25]. This is motivated by a con-
jecture of Schoen [30], which says that the standard metric for manifolds
with constant sectional curvature realizes the Yamabe constant. In other
words, the standard metric is a global maximum for the Yamabe invariant
(they are called the supreme Einstein metrics in [25]). In view of the results
of [3] for real hyperbolic spaces and of [24] for Kdhler—Einstein surfaces, it
is tempting to conjecture the same for more general class of manifolds such
as compact locally symmetric spaces or even Kéahler—Einstein manifolds of
negative scalar curvature. Unfortunately, this is not true in higher dimen-
sions, as a compact simply connected manifold of dimension greater than
or equal to 5 must have non-negative Yamabe constant [27], see also [32]
(as some of them will carry metric of positive scalar metric). In [25], an
example of simply connected 8-dimensional manifold is given which admit
Kahler-Einstein metric with negative scalar curvature, but the Yamabe
invariant on it cannot achieve its maximum.

There has been a lot of work recently concerning the stability of Ricci
flow [11,13,31], see also [9]. The general question can be phrased as follows.
If go is a metric such that the (renormalized) Ricci flow g(t) starting from g
converges, is it true that the (renormalized) Ricci flow g(¢) starting from all
metrics go that are sufficiently close to gg also converges? Using the method
of Natasa Sesum [31] (see also [10]), we derive
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Theorem 1.6. Let (N, go,Jo) be a compact Kdihler—Einstein manifold with
non-positive scalar curvature. Suppose all infinitesimal complex deforma-
tions of Jo are integrable. Then the (normalized) Ricci flow starting from
any Riemannian metric sufficient close to gy converges exponentially to a
Kahler-FEinstein metric.

The difference between this theorem and the well-known result for
Kahler—Ricci flow on Kéhler—Einstein manifolds with non-positive first
Chern class [8] is that the Ricci flow here starts with any metric nearby,
rather than in a given Kéhler class. On the other hand, the result of [8] is
a global result in the sense that the initial metric is any metric in a given
Kahler class. However, even though we start with any nearby Riemmannian
metric, the (normalized) Ricci flow still converges to a Ké&hler—Einstein
metric. This is of course related to Theorem 1.4, see also Theorem 3.6.

This paper is organized as follows. We discuss spin® parallel spinor and
related Bochner-type formula in the next section, and prove the infinitesi-
mal stability result. In Section 3, we discuss the local stability results and
applications. In the final section, relevant results from Kodaira—Spencer
theory are recalled. We also elaborate more on the examples and make
some remarks.

2. Spin® parallel spinor and a Bochner-type formula

We now assume (M, g) is a compact Riemannian manifold with a spin®
structure. Thus, wy(M) = ¢, where ¢ € H?>(M,Z) is the canonical class
of the spin® structure. Let 8¢ — M denote the spin® spinor bundle and
L — M the complex line bundle with ¢;(L) = ¢. Then 8¢ = 8§ ® LY/, where
the spinor bundle 8§ may not exist globally; similarly for the square root
of the line bundle. An excellent reference on spin geometry is Lawson and
Michelsohn [23].

Let E — M be a vector bundle with a connection. The curvature is
defined as

(2.1) Rxy = =VxVy + VyVx + Vixy]-

If M is a Riemannian manifold, then for the Levi—-Civita connection on 7'M,
we have R(X,Y, Z,W) = (Rxy Z,W). We often work with an orthonormal
frame {e1, ..., e, } and its dual frame {e!, ..., e"}. Set R;jr = R(e;, €}, €k, €7).

The spinor bundle §, which may exist only locally, has a natural connec-
tion induced by the Levi-Civita connection on TM. For a spinor
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o, we have
(2.2) nyO' = %R(X, Y, €, €j)€i€j - 0.

Given a unitary connection V¥ on L, we then obtain a Clifford connection
Veon 8¢ Infact, Ve =VR1+1® VE'? is the tensor product connection
for 8¢. Therefore, for a spin® spinor o,

(2.3) Rxyo = 1R(X,Y, e, ej)eiej -0 — 3F(X,Y)o.

Here F is the curvature form of V.
If ¢ is a parallel spin® spinor, i.e., 0g is a section of 8¢ such that Vo9 =
0 for all X, then Rxyog = 0. Hence we have

(2.4) Ryijeiej - oo = 2Fy00.
Lemma 2.1. If oy is a parallel spin® spinor, then
Ryier - 09 = Flieq - 0p.
Proof. From (2.4) we have
Ryjijeeie; - o9 = 2F e - 0g.
But

1
Ryiijeieiej = 3 E (Riiij + Rriji + Rijii)eieie;

l,i,j distinct
+ E Rkjijejeiej—l— E Rkiijeieiej
1,3 .3
ZQR]WGZ

Here we have used the symmetries of Riemann curvature tensor, including
the first Bianchi identity. Hence,

Rye; - 00 = Fey - 09

as claimed. O

In the case that the spin® structure comes from a spin structure, the line
bundle L is trivial; consequently F = 0. Thus Ric = 0 for manifolds with
non-zero parallel spinor.
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From now on, we assume M has a parallel spin® spinor oy # 0, which,
without loss of generality, is normalized to be of unit length. We define, as
in [12], a linear map ® : S?(M) — 8 ® T*M by

(2.5) ®(h) = hije; - o9 @ €.

It is easy to check that the definition is independent of the choice of the
orthonormal frame {ej,...,e,}. The same proof as in [12] again yields

Lemma 2.2. The map ® satisfies the following properties.
1. Re (®(h), ®(h)) = (h, ),
2. Vx®(h) = ®(Vxh).

Here Re denotes the real part.

The following interesting Bochner-type formula plays an important
role here.

Lemma 2.3. Let h be a symmetric 2-tensor on M. Then
(2.6) D*D®(h) = ®(V*Vh —2Rh — ho F + Rico h).
Here (ho F);j = hipFpj = —hipFjp and (Rico h);j = Riphjp.

Remark 2.4. Note that here we have implicitly extended our map ® to
general (non-symmetric) 2-tensors with complex coefficients.

Proof of Lemma 2.3. Choose an orthonormal frame {ey, ..., e, } near a point
p such that Ve; =0 at p. We compute at p, using Lemma 2.2 and the
Ricci identity,

D*DO(h) = Ve, Ve h(ei, ej)exere; - 09 @ €

= —V., Ve h(eiejle - o9 ® el — %Rekelh(ei, ejexele; - oo ® el

= ®(V*Vh)+ %Rkljphipekelei 00 ® el + %Rkliphpjekelei o0 ® el
By using twice the Clifford relation e;e; + eje; = —20;; we have
sRujphipereei - 00 = 2 Rugphipeierer - 00 + Rigphuper - 00 — Rijphuper, - 0o

== Fjphipei 00 — 2(Rh)kjek - 0Q-
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Here the last equality uses (2.4). On the other hand,
%Rkliphpjekelei -og = %hpj(Rklipekelei -00) = Riphpje; - 0p.

Putting these equations together we obtain our lemma. O

Once again, when the spin® structure comes from a spin structure, the
formula above becomes

DD (h) = B(V*Vh — 2Rh),

which recovers a formula of [37], see also [12]. By Lemma 2.2, the stability
result follows in this case [12].

The existence of a parallel spin® spinor on a compact simply connected
manifold implies that the manifold is the product of a Kahler manifold with
a manifold with parallel spinor [26]. Moreover, the spin® structure is the
product of the canonical spin® structure on the Kéhler manifold with the
spin structure on the other factor.

We now assume that (M, g) is a compact Kéahler manifold of real dimen-
sion n = 2m. Let J be the parallel almost complex structure and w = g(J-, )
the Kahler form. The complexified tangent bundle decomposes as

TM @ C =T"M @ T M.

The canonical spin® structure is given by the anti-canonical line bundle L =
K=t =A™ (TH°(M)). It has a canonical holomorphic connection induced
from the Levi-Civita connection and the curvature form F' = —/—1p, where
p = Ric(J-,+) is the Ricci form.

The spinor bundle 8(M) = 8¢ (M) @ 8¢ (M) with

$C.(M) = @ A% (M),

k even

$¢(M) = € A (M).

kodd

The Clifford multiplication is defined by
v- = V2O A —0%1)).

Here v%! denotes the contraction using the Hermitian metric. The parallel
spinor o € C*°(8.(M)) can be taken as the function which is identically 1.
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We now choose our orthonormal basis ey, . .., ean, such that e,+; = Je;.
By a slight abuse of notation, we denote e; = e,,+; = Je;. And similarly
the index ¢ denote m + i. Hence, with o = 1 being the parallel spin¢ spinor,
we have

(2.7) (0,€i¢j - 0) = =05, (0, €5¢5 - 0) = —bij,

(0,€5j - 0) = =V =16;5, (0, eiej - o) =V —1d;;.

Now we compute

—(®(ho F),®(h)) = Z Ejphiphgi{ei -0 @ el ey -0 @el)

i,5,k,l,p=1
2m
= — Z Fjphiphkj<0, €€ - J>
/[:7.j7k’p:1
2m m 2m m
=3 Fiphiphi; — > Y Fiphiphi; (V1)
Jip=11i=1 jp=11i=1
2m m 2m m
D S BN INMENC N 35 SLT N
J:p=11=1 J.p=11i=1

As the curvature of a unitary connection on a line bundle, F' is purely
imaginary. Hence taking the real part (and using the skew symmetry) yields:

2m m
(2.9) —Re(®(ho F),®(h)) = —=2v=1 > > Fiphiph;;.
g,p=1i=1
Similarly,
2m
(2.10) Re(®(Ric o h), ®(h)) = > Riphp;ihi.
i,7,p=1

We are now ready to prove

Theorem 2.5. If (M, go) is a compact Kdhler manifold with non-positive
Ricci curvature, then V*Vh —2Rh is positive semi-definite on S*(M).
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That is,
(V*Vh — 2Rh, h) > (D®(h), Dd(h)) > 0,
for any h € S?’(M). Moreover, in the case of negative Ricci curvature,
V*Vh —2Rh = 0 if and only if D®(h) =0 and h is skew-Hermitian.
Proof. Since (D®(h), D®(h)) > 0, we have, by Lemmas 2.3 and 2.2,
0 < (D*D®(h), ©(h))

— Re(®(V*Vh — 2Rh — ho F + Rico h), (h))

— (V*Vh — 2Rh, h) — Re(®(h o F), ®(h)) + Re(®(Ric o h), B(h)).
That is,

(V*Vh — 2Rh, h) = (D®(h), DB(h)) — [Re(d(Ric o h), B(h))
—Re(®(ho F), ®(h))].

For L = K~', as we remarked earlier, the curvature form F = —/—1p,
where p is the Ricci form. Since g is Kéahler, there is an orthonormal basis
€1, ..,y such that e, +; = Je;(1 < i < m) and the Ricci curvature is diag-
onal in this basis, i.e., R;;jc;id;j(1 <14,j < 2m) with ¢; = ¢pp4i. Now

N s N Ci6m+’i7j7 L<i<m,
plei,ej) = Ric(Je;,ej) = {_Ci6m—i7j7 m+1<i<2m.

It follows then from (2.9) and (2.10) that

7j=11i=1
2m
Re(®(Ric o h), ®(h)) = Y cihl;.
1,j=1
Hence,
o 2m m m
(V'Vh=2Rhh) > = | 3 cihi; =23 ) cilhizhi; = hijhig) |

i,j=1 Jj=11i=1

When ¢; <0 the right-hand side is non-negative by the Cauchy-Schwarz
inequality.



Variational stability of Kdhler—Einstein metrics 679

If ¢; <0, then V*Vh — 2Rh = 0 if and only if D®(h) = 0 and

hij = —hi;

iy hij =h;

i
That is, h(JX,JY) = —h(X,Y). It follows that h is skew Hermitian. O

Similarly, we have

Theorem 2.6. If (M, go) is a compact Kdhler manifold with non-negative
Ricci curvature, then the Lichnerowicz Laplacian is positive semi-definite on
S2(M). That is,

(Lyh, h) = (DD(h), DB(h)) = 0,

for any h € S?(M). Moreover, in the case positive Ricci curvature, Lyh =0
if and only if D®(h) =0 and h is Hermitian.

Proof. The Lichnerowicz Laplacian is
Lyh = V*Vh —2Rh + Ric o h + h o Ric.

The same proof as above now goes through for L,. U

Note that the above computation in the case of Kéhler—Einstein man-
ifold with Einstein constant ¢ yields the following interesting Bochner—
Lichnerowics—Weitzenbock formula:

(DB(R), DB(h)) = (V*Vh — 2Rh, h) + 2¢(hu, hir),

where hp denotes the Hermitian part of h. This unifies the two Weitzenbock
formulas in [1, p. 362].

3. Local stability of Kiher—Einstein metrics

Theorem 2.5 says that for a Kdhler—Einstein (N, gg) with non-positive scalar
curvature the operator

(3.1) V*Vh - 2Rh

is semi-positive definite on symmetric 2-tensors. A natural and important
question is to identify the kernal space

(3.2) W, ={ h|trgh=0,6h=0,V"Vh—2Rh = 0}
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on the space of transverse traceless symmetric 2-tensors. This is just the
infinitesimal Einstein deformation space studied in [21]. The case ¢ =0
is essentially a Calabi—Yau manifold, which has been studied with other
manifolds admitting parallel spinors in our previous paper [12]. We now
focus on the case ¢ < 0 using our approach.

By the proof of Theorem 2.5

(3.3) Wy, = { h | trgh = 0,6h = 0,h(J,.J) = —h, DP(h) = 0}

As before we choose our orthonormal basis ey, . . ., ea,, such that e,,+; = Je;.
Now for 1 <4 < m set

e; —v—1Je; T - e; +v—1J¢;
\/5 ) i= \/i .

Then {X1,..., X,,} is a local unitary frame for TH9M and let its dual frame
be {01,...,0™}. As h is skew-Hermitian we have

X; =

(3.4) h(Xi, X;) = h(X;,X;) =0
By straightforward computation we have for h € W =W, ,
(3.5) ®(h) = h(X;, X;)0" ® 67.
This can be identified with
(3.6) U(h) = h(X;, X;)0' @ X; € A\ (0),

where O is the holomorphic tangent bundle. We compute

(h) =Y (Ve h(Xi, Xj)ek - 0" @07 + Ve, h(Xi, Xj)eg - 0' @ 07)
k=1

:Z<Vekh X0 NG — 5u) © @ + Ve, h(X;, X;) (V18 A G
k=
—V/—=1d;,) @ 67)

—WZ(VX X0 NG w60 — vxkh(xk,f(j)éj).

With ®(h) identified as W(h) € /\07’1(@), the above calculation shows that
the Dirac operator is then v/2(8 — ") on W(h). Therefore DP(h) = 0 if and
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only if U(h) is harmonic. On the other hand

I
NE

oh (vekh(eka ) + vekh(el_w ))

i
I

I
NE

(kah(Xk, )+ V)*(kh(Xk, )

b
Il
—

'MS

(Vx, hM( X, X;)07 + Vg, h( X, X;)67)
1

s
Ee
Il

where in the last step we used (3.4). This shows that §h = 0 automatically
holds if ¥(h) is harmonic. Therefore we have an injective homomorphism

W, — H'(N,0).

The image obviously consists of symmetric infinitesmial complex deforma-
tions. To show that W is, in fact, onto we need to show all infinitesimal
complex deformations are symmetric. For this purpose we need a digression
Let N be a Kahler manifold with Kihler metric w = /—1 g”dz A dZ .
Given ¥ = ax Ldzl @ az, € AOL(THON) | we can consider the (0,2)-form

B o .
P = gija%dz] ANdz'.

Remark 3.1. One can work equally well with a local unitary frame

{X1,..., X} and its dual frames, but it seems that the calculations are

easier with local coordinates.

We calculate

oV Oai 7 N i 2
= ﬁ z7 Ndz ®8ZZ

9T =— Zijv v

8@ o
= 0" | 5k T} | 5

Suppose now that ¥ is harmonic, i.e., 0¥ = 0,5*\11 = 0. Then we have
i i
8&% aa;

(3.7) 55~ ol



682 Xianzhe Dai, Xiaodong Wang & Guofang Wei

and

(3.8) a (2 ) o
' 9\ oz k| =

Thus

0 = 8@* 99 dzi N dZ A d 0
) = “8‘1—’_78‘1 ANdF A dF =0,

here we used (3.7) and the fact that g%i} is symmetric in [ and g.
We calculate

I =— fJVa/azk@ZJ
= —gklaaZlJ (giq(.(;z + 8Z ;) dz' A dzq]
= —g" ngq gak + gii,j aj) dz — (gﬂzﬁ + %gz kL aj) dzﬂ']
(o (B )
_ @ | dlogdet G j) =

where in the last step we used (3.8). Therefore

0707 | 04 03 | ozod
0?logdet G - .
= —Wajdz AN d? s

_ 0%al da’ 2
aa*w( i, 0logdet GO 9%logdet G >CHMZ]

where in the last step we used the fact that the first two coefficients are
symmetric in j and [ by (3.7). To summarize we have

(3.9) 99"y = Ryatdz! ndz'.

Theorem 3.2. Let (N,wy) be a compact Kdihler—Einstein manifold
with negative scalar curvature. Suppose ¥ = a’dE] ® 881 e NOL(THON) s

harmonic. Then ¥ = g. %5 id7? NdZh =0, i.e. gzl is symmetric in i and j.
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Proof. By the assumption we have Rz = cg;z with ¢ <0. By (3.9)

89" Y = c.

o [ 1wk = [ @ v = [ 5o

Since ¢ < 0 we must have ¢ = 0. O

Therefore

Remark 3.3. In the Ricci flat case the above calculation shows that for
a harmonic ¥ € H'(N,©) the corresponding (0,2)-form ¢ is indeed har-
monic. Conversely one can show that a harmonic (0, 2)-form 1 gives rise to
a skew-symmetric infinitesimal complex deformation. Therefore the space of
skew-symmetric infinitesimal complex deformations can be identified as the
space of holomorphic (2, 0)-forms.

Remark 3.4. The argument in Besse [1, 12.96] showing there are no
skew-symmetric infinitesimal complex deformations on a Kéahler—Einstein
manifold with negative scalar curvature is incorrect. In particular the claim
that skew-symmetric infinitesimal complex deformations are in one-to-one
correspondence with holomorphic 2-forms is not true. In fact there are com-

pact complex hyperbolic surfaces N with H'(N,0) =0 and h?°(N) # 0.

As a corollary of Theorem 3.2 we now have a clear understanding of the
kernel W, of (3.2).

Theorem 3.5. Let (N, go,Jo) be a Kahler—Einstein manifold with negative
scalar curvature. Then ¥ : W, — H(N,©) is an isomorphism.

By the Kodaira—Spencer theory, H'(N,©) is the space of infinitesimal
complex deformations on N. In general these infinitesimal deformations
may not be integrable. But if they are integrable, then the premoduli space
of complex structures on N is an manifold near J, with H'(INV,©) as the
tangent space (see the next section for more discussion). In this case we can
deduce various local results which we now explain. The argument is by now
standard, see [12] and Besson—Courtois—Gallot [2] where same type of results
are established for Einstein manifolds with negative sectional curvature.

We consider two well-known functionals, in addition to the first
eigenvalue A(g) considered in [12]. For a compact manifold (M,g) of
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dimension n

(3.10) Ko)= [ Il av,
and
(3.11) Y(g) = Jas 59 Vs

~ Vol(g)1=2/n"

Theorem 3.6. Let (N, go, Jo) be a compact Kahler—Einstein manifold with
negative scalar curvature. Suppose all infinitesimal complex deformations of
Jo are integrable. Then there exists a neighborhood U of go in the space of
smooth Riemannian metrics on N such that

VgelU K(g) > K(go)

and equality holds if and only if g is a Kahler—FEinstein metric with negative
scalar curvature. Moreover, all Einstein metrics in U are Kdhler—Finstein
with negative scalar curvature.

Since all infinitesimal complex deformations of Jy are integrable, the
premoduli space of complex structures on N is an manifold near Jy, with
H'(N,©) as the tangent space. By the uniqueness of Kihler-Einstein met-
ric with negative scalar curvature and the implicit function theorem, the
moduli space & of Kéhler—Einstein metrics is an orbifold near gy, with
Wy, = H'(N,©) as the tangent space.

Both functionals K and Y are scaling invariant, therefore we can restrict
ourselves to the space of Riemannian metric of volume 1, denoted by
M. By Ebin’s slice theorem, there is a real submanifold § containing ¢y,
which is a slice for the action of the diffeomorphism group on M. The
tangent space

(3.12) TyS = {h!%oh =0, /Ntrgohdvgo = 0}.

Let € C 8 be the submanifold of constant scalar curvatures metrics.
We need the following simple lemma from [2].

Lemma 3.7. Let g be a metric with scalar curvature a negative constant
and g’ a metric conformal to g. Then K(¢') > K(g) and equality holds if
and only if ¢ = g.
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By this Lemma and the solution of the Yamabe problem, we only need
to prove gg is a local minimum for the functional K on €. So it suffices to
work on €. It is easy to see

(3.13) T, C = {h|6,,h = 0, tr g h = O}

Restricted on € and in a neighborhood of gg, the functional K becomes
K(g) = |Sq|™ = (=S4)™. Therefore to prove that go is a local minimum for
K on C is equivalent to prove that Y has a local maximum at gg on €. It is
well known that gg is a critical point for Y and its Hessian at gg is given by

(3.14) DY (h, h) = _;/ (V*Vh — 2Rh, ).
N

C contains the finite dimensional submanifold € of Ké&hler—Einstein
metrics, with tangent space Wy, = H(N,0). For any g € &, let J be the
associated complex structure. We have

where wy is the associated Kéhler form and p,4 the Ricci form. Therefore

m 1/m
m!

where C1(N,J) is the first Chern class of (IV,J). Thus Y is constant on

&. Moreover, we have proved that D?Y is negative definite on its normal

bundle. Therefore there is a possibly smaller neighborhood of € C €, still

denoted by U, such that

VgeU—-¢&,  Y(g9) <Y(g)

This proves Theorem 3.6.
We could have used A(g) instead of Y(g) for the proof, as in [12].

Theorem 3.8. Let (N, go,Jo) be a compact Kdihler—Einstein manifold with
negative scalar curvature. Suppose all infinitesimal complex deformations
of Jo are integrable. Then there exists a neighborhood U of gy in the space
of smooth Riemannian metrics on N such that for any metric g € U with
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scalar curvature Sy > Sg,
Vol(N, g) > Vol(N, go)

and equality holds if and only if g is a Kdhler—FEinstein metric with the same
scalar curvature.

Remark 3.9. Though only a local result, it is quite remarkable to have vol-
ume comparison under a lower bound for the scalar curvature. The scalar
curvature is a very weak geometric quantity and its effect on a general
Riemannian manifold (M, g) of dimension n can only be detect infinitesi-
mally by the following expansion for the volume of a geodesic ball B(p,r)

Vol(B(p,r)) = wpr" (1 - 6(%:]_))2)1“2 + O(r3)> asr — 0

Proof. We take the same U in Theorem 3.6. Then Vg € U with S; > S, , we
have |Sy|™ < [Sg,|™ since Sy < 0. Therefore K(g) < |Sg,|™Vol(N, g) while
K(go) = |Sg,|™Vol(N, go). The result then follows from Theorem 3.6. [

Theorem 3.6 has another interesting interpretation. Recall that the
Yamabe invariant of a compact Riemannian manifold (M, g) of dimension n is

3.15 = inf y (=274
(3.15) 1(9) oo (f 9)

and it is a conformal invariant. The Yamabe number of M is defined as
(3.16) o(M) = supyu(g)-
We can now reformulate Theorem 3.6 as follows.

Theorem 3.10. Let (N,go, Jo) be a compact Kdhler—Einstein manifold
with negative scalar curvature. Suppose all infinitesimal complex defor-
mations of Jy are integrable. Then go is a local maximum of the Yamabe
mvariant.

We end with a few remarks. In [30] Schoen made the following conjecture.

Conjecture 3.11. Let (M, go) be a compact hyperbolic manifold. Then
(M) is achieved by gy and only by go. In other words

Vg p(g) < 1(go)

and equality holds if and only if g is conformal to gg.
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It is also reasonable to make the same conjecture for other compact
locally symmetric spaces with negative sectional curvature. In complex
dimension 2 there have been some remarkable results proved by LeBrun
using Seiberg-Witten invariants. For example, he proved that on any com-
pact Kéhler—Einstein surface with negative scalar curvature the Yamabe
number is achieved by the Kahler-Einstein metric. See [24,25].

In view of LeBrun’s result and Theorem 3.10 it is tempting to extend
the conjecture to Kéhler—Einstein manifolds (N, gg) with negative scalar
curvature in higher dimensions, namely that go should be a global maximum
of the Yamabe invariant provided all its infinitesimal complex deformations
are integrable. But in general this is not true. In fact any compact and
simply connected manifold M of dimension at least 5 has o(M) > 0. This
is trivial if M admits a metric of positive scalar curvature [32]. Otherwise
it is proved by Petean [27].

Another intriguing question is whether Theorems 3.6 and 3.10 are still
true if there are non-integrable complex deformations. Then we have
infinitesimal K&her—Einstein deformations which cannot be integrated to
Kéaher—Einstein metrics, but they may be integrated to Einstein metrics
which are not Kahler.

4. Kodaira—Spencer theory

The deformation theory of complex structures was introduced by Kodaira—
Spencer in their seminal work [16-18]. This deep theory has played and
still plays significant role in the theory of complex manifolds. The relation
between Kodaira—Spencer theory and the deformation of Einstein metrics
has been studied by Koiso [21]. We review some relevant facts here in this
section and discuss some examples in more detail.

Let M be a compact complex manifold and © the (sheaf of germs of
the) holomorphic tangent bundle of M. According to the Kodaira—Spencer
theory, the infinitesimal complex deformations are described by the cohomol-
ogy group H'(M,®). For our purpose, we are interested in the integrability
of infinitesimal complex deformations. Namely, when does every infinitesi-
mal deformation actually arise from a deformation of complex structures?
Let us recall first the so-called theorem of existence in the Kodaira—Spencer
theory [15, Theorem 5.6].

Theorem 4.1 (Kodaira—Spencer). Let M be a compact complex mani-
fold. If H*(M,®) = 0, then there is a complex analytic family with base B,
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0 € B C C™ such that the fiber at 0 is M and the Kodaira—Spencer map at
is an isomorphism from TyB onto H'(M,©).

Recall that the Kodaira—Spencer map for a differentiable family of com-
pact complex manifolds assigns a tangent vector of the base to the infinites-
imal deformation along that direction. Thus the condition H?(M,©) = 0
implies that all infinitesimal complex deformations are integrable.

We now discuss some examples from [15], where the reader is referred
to for complete detail.

Example 4.2. Blowups of CP?. For M = CP?#kCP? and k > 5, one
has HY(M,©) = H*(M,©) = 0. Hence, all infintesimal deformations are
integrable. Incidentally, for k < 4, H'(M,©) = 0. Therefore the complex
structure is rigid in these cases.

It is well known that there exists Kahler—Einstein metrics on M if and
only if 3 <k <8 by Tian’s work [34]. However, these Kahler-Einstein
metrics have positive scalar curvature. Hence our results do not apply. In
fact, other than CP? itself, these are unstable, [9].

Example 4.3. Surfaces of arbitrary degree. For a non-singular surface M
of degree h in CP?, one has

dim H*(M,©) = (h —2)(h — 3)(h — 5).
Thus, H?(M,0) =0 for h =2,3,5. Since c¢;(M) = (4 — h)H where H is
the hyperplane class, M has Kahler—Einstein metrics with negative scalar
curvature if h > 5, by the Calabi-Aubin—Yau theorem. Hence our results
apply to the non-singular surface of degree 5.

As one can see here, in general, the condition H?(M,©) = 0, which guar-
antees the integrability of all infinitesimal complex deformations, is very
restrictive. Indeed, there are many examples which do not satisfy this con-
dition but still, all their infinitesimal complex deformations are integrable.
In fact, understanding the reason behind this is one of the motivations for
Kodaira and Spencer.

From the Kodaira—Spencer theory, if an infinitesimal complex deforma-
tion § € H'(M, ©) is integrable, then

[0,6] = 0.

This is in fact the first order obstruction. One thus expects that there should
be non-integrable infinitesimal deformations. However, the cohomology



Variational stability of Kdhler—Einstein metrics 689

group H'(M,©) turns out to be surprisingly difficult to compute. And
in the many examples where it can be computed, the infinitesimal deforma-
tions turn out to be integrable.

Recall that a complex analytic family of compact complex manifolds is
said to be effective (or minimal) if its Kodaira-Spencer map is injective.
It is called a complete (or versal) family if every other (sufficiently small)
family of deformations can be induced from this family via pullback of a
holomorphic map. Now whenever there is an effective complete family with
base B 3 0 a domain in C™ such that the fiber at 0 is M, Kodaira—Spencer
defines the number of moduli m(M) = m to be the dimension of the base.
Then the question of whether all infinitesimal deformations are integrable
can be reinterpreted as when the equality m (M) = dim H'(M, ©) holds, of
which Kodaira—Spencer refers as the fundamental guiding question in the
Kodaira—Spencer theory.

By the theorem of completeness in the Kodaira—Spencer theory [15,
Theorem 6.1], which says that a complex analytic family of compact com-
plex manifolds with surjective Kodaira—Spencer map is complete, the com-
plex analytic family in Theorem 4.1 is an effective complete family with base
dimension dim H!(M, ©).

More generally, if M is a compact complex manifold for which there
is a complex analytic family of deformations whose Kodaira—Spencer map
is surjective, then all infinitesimal deformations are integrable. This is
the case where many examples can be found. (We will see the converse
in a moment.)

Example 4.4. Hypersurfaces in CP". If M is a hypersurface in CP" of
degree d, one can construct a complex analytic family of deformations of
M by varying the coefficients of the defining equation of M. This family
has surjective Kodaira—Spencer map. There are many examples in this class
which admits Kahler—Einstein metrics with negative scalar curvature. Let
N c CP™"! be a smooth algebraic hypersurface of degree d > m + 2. Then
the 1st Chern class ¢;(N) < 0. By the theorem of Calabi-Aubin-Yau, there
is a Kahler—Einstein metric with negative scalar curvature gop on N. It is
shown in [15, p. 219] that

dim H'(N,0©) = (m +; * d) —(m+2)%

Going back to the question of existence, without any assumptions, there
is the Kuranishi theorem [22].
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Theorem 4.5 (Kuranishi). For any compact complex manifold M,
there exists a complete complex analytic family with base B, 0 € B such
that the fiber at 0 is M. Moreover B is a complex analytic subset of C™,
where m = dim H'(M, ©), defined by | holomorphic equations, with | =
dim H?(M, ©).

It can be deduced from Kuranishi’s theorem that if every infinitesimal
complex deformations are integrable, then the Kuranishi family above is
a complex analytic family whose Kodaira—Spencer map is an isomorphism
(and hence surjective). Thus, our integrability assumption is equivalent to
the existence of complex analytic family of deformations whose Kodaira—
Spencer map is surjective.

As pointed out by Koiso [21], the existence of such a family has signifi-
cant implication for the moduli space of (K&hler-)Einstein metrics.

Theorem 4.6. Let M be a compact complex manifold and (g,J) be a
Kdihler—FEinstein structure on M. Assume that the complex structure J
belongs to a complex analytic family of complex structures with surjective
Kodaira—Spencer map. Moreover, if the scalar curvature is positive, assume
further that there s mno non-zero Hermitian infinitesimal FEinstein
deformations and also no non-zero holomorphic vector field. Then the
local premoduli space of FEinstein metrics around g is a manifold with
tangent space at g the space of infinitesimal Einstein deformations. More-
over, any Einstein metric in it is Kdahler (with respect to some complex
structure).

It should be pointed out that there are indeed examples of compact
complex manifolds with non-integrable infinitesimal complex deformations
[15, p. 319]. However, we do not know any examples of Kahler—Einstein
manifolds with negative scalar curvature which does not satisfy the
integrability condition. In view of the Bogmolov—Tian—Todorov theorem
[5,33,35] in the Calabi-Yau case, we have the following very interesting
question.

Question: Is it true that on any compact Kéhler—Einstein manifolds

with negative scalar curvature, the universal deformation space of complex
structures is smooth?
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