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Computing linear Hodge integrals

YON-SEO KM

All Hodge integrals with at most one A-class can be expressed as
polynomials in terms of lower-dimensional Hodge integrals with at
most one A-class. Algorithm to compute any given Hodge inte-
gral with at most one A-class is discussed and some examples are
presented.

1. Introduction

Let M,,, denote the Deligne-Mumford moduli stack of stable curves of
genus g with n marked points. A Hodge integral is an integral of the form

j in \ K k
/ AR D LV
Mgm,

where ¢; is the first Chern class of the cotangent line bundle at the ith
marked point, and A,..., )\, are the Chern classes of the Hodge bundle.
Hodge integrals arise naturally in the calculations of Gromov—Witten invari-
ants by localization techniques [21, 22,23, 24]. Their explicit evaluations are
difficult problems. The famous Witten’s conjecture/Kontsevich’s theorem
[20, 11, 25] gives a recursive relation of Hodge integrals involving 1 classes
only;

(1.1) / Y

and some of them can be computed recursively through string equation and
KdV hierarchy. In [2], Faber developed an algorithm to compute intersection
numbers of type (1.1). Also, Getzler [4] obtained recursion relations for the
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case of g = 2, one of which is given as;
((Tet2(2)))2 = (Tha1(2)7a))0{(Y* D)2 + ((Tr(2)7a) )0 (11 (79)))2

— (k@) ra))o ((Yom) ol (1))
@) o () ()1

10
+ s m @10l = 55 (@ (3o
¥ ol o)
1

+ o (T (@)7a7"7"))o for k> 0.

960
When the A-classes are involved, the computation of Hodge integrals is not
easy. There was Ag-conjecture which computes for the case of one top-degree
A-class as [3];

29 +n — 3\ 22971 — 1 |By,|
1.2 Lok, = -
( ) /Mg,n ¢1 ¢n )\g <k17"' 7kn) 229_1 (2.9)',

where By, are Bernoulli numbers and ky + --- + k;, = 29 — 3 +n. By using
Marino—Vafa formula [15,18], the case of Ay_; with one marked point can
be computed as;

291

(291 — 1)!(2g2 — 1)!
13 / w2glgl—b Zf_f Z 1(29_1)2‘ b91b92

g1+g2=g

and the case of more than one marked points can be computed by repeatedly
applying the cut-and-join equation:

(1.4)
o0 /1A g Q0000 o0
5= 5 > (mpwm + P g o i+ Dpivig — lﬂ)

,52>1

which was used in the proof of Marino—Vafa formula [15, 16, 18], and proven
to be an effective tool in studying Hodge integrals.

The moduli space of relative stable morphisms admits a natural S'-
action induced from the S'-action on the target space. And as a result of
the localization formula applied to it, the following convolution formula is
obtained;
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Theorem 6.1. For any partition p and e with |e| < |u| + (1) — x, we have

N ST @5 (<X D () = 0
[v|=lpul

where the sum is taken over all partitions v of the same size as p.

Here x is the prescribed Euler number of domain curves, [)\a] means
taking the coefficient of A%, ®*(\) is a generating series of double Hurwitz
numbers, and D*()) is a certain generating series of Hodge integrals. This
formula gives many relations between linear Hodge integrals, i.e., Hodge
integrals with at most one A-class, and it is enough to consider the special
case of y = (d) for some positive integers d to compute all Hodge integrals
with at most one A-class. More precisely, the following theorem is proved in
Section 7;

Theorem 7.2. Any given Hodge integral with one \-class:

k kn
/ (A D VR
Mg,n

where ki, ..., k, e NU{0}, 7 €{0,1,2,...,g}, is explicitly expressed as a
polynomial in terms of lower-dimensional Hodge integrals with one A-class.
Therefore it computes all linear Hodge integrals.

The rest of the paper is organized as follows: In Section 2, we summarize
various versions of localization formulas which will be used in computing
Hodge integrals. In Section 3, the relative moduli space is defined and
the natural S'-action on it is introduced. Also the fixed locus of the S'-
action and their corresponding description in terms of graphs is discussed.
In Section 4, we compute the Euler class of the normal bundle of the fixed
locus of the S'-action in the relative moduli space. In Section 5, the double
Hurwitz numbers and its description in terms of Hodge integrals over a
certain moduli space is discussed. In Section 6, the recursion formula which
gives relations between Hodge integrals with at most one A-class is proved.
In Section 7, the recursion formula is used prove that all Hodge integrals
with at most one A-class is explicitly expressed as a polynomial in terms of
lower-dimensional Hodge integrals with at most one A-class. In Section 8, an
algorithm to implement the recursion formula and to compute each Hodge
integral with at most one A-class is discussed. In Section 9, some examples
of the algorithm in Section 8 are presented.
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2. Localization formula

In this section, I will summarize various versions of localization formulas.

2.1. Equivariant cohomology

Let G be a compact Lie group acting on M. The equivariant cohomology
of M is defined as the ordinary cohomology of the space Mg obtained from
a fixed universal G-bundle EG, by the mixing construction

MG:EGXGM

Here, G acts on the right of EG and on the left of M, and the notation means
that we identify (pg, q) ~ (p,9q) forp € EG, q € M, g € G. Hence M is the
bundle with fiber M over the classifying space BG associated to the universal
bundle EG — BG. We have natural projection map w : Mg — BG and
o : Mg — M/G, which fits into the mixing diagram of Cartan and Borel:

EG<=—FEGxM—>M

L

BG<~—"ExgM-2—-M/G

If G acts smoothly on M, then we have Mg ~ M/G. This is not true in
general but it turns out that Mg is a better functorial construction and the
proper homotopy theoretic quotient of M by G. In any case, the equivariant
cohomology, denoted by H (M), is defined by

Hg(M) = H (Mc)

and constitutes a contravariant functor from G-spaces to modules over the
base ring Hf := H(pt) = H*(BG). The map o defines a natural map
o*: H*(M/G) — HE (M) which is an isomorphism if G' acts freely. The
inclusion i : M — Mg induces a natural map i* : HA(M) — H*(M).
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2.2. Atiyah—Bott localization formula

Following [1], let i : V' < M be a map of compact manifolds [1]. The tubu-
lar neighborhood of V' inside M can be identified with the normal bundle
of V. On the total space of the normal bundle, there is the Thom form ®y
which has compact support in the fibers and integrates to one in each fiber.
Extending this form by zero gives a form in M, and multiplying by ®y pro-
vides a map H*(V) = H*T*(M, M\V) — H*(M). In particular, the coho-
mology class 1 € HY(V) is sent to the Thom class and this class restricts to
be the Euler class of the normal bundle of V in M, ./\/V/ v - Hence, we see that

This also holds in equivariant cohomology by same argument applied to
Vi, Mg. The theorem of Atiyah and Bott says that an inverse of the Euler
class of the normal bundle always exists along the fixed locus of a group
action. Precisely, i*/e(Ny /) is the inverse of i, in equivariant cohomology,
i.e., for any equivariant class ¢,

holds, where F' runs over the fixed locus of the group action. In the inte-

grated form, we have
¢
0=3 [
/M ZF: F e(NF/M)

2.3. Functorial localization formula

Let X and Y be T-manifolds. Assume f: X — Y is a T-equivariant map,
jg:E <Y is a fixed component in Y, and ip: F < f~1(E) is a fixed
component in X. For any equivariant class w € H}(X), we have the dia-
grams;

F X e (F/X) w
g=flr f lg’ lﬁ
, i (w) b
E Jje v g9 |:eT(F/X)] f!(w)
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Applying the Atiyah—Bott localizatio formula with the naturality relation
filw- f*a) = fiw - a, we obtain the functorial localization formula:

5 (w) ipfi(w)
(2.1) 9![6T{F/X)} - eTbEE/Y)'

2.4. Virtual functorial localization formula
The above functorial localization formula is also valid in the case where
X and F are virtual fundamental classes [7,8]. In this paper, we will use

[M;Gn(ﬂﬂ, ,u)}Vir for X, and [Fp} ' for F. Hence for any equivariant class
w, we have:

i ()
22) /[Mm(ﬁm,u) T Z/ (Fr /MG (P, 1))

3. Relative moduli space and S'-action

3.1. Moduli space of relative morphisms

For any non-negative integer m, let
P'[m] = Bl UP(;y U...UP[,,,

be a chain of (m + 1) copies of P! such that ]P’b) is glued to ]P)%l+1) at pgl) for
0 <1 <m —1. Theirreducible component ]P’l0 is referred to as the root com-
ponent, and other irreducible components are called bubble components. Two
points pgl) # pglﬂ) in P%l) are fixed. Denote by m[m] : P![m] — P! the map
which is identity on the root component and contracts all bubble compo-
nents to ]P)go). Also denote by P'(m) = P%l) U...U P%m) the union of bubble
components of P![m)].

For a fixed partition p of a positive integer d, let H;’n(ﬂl’l, 1) be the mod-
uli space of relative morphisms f : (C;xl,...,xl(u),zl,...,zn) — (]P’l[m],
pgm)) such that

(1) (C’; Ty s TY(p)s By - e o zn) is a possibly disconnected prestable curve
of Euler number x with I(u) + n marked points. Here, the marked
points are unordered.

(2) f‘l(pgm)) = Zi(ul) pix; as Cartier divisors and deg(w[m] o f) = |u|.
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(3) The preimage of each node in P! [m] consists of nodes of C. If f(y) = pgl)
and C7 and Cy are two irreducible components of C' which intersects
at y, then f |o, and f |¢, have the same contact order to pgl) at y.

(4) The automorphism group of f is finite. Here, an automorphism of f
consists of an automorphism of the domain curve and and automor-
phism of the pointed curve (]P)1 (m),pgo),pgm)).

Following [12,13], ﬂ;’n(Pl, u) is a separated, proper Deligne-Mumford
stack with a perfect obstruction theory of virtual dimension r = —x + |u| +
I() + m, and hence has a virtual fundamental class of degree r.

3.2. Torus action

Consider the C*-action t-[2%: z!] = [tz" : 2!] on P!. There are two fixed
points pg = [0 : 1] and p; = [1 : 0]. Extend this action to the action on P![m)]
by identifying the root component with P! and giving trivial actions on
bubble components. Then this extended action on P![m] induces an action
on M;,H(IP’I, ).

3.3. Fixed locus

The connected components of the fixed points set of M;m(Pl, i) under
the induced torus action can be parametrized by labeled graphs. For any
I (C’; T1y ey DY) 215 - - zn) — P1[m] representing a fixed point of the C*-
action on ﬂ;yn(]?l, 1), the restriction of f := 7w[m]o f: C — P! to an irre-
ducible component of C'is either a constant map to one of the C*-fixed points
Po, p1, or a covering of P! fully ramified over pg and p;. Associate a labeled
graph I' to the C*-fixed point [f : (C; T1y ooy Ty(p), 215 - - .,zn) — ]P’l[m]] as
follows:

IOk

(1) For each connected component C,, of f~1({po,p1}), assign a vertez v,

a label g(v) which is the arithmetic genus of C,, and a label i(v) =

0 if f(Cy) = po,

1 if f(Cy) = p1.

k, for k =0,1. The set V(I') of vertices of the graph I" will then be
the disjoint union of V/(I')(®) and V(I")(1).

Denote by V(I')*) the set of vertices v with i(v) =

(2) Assign an edge e to each rational irreducible component C of C' such
that f |c. is not a constant map. Then f |¢, is fully ramified over pg
and p; with degree d(e). Let E(I') denote the set of edges of T'.
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(3) The set of flags is given by F(I') = {(v,e) : v € V(I'),e € E(I"),C, N
Ce # 0}

(4) For each v € V(I'), define d(v) = 3, o)epr) d(e) and let v(v) be the
partition of d(v) determined by {d(e) : (v,e) € F(I')}. In case m > 0,
we assign an additional label for each v € V(I')M: let u(v) be the
partition of d(v) determined by the ramification of f |¢,: C, — PL(m)
over pgm)‘

Let Gy (P, 1) be the set of all the graphs associated to the C*-fixed points in

ﬁ;m(Pl, w). We now describe the set of fixed points associated to a given

graph ' € Gy (P!, ).

e Case m = 0: Any C*-fixed point in M;}n(Pl, ) which is represented
by a morphism to P'[0] = P! is associated to a graph g € GY (P, )

such that
V(o) O =, ..o}, gd)=gi keEN, (2—2¢g;) = x
V(Do) = {v5°,... Gyt 9(0%) = ... =g(v,) =0,

E(Po) = {61, - .,el(#)}, d(e,) = My for ¢ = g

)
j(v) = number of z;’s mapped to v, Z jlv)=n
V(L) ©)

The two end-points of the edge ¢; are v? and v5° for some 1 < j < k.
Let p(v)) = {u;le; has v as an endpoint}. Define

;\
O||

—
<

gil(u(v7))+3 (v?)>

where we take Mo = Moo = Mj o = {pt}, then there is a morphism
ir, : Mr, — M;n (P, 1) whose image is the fixed locus Ft, associated
to T'g. Hence ir, induces an isomorphism Mr, /Ar, & Fr,, where Ar,
is the automorphism group of any morphism associated to the graph
I'g, which can be obtained from the short exact sequence

W)
1— HZM — Apo — Aut(Ty) — 1.
i=1
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The virtual dimension of Fr, with only stable vertices is

3
dr, = ToX T W) +n
For any vertex v € V(I')(?), introduce multiplicity of v, m(v), as
follows:

m(v) = {w € V(To)® | g(v) = g(w),
n(v) = p(w), j(v) = j(w)}.

Pick one representatives from each group of identical vertices {vy,...,
v} so that S m(vg) = [V(I9)@|. Denote by m(v;,) = my, and now
we can find the order of automorphism group of any I'g € G?m(]P’l, 0
to be:

|Aut To| = [ [ ma!l(vn)! Aut pu(vg) ™
k

Case m > 0: For any given f:(C;x1,..., %), 21,5 2n) — Plm],

consider fy and foo whlch are defined as follows

— for Let Co= ), {yis- s uet = £, and {z, ...,
Zn, } mapped to Co. Then fo: (Cosy1,-- -5 Yiw), 21,---,Zn0) — P!
corresponds to the case of m = 0.

— fooi Let Coo = f7H(PY(m)) and fo = f |c., then fo corresponds
to an element of ﬂg) corresponding to the graph I' described
below.

Classify the vertices of the graph I' as follows:

VI = (o e VI)© i ro(v) = ~1},

VI = fv e V(D)D) - ri(v) = 0}, fori=0,1,
VM) = v e V)P :ri(v) >0}, fori=0,1,
where ro(v) = 2g(v) — 2 + val(v) + j(v), for v e V(I)©,
r1(v) = 2g(v) — 2+ U(p(v)) + (v (V) + j(v), for v e V(D)W.

—_ J— J— 0 J—
Define Mr = ./\/l(p) M( ), where ./\/l%) = HveVS(F)(O) M () val(v)+j(v) and
M. is the moduli space of morphisms f : ¢ — P!(m) such that
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1) C= Uvev o Co

(2) For each UEV( )(1), (Cv,xvl,.. s T l(p(v))s Yo,15 - - -3 Yo L (v (v)
Z1,...,2j()) is a prestable curve of genus g(v) with I(u(v))+
l(v(v)) + ](v) ordered marked points.

(3) AsCartier divisors, (f |e.) ™' 01") = 340" v(w)jm. (F le) ™
™) = X0 w(v)ixy;.  The morphism (f|e,) " (E) — E is of
degree d(v) for each irreducible component E of P!(m).

7

4) The automorphism group of f is finite. Here, an automorphism of
p group ) b
f consists of an automorphism of the domain curve C' and an auto-

0)  (

morphism of the pointed curve (P!(m),p; ”, plm)), which is an element
of (C*)™

There is a morphism ir : Mp — m;’n(Pl, 1) whose image is the fixed
locus Fr associated to the graph I'. Hence ir induces an isomorphism
My /Ar = Fr, where Ar is the automorphism group of any morphism asso-
ciated to the graph I', which can be obtained from the short exact sequence

1— H Zgey — Ar — Aut(I') — 1.
ecE(T)

The virtual dimension of M( ) is given by dg) = (Zvev(mm 7“1(U)> —1.
Use the identities

—X=—X0— Xeo +2W), g= Y g(v)= |[V(I)|+]EI)|+1
veV(I)

to get the virtual dimension of Fr:

3
dr = d¥ +dV) = —5X0 1) = Xoo +1(1) + 1) = 14 nce

= Y Bgw)=3+val)+ [ > @) | —1+ne
veVS () veV (I
=29 —3+1(p) + Z (g(v) = 1)+ | VIO | 4oy

vEVS(I)©

1
= —gXo = X +1(p) = 1+ nec.
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By similar observation as in the case of m = 0, we find the order of auto-
morphism group of any given I' € GF° (PY, 1) to be:

(3.2)

|Aut I = |Aut To| |Autu|<an!> [T 7o) [Aut p()] [Aut ()|
V(D)W

In this case, ny, is the multiplicity of vertices in V(I')(!) with identical u(v),
v(v), j(v) and g(v). The presence of automorphism group of u is due to the
fact that we can exchange two marked points with same ramification type
1; without changing the type of corresponding graph.

4. Computation of e (N}™)

In this section, I will summarize the computations of er(NFT) in [15] which
will be needed for localization computation. Denote by (w) the 1-dimensional
representation of C* given by A-z = Xz for A € C*, z € C. For a given
graph I € G, (P!, p), let

(41) [f (C,xl,...,xl(u),zl,...,zn) —>]P’1[m]]

be a fixed point of the C*-action on ﬂ;vn(]?l, ) associated to I'. In order to
apply the virtual functorial localization formula (2.2), we need to compute
the Euler class of the virtual normal bundle N¥" of [f]. Given a flag (v,e) €
F(T'), denote by g(, ) € C the node at which C, and Ce intersect. Also let
Y(v,e) denote the first Chern class of the cotangent line bundles over Mr,
ie., thg fiber at the fixed point (4.1) is given by T Cy. The Euler class
er(NE™) is given by;
1 er(T?)
er(NFY)  ep(T1)

where T', T? are the tangent space and the obstruction space of ﬂ;n

(P!, i), respectively. The “-notation denotes the moving part, i.e. 71 and
T? are the moving parts of the vector bundles T and T2, respectively. Here,
T' and T? can be computed through the following two exact sequences [13]:

0 — Ext®(Qc(D),0c) — H'(D®) — T' — Ext'(2¢(D),0¢)
— H'(D®*) — T? — 0,
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0 — HO(C, f*(wppm(log pi™))¥) — HO(D*) — €D HI(R?)
=0
— HY(C, f*(wpr [ (log p\"™))Y) — H'(D*) — @D HL(R®) — 0,

where wpi|, is the dualizing sheaf of Pm], D=a1 +--- + () is the

0.
1 >

HyR) = @ T,(f'(Bf)) =Co™
qef~1(pi")

Helt(R;) =~ (pr)P%l) X Tp(ll>]:P)%l+1))EB(nl_1)_

branch divisor, and for n; = the number of nodes over p

Recall the map w[m] : P![m] — P!, and observe that for f = 7[m]o f we
have

F* (Wprpmy(log p{™)) " = F* O (1).

Let Fr be the set of fixed points associated to I' € G, (P!, i) and assume
that

[f : (vala'--7xl(u)7zl7"'7ZTZ) —>P1[mu € FF Cﬂ;,n(Plvu)

The C*-action on ﬂ;n (P!, 1) induces C*-actions on

m—1
EXtO(QC(D)aOC)a HO(Ca f*O]P’l(l))? @Hg‘c(R;)a

=0

m—1
Ext'(Qc(D),0¢), H'(C, f*Op (1)), Hy(RY).

=0

The moving part of each of these groups form vector bundles over Mr.
We will use the same notation * to denote the induced vector bundles.
In particular,

m 1/\
Hgt(Rl.) = 07 and
=0
m_lHl (R?) 0 if m =0,
€ - L4 D 'I’Lo—l .
1=0 o Hy(RY) = (Tpgmlp’%o) ® Tpg‘”]}ph)) o= it g > 0,
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Hence we have

L er(1?) _ en(B(@e(D), 0c))er (HH(C, 00 (1))er (D15 HA(R?))
er(Nf™)  er(T) er (HO(C, f*Opi (1)))er (Extl(@), Oc))

Case m = 0: For each v € V/(T'o) and fiy 1, - - -, fy 1(u(v)) the ramification
type in the vertex v, we have under the convention to write p, 2 = co when

g9(v) = 0,1(u(v)) = l(e(v)) = 1;

v

1
o ( ) ifoel,
Ext®(Qc(D), Oc), = { \o
0
0

ifvellorsS.
ifvel,
1 1
— " ) if v eI,
Eth(QC(D)7 OC)U = <MU,1 Moy 2

I(p(v)) '
b Ty, j)Cv ® Ty, j)Cew ifves.
i=1 . "

Hence we can compute their contributions to be;

—_—
m—1

er | B HLRD), | =1.
=0
u

Ho,1
1 ifvellorS.

ifvel,
— v 4l ifvell,

o —

0 ifvel,
eT(Ext (QC(D),OC)U) =

—_

er (Eth(Qc(D), Oc)v) = { Hu,1 Mo 2
1(p(v))
I (7 —t) ifves.

i=1
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For the contributions from the rest, consider the normalization sequence
when v € S;

Ha(v))
0— f*Op (1) — (fle, ) Om() & P (f

=1

c.,,) Op(1)

The corresponding long exact sequence becomes

0— HO(C, f*Opl(l))
) Hp()) )
— H(Cy, (f e, O0m(1)) & @ H°(C.,.,(f

=1

c.,,) Op (1))

€v,i

— @ O (1), — H'(C, [*Opi (1))

U(p(v))
— H'(Cy, (f |o,)"Om (1 6]9 H'(Ce, .,

A Ccv’i)*Opl(l)) —0

and the representations of C* are given by

N Wp() [ o, a
0— H(C, f*Op: (1)) — H°(Cy, Oc,) ® (1) @ (@( >)

i=1 \a=1 \Hvi
Up(v)) A
— P (1) — H'(C, f*Om (1)) — H'(C,,0c,) ® (1) — 0.

=1

Hence their ratio can computed as;

—

er(HY(C, f*Om (1))
er(HO(C, f*Op: (1))

_ A\/ l(,u(v -1 ) MU Z
=11 11 (0
1

i=

which also works for the case of v € I or v € II.
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Case m > 0: Let 1! be the first Chern class of the line bundle over
ﬂ(pl) whose fiber at [f : C'— P!(m)] is T;(O)Pl(m). So Y = vy i, ) for
v e V()WY (v,e,;) € F. By similar observation as in the case of m = 0,
we can find that

—_

N 71 (rae . L\ [EM)-1
HL(R]) = (ToEly © T,oPh) !
=0

v

[(,5) itven
EXtO(Qc(D),Oc) = Uy1

0

0

ifvellorS,
if v el,
HQe(D . ifv el
Ext™(Qc(D), Oc), = Vu,1 * V2 Hvel
I(v(v))
Tq(” Z)CU ® Tq(v,ev i)Cev)i ifveSorT.
=1

Hence we can compute their contributions to be;

m—l/\
. E(T)|-1
er | @ HLRY | = (—u—yh) "0,
=0
—_— al ifvel,

er (Ext’(Qc(D), Oc),) = Vo,
1 ifvellors,

(1 ifvel,

. if v eI,

LON| Uy2

eT(Eth(Qc(D),Oc) ) = { lv(v)) )

v L v.i fove S,
zl;ll <V v ) nY
lv(v))

I1 Gﬁ—wm)iMGT.

=1
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Also consider the following normalization sequence

0— O (1) =B (fle. VO @ (Fle. ) Om)

sSur ecE(T)
_>@<9w<1),,0@@( P 0w )
11 S (vie)eF
@@( ® om0 )
T (v,e)eF

and the corresponding long exact sequence

0—>HO(C f Op: (1 —>@HO vy f‘C ) O[P”(l))

SuT
o P HC.,(f e, ) Om (1))
ecE(T)
H@Opl(l)po@@( P o ) @( P o )
1 S \(ve)eF ve)eF

— HY(C, f*On (1)) — D H' (Cor (f |0,) Or (1))
ST

o @ H'(Ce.(flc.)Om(1) —0

ecE(T)

The representations of C* are given by

0— H(C, f*Op (1)) — @ H(C, Oc,) @ (1)

d(e)
@@HO(Cv,OCv)@)(O)@ S, (@ <dfbe>>)

ecE() \a=1

H@m@@(@ )o@ ( @ 0] e rouy
II S (

(ve)eF v,e)EF

—>@H Cu, Oc,) @ () & P H' (C, Oc,) ® (0) — 0
T
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from which we can compute their ratio to be;

eT(Hl(Ci"gpl(l))) _ H [A;(U)(u)ul(”(”))_l} ll(zl) |:sz‘u—l/:| '
GT(HO(C, f*O]pl(l))) V(T)© i=1 vi:

After combining all the contributions, we find the following Feynman rules;

l(l") i
1 L a— u 4
[ — (T
o~ | L lrfl Mm] lg (w/pto) + (u/ W]
AY () [Hee)

™ (T

g i—1 u/,“ﬂu,i) - ¢v,i

() .
1 T H Vi il —V; L u
er(NVF¥Y) — u+ ot H Z [rfl ”v:l] lg (u/vn1) + (u/ ”%2)]

5. Double Hurwitz numbers

In this section, I will summarize some properties of double Hurwitz numbers
and their relation to Hodge integrals [15,21].

5.1. General result of Hurwitz numbers

Let X be a Riemann surface of genus h. Given n partitions n',...,n"
of d, denote by H (n*,...,n")® and HX(n',...,n™)° the weighted counts
of possibly disconnected and connected Hurwitz covers of type (n',...,n"),

respectively. The following Burnside formula is well known:

2—2h n

Hy (n',....n")" = Z (dirglRp> H 1€ dlmR)

lpl=d

5.2. Double Hurwitz numbers

Consider a cover C' — P! of genus ¢, ramification type v,y at two points
po and pp, respectively, and ramification type (2) at r other points. By
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Riemann—Hurwitz formula, we have r = 2g — 2 + (v) + (). Let n! =
n" = (2) and introduce notations

H;(”’ M) = Hg (V’ M? ,’71’ R ’T’T)o, H;{(”? M) = Hg (V7 lLL, 7717 R 7777”).

By applying Burnside formula, we obtain

eSS (\ Co | Xf(c@”y Xe(G) xelC)

e=d dim R¢ 2y 2y
. Z fg )X&(C )
€= “n

Define generating series of double Hurwitz numbers as follows:

29— 2H)+H()
), ZHO U, 1)
2 29— 2+100) + ().
°*(Asp°,p™ Z‘P Aoy,

A XH @)+ ()

= L R S T i

o*(A\;p°,p>) = 1+Z<I> NPopy

We will need the following initial value formula of double Hurwitz numbers;

Lemma 5.1. )
@7 ,(0) = ;5:/,#

U,

Proof. This is a direct consequence of the orthogonal relations for characters
of Sd

Xv(Ce)xu(C
Z (g)zg'u‘(g) = (5,,7/“ and Z XE(CV)Xﬁ(C/L) = ZI/(SV,;,L O
¢ ¢=d

5.3. Relating double Hurwitz numbers with Hodge integrals

We can extend the notion of P![m] to have bubble components on both
directions. Denote by

1 _ ol 1 1 1 1
P [mo,moo] =P —mo) U.-- U]P)(—l) UP(O) UIP)(]_) U-.- UIP)(mOO)
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As before, we call P%o) the root component, P§(mg) = P%_mo) U---u IP’%_I)
the bubble component at 0, and PL (me) = P%l) Ue-- UP%mx) the bubble
component at co. Define m;m(uo, 1) as the moduli space of morphisms

f: C = Pmg, moo] such that

(1) (C’; ml,...,xl(#m),yl,...,yl(uo)) is a possibly-disconnected prestable
curve with {(u°) 4 I(1>°) unordered marked points.

(2) x =>_;(2—2¢;) where g; is the genus of each connected component

of C.
(3) As Cartier divisors, f~1(p ™) = 22(51) 10y, FLpm)y = )
13T

(4) The automorphism group of f is finite. Here, an automorphism of
f consists of an automorphism of the domain curve C' and automor-
phisms of the pointed curves (P%)(mo),p(()_mo),p(_l)) and (PL (moo),
p(()l) , pgm"")), which is an element of (C*)™0 and (C*)™, respectively.

We can extend the standard action ¢ - [z, w] = [tz, w] on P! to P [mg, mo)
by trivial action on the bubble components at 0 and oco. Then this action
induces C*-action on H;(Pl,uo,u‘x’). Let 7[mg, Moo : P[mo, moo] — P!
be the projection which contracts both bubble components and f, = m[my,
Moo] © f. Denote by v the partition of d = |u°| = |>°| by the degrees of f, on
each rational irreducible components. For any morphism f : (C’, azi,yj) —
P![mg, Moo] which represents a fixed point of ﬂ;([?’l,,uo,,uoo) under this
action, one of the following four cases must hold:

e my=my =0: We have f = f,, u¥ = p>® =v.

e my=0,mx >0: Let xoo =D (2 —2¢7°), where ¢f° is the genus of
each connected component of f~1(PL (ms)). In this case, we have
10 = v, Xeo = Xs X0 = 20(v).

e mp > 0,ms =0: Let xo=>(2— 29?), where g? is the genus of each
connected component of f~1(P{(mg)). In this case, we have u> = v,
Xo = X, Xoo = 2L(v).

e my > 0,ms > 0: We have x = x0 + Yoo — 2I(v).

Hence, we can see that g, X0, ¥ determines each connected component
of M;(Pl, p0, 1=)¢". Consider the branch morphism

Br: ﬂ;(}pl, 1, p>®) —» Symforl(uO)H(u"")pl o pXxFURO)+H(p™)
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The double Hurwitz numbers for possibly disconnected covers of P! can be
defined by

1 0 .
H (1, 1 / . Br* XU +U(p)
™) = T T Ao ] e o 2 )

under the assumption —y 4 1(u°) 4 1(u>)> 0 where H € H?(P~xH#)+1(1=))
is the hyperplane class. We want to compute this integration by virtual local-
ization. The connected components of M; (P, 10, 1>°)€" can be described
as follows:

12

o Mo = 0,100 > 0: F(; 20(v), X) (ﬂ;(ﬂ»l, v, uoo)//(C*)/HZMgo.
(M® 10 0)/ )/ TT sy

® my > O,moo >0: f(V;X07XOO) = ((M;O(Plvuoay)//(c*)

I

e mp > 0,me = 0: F(v:x, 2l(v))

W I(v)
X(MXOO(P17V7 MOO)//C*))/ (Aut(y) 1;[1 Zyi>.

Let N,)’ No.x.. D€ the pull-back of the virtual normal bundle of F(v, xo, Xcc)

in M. (IP’l, 10, 1), By computations similar to those er(NYF), we obtain

1 _ —ay 1 4y
er( ;“2rl ) ut 0" er( ;”;zzl ) w— e
1 —A, ay

= X s
PN I
where 1% and ¢ are the first Chern classes of the cotangent line bundle
T;‘(O)]P>1 [mo, meo] and T;(“’]P)l [mo, Meo), Tespectively. Let r = —x +1(u°) +
l (/}’O) and observe that
Br(F (v X0, Xo0)) = (—=Xoo + U(¥) + 1(1>))p1
+ (_XO + l(,UJO) + (v ))po € Py Y, X0, X o0
Br* <H (H - wk)> = <H (—x0+1(u°) +1(v) - wk)> u”
k=1 k=1

By taking special values for w:
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we can compute to obtain

Hy(u°, 1i™)
(—XH(MO)H( )!
—xHU(p®)+H(p>)—1
= o (007
]Aut( ]Aut ’/ 7N S //(C*] ( )
00\ —XH(p®)+H (=) —1
_ ()X .
’ Aut( H Aut ’ / Pl NTCRTEY /C*] ( )

6. Recursion formula

In this section, I will summarize the results from previous sections to prove
the following recursion formula on Hodge integrals. Let e = (ki,...,k,) be
a partition, where k;’s are allowed to be zero.

Theorem 6.1. For any partition p and e with |e| < |u| + (1) — x, we have

(6.1) (NN @0 (=N)2,D5(A) =0,

V=]l

where the sum is taken over all partitions v of the same size as p.

Here [)\“] means taking the coefficient of A*. Let me first introduce some
notations;

v1—2
"

o if (g,l(l/) —|—l(e)) = (O, 1),
1 v 1
|[Aut v| vilve! v1 4+ 1y

1/11 e ]

Z 1+k (61 if (g7l(y)7l(6)) = (Oa ]-a 1)7

if (g,1(v),l(e)) = (0,2,0),

n! iZov
Dy = 1 () 1/
()l [ At | 13 7
H 1 — ;)%
fﬂg i) 1 l,) otherwise.

IT (1 —wvithi)

=1
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'D()\,p, Q) = Z Z)‘Qg_2+l(y)pVQBDQ7V,e

[v|>19>0
D*(\,p,q) = exp(D(\,p,q)) = > A X"Wp,q.D}
V>0
= Z PvqeD
V>0

where p;, g;’s are formal variables with p, = p,, X -+ X py,,, and ge = ¢, X
- X qel(e)'
Proof. For any given p and x such that |u| + I(u) > x, applying the local-

ization formula to the class [ =1 ¢k eviH, where H is the hyperplane class
of P! yields;

O:/ H@Z) ‘eviH since dengJ TeviH < dim M, , (P !
M (P ) j=1 j=1

Applying localization formula on the equivariant-lift of the above integral
yields

3 1 [T} (u —j)ksev; Hy
er(NVF)

FOEG?(,TL(HM nU«) |AFO ‘ mro

n Z 1 H;L:1(U - ¢j)kjeV;HT

reGe,, (Pt

Here Hrp is the lift of H to the equivariant hyperplane class. Choose H
in such a way that H(0) =0 and H(oo) = u, then we have Hr(0) = v and
Hr(oco) = 0. Also let u = 1 for simplicity, then the formula reduces to:

1 [, (1- Wy
2 M, er(NE)

A
vy g ol Heg

1 (1 —ahi )k
B SR g T
reG o I Me rir

xn(

where Gxn and éx,n are the set of graphs corresponding to fixed locus

with m = 0 and m > 0 with all the marked points zi,..., 2, concentrated
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on the vertices in V(T'g)® and V(I')(9), respectively. We can compute the
summand for I'y as follows:

Il (1— by
Mo, er(NT)

|:z 1 j] [H/{pt}l‘il}l [ /pt} (1/ 1) + 1/Mv2)]

< |TI / S0
S I Mo aue)+icew)) H ) ((1/Mv,i>—¢v,i)

H 2u(0)J (V) Dy(v) pu(w)

Similarly, we can compute the summand for I' as follows:

/ H?:l(l_wj)kj
Me er(AVEY)

15 0 L
Agwy(@) N1 =ty ) v
X {Q/M L (1) = ) fap T

= |: H 2y (v) j(v)‘ Dg(v),y(v),e(v)]

V(T')

1\ xH () () , £\ —Xoo+1(p)+(v)—1
X {( v H] Jiy |
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And the integration over M(F” can be related to double Hurwitz numbers
as follows:

[Aut ol [Aut v] HY_(1,0) = (=xoo + (1) +1(1))!

" / 0) =X H(10)-+1() -1
M, (Pt p,v)/ /C*]v

_ (=Xoo + Up) +1(»))!
(Tt )Ty ey [Aut ao)] [Autv(o))

X/[ ()] (wt) —XooH (1 )—i—l(u)—l7
Ml

(1)

since marked points in M.
given by:

are ordered. Recall that |Ap,| and |Ar| are

| Ar, | = (Huz) TT ! (o)t Aut pa(or) )™
I(v)
|Ar| = (H 1/,) (Hmk )| Aut v(vg) \)m’“> |Aut

X (an') ( H J) Aut p(v)| Autu(v)) :

V(D)™
Also observe that

ITv (1) Zu(w) 3(0)! Do), u(o),e(v)
(TT%) ) Tt (o)t | Aut pon) )™

1 V(Lo
p— D
’v(ro)" (ml, .. ml) H g(vr),p(ve),e(vk)
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which is the coefficient of )\_XH(“)p#qe in the expansion of D*(\, p, q). Now
the original equation can be simplified as follows;

1 (1 —ahs)k
0 Z | | H]_l(( v:f;)
A i e
Ty Eéi,n (Pt 1) o Mro r Fo

_l’_

Ar| Jaa, e (M)
(O (1)
o F 1) F 20T Phawe

reGy, (P',p)

=DietD D
v —Xoo+l(#)+l( )#0
Xoo+l(:u')+l(V)H. (,LL, y)

Y 3 S P

V. X0,Xoo

where x = x0 + Xoo — 21(r) and the initial value formula for double Hurwitz
numbers is used at the last equality. Summing over x yields that we have
for all |e| + x < |p| + (1)

XS @8 L (—NzD5 (A = 0. O
lv|=Iul

As a remark, the above recursion formula contains the single Hurwitz num-
ber formula and the ELSV formula which can be observed by comparing the
recursion type and the initial values [5,9, 10, 14,17, 19].

7. Computing linear Hodge integrals

It is enough to consider the case of u = (d) for some positive integers d
to compute all linear Hodge integrals. And in this case, we have a closed
formula for the double Hurwitz numbers as follows;

Theorem 7.1. ([6], Theorem 3.1.)Let r = r?
n parts,

()5 . For g >0, and B+ d with

9 12 sinh(kt/2) §2252
Hig)p=rld [tg]H( Kt /2 ) Z|Aut)\|’

k>1

where r = 2g — 1+ 1(B) and ¢y = (number of I’s in 3) — 1, ¢, = (number of
k’s in B) for k> 1. [t2g] means taking the coefficient of t%9.
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Here the double Hurwitz number is counted with multiplicity, hence in
our notation it will read as follows

(7.1)

Hy ((d),v)  dx=H®) 2 1] (sinh(kt/Q))C’“'

(—Xoo +1+1())! —  |Auty| o\ k2

And in this case, (6.1) can be written as

(7.2)
d=XeFl) sinh(kt/2)\
D.o Vezu(_l)_xm+1+l(y)7 th <> =0.
|VZ:d X%@ Xo:¥, |Aut v| [ ]kl;[l kt/2

Now fix v and consider the case where there are m vertices in V(I')(?), Then
we have splitting of o, v, and e into {g1,...,9m}, {v(v1),...,v(vn)}, and
{e(v1),...,e(vm)} such that e(v;)’s are allowed to be empty and

m

Z(Q —2g;) = Xo, U v(vi) = v, U e(v;) = e.

i=1 i=1,...m i=1,...,m

Each vertex will correspond to a certain Hodge integral on ﬂg(y),l(y(v))ﬂ(e(v))
with dimension 3¢g(v) — 3 + {(v(v)) 4+ I(e(v)). There are conditions on m,

X X0, Xoos L(€(v)), and I(v(v)): let g(v) denote Zwiv g(w),

m <), W) <UW)—m+1, X = X0+ oo — 2AW), Uew)< Ie),

m

Yoo < 2min{l(()), 1)} = 2, xo = 3 (2= 2g(vy)) = 2m — 2g(v) — 25().
=1

From these conditions, we can deduce that

_ 3 i 3 3
39(v) = 3m = 39(v) = 5x0 = 3m = 39(v) = Sx + 5Xeo = 3U(V)

3 3
< —§X +3m — 5(21@) — Xoo)~
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where equality holds if and only if g(v) = >, g(w) = 0. Now we can find
the upper bound for the dimension of Hodge integral as follows.

3g9(v) =3+ 1(v(v)) +I(e(v))

< —gx +3m—3-— ;(2[(1/) — Xoo) + U(r(v)) + I(e)

< [39—3+l(e)+1} + [3m—3—3l(u)+;xm+l(u)—m]

< [39-3+ue)+1] + [Q(m—l(l/)) + %(Xoo —2)} <3g—2+Ie)

and the equality holds if and only if
m=1Uv), Xe=2, e(w)=0 forallw#v, g(w)=0 forall w+#wv,

i.e., when each part of v is splitted into separate vertices, and all the marked
points other than the ramification divisor as well as all genuses are concen-
trated on one vertex on the Oth side. Now we can compute any linear Hodge
integral as follows: Say we want to compute Hodge integrals of the form

ko kn oy .
/ AR VDY
My ni1

where j+ > " (ki=3g—2+n. Assume 0<ky<...<k, and let e =
(k1,...,kn) and x =2 —2g. Then for any positive integer d such that
d > x + |e|] — 1, the recursion formula (7.2) expresses the top-dimensional
Hodge integrals in terms of lower-dimensional Hodge integrals as follows:

l(v) i1 (_l)l(z/)—ldl(z/)fQ

Z H iy-! n!

|V|=d =1

2
)

(v n )
" i v / A;/(l) Hj:l(l _@Z’j)kj
i—1 |Aut l)l| ﬂg,wrl 1-— VZ"QDO

= terms consisting of lower-dimensional Hodge integrals only,
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where Aut ; is the automorphism group of the partition v; = (v1,...,70;, ...,
Vi(v))- In this expression, the Hodge integral term expands to:

/ Ay TT= (=)™
ﬂg,n+1

1 —vitho
:/ (1= + X244 (=1)9X) (Z Vf“lbg“)
Mgt ao=0
n k; s
TS e ()
j=1 |a;=0 J

n

= Z (—1)39-24n v H <kj> / P X e X A
a;

k+a;=3g—24+n 7=1 Mg.n+1

Hence the previous expression can be written as

S Culk(ay) / B X A

k+a;=39—24n Mg .nt1
(7.3) = lower-dimensional terms,

where Cy(k, (aj)) are constants defined as follows:

l(v) pri—l (_1)l(y)—1dl(y)—2

Cd(kv (aj)) = Z H ZV! n!

|y‘:d =1
I(v) 9 n
U k;
% 7 VQO J
Z|AUt1)i| ? H(CL)
=1 7j=1 J

Now we have infinitely many linear relations of finitely many linear Hodge
integrals of fixed dimension 3g — 2+ n since equation (7.3) holds for all
positive integers d such that d >1—2g+ ) k;. Moreover the coefficients
Cq(k, (a;)) form Vandermonde-type matrices and it can be proved that one
can always find a set of positive integers {dy,...,d;} which will give linearly
independent relations to solve for all the linear Hodge integrals of given
dimension 3g — 2+ n in terms of the values of lower-dimensional Hodge
integrals with at most one A-class. So we just proved the following theorem;
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Theorem 7.2. Any given linear Hodge integral
(7.4) I
My.n

where ki, ..., k, e NU{0}, j €{0,1,2,...,g}, is explicitly expressed as a
polynomial in terms of lower-dimensional Hodge integrals with one A-class.
Therefore it computes all Hodge integrals with one \-class.

8. Algorithm to compute Hodge integrals with one A-class

In this section, I will derive explicit formula to compute all linear Hodge inte-
grals that can be implemented through computer algorithm. It is clear that
Theorem 7.2 can be implemented using computer: We can use formula (7.1)
to compute double Hurwitz numbers. For error-free computational purpose,
there are well-developed C++ libraries for multi-precision computing, for
example GNU MP.

For any given linear Hodge integral

/ Ptk
Myg.n

Let e = (k1,...,kn—1) and x =2 —2g. Start with d =x — 1+ |e],... and
find linear relations (6.1) as follows: Run over partitions v of size d. For a
fixed v, run over pairs (xo, Xoo) Which satisfies x = x0 + Xoo — 21(V), Xoo <
2, X0, Xoo € 2Z. Now for a fixed pair (X0, Xoo), We can compute double
Hurwitz number D5, ((d),v) as follows: When ¢; > 0, i.e., when there are
one or more 1’s in v, we have

k?bk

2 sinh(kt/2)
T ( k)2 ) ZHZQMH 20k 1)

k>1 (bi.) bx#0 (a

where by, = 0 if ¢, =0 and Xoo = 2 — 2000, Y% Ok = Goos ijl, o aj = by,
with by, af € NU{0}. When ¢; = —1, i.e., when there is no 1 in v, let h be
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the minimum numbered part of v. Then we have ¢, > 1 and

sinh(t/2) sinh(ht/2) eh=Dt/2 | (h=3)t/2 | (—h+1)t/2
( t/2 ) < ht/2 T e )
o 252m
; )]

B _17

2 [h22m L(2m)! (

m=0

when h iseven, [ =1,3,..

it [M(;lzmﬂtm
Whenhls odd,l=2,4,...,h — 1.

Hence we have

(™)

k>1

() () () ()

1 > 1 O\ | o\ [ sinh(ht/2)\ !
= (h(sh,odd-i-mzz:o [h227”1(2m)' (Z 12 )] £2 ) <h§f/2/)>

l
()

k>h

and in this case, for g > 0;

sinh(kt/2)\ 1
=11 ( k:7(5/2/ )> =2 [h22b1—1(2b1)! <Z lzbl)]

k>1 (br) l

kak

X H Z 2bk 2a +1)

b0, k>h (ak)

where by, = 0 if ¢, =1 and b, = 0 if ¢ = 0 for k # h. Using these formulas
and (7.1), we can compute double Hurwitz numbers. In order to compute
[/\l(”)_XO]D;ye()\), first run over the number of vertices m =1,2,...,1(v).
For each m, find all possible groupings of v, e, and all possible splittings
of xo. Note that e admits groupings with empty components. Now find
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all triples (v(v),e(v), g(v)) according to the equivalence condition of ver-
tices discussed in Section 3. Then the contribution of [Al(”)_XO}D;e()\) will
be the product of the combination factor 1/][m;! and the expansions of
Dy(v),v(v),e(v) Which can be obtained by

/ Ay (DTS (1 —wy)”
Maaw)+ice) Hﬁ(:y% (1 - Vﬂ/h’)

— / (1= M+ + (=1)92] (—1)b (‘Z)wé

Mg 1) +1(e) =1 | ()
= Ll
% V’Ll,l)bzl
|2
i(e) I(v)
— ¥ (c)Ed < ) I+ / /\kH¢ H%v
i=1 M) +1ce)

ke, (1:),(1) J=1 i=1

where I; > 0, Ogl}- <ej, 0<k<g, and k+Zili+2jij =39 —3+
I(v)+1(e). Some of them will have maximum dimension 3g — 3 + n for
the situations described in Section 7. Those are treated as unknowns and
all others are lower-dimensional Hodge integrals or initial values which are
already computed. Summing over all pairs (xo, Xoo) and v will give a lin-
ear relation between Hodge integrals of the dimension 3g — 3 + n. Now we
can follow same step as above for other values of d and obtain more linear
relations. Observe that the number of unknowns are independent of d and
actually bounded by the number of partitions of 3g — 3 + n, and hence we
will have a system of linear relations which can be solved by simple Gaussian
elimination method. Thus in each dimension, it amounts to solve a matrix
equation of size N x N when N is, at worst case, the number of partitions
of dimension.

9. Examples
In this section, I will illustrate how the algorithm developed in this paper

works and show that the results match with previously known methods.
There are 16 possible combinations of linear Hodge integrals in moduli space
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dimension 4; namely

[y [y, R [ Pyt
Mo,z Mo,z Mo,z Mo, 7

. ¢1¢1¢1¢15 7 1/)3)‘17 [ @54, . 1/)21!)1)‘17
Mo,z My M4 My

[ Py, [ttt [ wtelyt [ PR
Mia My 4 Mia My 4

| 1/111/111/111/11, | ¢2)\27 [ ¢3A17 7 ¢4-

M Mz Mz Moy

The first 13 integrals can be computed by applying the algorithm to the
triples:

(d,g,e) = (3,0,(0,0,0,0,0,0)), (4,0,(1,0,0,0,0,0)), (5,0, (2,0,0,0,0,0)),
(2,1,(1,0,0)), (5,0, (1,1,0,0,0,0)), (6, (1,1,1,0 0,0)),
(1,1,(0,0,0)),(2,1,(0,0,0)), (3,1,(1 0,0)),(3,1,(1,1,0)),
(4,1,(1,1,0)),(3,1,(2,0,0)), (4,1, (1,1,1)).

It is straightforward to solve the resulting linear systems and to show that
they match with known values. The last 3 integrals can be computed using
(d,g9) = (1,2),(2,2), and (3,2) with e = (). The resulting linear system is

/ ¢2A2—/ 7,/}3/\14- [ w4:0,
2,1 2,1 M2.1

1

7 2\ — 15 3\ + 31 R ——
Mll d) 2 /2,1 w ! + le d) 240’

5
25 2 X9 — 90 3N + 301 ==
m2,1 MZ,I ﬂQ,l 48

One can solve this linear system to obtain the solution set

7 1 1
e T A YE P=
Mas 5760 Mo T 480° Mo 1152
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The first value matches with Ag-formula (1.2), since we have

Z " B, =0, form>0 — Byj=——
o\ k 30

2%24+1-3\2%2"1 —1 |Byo| 7
2 22¢2-1 (2%2)! 5760

The second value matches with (1.3), since we have

2291 1 |By,| 1 7
by= "5 forg>0 = by =—, by=_———
97 T2 (910 MY 190 27 5760
2g—1
11 (291 — 1)!(2g2 — 1)! 7 11
b S - bg by, = 7(1 - 7)
9; i 2g+zg::g (29 —1)! 9% = 570\ T2 13

“3a(a1) ~ w0

And the last value matches with the result in [26, p. 36].
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