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A generalization of Liu-Yau'’s quasi-local mass

Mu-TAO WANG AND SHING-TUNG YAU

In [11,12], Liu and the second author propose a definition of the
quasi-local mass and prove its positivity. This is demonstrated
through an inequality which in turn can be interpreted as a total
mean curvature comparison theorem for isometric embeddings of
a surface of positive Gaussian curvature. The Riemannian ver-
sion corresponds to an earlier theorem of Shi and Tam [18]. In this
article, we generalize such an inequality to the case when the Gaus-
sian curvature of the surface is allowed to be negative. This is done
by an isometric embedding into the hyperboloid in the Minkowski
space and a future-directed time-like quasi-local energy-momentum
is obtained.

1. Introduction
Let (€2, 9ij,pij) be a compact spacelike hypersurface in a time orientable
four-dimensional spacetime N, where g;; is the induced metric and p;; is

the second fundamental form of 2 in N. We assume the dominant energy
condition holds on €, i.e.,

1/2
where
) 2
o= RS () |
i, i
and
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and R is the scalar curvature of the metric g;;. Such a three-manifold
(€, gij, pij) is called an initial data set.
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Liu and Yau prove the following theorem in [11, 12]:

Theorem 1.1. Let (9, gij, pij) be a compact initial data set. Suppose the
boundary of ) is a smooth surface % with Gaussian curvature K and mean
curvature H with respect to the outward normal. If K >0 and H > |tryp|,
then

/EHO—/EWN,

where Hy is the mean curvature of the (essentially unique) isometric embed-
ding Fy of ¥ into R3. The equality holds only if N is a flat spacetime
along €.

We remark that /H? — (trgp)? is the Lorentz norm of the mean curva-
ture vector of ¥ in N. Liu and Yau (see also Kijowski [10]) propose to define
the quasi-local mass of ¥ to be [ Hy — [, \/H? — (trgp)?. The inequality
amounts to the positivity of Liu—Yau’s quasi-local mass. Liu—Yau’s theo-
rem generalizes the Riemannian version of this inequality which was proved
earlier by Shi and Tam [18]:

Theorem 1.2. Let Q) be a compact three-manifold with positive scalar cur-
vature. Suppose the boundary of ) is a smooth surface ¥ with positive Gauss-
stan curvature and positive mean curvature H with respect to the outward
normal. Then

/E(HO—H)>0,

where Hy is the mean curvature of the (essentially unique) isometric embed-
ding Fy of ¥ into R3. The inequality holds only if Q is flat.

The expression [(Ho — H) is indeed the quasi-local mass of Brown and
York [4,5]. Liu-Yau’s theorem for time symmetric space time (p;; = 0 on Q)
implies the Riemmanian version. Indeed, the validity of Liu—Yau’s theorem
relies only on the fact that 3 bounds a space-like three-manifold €2, but not
on any particular € (the expression [ \/H? — (tryp)? is independent of €2).

In this article, we generalize Liu—Yau’s quasi-local mass in the case when
the Gaussian curvature of the surface is not necessarily positive. In addition,
we obtain a time-like four-vector instead of a positive quantity. The motiva-
tion for such a generalization is the following. First of all, in general relativ-
ity, it is desirable to extend the definition of quasi-local mass to non-convex
surfaces in order to deal with, for example, black hole collision. Secondly,
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we intend to resolve the issue of momentum in Liu—Yau’s definition. It was
pointed out in [15] that there exists surfaces in R®! with strictly positive
Liu—Yau quasi-local mass. In Liu—Yau’s formulation, the mass is zero only
if ¥ lies in a totally geodesic R®. We believe the momentum has to be
accounted for. We compare to isometric embedding of ¥ into R%! and a
four-vector naturally arises in such a setting.

We prove the following theorem.

Theorem 1.3. Let (2, gij,pij) be a compact initial data set. Suppose the
boundary of 1 is a smooth surface 3 homeomorphic to the two-sphere. Let K
be the Gaussian curvature and H be the mean curvature with respect to the
outward normal of ¥. Suppose k > 0 satisfies K > —k% and H > |trsp|. Let
Fy be the (essentially unique) isometric embedding of ¥ into H:EKQ c R
Then on % there exists a future-directed time-like vector-valued function
WY ¥ = R which depends only on /H? — (trsp)? and the embedding
of ¥ into Hiﬁz such that

/E [Ho -~ JHE (trgp)Q] wo

s a future-directed non-space-like vector. Here, Hy is the mean curvature of
the isometric embedding into H?iHQ.

Our theorem is in the spirit of Liu—Yau’s as the expression depends
only on the metric and the embedding of ¥ and y/H? — (tryp)? and is thus
independent of the particular 2. Theorem 1.3 is not sharp even if €2 itself is
part of a hyperbolic space. But it does recover Liu—Yau’s theorem as k — 0.

The Riemannian version is

Theorem 1.4. Let Q) be a compact three-manifold with scalar curvature
R > —6k2, for some k> 0. Suppose the boundary of Q is a smooth sur-
face 3 homeomorphic to the two-sphere. We assume ¥ has positive mean
curvature H with respect to the outward normal and Gaussian curvature
K > —k2. Then there exists a future-directed time-like vector-valued func-
tion WY : 3 — R>! which depends on H and the embedding of ¥ into Hing
such that

/E (Hy — H)W"

is a future-directed non-space-like vector. Here, Hy is the mean curvature of
the isometric embedding into H? 2
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WY comes from the solution of the backward parabolic equation (5.3)
and is related to the square norm of the Killing spinor on H? 2 WY appro-
aches a constant vector as kK — 0. The comparison theorem holds when 2
has more than one component and in higher dimension.

A common feature of Shi-Tam’s and Liu—Yau’s theorem is an idea of
Bartnik [2] (see also [23]) which is to glue together € with the outer compo-
nent of R3\ F(X) along 3. Pushing Fy(X) along the outward normal direc-
tion gives a natural foliation of the outer component. In Shi-Tam’s case, the
joint is smoothed out by perturbing the flat metric in the transverse direc-
tion of the foliation so that the mean curvatures at the joint agree and the
new metric has zero scalar curvature and is asymptotically flat. The proof is
followed by the monotonicity formula of a mass expression and the positive
mass theorem for such a manifold. Liu and Yau were able to deal with the
general space-time case. The key point was a procedure followed in the proof
of the positive mass theorem by Schoen and Yau [21]. Out of an initial data
set (£2, gij, pij), they constructed a new three-manifold with zero scalar cur-
vature while the original information of p;; was retained. The mean curva-
ture is no longer continuous along the joint. Nevertheless, through a delicate
estimate, they were able to prove the existence of harmonic spinors to furnish
the proof of the positivity of the total mass. Positive mass theorems on mani-
folds with discontinuities have been proved by Shi-Tam [18] and Miao [13].

In our case, we suppose ¥ has Gaussian curvature K > —x2, for some
k> 0. By a theorem of Pogorelov [17], ¥ can be isometrically embedded
into the hyperbolic space H? .2 of constant sectional curvature —k2, and the
embedding is unique up to a hyperbolic isometry in SO(3,1). H? .2 1s iden-
tified with the hyperboloid in the Minkowski space R3!: so this becomes an
embedding of ¥ into R*!. Such embeddings are unique only when restricted
to H3 2

We remark that the second fundamental form of Fy is positive definite
by the Gauss formula. In particular, the mean curvature Hy > 0. Indeed
the Gauss formula says the sectional curvature K, satisfies

Kab = _/‘32 + haahbb - hiba

where hg, is the second fundamental form.

Our proof involves a construction similar to that of Bartnik, Shi—-Tam,
and Liu-Yau. We glue  with the outer component of H? ,\Fy(X) by
identifying the two embeddings and perturbing the hyperbolic metric in
the transverse direction so that the scalar curvature remains —6x2 and the
metric is asymptotically hyperbolic. We also introduce the function W by
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solving a backward parabolic equation with a prescribed value at infinity.
We show that the difference of the weighted total mean curvature of the
leaves in the two metrics is monotone and is positive at infinity by a positive
mass theorem for asymptotically hyperbolic manifolds.

We remark that the positive mass theorems for the ADM mass (asymp-
totically flat) and the Bondi mass were first proved by Schoen and Yau
[19-22]. Witten [25] (see also [16]) then gave a different yet simpler proof
using a spinor argument. This argument is adapted by several authors
[14,1,24,7,8,26] to study the mass and rigidity of asymptotically hyperbolic
manifolds. The formulation of the positive mass theorem for asymptotically
hyperbolic manifolds is more complicated than the asymptotically flat case
in that the non-trivial Killing spinor is involved. Our definition of mass
involves a particular foliation asymptotic to surfaces of constant mean cur-
vature. A perhaps more canonical one is the foliation by surfaces of constant
mean curvature constructed by Huisken and Yau [9]. We plan to investigate
this direction in the near future.

The paper is organized as the follows: In Section 2, we study the folia-
tion of the hyperbolic space and derive the growth estimates of the relevant
geometric quantities. Through the prescribed scalar curvature equation, we
obtain an asymptotically hyperbolic three-manifold (M, g”) with scalar cur-
vature —6x2. M is diffeomorphic to H? <2 \$20, where Qg is the region in H? 2
enclosed by Fyp(X). The mean curvature of the inner boundary of M can be
prescribed to be any positive function H. In Section 3, we review Witten’s
Lichnerowicz formula for the hypersurface spin connection, and we express
the total mass of the (M, ¢"”) as the limit of an integral on the leave of the
foliation. In Section 4, we study the Killing spinors on H? .2 and calculate
the total mass of (M, ¢") explicitly. In Section 5, we derive the monotonic-
ity formula of the mass expression. In Section 6, we prove the positivity of
the total mass of (M, ¢") by gluing with Q and choosing a suitable . The
proofs of Theorem 1.3 and 1.4 are given at the end of Section 6.

2. Foliations with prescribed scalar curvature
2.1. Foliations on hyperbolic spaces

Let ¥ be any (n — 1)-dimensional Riemannian manifold. We assume each
sectional curvature of ¥ is not less than —k2. Let Fy: ¥ — H", . be an
isometric embedding and denote the image by ¥y = F(2). We deform %
in the normal direction at unit speed in order to obtain a foliation of the
outer region of the surface ¥y . This can be described by an ODE: for each
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p € X, we consider

LFpr) =N
F(p,0) = Folp),

where F': ¥ x [0,00) — H" ., and N is the unit outward normal of the sur-
face ¥, = F(3,r). The parameter r represents the distance function to X,
and X, are exactly the level sets of r. For each fixed p € ¥, F(p,r),0 <r <
00, is a unit speed geodesic.

We fix a coordinate system (x!,... 2" 1) on ¥, and this gives a para-
metrization of each leaf 3. Let gu(p,7) = <g§, g£>, a,b=1...n—1, be

the induced metric on the leave Y,.. Therefore, the hyperbolic metric can
be written as dr? + g.(p, ). For each p, gus(p,r) satisfies the ODE

d
(2.1) 27.9ab (P 7) = 2hap(p, 1),

where hgy(p, 1) = (Vor N, %> is the second fundamental form of 3J,.. By the
Az
assumption of sectional curvature, hqp(p,0) > 0 for each p € X. hyy, satisfies

d OF oF
2.2 —hap = ¢hachpg — R —, N, =—,N ).
(2:2) dr'' =9 b — It <8xa b >
In our case, R(gf; , N, %, N) = —k?gqp and hi = g*hey satisfies
2 d a ayc 2 ca

The mean curvature Hy = g*°hg, satisfies

d
2.4 ZHy = —|A)? — 1)K
(2.4) 5 Ho |A]" + (n - 1)k

Equation (2.3) is an integrable first order ODE system. Given any point
p € X, choose a coordinate system so that hg,(p,0) = Aa(p, 0)gas(p, 0) and
hit(p,0) = Aa(p,0)d; is diagonalized with principal curvature Aq(p,0). By
the uniqueness of ODE system, the solution is a diagonal matrix hf(p,r) =
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Aa(p,7)6; and the principal curvatures A\, = Ay (p, ) satisfy

d%)\a =22 + K%

It is easy to see in case when A\, (p,0) > K, Aq(p, ) = & coth(k(ug + 1))
with Ay (p,0) = k coth(kp,) is a solution of this ODE and lim,_,oo Ay = K
is independent of the initial condition. If A\,(p,0) < k, we may replace coth
by tanh and the results are similar. Since only the asymptotic behavior at
infinity will be relevant, for simplicity we shall restrict to the case Ay (p,0) >
k in the following discussions.

Now we can solve Equation (2.1). Since A\, = & coth(k(uq + 7)) are the
eigenvalues of h{, we have hy, = k coth(k(pg + 7))gap, and the gy satisfy

d
2 9ab = 2k coth(k(pa + 7)) 9ab-

We may assume gqp(p,0) = 4 by choosing coordinates near p. Since
the solution of initial value problem

d
Tna = 2k coth(k(pa + 7))1a

d
1a(0) =1
is (1) = %, we obtain

sinh?(k (g + 7))

(25) galp.r) = = L0

ab-

The volume element of ¥, is thus

smh a—l—r
vV det gap(p,7) = H ko 4 7)) det gap(p, 0).

sinh(kpqa)

It is clear that gap(p,7) =€ 2" ge(p,7) is uniformly equivalent to the
standard metric of S"~! for any r.
The mean curvature of X, is

(2.6) Hy(p,r) = rcoth(k(pa +1)).
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By the Gauss formula, the sectional curvature K is
Kup(p,r) = k24 K2 coth(k(pe + 7)) coth(k(up + 1)),

and the scalar curvature R" of X, is

(2.7)
R"(p,r) = —(n — 1)(n — 2)k* + 2x* Z coth(k(pg + 1)) coth(k(up +7)).
a<b
The limits are
(2.8)
lim Hy(p,r) = (n— 1)k, lim Kg(p,7) =0 and lim R"(p,r) = 0.
r—00 r—00 r—00

It is useful to view the total space as ¥ x [0, 0o) with the metric gq(r) on
each r-slice. In the case when n = 3, the normalized metric G, = € 2" g

has scalar curvature e?*” R” which approaches

2€H(u1*u2) + erlpz—m)

e“(#l +p2)

Unlike the flat case (see [18]), this is in general not a round metric on the
sphere.

Another approach to deriving formulae in this section is to express the
embedding of 3, in terms of the coordinate function of R31:

(2.9) X(F(p,r)) = cosh krX(F(p,0)) + sin

N(p,0),

where N(p,0) is the outward normal of ¥y tangent to H? . as a vector
in R31.

All the formulae in this section can be verified by this explicit embedding.
Also, the normalization e ~*" X (F(p,)) approaches X + 1N which lies in the
light cone.

2.2. Prescribed scalar curvature equation

Following the assumption in the previous section, we suppose >y bounds a
region Qg C H? .2, and denote M =H" ,\Qy. By the assumption on the
sectional curvature of X, the hyperbolic metric ¢ on M can be written
as dr? + gap(p,7) where 7 is the geodesic distance to X, and gg(p,r) is
the induced metric on the level set ¥, of r. The mean curvature of X,

with respect to the outward normal in the hyperbolic metric is denoted
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by Hy. We consider a new metric ¢’ on M of the form u?dr? + gu(p,7)
with prescribed scalar curvature —n(n — 1)x2. Notice that ¢” = u?dr? +
gab(p, ) induces the same metric on the leaf 3. u then satisfies the following
parabolic PDE (see Equation (1.10) in [18]):

(2.10) 2Ho‘;“ = 2u A u+ (u—u®)(R" 4 n(n — 1)k2),
T

where A, is the Laplace operator and R" is the scalar curvature of 3J,.
We also require the initial condition

HO (p7 0)
2.11 u(p,0) = =2
(211) n.0) = 0
to be satisfied where H is a positive function defined on ¥. The mean
curvature of ¥, in the new metric is then H(p,r) = %Ho(p, ).
For simplicity, we shall focus on the n = 3 case in the rest of the section.
The general case can be derived similarly. The solution of

0
2H08—: = 2u’Avu+ (u— ud)(R" + 6K2)

can be compared to the solution of the ODE

(212) SE= b0 = 1Y, 0) = minu(p,0),

where h(r) = mingey, R;Eiﬁ. The solution of (2.12) is

r ~1/2
f= <1 + Kexp(—Z/ h(T)d?’)) , where K satisfies f(0) = (1 + K)~'/2,
0

By the maximum principle, we have u(p,r) > min{f(r),1} > 0. The upper
bound for u can be obtained similarly. From these, it is not hard to see that
u satisfies the C estimate:

(2.13) lu— 1| < Ce 3,
We prove the following result.
Theorem 2.1. Let X be an embedded convexr surface in H‘g_nz, and let Qg

be the region enclosed by X¢ in Hinz. Let M = ]H[?lnz\Qo and X, be the level
set of the distance function r to Y. Let g’ be the hyperbolic metric on M
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which can be written as the form g' = dr? + gu(p, ), where gap(p,r) is the
induced metric on X.. Let u be the solution of

2H, (gu = 2u?Ayu + (u — u3)(R" + 6k?)
r
2.14
’ H(p)

for a positive function H(p) defined on Xy. Here, Hy is the mean curvature,
A, is the Laplace operator and R" is the scalar curvature of ¥... Then

(1) The solution ezists for all time and

lim e (u — 1) = v
r—00

s a smooth function.
(2) g" = udr? 4 gup(p,7) is a complete asymptotically hyperbolic metric

on M with scalar curvature —6k2.

Proof. We recall the expressions of the mean curvature Hy and the scalar
curvature R" of ¥, in the n = 3 case:

Hy = k (coth(k(p1 + 7)) 4+ coth(k(uz +1))),

(2.15) R™ = 2k2 (coth(r(p1 + 7)) coth(k(p + 7)) — 1)

Denote v = 3" (u — 1). Then v satisfies
0 u? u(u + 1)(R" + 6k2)
o= A 3k —
37"U H(] r? * " 2H[)

By (2.15), we have

T 2
T a0,
and thus by (2.13)

Cu(u+ (R + 612)
2H)y

3K = O(e™ 7).

Define A, = e2%"A,.. Then A, is uniformly equivalent to the Laplace
operator of the standard metric on S?. When n — 1 = 2, this is the Laplace
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operator of gq; by the conformal invariance. Thus,

0 2u?
Y=

) 2KkT —
c or H[)

Av+O0(1)v.

Take t = —ie*%’”. Then 262""’% = % and the equation becomes

0 2u? -
—v=—Av+O(1)v.
550 o v+ O(1)v
This equation holds for t = —;(r = 0) to ¢t = 0(r = oo). It is not hard
to show that the solution exists and converges to a smooth function vy, on
>0, and we have

(2.16) lim e 2% (u — 1) = vgo.
r—00
We can then apply the standard Schauder estimate to get derivative bounds
for w.
We define the gauge transformation as in [1]:

(2.17) A:(TM,g") — (TM,q")

by A(Z)=12 and AX)=X forall X € TS, or A=Ltdu® 2 + e ®

u Or

ea- We can then check that |[A — I| = O(e™3") and |[V'A| = O(e™**"). O
3. Lichnerowicz formula and the mass expression

Let (2, gij) be a compact three-manifold with boundary 99Q. Let {e;}i—123
be a local orthonormal frame on 2. We choose the frame so that es is the
outward normal to 9 and {e,}q=12 are tangent to €.

Let V denote the Riemannian spin connection and Vaf be the connec-
tion when restricted to 9€2. Recall the Killing connection V is defined by

~ v—1
Vv =Vy +

ke(V)-

The relations among these connections are

Ve, ) = Ve, b +

ke(eq) -

(3.1) /T

2
= V% 4 =3 haeles) - elen) -+ o helea) -0,

b=1
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for a = 1,2. Here, hyp = (Ve e3,€p) is the second fundamental form of 9f.
We first recall the following formula for Killing connections (see for

example [1]):

(3.2)

S22, L 202 12 ) S )
[ (1902 + {0 - 1D6R) = [ 0.y +ctea)- Do,

Here D is the Killing Dirac operator, Di) = c(e;) - §e¢ The right hand
side becomes

/ (W, cles) - clea) - Voo ¥).
o0

We calculate using (3.1)

cles) - clea) - Ve, v
= c(e3) - c(eq) - VQO% + %habc(ea) -c(ep) - — V/—1rc(es) - .

We recall that the Clifford multiplication on 0f satisfies cpq(eq) = c(eq)-
c(es), and thus c(e3) - c(eq) - VI = =D, the Dirac operator on 9. Also,
using the property of the Clifford multiplication, it is not hard to see hgp
cleq) - clep) = —H.

Proposition 3.1. Let (€, gi;) be a compact three-manifold with boundary
092, then for any spinor ¢ we have

[ (902 + {02 - Do)
Q
- / <¢, — D%y — 1H@/J — \/jnc(eg) . ¢> ,
o0N 2

where e3 is the outward normal of Q) and H = (V. es,eq,) is the mean
curvature.

In our situation, there are two metrics on M =H? .\Qo. One is the
hyperbolic metric ¢’ = dr? + g.(r), where g.(r) is the induced metric on
Y- and 6_2’"gab(r) is uniformly equivalent to the standard metric on S2.
The other metric is g = u?dr? + gq(r).
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¢’ and ¢” induce the same metrics on Y, while the unit normal vectors
are different. They are denoted by ef = %% and e} = % for ¢ and ¢/,
respectively.

As in [1], we define the gauge transformation
(3.3) A:(TM,g') — (TM,g")

by A(Z)=22 and A(X)=X forall X €T, or A=Lldu@ L +e2®

u or
e,. A satisfies the relation

9"(A(X), A(Y)) = ¢ (X, Y).

As was remarked in [1], A also defines a fiberwise isometry of the asso-
ciated Riemannian spinor bundles S(M, ¢') and S(M, ¢") and satisfies

A(d (V) -9p) = "(A(V)) - A(),

where ¢ and ¢’ are the Clifford multiplication associated with ¢’ and g¢”.
Denote the Riemannian connections of ¢’ and ¢” by V' and V", and
define a new connection V by

Vi = AV (A7 1).

V" and V are both metric connections for ¢”, but V has non-zero
torsion. V’, V” and V extend to spin connections on the corresponding
spinor bundles.

Definition 3.2. ¢ is said to be a Killing spinor with respect to V' if

NES
——KC

o
v = -

(V) - -

Proposition 3.3. Let (M,g") be as in Theorem 2.1 and A be the gauge
transformation defined in (3.3). Let ¢{ be a Killing spinor with respect to
V' onH3 . and ¢o = Ag}. Then

(34) ~D™ g0 = 3 Hody +VTre"(4) - o
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Proof. First of all, we have V., ¢og = AV, A~ ¢g) = A(V._ ¢). Thus,

= v—1
(3.5) Ve, 00 = — 5 k' (eq) - do-
By definition,
(3.6) D ¢o = —c"(e5) - " (ea) - Ver do.

Now, we relate Vezcj(;ﬁo and Ve, ¢o. From the definition of the spin
connection, we have,

— 1
vea ¢0 - 5 Z(veaeb’ 6C>C//(eb) : c//(ec) - ¢o
b<c

2
> (Vesen, )" (e) - ¢ (€5) - o

b=1

(3.7) +

N

Recall that the relation between V and V' is
Vi = AV'(A71).
Also A(ef) =€, and A(X) =X for all X € T%,.
We calculate the terms in (3.7) and get Ve, = A(V, e ) and

(Ve e ec) = (Ve e ec).  Now (Ve e, ef) = (A(V, &), €5) = (A(V, ep),
A(el)) = (V. ey, €5) = —hD,. Thus

(3.8) Ve, b0 = Vordo — hgbC”( b) - " (e3) - o.
Plug (3.8) in (3.6) and multiply by ¢”’(e%) to derive
(3.9)  D¥¢p=—c"(e5) - "(ea) - {V@a% + 5 hanc” (e5) - ¢ (€5) - do|

Plug (3.5) into (3.9), and we obtain the equality. O

Definition 3.4. For any spinor field ¢ on (M, g"), we define the mass
expression to be

. D= _1 2 1k (e
mo(w) = [ =00 = 5 [ - [ ST @),

By Proposition 3.3, we obtain
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Corollary 3.5. Let ¢, be a Killing spinor with respect to V' on H? , and
oo = Agy, then the mass expression for ¢q is

(3.10) melon) =5 [ (Ho = H)lonl.

Of course |¢g 3,, = |A¢6|Z” = |¢6‘Z"

4. Killing spinors on hyperbolic spaces

We first recall the model for the hyperbolic space H? .2 of sectional curva-
ture —x2. Let R®! be the Minkowski space with the space-time coordinates

X = (1, %2, 3,1)

and the Lorentz metric da$ + daj + dad — dt?. H? , can be identified with
the space-like hypersurface

1
{(xl,xg,xg,t) cR¥ | 2?2 tad + 23 —1? = —?,t > 0}.

The following parametrization using the polar coordinates (17, 6,) on
R3 is particularly useful:

1,. .
(x1,x9,x3,1) = ;(smh kr’ cos 8, sinh kr’

(4.1) sin 0 cos 1, sinh k7’ sin 6 sin v, cosh K7’).

This is indeed the geodesic coordinates given by the exponential map,
where 1’ is the geodesic distance. The induced metric in this coordinate
system is then

(sinh rr')?

g =dr”? + = (d6* + sin? Odrp?),

where df? + sin? 0dy? is the standard metric on S? in spherical coordinates.

The future-directed unit time-like normal of H? .2 is then eg = kX. The
second fundamental form is p = kg’. By picking a trivialization, the space
of spinor fields on H? .2 can be identified with the space of smooth functions
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valued in C2. A Killing spinor ¢’ on H? .2 satisfies the equation

e
2

(4.2) v+ kc' (V) - ¢ =0 for any tangent vector V,

where V' is the spin connection. The Killing spinors on hyperbolic spaces
were studied by Baum [3]. In the (r/,0,1)) coordinate system, they can be
found by a calculation similar to the one in [26](the case k = 1). They are
of the form:

kr'! 4 0 kr' A\ . 6
exp| — +1i— | cos = exp| — —i— | sin—
Pl "2 )% P\l 7 2)™Ma | 1y
(4.3) G0 = ,
k' N RN k' 0| a2
—exp|——+i= |sin- exp|———i= —
exp > 5 | sing  exp 5 5 | €055
where a = Zl € C? is a constant spinor in this trivialization.
2

We calculate the square norm of ¢ ,.

]qb'07a]2 = (la1)? + |az|?) cosh k' + (Ja1|? — |az|?) sinh k7’ cos 6
+ (a1a@g + @jaz) sinh k1’ sin § cos ¢
+ v/ —1(a1ay — Gyaz) sinh kr’ sin ¢ sin 6.

This can be written in terms of X as
(4.4) |60,4> = =X - ((a),

where - is the Lorentz inner product in R%! and ((a) € R>! is
(4.5)
(—(|0’J1|2 - |a2\2), —(a1G2 + araz), —v—1(a1a2 — a1a2), |a1|2 + |a2|2) .

Denote 8%1 = F1, 8%2 = Fo, % = F3 and % = FEy, and pick the follow-
ing trivialization of the Clifford matrices for this orthonormal
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basis of R3:!:

¢ can be expressed as

C(a) =V _1(<C(E1)a7 a>E1 + <C(E2)CL,G>E2
(4.6) + (c(E3)a, a)E3 — (c(Eo)a, a)Ep),
where (-, -) is the Hermitian product on C2.

From this expression, it is clear that ((a) is independent of the choice of
the orthonormal frames in the Minkowski space. It can be checked directly
that ¢ maps C? onto the future directed light cone Cy = {a? + 23 + 23 —
t2 =0, t > 0}. In fact, the restriction of ¢ to 3 C C? gives the Hopf map
onto $? = Con {t =1}.

To summarize,

Proposition 4.1. For any a = [Zl] € C?, the square norm of the Killing
2
spinor ¢ , (4.3) on H3 . is given by

600> = —KX - ((a),

where X = (x1,x2,x3,t) is the Minkowski position vector and ( is defined
in (4.5).

In terms of the Clifford multiplication.
|¢6,a|2 ==V 71K’<C(X)a7a>'

Denote the Hessian of |gb67a|2 on H? , by VvV~ |¢).q|*- Since X - ((a) is
a linear function on R*! and the second fundamental form of H? 2 18 given
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by k¢’; it is not hard to see that
—k? 2 _ 2 2
“0.al” = 67, ) d0,al ™

We calculate
Al ol” = Zvv 6,0l (eir €6) = (V6,0 [*, Ho),

where Hj is the mean curvature vector of X,.
As Hy = H()%, we have

o /12
HO |¢O,a’

(4.7) 5

= _Ar’(bz],a’Q + 2H2‘¢6,a‘2‘

This equation will be used to define the vector-valued function W9 in
the statements of Theorem 1.3 and 1.4.

We shall express the limit of the mass expression for ¢o, = Ady ,:

T—00

i [ (Ho— H)lo0a =~ lim [ (Ho— #)X-¢(a)
o, r—00 s,

by the Gauss map of .

Given a surface Fy : ¥ — H3 ,, we consider the associated map

PR
Y : X — Cp

into the light cone by

(4.8) Yo = kX(Fp) + N,

where N is the normal to ¥¢ in H? 2
It is not hard to check the image of g is in the light cone, and in fact
the projection of vy gives the hyperbolic Gauss map [6].

Proposition 4.2. Let M be given as in the assumption of Theorem 2.1.
For an asymptotically Killing spinor ¢o. = Agy, on (M,g"), we have

r—00

i [ (Ho— H)ldoul? = —26 /E vaer0(@) - C(a),

oo

where 7y is defined by (4.8) and v is defined in Theorem 2.1. X is
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2Kkr

Y equipped with the metric gqp(00) = limy o0 €™ " gap(r) or the pull-back

metric by ¥o.

Proof. By formula (2.9), we have

(4.9) Yo(p) = lim e kX (F(p,r)).

T—00

On the other hand, by Proposition 4.1, we have
(4.10) 90+ C(a) = lim e[ 2

The limiting metric gq,(c0) is well defined by (2.5). By Proposition 4.1,
we have

/ (Ho —H)|d0,a

r

= —/ Ho(1 —u X - ((a).
s,
The integrand can be regrouped as
Ho(1 —u "X - (a) = Ho [¢*" (1 —u™")] [ kX - ((a)] e "

The proposition now follows from (2.8), (2.16), that lim,_ . Ho = 2k,
and that the volume form of g,;(r) grows like <", O

5. The monotonicity formula

In this section, we will define the function WP found in the statements of
Theorem 1.3 and 1.4. Recall we have an isometric embedding Fp of X into
H3 ., and $o = Fy(X) has Gaussian curvature > —r?. This determines a
foliation and the associated geometric quantities gqp(r), Ho, R" and A, on
the leaves X, (see Section 2). We consider them as one-parameter families
on the fixed space ¥ by the natural parametrization. The function u is
obtained by solving the initial value problem (2.14). Fj also determines
the map 7o : ¥ — Cp into the light cone. For any constant spinor a € C2,
—70 - ¢(a) is a positive function defined on ¥ that satisfies (4.10).
W is defined to be the solution of the following PDE:

Ho OW

= —AW +2:2W
(5.1) u Or
Tim W (pr) = —0(p) - ((a).

The equation is a backward parabolic equation. It is nevertheless solv-
able because the value of W is prescribed at infinity. Of course the equation
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is motivated by (4.7), and W plays the role of the squared norm of the
Killing spinors in this case.

Lemma 5.1. Fquation (5.1) has a unique positive solution W on (M, g").

Proof. By Proposition 4.1 and (4.9), we can pretend W (p, 00) = lim, o0
|¢0.4|°- To be precise, we set W = e™*"W. Then W satisfies

0 U . of2u 1Y\

Recall that A, = e2"" A, is the Laplace operator of the rescaled metric
GJap Which is bounded, and thus

0 ~ QU ~ ~ 2u 1 ~
22/@7'7W:_7AW 222/{7" 2= 2\ w.
¢ 87” HO " +ante HO KR
By (2.13) and (2.8), we have |12LT% — 1] < Ce™3"". We reparametrize this
equation by taking 7 = ﬁe‘Q’". Then 262""’% = —%; and the equation
becomes
9y —2%&w_%%m<%_?>w
W(,r=0) =-7"((a)

This is now a forward linear parabolic equation for 7 =0 (r = c0) to
7= 4 (r=0). Since W > 0 at 7 = 0, it remains positive by the maximum
principle. Thus, W is positive as well. O

Now we prove a monotonicity formula that generalizes the one in [18]:

Proposition 5.2. Let M be given as in the assumption of Theorem 2.1.
For any W satisfying (5.1), the quantity

m(r) = [ (Ho—H)W
pI
1s monotone decreasing in r, and

lim [ (Ho—H)W = lim | (Ho—H)|¢o.al>

r—00 » r—00 b))
r r
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Ho
Proof. Recall that H = 2. We compute

— = —(1 - H —
2w . o (I1—u )W + Hou 5,1
aw
+ Ho(1 — u_l)? + (Ho)?*(1 —u Hyw.

Plugging in Equation (2.14) and integrating by parts, we obtain

/ <5H0 - H§> (1—u Hw + l(zf1 —u)(R" + 6K5%)W
S, 87‘ 2
+H0(1—u*1)%/+ (u—1)A,W.

The Gauss formula says
R™ = —2k% + |Ho|* — |AJ%.
Combine this with Equation (2.4) to obtain

dHy
W+H§ = R" + 4%

We check the following identity holds:

(R" 4+ 4r%)(1 —u™b) + l(ufl —u)(R" + 6r?)

2
1
= —§u_1(u — D2(R" +2r%) — 2% (u — 1),
and thus
dm 1 -1 2(pr 2
i 2/u (= D2(B + 262)W
H
+/(u—1) <OdW+ATW—2/<;2W>.
u dr

The second term on the right hand side vanishes by (5.1). Our assump-
tion implies R" > —2x2, and thus ij—T <0.
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By the prescribed value of (5.1) at oo,

lim (Ho — H)W = lim Ho(1 —u=1)e3 (e W) e ™

r—00 b r—00 »
s r

= —/ 2KV0070 - C(a).
Yoo

By Proposition 4.2, this equals

1.
— lim (HO - H)|¢0,a|2'
K r—=00 [s

s

g

Since the Equation (5.1) is linear, we may as well consider a four-vector
valued function W : ¥ x [0, 00) — R3! that satisfies

Hy AW
lim, o0 e " W(p,7) = —70(p).

= —AW + 2k2W

Set W = W - ((a). We obtain the following.

Proposition 5.3. Let M be given as in the assumption of Theorem 2.1.
If W satisfies (5.3), the quantity

[ - mw -
3,
is monotone decreasing in r for any ((a), and

tim [ (Hy = H)W - C(a) = lim [ (o= )l

700 »
r

We notice that vy = lim, o e " kX is future-directed time-like and
—Y0-¢(a) >0 for any ((a). By the maximum principle and the follow-
ing characterization of future-directed time-like vectors, W (r) remains a
past-directed time-like vector.

Lemma 5.4. A four-vector v = (a1, az2,as,b) is future-directed time-like
(non-space-like) if and only if v-¢ <0(<L0) for all ¢ = (y1,y2,ys3,1) with
vi+ystyi=1.
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6. Positivity of the mass expression

Given a convex isometric embedding Fy: ¥ — H? , and a function #(0)
defined on ¥, we constructed an asymptotically hyperbolic metric ¢” =
u?dr? + gap(r) on M =H? ,\Qo, where gqp(r) is the induced metric on the
leaves X, and H(r) is the mean curvature of ¥, with respect to the outward
normal in (M, g"). Recall for each Killing spinor ¢;, , on H3 ., we obtained
an asymptotic Killing spinor ¢, = A¢, o on (M,g"). In this section, we
prove the mass expression

1 )
Am 5 ), (Ho=H)ldaol

T

in Proposition 5.2 is positive under certain assumptions on H.

For a suitable chosen #H(0), we prove there exists a Killing-harmonic
spinor ¢, on (M,g"), D¢, = 0, with the appropriate asymptotic behavior
to assure that

(6.1)
Jlim. /E (a, (Vo, +¢"(r) - D)) = lim | (da0,(Vs, +¢" (1) - D)ao).

r

The left hand side can be shown to be non-negative by the Schrodinger—
Lichnerowciz formula for harmonic-Killing spinors. Now by Corollary 3.5,
the right hand side is the mass expression lim, s fEr (Ho — H)|¢a0 f],,.

Since the metric g” depends on the embedding Fy and H(0), the question
is now: For what kind of (F(X), H(0)) can we fill in (M, g") with a compact
three-manifold 2 with boundary so that the resulting manifold has positive
total mass.

6.1. Riemannian version

The following theorem is a generalization of Shi-Tam [18] which corresponds
to the case when x = 0.

Theorem 6.1. For k > 0, let Q) be a compact three-manifold with smooth
boundary 0 = ¥ and with scalar curvature R > —6k2. Suppose ¥ has posi-
tive mean curvature H with respect to the outward normal and has sectional
curvature K > —k?. Let Fy be the isometric embedding of ¥ into H3_Hz
and Qo be the region in H? , enclosed by Fo(X). Suppose M =H? ,\Qo
is equipped with the metric ¢" = u?dr?® + gup(r) so that u satisfies (2.14)
with H(0) = H. Let M = M Ug, Q be equipped with the metric §;; such
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gl on M. Let Vy = Vy + Y5Lka(V) be the

that gi; = gij on X and gij = g;;
Killing connection associated with g;; and D= c(el) Ve e, the Killing-Dirac
operator. Then for each Killing spinor gbo , on H3 ° .2, there exists a Killing-

harmonic spinor ¢q, qua =0, on M that is asymptotic to D00 = Aqbf]’a mn
the sense of (6.1).

Proof. We remark that the resulting metric § is Lipschitz and R > —6x?
holds on (M\99Q, §i;).

Notice that we can choose a smooth structure (coordinates) near the
joint 0Q so the coefficients g;; are Lipschitz functions (see Liu-Yau [12]
Section 4.5). In the following, we denote by L? and W2, the space of L2
and W12 sections of the spinor bundle S(M,§) as the completion of C™
sections of compact support with respect to the smooth structure and the
corresponding norms.

For a Killing spinor ¢/, oon 3 ® .2, We obtain an asymptotic Killing spinor
Pao =A@, g on (M, g"). We can multiply ¢q0 by a cut-off function f such
that f¢,,0 is a smooth spinor defined on M. By abusing notation, we still
denote this spinor on M by ®a0-

Near infinity with respect to the connection V = AV/A™1 ¢, satis-

fies Ve, Pa0 = —ﬂmc(eb) ¢q,0 by (3.5). On the other hand, ?BQQ%,O =

I
- g g ( ar )Qba 0-
We compute

_1 5
Hc(eb) (baO veb¢a0 veb¢a,0

ﬁeb(ﬁa,o - 6eb(ba,O + 9

and
Vai%,o = V@iﬁba,o - uvaiﬁi)a,o-

The difference of these two connections is estimated in Lemma 2.1 in
[1], and

|§¢a,0|§ < C|A7Y 5|V Alg|dapls-

Since A = %du ® % + e* ® e, and u and its derivatives are estimated by
(2.13), we have A~! is bounded and V'A = O(e™3"). Also |¢a0/? = O(e"").
Thus |V¢a o| < Ce=G/2A7 Since the volume element of (M, g") is uy/det gap
and v/det g, is of the order 2" (see (2.5)), both nga o and Vd)a o are in L2.
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We shall prove there exists a ¢1 € W12 such that
D1 = —Dpqp.

This is done by showing that the map D:Wbh? 5 L2 s surjective.
We need the following relations which are easy to derive:

\/?Eei@(ei)w, V),

3vV—1k
2

-~ ~ 3K?
IVy|? = [V]* + TW”Z +

N B 2
Do = 1Dl + g+ 2 enfeleny, 0),

We proceed as in Lemma 4.4 and Proposition 3.3 of [1]. Define the
functional

() = /M@w,mm
on Wh2,

Since ﬁqﬁap € L?, this functional is bounded on W2, Define the
sesquilinear form

B, 6) = /M<ﬁw,ﬁ¢>.

We shall show B is bounded and coercive on W2, Then by Lax-Milgram,
there exists a ¢, € W2 such that for all ¢ € W2 we have

(6.3) B, 1) = / (D, D) = — /M<ﬁw,ﬁ¢a,o>-

M

To see that B is bounded, recall on €2 we have,

[ (190 + 4R+ 021w~ Do)
Q
_ / <w, “D% — Ly - Tike(w) - w> ,
20 2

where v is the outward normal of Q and —D%! = ¢(v) - ¢(eq) V4.
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Let M, C M be the region with M, = ¥,. On M,\Q, where the scalar
curvature R = —6x2, we have

[ (@R 1BuP) = [ (00" Sv 4 VTn ) )
Q o0

r

+ [ @+ D),

where v, is the outward normal of ¥,. As the mean curvatures coincide
along the boundary, adding these up we obtain
(6.4)

T2 D)2 1 2 2 _ V. " )
[ B 1Duk+ g [ (R = [ (B, ) B,

By assumption R is bounded. This shows B(1,1) < C’|¢]12/V1,2(M) for

any ¢ € C°. This holds for any ¢ € W2, and the map B is bounded.
On the other hand, since R + 6x2 > 0 on £,

| 1%er < [ 1D
M., M,
for any ¢ € C°(M, S). By (6.2), this implies
wka<c [ |Dup
M

for any ¢ € W12,

Since B is bounded and coercive on W12, by Lax-Milgram, there exists
a ¢1 € WH2 such that for all ¢ € W2 we have (6.3). Thus, ¢o = 1 + ¢a0
satisfies fM<ﬁ1/J, Dég) = 0 for all 1 € W2,

Set & = ﬁqba. ® ¢ L? and fM<lA)1/1, ®) = 0 for any ¢p € W12, Integrating
by parts,

[ Duo) = [ w.(D+3vTne),
M M
for any ¢ with compact support. This implies

D® +3V—1kd =0

weakly. Following Liu—Yau [12], we can find a coordinate system and a
smooth operator D’ so that D'® = f® and f is continuous. Therefore,
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Qe WP near 00 for p > 2, and ® € C™ elsewhere. As D® = —3v—1k®,
D® is in WP as well. Consider

/ (D(2®), Do) = / 20, (D + 3" Tx) D)
M M
_ / (2%, D(D + 3v/—1r)®) = 0.
M

Take 7 to be a cut-off function with [Vn| < 1. We show that

| pep< [ jep
- 2 -
M,  Jm,

Take 7 — co. We obtain D® = 0 and together with D® = —3/—1x®,
we deduce ® =0 or Doy = 0, i.e., ¢q is a Killing-harmonic spinor.

To prove that ¢, has the desired asymptotic behavior, set B =V, +
¢(vy) - D. Then B is self-adjoint on ¥,. We write

/E (B + ¢ (02) D) bas d0)
_ /E (Bu.uo) + /Z (Bov.o) + /E (Boup.n)+ /E (o1, Boo)

Since %(ﬁa’o € L% ¢1 € WH2 and ¢” is of the form u?dr? + gup(r) with
u — 1 uniformly, the last three terms all approach zero as r — oc. O

6.2. General case

Let (€2, gij, pij) be a compact initial data set. Suppose the boundary of € is
a smooth surface ¥ with Gaussian curvature K and mean curvature H with
respect to the outward normal. We assume the mean curvature vector of X
is space-like or H > |tryp|.

Let gi; = gi; + fif; be the metric on Q from the solution of the Jang’s
equation with f =1 on X. For any & > 0 satisfying K > —x?2, let F be the
isometric embedding of ¥ into H? w2 C R3! and Q be the region in H? 2
enclosed by F(X). Suppose M = H3 .\Q is equipped with the metric g’ =
u?dr? + g;;(r) so that u satisfies (2.14) with H(p) = /H? — (trzp)2. Let
M=M Ur 2 be equipped with the metric g;; such that g;; = g;; on €2 and
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Gij = g;; on M. Define the Killing spin connection V by

)

Ve, = Ve, + ~5—i(es),
on (£2,g) and

~ V=1

Ve = Ve, + —5—rc"(ea),
on (M, g").

The associated Dirac operator is then

~

D=D-

2
on (€,g) and
D=D"- 3\/2le,
on (M,g").

Theorem 6.2. Under the above assumption, for each Killing spinor qb{m

on H:iﬁQ, there exists a Killing-harmonic spinor ¢q, ﬁ(ﬁa =0 on M and is

asymptotic to ¢oq = A(bf)’a in the sense of (6.1).

Proof. Recall on the solution of the Jang’s equation (€2,945), the scalar
curvature R satisfies

(6.5) R >2|X* - 2divX.

On the other hand, if we denote the outward normal to £ by © and the
mean curvature by H = (V. 7, e,), then by Lemma 4 in [12],

(6.6) H — (X,p) > \/H? — (trgp)?.

We have on Q2

Sso2 L[5 N2 | B2
|9+ 5 [(Reodiel - [ Do

(6.7) - B
_ /a (0 (Vo4 2(7) - D) + v/, 27

Integrating by parts, we get

1 = 2_1 : 2 1 2
5 [ o =g [ axlep+g [ X(op)
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Formula (6.7) is equivalent to

/Q|W|2+i/(R+6n + 2divX)[p |2 + /X 19]?) /ypw

1

(6.8) )
_ /8 (@ (Vs +el7) - D)) + /B X+ VTR{, 7)),

2

The boundary term can be written as
oo, 1z L o
¥, =D — S + (X, 0y = V=Ike(D) ¥ )
o0

where D‘mw = o(D) - e(eq) - VI
Let M, C M be the region with M, = X,. On M,\Q, we have

[ (0P = 1Dop) = [ {0 0% 0w+ VIR 0) )

T

" / (Yo, + () - D), ).
>
Adding these up, we obtain
~ 1
/Mr|v¢|2+ 4/(R+6m + 2divX)[ | + /X ]?)
= [ 1D+ [ 5 [V - (- (X))
(6.9) + [ (@) D)
P

Applying this to ¢ € C2°, the last term vanishes. Since \/H? — (trsp)? —
(H — (X,v)) is bounded, the right hand side is bounded by [ [¢|*. The
Sobolev trace map W12(Q2) — L2(99) is bounded (see, for example,
Theorem 9 of Liu—Yau [12]). Thus,

/89 [¥1? < Cloffe gy

Define B as in the proof of Theorem 6.1, we see B is bounded.
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To prove B is coercive on W12 we assume ¢ € C§° so that the boundary
term on X, vanishes for r large. By (6.5), (6.6), and (6.9),

~ ~ 1
o= [ e g [ @xP el -5 [ X
M, M,
1 ~
>0 [ 190 e
3 Jar.
where
R = 26 2 1X2 2 § 2 2 EX 2
Q

We show the integrand of R is pointwise positive. When X =0 at p,
this is certainly true. So we may assume X # 0, and thus

_ 1 —1 1 [ 1 ?
GV 2 sl + 5 keCOUP 2 o (190 = o)

Also,

X (1) = (Vxt, ) + (0, Vxv) > =2[Vxvl[9].
So the integrand of R is not less than

21

3,X‘2| Xw|2—f—|vxwrm\w\+ H2|¢I2 !X\Qllb!z— Vxllvl,

31X

which can be completed to a sum of squares

1 21 SR
5 (vl = 2u0u) + 5 (g0l = XU+ 20

~ 1 ~
[ ez [
MT MT
On the other hand,

= — 3
(6.10) | = [ e e [

Therefore, B is coercive on W12,

Since B is bounded and coercive on W12, by Lax-Milgram, there exists
a ¢1 € WhH2 such that for all v € W12 (6.3) holds. Thus ¢, = ¢1 + ¢ao0
satisfies jM@zp, Dég) = 0 for all 1 € W12,

Therefore,



Generalization of Liu—Yau’s quasi-local mass 279

Set & = ﬁd)a. As in the previous case, integration by parts implies
D*® = D® + gﬁmb =0
weakly. The rest of the proof is similar to the previous case. O
6.3. Proofs of Theorem 1.3 and 1.4

The positivity of the total mass lim,_,o, m,(¢,) can be restated as

Corollary 6.3. Under the assumption of Theorem 6.1 or 6.2

lim [ (Ho—H)X

r—00 )
r

s a future-directed time-like vector, where X is the position vector of 3, as
i Proposition 4.1.

Proof. By Theorem 6.1 or 6.2, there exists a Killing-harmonic spinor ¢, on
M that is asymptotic to ¢a0 = A, o in the sense of (6.1). For the Killing-
harmonic spinor ¢4, by Proposition 3.1

/ (Gas (Vo, + " (1) - D)da)g > 0,
p
and thus we have

im [ (Ga0, (Vo, + " () - D)ao)g = 0.

r—00 »
[

By Proposition 3.1 and Corollary 3.5, this expression for ¢, is the same as

i [ (Ho— H)lduol? = lim [ (Ho— 1)l
T o0 E'r‘

r—00 »
[

which, by Proposition 4.1, implies

—£ lim (Hp —H)X -¢(a) >0
r—00 s,
for any a. Since ¢ maps onto the light cone, this implies that the Lorentz
product of lim, s fZ"(Ho — H)X with any future-directed light-like vector
is non-positive. O
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We are ready to prove Theorem 1.3 and 1.4.

Proof. In either case, we construct the manifold (M, ¢g"”) with the appropri-
ate H(0) according to Theorem 6.1 or 6.2, we solve the Equation (5.3) on
(M,g"), and we obtain a vector-valued function W.

Theorem 6.1 and 6.2 also imply, by Proposition 5.3 and Lemma 5.4, that

lim [ (Ho—H)W -((a) > 0.

r—00 »
r

Now let W be the solution of W at r = 0, i.e., W(0). By the mono-
tonicity formula (Proposition 5.3),

/E (Ho — H)WO - C(a) > lim [ (Ho — H)W -C(a) > 0,

r—00 )
s

and the theorems are proved. O
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