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Admissible wavelets and inverse radon transform
associated with the affine homogeneous Siegel
domains of type II

JIANXUN HE AND HEPING LiIU

Let D(, ®) be the affine homogeneous Siegel domain of type II,
whose Silov boundary N is a nilpotent Lie group of step two. In
this article, we develop the theory of wavelet analysis on N. By
selecting a set of mutual orthogonal wavelets we give a direct sum
decomposition of L*(D(Q, ®)), the first component Ag , of which
is the Bergman space. Moreover, we study the Radon transform
on N, and obtain an inversion formula R~! = (7) 24 LRL which is
an extension of that by Strichartz [R. S. Strichartz, LP harmonic
analysis and Radon transforms on the Heisenberg group, J. Funct.
Anal. 96 (1991), 350-406.]. We devise a subspace of L?(N) on
which the Radon transform is a bijection. Using wavelet inverse
transform, we establish an inversion formula of the Radon trans-
form in the weak sense.

1. Introduction

The wavelet transform is a very useful analysis tool in pure and applied
mathematics. The research of this subject on Euclidean space has made
considerable progress [2,4] and the references therein. It is well known that
one-dimensional wavelet analysis can be explained in terms of square inte-
grable representations associated with the affine automorphism group of
the upper half plane [1,5,10,14]. More precisely, the continuous (admis-
sible) wavelets are closely related to square integrable representation of a
non-unimodular group. For this we refer the reader to see [6,8]. In this
viewpoint, various authors extended the theory of wavelet analysis on real
line R to the tube domain [17,20] and unbounded realization of the unit ball
in C™ [11,21]. The Radon transform has also received considerable attention
in mathematical literature due to its wide applications to partial differential
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equations, X-ray technology, radio astronomy and so on. For the basic the-
ory and further results of the Radona transform, we refer the reader to the
book [15] by Helgason and the references therein. A combined use of the
Radon transform and the wavelet transform can be called “wavelet Radon
transform” [31] which has proved to be very useful both in pure mathematics
and its applications. Recently, some authors deal with the inversion formula
of Radon transforms by using inverse wavelet transforms. Holschneider [16]
considered the classical Radon transform on the two-dimensional plane. His
results were extended by Rubin [26,27] to the k-dimensional Radon trans-
form on R™ and totally geodesic Radon transform on the sphere and hyper-
bolic space. Strichartz [29] defined the Radon transform on the Heisenberg
group H,, and gave an inversion formula. Nessibi and Trimeche [23] obtained
an inversion formula of the Radon transform on the Laguerre hypergroup
K =[0,00) x R by use of the generalized wavelet transform.

The function theory on Siegel domain D(2, ®) of type II has always
exerted a strong attraction due to its important geometric background.
Many classical results have been extended to this case. It is a well-known
fact that the distinguished boundary or Silov boundary N of D(Q,®) is a
nilpotent Lie group of step two. The theory of harmonic analysis and other
problems on N were considered in [3,24,30]. In this paper, we develop
a theory of wavelet transform and Radon transform for the affine homoge-
neous Siegel domains of type II. As applications for these wavelets, we give a
direct sum orthogonal decomposition for L?(D(, ®)). Moreover, we obtain
an inversion of the Radon transform by using the inverse wavelet transform.
The harmonic analysis on a nilpotent Lie group developed by Ogden and
Vagi [24] plays an important role in this paper.

This article is organized as follows: in Section 2, we recall some basic
facts relating to the group N, specifically including the Iwasawa subgroup P
of the automorphism group of affine homogeneous Siegel domain D(€2, D).
In the third section, we define the unitary representations of P on L?(N),
and make a survey of harmonic analysis on N. We also give an irreducible
decomposition of L?(N). Section 4 develops a theory of continuous wavelet
analysis. In Section 5, we present the orthogonal sum decomposition for
the function spaces L?(P) and L?(D(f2, ®)) by using wavelet transforms. In
the decomposition for L2(D(£2, ®)), the first component is just the Bergman
space. In Section 6, we investigate the Radon transform on N. Two function
spaces .Yg(N) and L%(N) are introduced on which the Radon transform
R is a bijection. The inversion formula for the Radon transform R~ =
(7)72"LRL holds on .#g(N). In Section 7, we make use of suitable wavelets
to derive an inversion formula of the Radon transform on L% (N) in the weak
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sense. Finally, in Section 8 we state our results in a more explicit form in
terms of Jordan algebra for the symmetric Siegel domain of type II, which
is the most interested case.

2. The affine homogeneous Siegel domains of type II

We start with some notations and facts on Siegel domains of type II, espe-
cially the Iwasawa subgroup of the affine automorphism group of an affine
homogeneous Siegel domain of type II. Further details can be found in [18,
22,25, 30].

Let U be the m-dimensional Euclidean space. A regular cone 2 in U is
a non-empty convex open cone which contains no entire straight line. Let V
be the n-dimensional complex vector space. W denotes the complexification
of U. A map ® of V x V into W is called an Q-positive Hermitian map if
the following conditions are satisfied:

(i

VA
N
m
o)

Then, the Siegel domain of type IT D = D(Q), ®) determined by a regular
cone §2 and an €2-positive Hermitian map ® is defined by

(2.1) D={(z¢)eWxV:Imz—-®((() € Q}.
The Silov boundary S of € is given by
(2.2) S={(z,() e WxV:Imz—®(( () =0}.
Let G (D) be the affine automorphism group of D. G, (D) can be decom-
posed into the semi-direct product G,(D) = NH of the subgroups N and

H. Here N is a simply connected nilpotent Lie group of step two with the
underlying manifold U x V and the multiplication

(2.3) (a,a)(b,8) =(a+b+2ImP(c,B),a+ ), (a,a),(b,B)eUxV

and H = GL(W x V)(Gu(D). H consists of all pairs (4, B) where A is in
the automorphism group Aut(2) of €, the subgroup of GL(U) which leaves
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Q invariant and B € GL(V') such that

(2.4) A®(¢,n) = ©(B¢, Bn), ¢neV.

The actions of N and H on D (and S) are separately given by

(2.5) (2,¢) = (a,a)(2,0) = (a+ 2+ 2iD((, ) + 1P (e, ), ( + )
and

(2.6) (2,0) = (A, B)(2,¢) = (Az, B().

We assume that D is affine homogeneous, that is, Go(D) acts on D tran-
sitively. We define a homomorphism p of H into Aut(Q2) by (A4, B) = A.
The affine homogeneity of D is characterized by the transitivity of u(H),
i.e., G4(D) acts on D transitively if and only if ;(H) acts on €2 transitively.
Specifically, all symmetric Siegel domains are affine homogeneous, which will
be treated more explicitly in Section 8. An example of affine homogeneous
Siegel domain which is non-symmetric can be found in [22]. Let G4(D)° be
the identity component of G, (D). Then G, (D) also acts on D transitively.
Fix a point e € Q. Let K be the isotropy subgroup of G,(D) at the point
(ie,0) € D. H° and K are the identity components of H and K, respec-
tively. Then K° ¢ H? and K is a maximal compact subgroup of G,(D)°
(and H?). Therefore H? = Ty K° (semi-direct product) where T} is a maxi-
mal R-triangular subgroup of H. The kernel of p is in K. p(H) acts on )
transitively and p(K) is the isotropy subgroup of p(H) at the point e € Q.
Therefore T'= u(T1) is a maximal R-triangular subgroup of Aut(2) and u
gives an isomorphism of 77 and T'. The elements of 77 can be written in the
form (t, B(t)) where t € T' and B(t) € GL(V) are uniquely determined by ¢
such that

(2.7) t®(¢,n) = ®(B(1)C, B(t)n), (neV.

Let P = NT;. P is called the Iwasawa subgroup of G4(D). The action
of P on D is given by
(2.8)
(2,¢) = (a,a,t)(z,() = (a+tz + 2iP(B(t)(, ) + iP(a, ), B(t)¢ + ).

The multiplication of P is given by

(2.9) (a,a,t)(b, B,s) = (a+tb+2Im ®(c, B(t)[),a + B(t)3, ts).
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Let Det denote the determinant of a linear transformation (or a matrix).
From (2.7) it is not difficult to get

(2.10) Det(t)" = |Det B(t)[*™.

Then, the left Haar measure of P turns out to be Det(t)™“n" da do dmy(t)
where dado denotes the Haar measure of N which coincides with the
Lebesgue measure of U x V' and dmy(t) is the left Haar measure of 7. Obvi-
ously P acts on D simply transitively. We can identify P with D by identifi-
cation of (a,a,t) and (a + i(te + ®(a, @)), ). We can also identify N with
S by identification of (a,«) and (a + i®(a, @), @).

3. The decomposition of L*(N)

P has a natural unitary representation 7 on L?(N) (or L?(S) instead) which
is defined by

(M@ f) (@, Q) = Det(t) =DM f((a, a, 1) (2, ()
(3.1) = Det(t)~(mF/2m) (171 (z — g
—2Im ®(a, (), Bt) "' (¢ — ).

This section is devoted to decompose L?(N) into the direct sum of the
irreducible invariant closed subspaces under w. We shall make use of the
harmonic analysis on the nilpotent Lie group N which is due to Ogden and
Viégi [24].

Let U’ denote the (real) dual of U. The adjoint action of T on U’ is
given by

A=t teT, NelU,

where t* is the adjoint of t. Suppose A, is a T-orbit of U’ under the
adjoint action. Because T is a connected R-triangular group, A, has positive
Lebesgue measure if and only if the adjoint action of T on A, is simple. Let
{A¢ : € € E'} is the set of all simple T-orbits of U’ under the adjoint action.
Then A = UeepAc has total Lebesgue measure in U’. The parametric repre-
sentation of E for symmetric case is given in Section 8. It is usually obvious
for every concrete case.
For X\ € U’, we set

(3'2) H)\(Can) = 4<)\7(I)(C777)>
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and

(3.3) Bx(¢,m) = Im(HA(C,n))-

The Hermitian form H, is non-degenerate for A € U’ almost everywhere.
Note that

(3.4) Hy-\(¢,m) = HA(B(t)¢, B(t)n).

It is easy to see that H) is non-degenerate if A € A. Fix a complex basis
B1, ..., 0y for V which is compatible with the chosen Lebesgue measure d¢
of V. Let My(3) be the matrix defined by (A, ®(8;,5;)). For A € A, we
define

(3.5) p(A) = 4"|Det M (B)|.

Then p(A) is a positive continuous function on A independent of the com-
patible basis chosen. p(\)dA\ is essentially the Plancherel measure for N.
Fix a point A, € A, for each simple T-orbit A.. Select a complex basis
B1(Ae)s .-, Bn(Ae) for V such that

Hy (Bi(Ae), Bi(Ae)) = 04045,

where o; = £1 and d;; is the Kronecker symbol. Suppose A = t*A. € Ac. Set
B;(\) = B(t)"18j(A),7 =1,...,n. Then B()) is a complex basis of V such
that

HA\(Bi(A), B (X)) = 0idi.

Let VR be the underlying real space of V and J be the original complex
structure of V. Then B1(\), ..., Bn(A), JB1(N), ..., JBn(N) is a basis of VE.
Let Jy : VR s VE be defined in the 8(\)-basis by the 2n x 2n matrix

0 -0
2=(o 7)

with o = diag(o1,09,...,0,). Then Jy is a complex structure which com-
mutes with J. We denote V¥ equipped with the complex structure Jy by Vy.
Let E) be the real span of 81(A), ..., B,(A), then V) = E\ @ Jy\E\. Suppose
¢ =&+ Jy\0, where £ = Z?:l fjﬁj(k) € By, 0= Z?:l Hjﬁ](/\) € Ey. Set( =
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§— 0, =& +10;. We define

¢-n = Bx(J\(,7) +iBA((,7)

and
KP=¢-¢

Then we have ¢ -1 = Y_7_, (;n; and I¢]? = > i €1

If 7 € Ey, then 7= )" 7;8;(\). We also write 7 = (71, 72,...,7) to
denote the coordinates of 7 under the basis 51 (), B2(A), ..., Bn(A). Now let
(=E&+ J\0, then £ =377 §;8;(A) and 6 = Y7, 0;8;(A). Letting g(¢) €
LY(V), we have

6o) [ 9@edc= [ gle+ 10)0ad)I8)

174 E)\ XE)\
where ¥ (d§) = d&; d€s - - - d&,,. Let 1,,(t) be the normalized Hermite func-
tion defined by

Gm(t) = (242772 (1)1 /2) e ((20)V/28) exp(—t?),

where h,,, denotes the classical Hermite polynomial. Let v = (v1,1v,...,vy)
be a multi-index, the higher dimensional Hermite functions ®, , is defined
by tensor products, i.e.,

(3.7) B, (1) = [] v, (7))-
j=1

Obviously, {®,(7) : v € ZT} } forms an orthonormal basis for Hilbert space
B, = L*(Ey,95(d7)). The Schrodinger representation of N on J43 is defined
by
(3.8)

(7 (2, Q)) () = exp(=2mi(\, x)) exp(mi€ - 1) exp(=2rin - 7) (7 - £),

where ¢ = ¢+ Jyn, T € Ey, ¢ € JA. Thus 1 (z, () is an irreducible unitary

representation of the group N on J7,. The Fourier transform of a function
f € LY(N) is an operator valued function defined by

(3.9) oy = /N F (2, Q) @, ) dac dC.
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We have the Plancherel formula

N (1/2)
(3.10) ||f|rL2(N>—(/A Hf(A)H%spmdA) Fe LN N L2(N),

where || - |[gs denotes the Hilbert—Schmidt norm of an operator. The Plan-
cherel formula is equivalent to

~

311 (frg)r=v) Z/Atl“(ﬁ(/\)* (\)p(N)dA,  f.g € LY (N) N L*(N),

which allows us to extend the Fourier transform to the tempered distribu-
tions on N by duality.
Let f *x g be the convolution of f and g defined by

f*g(%C):/Nf(ym)g((y,n)1(96,C))dydn-

Set

f(xJC) = f((xag)_l) - f(_xv _C)

It is easy to see that

(3.12) Frg(0) = FNVIN)
and
(3.13) ?(A) = F(N*.

Suppose t € T, we have the following identities:

Jiex = B(t) L \B(t),
Bix(¢,n) = BA(B(t)¢, B(t)n),
p(t*A) = |Det B(t)|*p(A).

The map
F(¢) = G(¢) = F(B(t)¢)

gives the isometrically isomorphism from 74, onto #-y. We can identify
S, with J-y. This means that we identify ®, y with ®,;-5. Then we have

(3.14) ' Ma, ¢) = o (tz, B(t)C).



Admissible wavelets and inverse radon transform 9

Let

fi(@,¢) = Det(t)~mtn)/m) p(1=12 B()71¢).
Then
(3.15) Fi0) = F(t*N).

We define the operator PS on L?(N) in terms of the Fourier transform by

— . [fP, itreA.,
(3.16) Pef(A) = {0’ Erg A

where P, denotes the orthogonal projection from 43 to the one dimen-
sional subspace 73 , spanned by ®, 5. It is clear that PS is an orthogonal
projection. Let H; denote the range of P, i.e.,

~ o~

(3.17) HS={fe€L*N):  f(A)=f(ANP, and f(A\)=0if A ¢ A.}.
Then we have the following theorem.

Theorem 3.1. Each H; is an irreducible invariant closed subspace of
L?(N) under the unitary representation © of P defined by (3.1), and we
have the direct sum decomposition

(3.18) r’(Ny= & =H.

ecEvery

Proof. 1t is clear that the H’s are mutually orthogonal closed subspaces of
L?(N), and L?(N) is the direct sum of HS’s. We prove that HS is invariant
and irreducible. By (3.15), we have

~ ~

(m(z, ¢, ) f)(N) = Det(t) 3 (@, ) F(E*N).

Therefore H, is invariant under the unitary representation 7. Let A be a
non-zero invariant closed subspace of H¢ under 7 and A* the orthogonal
complement of A in HS. Take a function g € A, not identically zero. Suppose
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f € AL, then
(fim(x, ¢, t)g) r2v) = 0.

Since

<f7 7T(.CC, G t)g>L2(N) = Det(t)((m+n)/2m)f * gt(xv C)?
by (3.12), (3.13) and (3.15),

(3.19) /N (f, (@, ¢, 0)g) L2y (@, O) da d¢ = Det(£) /2 F(N)G(£*A)*.
Thus for any ¢t € T', we have
(3.20) FVGEN* =0, ae. A€ A

Suppose J?()\) #0 for A € I'1, where I'y C A¢ is a set of positive measure.
Since g is not identically zero, there is a positive measure set 'y C A, such
that g(A) # 0 for A € T'y. Let TV and T'Y consist of points of density of I'y
and I'y, respectively. Because the adjoint action of 7" on A, is transitive,
there is to € T such that I' =T9 N (¢~ 1F0) has positive measure. Note that
FO) = FP,, Gt A)* = Py/g\(t*)\) This implies that f(A)G(tgA)* # 0 for
A € T, which contradicts (3.20). So we have f(A) = 0,a.e.A € A.. Therefore
f is identically zero. This proves that H}, is irreducible. g

At the end of this section, we point out the following facts: the dual
cone Q* of Q is a simple T-orbit of U’ under the adjoint action. Py is
the orthogonal projection to the vacuum state. If Ay = Q*, then Hg is
exactly the Hardy space H?(N). All subspaces HS can be explained in
terms of the tangential Cauchy—Riemann operators (creation/annihilation
operators) [24].

4. Admissible wavelets and wavelet transforms

Given v € Z ;e € E. The restriction of m on H} is square integrable in the
sense that there exists a function ¢(# 0) in HY such that
(4.1)

Cy = /| &, (2, ¢, 1)B) 12 ()| Det (¢) =M H/™) d d¢ dmy (t) < oo

||¢>||

(4.1) is called the admissibility condition, and ¢ is called an admissible
wavelet if ¢ satisfies (4.1). Now we are going to give the characterization of
the admissibility condition in terms of the Fourier transform.
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We denote by AW the set of all admissible wavelets in H}, i.e.,
(4.2) AW, = {¢ € H;, : ¢satisfies(4.1)}.
Then we have the following theorem.

Theorem 4.1. Suppose ¢(# 0) in HS. Then ¢ € AWE if and only if
(43) Co= [ 156 s dmu(t) < o0
T
Proof. Suppose ¢ € HS. Using (3.19) and the Plancherel formula, we get
| 16,702,681 Dty ™ i d a1
P
= [ ([ 1800303 Brso3) ) dne
7 \JA
( t(B(A) AN S(EAN) (" A))p(N) 09\) dmy(t).

Note that ¢(A)*@(\) = h(A)P,, where h(\) = [[$())||4s, and h(X) = 0 if A ¢
Ae. Hence

/ (7 (, ., £)6) 12y PDet (1)~ /M) iz ¢ dmy (1)

A
(

)p(N\) d)\> dmy(t)

/
/ / (X dim )) h(V)p(A) dA
$

= ([ 13l o) ( [ 1300sp0) )
= ([ 182 s am(®) 1o13-(x

where in the third equality we have used the left invariance of dmy(t). O

>

Let ¢ € AW, f € HS. We define the wavelet transform of f with respect
to ¢ by

(44) W(i)f(xvC?t) = <f7ﬂ—(x7<7t)¢>L2(N)
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Let ¢,¢ € AWS. We define the “inner product” of ¢ and ) on AW/ by

(4.5) wnmAW:1A¢w@af&r¢@ﬁ&»dmmw.

From the theory of square-integrable representation of non-unimodular
groups, which is due to Duflo and Moore [6], we have the following conse-
quences of Theorem 4.1, which can also be proved directly.

Theorem 4.2. Let ¢,op € AWS, f,g € HS. Then we have
(4.6) (Wof, Wyg) 2Py = (s @) aw (£, 9) L2 ()
In particular,

(4.7) IWollzamy = €5l zv)-

Let .(N) denote the Schwartz space on N, then we have the following
reproducing formula.

Theorem 4.3. Let ¢ € AWS, f € HS,. Then we have the following repro-
ducing formula in the weak sense:

fl@.0) = 5" [ Wat(a.aut) (e o, 0)(a.0)
(4.8) Det ()~ +/™) da dov dmy (t).

Specially, if ¢ AWSNS(N),fe HSNS(N), then the above
formula (4.8) holds for all (z,{) € N.

5. The orthogonal decomposition of L*(D(Q, ®))

Let {15 : § € A} be an orthonormal basis of L?(T,dm,(t)). We define the
functions ¢, , 5 in terms of the Fourier transform by

~ Ys(t) Py, A=t A € A,
5.1 ¢ A) = ’
( ) /.J,,V,é( ) {0’ 1f)\¢AE,

where P, , is the partial isometric operator on J# defined by

PMVM = <M, CIDM’,\)yf;\‘I)V’)\, M € 74,
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It is easy to see that ¢f, , 5 € AW] and {¢f, ;€€ E,p,v € ZL,6 € A} is
an orthonormal and complete set with respect to (,)aw. Set

(5.2) As s =Wy f:feH}
By Theorem 4.2, A5, 5 C L?(P). We note that

(53) Z,V,(S = AB,V,(S’ e Zn?

because the restrictions of m on Hj, are equivalent for different y. We write

€ 3 €
AWS instead of AM,WS'

Theorem 5.1.

(5.4) L*(P) = @ 5

c€E el SEA

Proof. 1t is easy to see that all subspaces Af,’ s s are mutually orthogonal. Let
F(x,(,t) € L?(P). Set Fy(x,¢) = F(x,(,t). For almost everywhere t € T,
Fy(z,¢) € L?>(N). By the Plancherel formula, we obtain

Py = [ ([ 1P O dedc) Deta) =/ am(
= [ ([ IROIsp ar ) Detty 49

S A AP R PP

VUELY
Det(¢)~ (MM gy (t) < oo.

Therefore Det (t)~((m+m)/2m) <ﬁt()\)q),,7)\, D, \) o € L(T,dmy(t)) as the func-
tion of the variable t for v,u € Z" , A € A almost everywhere. Suppose
A=t € A, ty €T. Set

V3 (t) = s(tat).

Obviously {1} : § € A} is also an orthonormal basis of L(T', dmy(t)). There-
fore we have

Det ()~ EW2ME (N @y, @un)os = D bs(A, v, )3 (1),
IEA
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ie.,

Det(t) (mMEME N = 3" bs(A v, w3 () Py
IATSYARRISIAN

We define the functions f; ;5 in terms of the Fourier transform by

fe (A) = Zuezi bs(A\, v, 1) Py, if A € A,
“ 0, if A ¢ A

It is clear that f; 5 € H{, e € E. And we have

/N Yo W, Jislz, ¢ 0)m (2,¢) drdg

€€B,vELT FEA

= Det(t)((mHm/2m N (N6,

SSIIRAYANIIAN

= Det(t) (™Hm/2m) N b\ v, w3 () Py
ecE,vely ,0cA

= F,(\).

Therefore we obtain

F([B,C,t) = Z W¢8,V,5f§,5($7cat)-

€€E,VELT FEA

The proof of Theorem 5.1 is completed.

Let M be the characteristic function of 2 defined by
(5.5) M(z) = / e=2r(he) g
Q*
Similarly, the characteristic function M* of Q2* is defined by
(5.6) M) = / =270} gy
Q

Then we have
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for g € Aut(€2). Suppose y =te,t € T. Because M(z)dzx is an Aut()-
invariant measure, there exists a constant C' such that dm;(t) = CM(y) dy.
Without loss of generality, we may assume that C' = M (e)(m+m)/m,

We have identified P with D according to the bijection

(z,¢t) = (z 4+ i(y + 2(¢, ), O),

where y = te. Then we have
(5.7) Det () ~(mH/M) qa d¢ dmy (t) = M (y) G0/ da dy dc,

which turns out to be the G,(D)-invariant measure on D. We can regard
L%*(P) as L*(D, M(y)(@m+n)/™m) dy: dy d¢), the space of square integrable
functions on D with respect to G, (D)-invariant measure M (y)(m+n)/m)
dx dy d¢. Then Theorem 5.1 gives the direct sum decomposition of L?(D, M
() G/ m) da; dy d).

Suppose (z,{) € D. Set x =Rez,y=Imz— ®((,(). Then dzd( =
dxdyd(. Let

(1/2)
(5-8) LQ(D)={F(z,C):\IFHLz(D)=(/D\F(z,O\zdde) <oo}-

The Bergman space A(D) is the subspace of all holomorphic functions in
L?*(D). -

Let ¢ € AWy, f € H5. We define the revised wavelet transform Wy of f
with respect to ¢ by

Wof(z +ite + @(C, (), ) = Cy /2 M (e)Grtm/2m) Deg (1) ~(2mm)/2m)

Set
(5.9) gy = (Way, € H).
The direct consequence of Theorem 5.1 is

Theorem 5.2.

(5.10) L*b)y= P A,

e€E,VELT 6EA
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It is easy to see that the reproducing kernel of /TEV 5 is given by

Kze/,é((w + i(t@ + ‘ID(Ca <>)7 <)7 (.%‘1 + i(tle + (I)(Cl’ Cl)), Cl))
= M (e)(mHm/m) Deg () ~((2m+n)/2m)

/N m(@1, iy 11)66,0.5(a, ) T(: G, 9, 5 (@ @) da da

= M) D)%) [ (5047

T (@, Q) 1 (1, 1), (EEA) p(N) dA.

We select the orthonormal basis {15 : 6 € A} of L*(T, dm(t)) such that

o € {15 : 6 € A}, where 9 is defined by
¢0(t) — ]\4(6)—((2m—|—n)/2m)e—27r()\0,15e)]\4*(2t>1<)\0)—(1/2)7
then

30 ( ) B M(e)—((2m+n)/2m)e—27r(/\,e)M*(2)\)—(1/2)P0,0’ if A e Q*,
0007 o, if A ¢ QF.

The reproducing kernel of 2870 is given by

K o((z +i(te + 2(¢,()), Q), (w1 +i(tre + ®(¢1, 1)), ¢1))
= M (e){Cmm/mDet ;) ~(1/2) / tr(ﬁgg,o,o(t*)\)*
Q*
(2, ¢)" T (1, C1) 60 0,0 (E1 V) p(N) dA
— / e*?ﬂ()\,t€+t1€> M*(z)\)fl
Q*
(5.11) (T (@1, Q1)o7 (@, O)Po ) (A dA.
It is easy to compute that
(T (@1, G1) o, T (2, () Pop) g, = e 2TNHTTDFR(GQITRC)=2RCC)),

Therefore

(5.12) Kgo((2,0), (21,01)) = / e~ 2TNIET=2)=2R(C0)) N (20) "1 p(N) dA,
Q*

which is exactly the Bergman kernel [19]. So A8,0 is nothing but the Bergman

space A(D(®,)).
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6. Radon transform on N

The Radon transform on the Heisenberg group H, was defined by Stri-
chartz [29]. In the same way, we define the Radon transform R on N by

R(f)(,€) = / £((2,Q)(0,w)) duw
(6.1) v

:/ flx4+2Im®(¢,w),( + w) dw.
v

We introduce the partial Fourier transforms %) and %. For A in A, %) is
used to represent the Fourier transform on 5% defined by

(6.2) FA(9)(§) = i ¢(0) exp(—2mio - )V (do), ¢ € Hj.
And Z(f) is the Fourier transform of f with respect to x € U alone, i.e.,

(6.3) F(HQ) = /U £z, ¢) exp(—2mi(\, 2)) do.

By (3.9) we have

—

(RN B0 (7) = /U () @.0) x expl-2ri{A, a)

exp(mi - n) exp(—2min - 7)P, \ (17 — §)dxd(,

where ( =&+ Jyn,&,n € Ex. Let w=pu+ Jyy,u,v € Ey. It follows from
(3.2) and (3.3) that

27t (\, 2Im @ (¢, w)) = wi Im Hy (¢, w)
= 7TZ.B/\(C,1U)
= —mi(y-§=n-p)

Notice that the recursion formula for Hermite polynomials [28]

(64) (I)V,)\(_n> = (_1)|V|(I)V,)\(77)
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where |v| =377 v;, by (3.6), we get

@AW = [ ([ s+ 2mecn.c+w)w)

exp(—2mi(A, x))exp(m’f n)
exp(—2min - 7)P, A (T — §) dx d¢

=4""Det M)(S /a" )\, w)
( [ exp(ority 6~ - ) expleie )
IO
exp(—2min - 7)®yr(r — )03 (de)0y (dn)> du
— 47" DetMy (6)] /V F(F) (A w) exp(mip )

o n—°
[ A (57)
exp(mi(p — 7)(n —7))0x (dn)) dw

)
= 27"Det M, ()|~ ; F(f) (A, w) exp(mip - )

exp(—2riy - 7) (

exp(—2miy - 7)®, A (1t — 7) dw
= (=1)M27"[Det M ()|~ (F(N) By ) (7).

Thus we have
Theorem 6.1. Let f € L?(N). Then

(6.5) R(F)(N) = 27" Det My(8) 1 F(V)S,

where S = Zuezi(_l)h/lpv is a unitary operator on J;.

It is known that Det M) () is a real homogeneous polynomial of degree
non U’ = R™ [24, p. 35]. We put P(\) = DetM,(5).
Let x = (xz1,x2,...,2m), f € F(N), it is obvious that

of

(6.6) | o,

(.CE ¢) exp(—2mi(\, x)) dx = (2miN;)F (f)(A, Q).
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Write D = (+-2-, 1.2 %i) L = P(D). Such type operators has been

1 0x17 1 O’
considered by Gindikin [9] It is not difficult to see that the partial differ-
ential operator L satisfies

(6.7) /U L(f)(x ¢) exp(~2mi{), z)) dz = (2m)" Det My (8).F(F)(A. O).

Therefore we have

— —~

(6.8) L(f)(A) = (2m)" Det M (5) f(A)-

It follows that

—

(6.9) LR(f)(\) = RL(f)(A) = 7" sgn(Det My(8)) F(M)S,

where sgn(-) denotes the symbol function. Then we obtain the following
inversion formula of the Radon transform on V.

(6.10) Rl =n?"[RL.

This is an extension of that on the Heisenberg group [29].
For a function f € L2(N), R(f) may not belong to L?(N) [29]. We
should find a dense subspace of L?(NV), on which the formula (6.10) holds.

Theorem 6.2. Let
Zu) = {1 € )+ [ IFO)sIDet M@ da <
400, forall j € Z} )
Then Sr(N) is a dense subspace of L>(N) and
(6.11) R(f) =7 " LRL({)
for all f € SR(N).
Proof. Consider the subspace L%(N) of L?(N) defined by
LR(V) = {1 € V)« [ IO RsIDet a1, (9)] ) d <
A

(6.12) +o0, for allj € Z} :
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It is clear that L%(N) is a dense subspace of L?(N). By Theorem 6.1 and
the Plancherel formula (3.10), we have

1R ()12 vy 24(_j+1)"/AHf(A)II%leetMx(ﬁ)\(_zj“) dA.

Thus R is a bijection from L%(N) onto itself. Because .#z(N) = L%(N)
S (N), LRL is well defined on .#r(N). Theorem 6.2 is proved. O

7. An inversion formula by using wavelets

In this section, we establish an inversion formula of the Radon transform
by use of the continuous wavelet, transform on N. By choosing suitable
wavelets, the inversion formula of the Radon transform holds in the weak
sense without the assumption of differentiability for f.

For simplicity, write g;(z, () = g(t~tx, B(t)~!¢) which deviates slightly
from (3.15), we have

(7.1) Gi(\) = Det(2)((Fm/mIG* \).

We define the operator Wg by

W,f=fx*g.
Then
(7.2) (7ot ) 00 = Fngo
Note that

(7.3)  Det My.\(8) = [Det(B(t))|*Det My(3) = Det ()™ ™Det My(3).

Applying (7.1), (7.2) together with (6.8), we have

—

(W) YN = FOL(9):(V)*
(7-4) = Det (1) F™/™) F(X) L(g) (t*A)*

~

= (27)" Det(£)@nFm)/™) Det My (8) F(N)GEA)*.
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On the other hand, by (7.2), (6.8) and (7.1) we get

—

a5 Ve = LAME A

= (2m)"Det My (8)Det ()" +m)/™) F(X)g(¢* \)*.
Consequently,
(7.6) (W), ), Q) = Det(t)"/™ (W, L(f))(x, ).
Theorem 7.1. Let g € Sr(N)NAWY, f € Sr(N)NHf,. Then
(7.7)  (Wigp@) R())(@,¢) = 72" Det(t) " +3)/2m) (W, ) (x, ¢, 1).
Proof. By (7.6), we have
(7.8)  (Wirr(g), R()(x,¢) = Det(t)"™(Wrp ), LR(f))(.0).

Note that sgn(Det M x(5)) = sgn(Det My (3)). By taking the Fourier trans-
form on both sides of (7.8), it follows that

~

(Wirr(g), R(f))(A) = Det(t)"™(Wrr (), LR())(N)
= Det(t)"/ " LR(f)(\ R (g)( )"
= Det(t)("+2)/™ LR()(A) RL(g)(#*N)*
= 72" Det (¢)((MH20/m) £\ G(#*A)*.

(7.9)

But by the wavelet transform
W f(A) = Det(t) ™72 F()g(* A7,

this completes the proof of (7.7). O

In Theorem 7.1, we make the assumption of differentiability for f, which
is needed in (7.8). This assumption can be removed. In fact, we can
deduce (7.7) from the following computation. According to (6.10) and (7.3),
we have

(Wean(g), RN = RN LRL(9)(N)*

— Det(t) /M R(F)(\) LRL(g)(*))*
_ Wanet(t)((m+2n)/m)f(/\)/g\(t*)\)*.

We therefore have the following inverse Radon transform in the weak sense.
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Theorem 7.2. Let ¢S € Sg(N)N AW, f € L4(N) N HE. Then

f(z,¢) = 772”1%/]\/xT WLRL((b;)tR(f)(aa @)

. da docdmy(t)
(710) U(a7 a, t)¢y(x7 C) Det(t)((3m+5n)/2m)
and
1 —_—
060 [ oo
(f)(@,0) C Jyer LRL(s;) (@ @)
. da dodmy(t)
(711) U(a’7 «, t)qby(w? C) Det(t)((3m+5n)/2m) '

in the weak sense. Specifically, if f € Sr(N)N HS, then the formula (7.10),
(7.11) hold for all (z,() € N.

It is easy to construct some wavelets which satisfy the condition in The-
orem 7.2. Let ¢ € C§°(T') satistying Det(t) > n > 0 for t € supp¢. ¢j, , 5 is
defined by

N DB,  if A =1\ €A,
(7.12) e oy =4O ©
0, if A ¢ A,

then we have ¢;, 5 € SRr(N)N AW,

If f € Sr(N) (or f € L%(N)), then f can be decomposed as f = Yoen ks
where fS € Sr(N)NHS (or fS € L%(N) N HE). Take ¢S, € Sr(N) N AWE.
It follows from (7.11) that

) 1 — .
RNO@0 =3 g [ Winsian filar o)

(7%

. da docdmy(t)
(713) U(a,a,t)¢y($, C) Det(t)((3m+5n)/2m)

holds for all (z,{) € N (or in the weak sense).
8. The symmetric case
Of course, the most interested case is the symmetric Siegel domains of type

IT, which (together with the symmetric tube domains) are the unbounded
realizations of the bounded symmetric domains. In this case, our results can
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be expressed in a more explicit form in terms of Jordan algebra. We shall
only state the results without proof and refer the reader to [20] for some
detailed calculation about the symmetric cones. A good reference on the
Jordan algebras and the symmetric cones is the book [7] by J. Faraut and
Koranyi.

Let U be a simple Euclidean Jordan algebra with the identity e.
is the associated symmetric cone. Then D = D(£, ®) determined by the
symmetric cone {2 and an 2-positive Hermitian map ® is a symmetric Siegel
domain of type II. Suppose that U has the dimension m, the rank r and the
degree d. = oy denotes the Jordan product of x and y. tr(z) and det(z) are
defined as in [7]. We also write A(z) instead of det(z). The inner product
on U is given by (z,y) = tr(x o y). We select K to be the isotropy subgroup
of G4(D) at the point (ie,0). Because two maximal R-triangular subgroups
of a linear Lie group G are conjugate with respect to an inner automorphism
of G, there exist a Jordan frame {ci,...,¢.} and the corresponding Peirce

decomposition
U=DUn

J<k

such that T has the parameterization as
T=A{t(u):ueUs},
where
T
Uy =< u= ZUJ'CJ' + Zujk suy > 0,u, € Ujy,
j=1 j<k
The left Haar measure of T is given by
,

(8.1) dmy(t(u)) = 2" [T u; V" du.

j=1
We identify U’ with U by the use of the inner product. Then
(8.2) p(A) = A"AN).
Let

E = {e=(e1,€2,...,6) ¢ = x1}.
Set

r

)\6 = Z €5Cj.

Jj=1
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All simple T-orbits of U under the adjoint action are given by
Ac={AeU: A=tu)'A,uecUs}, €e€E.
Specifically, A, = A(l,l,‘..,l) = Q.

We can identify 2 with T" by identification of = = t(u)e and ¢(u). Then
we have

(8.3) A(x)™" do = dp(t(w))
and
(8.4) Det(t(u)) = A(z)™/),

The characteristic function M (z) of €2 is given by
m _ _
(8.5) M(z) = I'g (7) (2m) ™A (z)~ /"),
where ' is the gamma function of the symmetric cone 2. Specifically,

(8.6) M(e) = Tq (%) (27)~™.

Let Aj(z),j =1,...,r, denote the principal minors. A%(x) = Aj(kx) where
k is an automorphism of U such that

kej =cr—jt1, j=1,...,7
Let s = (s1,...,5,). We set
AL(r) = Af@) 5 AL () AL ()
For the transformation A = t(u)*\., we have
(8.7) dmy(t(u)) = |[A{(N)]dA,

where
s=(1+d(r—1),14+d(r—-2),...,1).
Because
Det M () = AN,
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we have
(8.8) L=A(D)"",

Now all results in previous sections can be expressed in a more explicit
form for the symmetric case. For example, Theorem 4.1 can be restated as
follows.

Suppose ¢(# 0) in HS. Then ¢ € AW if and only if

(8.9) C, = /A B2 A0 dA < oo,

A concrete example of the symmetric Siegel domains of type II is the
unbounded realization of the classical domain of type one. Let V = M, , be
the set of all s X r complex matrices, U = H, denotes all Hermitian matrices,
and write W = M, = M, ,. H, is a simple Euclidean Jordan algebra with
the Jordan product

1
zoy = o (zy +yz).
H, has the dimension m = 72, the rank  and the degree d = 2. The asso-
ciated symmetric cone €2 consists of all complex Hermitian positive definite

matrices in H,. The trace function tr(z) and the determinant function
det(x) are the usual ones. Set

®: M, x M, — M,,
(C,n) = @(¢,n) =7n"C.

® is an ()-positive Hermitian map, and

z —

21

¥
D(Q,®) = {(z,C) € M, x M, : S ¢ > 0}

is a symmetric Siegel domain of type II. This is the unbounded realization
of the classical domain of type one. We select the Jordan frame {ci,..., ¢}
such that ¢; is a diagonal matrix with 1 in the jth place and 0 in other
positions. Then T consists of all r x r upper triangular matrices with pos-
itive diagonal elements. The action of T on H, is given by t(x) = tat* and
Det(t) = det(t)?". All results for this case are expressed in a more explicit
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form [12,13]. For example, we have L = (—i)sr(det(agk))s and

1 _
R! z,() = / W, . a,a,t
(f)(z,¢) 755Cy. Sy LRL(¢:). S ( )

dadad
(8.10) U(a,a,t)aﬁi(fv,c)w-
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