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Geometry of moduli spaces of Higgs bundles

INDRANIL Biswas AND GEORG SCHUMACHER

We construct a Petersson—Weil-type Kéhler form on the moduli
spaces of Higgs bundles over a compact Kéahler manifold. A fiber
integral formula for this form is proved, from which it follows that
the Petersson—Weil form is the curvature of a certain determinant
line bundle, equipped with a Quillen metric, on the moduli space
of Higgs bundles over a projective manifold. The curvature of
the Petersson—Weil Kahler form is computed. We also show that,
under certain assumptions, a moduli space of Higgs bundles sup-
ports of natural hyper-Kéhler structure.

1. Introduction

A Higgs bundle over a compact Kéahler manifold X is a pair of the form
(E, ), where E is a holomorphic vector bundle over X and ¢ a holomorphic
section of End(E) ® Q) satisfying the integrability condition ¢ A ¢ = 0.
Higgs bundles over a compact Riemann surface were introduced by Hitchin
in [1], where he constructed their moduli and investigated the global, as
well as the local, structures of the moduli space. One of the main results of
[1] was that a stable Higgs bundle admits a unique Hermitian—Yang—Mills
connection. Simpson, initiating the study of Higgs bundles over compact
Kahler manifolds of arbitrary dimension, proved that a stable Higgs bundle
admits a unique Hermitian—Yang—Mills connection [2]. He also constructed
the moduli space of Higgs bundles over a complex projective manifold [3].

The aim in this article is to study the local geometry of a moduli space
of Higgs bundles from the point of view of the generalized Petersson—Weil
geometry, which has been carried out for the moduli spaces of stable vector
bundles [4, 5]. Here, a moduli space is by definition a reduced complex space.
With additional effort, also non-reduced moduli spaces can be investigated.

For any Higgs bundle (E, ) over a compact Ké&hler manifold X, there
is an associated complex of O x-modules

D*: DO = End(E) —_— _D1 = End(E') ®Q§( — e
D' :=End(F) ® Q% — ---
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with the homomorphisms defined by s — [s, ¢]. The global endomorphisms
and the infinitesimal deformations of (E, ) are given by the hypercoho-
mologies H°(D®) and H!(D*®), respectively. Similarly, the obstructions for
deformations of (E,¢) are guided by H?(D®). We consider the Dolbeault
resolution of the above complex D®. So the hypercohomologies of D® get
identified, with the cohomologies associated to the resulting double complex.

Now, the existence of Hermitian—Yang—Mills connections on stable Higgs
bundles allows us to introduce a natural inner product on the terms of the
above mentioned double complex, and the general Hodge theory provides
the space of hypercohomologies with a Hermitian structure. In other words,
it is possible to identify harmonic representatives of the hypercohomologies,
and the Hermitian structure on hypercohomologies is given by the Hermi-
tian structure on the harmonic representatives. In particular, the space of
infinitesimal deformations of a stable Higgs bundle (E, ¢) is equipped with a
natural Hermitian structure. In this way, any moduli space of Higgs bundles
over X is provided with a natural Hermitian metric.

This Hermitian structure on a moduli space of Higgs bundles is actually
a Kéhler structure (Proposition 4.2); we call this Kéhler form the generalized
Petersson-Weil form. We compute the curvature tensor of this generalized
Petersson—Weil form (Theorem 5.1). For a moduli space Higgs bundles over
a compact Riemann surface, the holomorphic sectional curvature turns out
to be non-negative (Corollary 5.3).

Furthermore, we prove a fiber integral formula for the generalized
Petersson-Weil form (see Proposition 6.1 and Theorem 6.2). The fiber inte-
gral formula implies the Kéhler property also for families parameterized by
singular base spaces. Finally, the generalized Riemann—Roch theorem of Bis-
mut, Gillet and Soulé provides a certain determinant line bundle equipped
with a Quillen metric over the moduli space of Higgs bundles whose curva-
ture form coincides with the generalized Petersson—Weil form on the moduli
space (Theorem 6.3).

In Section 7, we construct a distinguished locally exact holomorphic
2-form 7w on the moduli space of Higgs bundles. In order to show non-
degeneracy of m, we need an involution ¢, on the first hypercohomology,
defined in terms of harmonic representatives. To construct ¢, we need two
assumptions on (E, ¢): (1) the rational characteristic classes of the projec-
tive bundle P(E) vanish and (2) dim H?(D*®) = 1.

We note that, in general, dimH?(D®) > 1. Hence, by semi-continuity,
the condition dimH?(D®) =1 defines a Zariski open subset of any moduli
space of Higgs bundles. We also note that, in general, dimH!(D®) may
be odd.
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As an application, we construct a hyper-Kéhler structure on the moduli
space using ¢, the generalized Petersson-Weil form and 7 (Theorem 8.6).

2. Basic definitions

Let X be a compact, connected Kahler manifold of dimension n equipped
with a Kahler form wy. We will write wy = v/—1. 903 dz A dz” with respect
to local holomorphic coordinates (z!,...,2"), and we will always use the
summation convention.

If F is a coherent Ox-module, then the degree of F with respect to wy
is defined as

deg}“::/ c1(F) Aw™ L
X

We denote by E a holomorphic vector bundle over X of rank r.

Definition 2.1. (i) A Higgs field on a vector bundle E over X is a holo-
morphic section

¢ € H'(X,End(E) ®0, Q%)
such that
(2.1) pNp=0,
Le., [pa, o] = 0 for all o, 7, where ¢ = >""" | pq dz®.
(ii) A Higgs bundle is a pair (E, ), where ¢ is a Higgs field on F.

The definition of stability in this context is the following:

Definition 2.2. (i) A Higgs bundle (E, ¢) is called stable, if

deg F < deg E
rkF rkE

for all O x-coherent subsheaves F of E satisfying the conditions ¢(F) C
F ®0, Q% and 0 < rkF < rkE.

(ii) A polystable Higgs bundle is a direct sum of stable Higgs bundles

: } . deg BV
(EY, ") with the same quotient <.

Polystable Higgs bundles (E, ¢) are known to carry a unique Hermitian—
Yang-Mills connection by results of Hitchin and Simpson [1, 2]; see also [11].
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Definition 2.3. Let (E,¢) be a Higgs bundle. A Hermitian—Yang—Mills
connection on (E, ¢) is a Hermitian connection g on E with curvature form
QF such that

(2.2) AQp+@Ag*) =\-idg

for some A € R, where A = Ax is the adjoint to the exterior multiplication
of a form with wy. In local holomorphic coordinates z%, this equation reads

gﬁa (Rag + [SOCU SO%]) =A- ldEa
where Qp = Raﬁ dz A dZP.

General theory provides a semi-universal deformation of pairs (F, ),
where ¢ is a End(F)-valued holomorphic 1-form. The integrability condition
@ A = 0 defines a complex analytic subspace of the parameter space and
thus yields a semi-universal deformation for Higgs bundles. It follows like
in the classical case that stable Higgs bundles are simple in the sense

(2.3) H°(X,End(E, ¢)) = C -idg,
where
(2.4) End(E, ¢) C End(E)

is the subsheaf that commutes with ¢. A holomorphic family (Es, ¢s)scs of
Higgs bundles, parameterized by a complex space .S, consists of a holomor-
phic vector bundle £ on X x S and a holomorphic section ® of End(€) ®
p*Q%, where p: X x S — X is the canonical projection, such that £|X x
{s} = Es, and ®|X x {s} = s for all s € S.

Observe that ® defines an End(E)-valued, holomorphic 1-form on X x
S, as p*QL C Q%{xs'

Let (E, ) be any stable Higgs bundle. In a local holomorphic family of
Higgs bundles over a pointed space (S, so) with (E, ) as the central fiber
(the Higgs bundle over sp), any isomorphism of the central fiber can be
extended to the restriction of the family over a neighborhood of sg. So,
stable Higgs bundles possess universal deformations by general deformation
theory [6].

As the uniquely determined Hermitian—Yang—Mills connections on stable
Higgs bundles depend in a C'*® way on the parameter of a holomorphic family
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of such bundles, again by general results (even in the non-reduced category)
a coarse moduli space exists [6].

We will denote by My a moduli space of stable Higgs bundles over X.

We will use the following conventions. The Kahler form wyx gives rise
to a connection on X, which we will extend in a flat way to X x S. As
above, we will denote by 2%, 27, ... local coordinates on X together with
the conjugates 2,29, ... and by s°,s*,... and &7, s/, .. ., respectively, similar
coordinates on S. We use the semi-colon notation for covariant derivatives of
sections and differential forms or tensors with values in the respective vector
bundles induced by the Kéhler metric on X and the Hermitian connection
on the bundle. Let the Hermitian connection g on E be given locally by
End(E)-valued (1,0)-forms {6, }7_, with respect to some local trivialization
of E. Let o be a locally defined section of End(E), which is a matrix-valued
function with respect to the trivialization of E. We use

Oo
5o — 97 = 0o
and set
Va0 =00 =0+ [0,04],
and
98 = 95
Hence,

Tf = Oga T 10 Bypl,

where R oB denote the components of the curvature form (2 of = 0 B For
tensors with values in the endomorphism bundle, we also have the contri-
butions that arise from the Kéhler connection on the base. We denote by
g dV the volume element w’ /n! of the given Kéhler form.

3. Infinitesimal deformations of Higgs bundles

Let (E,¢) be any Higgs bundle over the compact Kahler manifold X. For
any integer ¢ > 0, the Higgs field ¢ gives a Ox-linear homomorphism

fo(i) : End(E) ® Q% — End(E) @ Q4f*

defined by s — [s,¢]. From the given condition that ¢ A ¢ = 0, it follows
immediately that

foli+1)o f (i) =0
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for all ¢. In other words, there is a complex of Ox-coherent modules

D*:0— D° = End(E) =% End(m) @ o} 28 ... 25D

Dt — End(E) ® QZX M End(E) ® 9?1 quﬁ)l) o fg;(L;l)

x End(F) @ Q% — 0

over X. We note that H°(X,End(FE, )) = H(D*®) (see (2.4)). The space of
all infinitesimal deformations of (E, ¢) is parameterized by the first hyperco-
homology H'(D*), and the obstructions to deformations of (E, ¢) are guided
by H2(D*); see [7] for the details.

For computational convenience, we will work with the Dolbeault resolu-
tion of the above complex D*.

Consider the spaces

CP4 .= AP9(X,End(E))

of differentiable (p, ¢)-forms over X, with values in End(E) equipped with
the Dolbeault operator

/AN s ,q+1
d’ . Pl — CPT

which is the d-operator on End(E)-valued forms. We also have an operator
d - CP4 5 optla

which is defined by
d'(x) =[x, ¢l-

Here, the Lie bracket operation sends

X5 d27 N dZ® = X, quz% Ao N2 A A A dRde

7"'77?751 20y

to
. ¢] = [x5: Paldz? A dz® A dz®

Since the section ¢ is holomorphic with ¢ A ¢ = 0, it follows that (C*®,d’, d")
is actually a double complex. This double complex gives rise to a degen-
erating spectral sequence, which converges to the hypercohomology of the
complex D*® defined earlier.

For the induced single complex (C*,d) with

(3.1) C" = @ CcPi,

ptq=r
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we use the homomorphism
d:=d" +(-1)7d

The groups HY(C*®) := HI(C*®), for ¢ = 0, 1, are computed from the trun-
cated complex

(3.2) 0— %0 Ly 00 g 0t Ly 020 g oM g 002,
where

(3.3) d'(f) = (=[f.].0)

and

(3.4) d'(a,b) = (—[a, ¢], da + [b, ¢], Ob)

are defined above.

Lemma 3.1. Assume that (E, ) is equipped with a Hermitian—Yang—Mills
connection (see Definition 2.3). Then, any holomorphic section of End(E, ¢)
(defined in (2.4)) is parallel with respect to the induced connection.

Proof. Let o be a holomorphic section of End(F, ¢). From (2.2),

([0, Ryg) + [0 [0 5]]) = 0.

Hence,

/ po Ung

X
/ wplo g dv.
X

Now [0, ¢o] = 0 implies that the above integral equals

/ gﬂatraaa ng—
X

_ /X 97 t2 [pas 05, ollo"g AV = — /X 97 2.0 (s [, ollg AV

— [ gl el olgav.
X

<0.

So the integral vanishes, and 0., = 0. ([l
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From now on, we assume that the given Higgs bundle (E, ¢) is stable.
Therefore, it carries a Hermitian metric satisfying the Hermitian—Yang—Mills
equation (see Definition 2.3). This metric is unique up to a dilation by a
globally constant scalar.

Obviously, the space H°(C*®) consists of those holomorphic sections of
End(E) which commute with ¢. The stability condition of (E,¢) implies
that any such section is a constant scalar multiple of the identity automor-
phism of E (see (2.3)).

As mentioned earlier, the hypercohomology H!(D®) = H!(C**) =
H!(C®) is the space of all infinitesimal deformations of (E, ). We denote
the Kodaira—Spencer map by

(3.5) p:Ts, S — HYC®®).

Now (C*,d) becomes an elliptic complex, when equipped with the inner

products induced by the Hermitian metric on E and the Kahler metric wx

on X. In particular, the formal adjoint operators to d” are in fact adjoint.
More precisely, let o, 7 € C%°, then

(o,T) —/Xtr (o7*)gdV,

where 7" denotes the adjoint section with respect to the Hermitian metric
on E. For End(FE)-valued (1,0)-forms ¢ = ¢, dz* and ¢ = 1, dz%, we get

(e, 9) =/ 97 trpatpsg dV.
X

As usual, A denotes the operator that is adjoint to the exterior multiplication
of a form with wx. We mention we have [a,b]* = —[a*,b*] for any forms
a,be CPi,

For the computation of adjoint derivatives, we need the following nota-
tion. For v € Ch!, we consider [v,¢*] as a tensor rather than as an
alternating form. Then,

dox [’UQB, gog] dz".

A[Uaﬁa (,0%] =g

So the contraction K[v, ©*] stands for the contraction of v and ¢*, and it
does not comprise Awv.
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Lemma 3.2. For (a,b) € C10® C% and (u,v,w) € C?>% @ CHt @ 002,
the following hold:

(3.6) d% (a,b) = —Ala, ] +9'b
(3.7) d (u, v, w) = (Alu, ¢*] + 8" v, /N\[U, O+ 0 w),

where d° and d' are defined in (3.3) and (3.4), respectively.

Proof. The first equation follows from ((a,b),df) = —(a,[f,¢]) + (@b, f)
and

—(a,[f,¢]) = (a, [f, ¢l) = —(Ala, 7], f),

whereas for (3.7), we have

<(U7U?w)v(_[av‘)@]75a+ [bv (P]agb» _
= (—Afu, ¢*],a) + (0" v,a) + (—A[v, ©*],b) + (8" v, a)

finishing the proof of the lemma. O

Let (£,®) be a holomorphic family of Higgs bundles over a complex
space S, and denote by {hs} any C* family of Hermitian metrics on &,
i.e., a Hermitian metric h on € over X x S. Let (s!,...,s") be holomorphic
coordinates on S, if S is smooth, or holomorphic coordinates on an ambient
smooth space into which a neighborhood of sy € S is minimally embedded.

Let © be the curvature form of the Hermitian connection for A on £ over
X x §. The curvature tensor for this connection will be denoted by R. So
the contraction

0
Ql_ais’i

equals

Rzg dzﬂ.

Following the construction in [4], one can see that the global tensors
and ¢ over X x S already describe the infinitesimal deformations. In other
words, we have the following lemma:
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Lemma 3.3. The Kodaira—Spencer class

9
p 0s;

(the homomorphism p is defined in (3.5)) is represented by

So

> c HI(C..)

(3-8) i = (Pasi d2%, Rz d27) | xx {50}

The Kéhler form wx and the Hermitian metric h together provide the
above double complex C'*® with a natural inner product such that the adjoint
operators d’* are the formal adjoint operators.

Now assume that for each point s € S, the Higgs bundle (&, ®5) over
X is stable. The Hermitian—Yang—Mills connections on this family of sta-
ble Higgs bundles (£, ®) are induced by a Hermitian metric h on £, whose
curvature form €) is unique up to a differential form of type idgp ® f*o/,
where ' is some (1, 1)-form on the base S and f: X xS — S is the natu-
ral projection. Indeed, this follows immediately from the fact that any two
Hermitian—Yang—Mills metrics on a stable Higgs bundle differ by multipli-
cation with a constant scalar.

Therefore, the components R of the curvature tensor in Lemma 3.3 are
uniquely determined by the family of Hermitian—Yang—Mills connections on
the Higgs bundles (&, ps).

Proposition 3.4. The End(&)-valued 1-forms
M = Pagi dz“ + ng dzg
are the harmonic representatives of the Kodaira—Spencer classes p(9/9s'|s, ).

Proof. Following Lemma 3.2, we find
d*(@a;z’ dz*, Riﬁ dzﬂ) = _7A[‘P;i7 ‘P*] + 5*(Rlﬁ dzﬁ)
= gﬂa(_[SDa;ia QO%] - Raﬁ;l‘) =0
because of the Hermitian—Yang—Mills condition (2.2) for Higgs bundles. [

For applications in Section 8, we introduce a decomposition of the com-
plex D*.



Geometry of moduli spaces 775
Let
ad(F) C End(E)
be the subbundle of trace zero endomorphisms, and let
pr: End(F) — ad(E)

defined by pr(x) := x — (1/rk(E))tr(x)idg be the projection onto the trace-
free part. We extend the homomorphism pr to the complex D® and its
resolution. Now the complex of O x-coherent modules

DU 0—>D0 —ad(E) f¢0) ( )®Ql fw() . foli— 1)D0
(E) i, 29 aq(B) @ it TR L felns)
ad(E) @ Q% — 0

over X is a subcomplex of the complex D*.
We identify Q% with idg ® Q% C D"

Lemma 3.5. The restrictions of the chain morphisms d* to Q])“( are iden-
tically zero. Moreover,

D* =Dy ® 0%

is an orthogonal decomposition. The resolution of C** also decomposes in
an orthogonal way

C* =G5 @ A%

where AY corresponds to the Dolbeault resolution of Q% . In particular, the
following holds.

The subcomplex C3* C C** is preserved by both dy and djj. Let dy and
dy be the restrictions of d and d*, respectively, to Cg®. Then,

prod=dpopr and prod*=djopr.

Proof. The proof follows from tr[x, ] = 0 for any y € D* and the simple
fact that covariant derivatives commute with taking traces. O

Concerning the second cohomology, we note
Lemma 3.6. There is a natural embedding

C-wy -idg = H*(C**).
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Proof. We have to consider
€= (0,wy -idg,0) € C*Y @ 1t @ CV2,
Then, de = (0, [wy -idg, ¢}, d(wx -idg),0) = 0, and from (3.7),
de = (8" (wx - idg), Alwy -idg, ¢*]) = 0.
So € is harmonic, and it is different from zero, since [ x tre® #0. O

We will need the following proposition.

Proposition 3.7. The obstructions for deformations of a Higgs bundle
(E,p) are already contained in the second hypercohomology H?(Dg). If
dim H?(D*®) = 1, then we have H?(D§) = 0.

Proof. Note that the deformations of any Higgs line bundle are unobstructed
(as the deformations of a line bundle are so).  Therefore, setting
G = PGL(r,C) in Theorem 3.1 of [8], where r = rank(E), we conclude that
if the image of H?(D®) in H?(D}) is zero, then all deformations of (E, )
are unobstructed.

If dimH?(D®) = 1, then H?(D*®) must be generated by the image of the
non-zero homomorphism in Lemma 3.6, and hence H?(Dg) vanishes. O

4. Generalized Petersson—Welil metric

Now, we are in a position to introduce a generalized Petersson—Weil met-
ric on the parameter space S for a family of stable Higgs bundles. The
generalized Petersson-Weil metric is an inner product G'W on the tangent
spaces TS of the bases of holomorphic families, which is positive definite
for effective families, and it is defined in terms of the tensors 7; represent-
ing the Kodaira—Spencer classes. This is possible, also in the case where
S is singular, because the family of Higgs forms, and the curvature form
for the connection on vector bundles, still exists on the first infinitesimal
neighborhood. The latter fact follows from the approach that is based on
the implicit function theorem.

We call this Hermitian structure the generalized Petersson—Weil metric
and use the following notation:

0
pw [ O
G ( Os?

(4.1) = [ tr (gBacpa.igpi J)gdV + | tr (gBaR.*Raj)g av.
X R X s

0

, —
s 0sJ

) = GEY = ()
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We set
WpW = V — GPW ds' A ds.

In order to compute the induced connection, we need certain identities.

Lemma 4.1. Let n; = (@a; d2°, Rz’ﬁ dzB). Then,

(4.2) Nisk = Mk;i

(4.3) dnik + 1 A =0

(4.4) d* iz =0

(4.5) iz = dRi;

(4.6) ORi;; = d*dRi; = d*n;j

(4.7) d'nig = 9% ([pasi, 5] + [Rig, Rag))-

Proof. The symmetry (4.2) of n;.;, follows immediately from

ik = (Paik A2, RiB;k dzﬁ),

which is symmetric in ¢ and k.

We show (4.3):
dnige = (~[Pasins 01dz" A dz7, 0, y5d2" A dz®
+ [R5 427, 00 d2°), R 5 d2° A d2P)
= ([Soﬂ'v Qp;k]’ *[90;1'7 RkB dZ ] - [‘P;k’ Rzﬁ dZ ]7 *[RZB dzﬂ’ ng dza])'

This gives the formula (with the given sign convention for C**).
Concerning (4.4), we have

ANk = =9 [Pains ©5] = 67 Rigpa
We use (2.2) in
BaRzE ka _gﬁaRaﬁ ik T g [90047 (Pﬁ]
97 [ass, P5lk = 9% [pains ©3)-
Next, we show (4.5),
Nig = (Pagzi 2, Riﬁ dzﬁ);ﬁ = ((Pagi + [pa, Riz]) d=7, Rij;B dzﬁ)
= (—[Ri, ¢], 0R;)) = dRy;.
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Formula (4.6) is immediate. For the last formula (4.7), we consider

d*niz = 9% ([pasiz, ¥5 — Rigga)

= —9"([pagi + [Pas Rigl, #5] + (Ry5.05 — [Ryg, Rag)))-

Using the Hermitian—Yang—Mills equation, we get

gﬂa(_[[(pav RZjL 80%] + [9001;737 SO%] + [Soa;iu (p%,j] + [RZB7 Raj])

= 9" ([pasi, ¥5] + [R5, Ragl)
completing the proof of the lemma. O

As a consequence of Proposition 3.4 and (4.5), we note that
(4.8) (mi> ;5 = (mi, dRyz) = (d™ni, Rjz) = 0.
Using the above notation, we set
PwW PwW
Gij|k = 8skGij :

Proposition 4.2. The generalized Petersson—Weil metric is Kdihler. More
precisely, we have

(4.9) Gole = (i, mj)-

Proof. We use Gg‘vlg = (Migk> m5) + (1, 5) and (4.8). O
Corollary 4.3. Let sg be some point of the base S of a universal deforma-
tion of a Higgs-bundle. Consider normal coordinates {s'} for the Petersson—
Weil metric at the base point sy. Then, for alli, k, the harmonic projections
H(1ik|s=s,) vanish.

Proof. This follows immediately from the fact that the 7; are harmonic and
span the whole space H'(C*®). O

5. Curvature of the generalized Petersson—Weil metric

Let S ={(s',...,sY)} be the smooth base of a universal deformation
of a Higgs bundle equipped with a family of Hermitian—Yang—Mills metrics.
Let 1; = (Pazi d2°, Rz‘B dz?) be the harmonic representative of the Kodaira—
Spencer class p(0/0si|s) € HI(C*®). We consider the associated single
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complex C*® as an elliptic complex equipped with the Laplacians [0 = d*d +
dd* acting on End(FE)-valued forms in all degrees. This elliptic complex
possesses harmonic projections H and Green’s operators G.

Theorem 5.1. Letn; = (pa;i 2%, B3 dzB) be the elements of a basis of the
harmonic Kodaira—Spencer forms, depending on s € S. Then, the curvature
tensor of the generalized Petersson—Weil metric equals

RO = | te(G(A(mi Amp)) Al A1i7))g dV
X
+ [ oG AR)A AT gV
wn—l
(5.1) w [t nmd A G A

FExplicitly, we have

ROG =+ /X tr (R0R,; + R70Ry5)g dV

n—1

(52) + [ A nd £ Gl A A

Here, [n; Any| and [n; Ang] stand for the exterior product of forms, with
values in an endomorphism bundle combined with the Lie product.

Remark 5.2. The first two terms in (5.1) and the first term in (5.2), respec-
tively, are semi-positive. Because of the different order of non-conjugate and
conjugate terms in the first and second part of the curvature formula, the
last terms of (5.1) and (5.2), respectively, yield semi-negativity.

Proof of Theorem 5.1. We use normal coordinates at a given point of S.
Then,

PW PW .

We compute A.

Miske = ((pa;ikz dz*, RZ-B;]J dzﬁ) c bl
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First, we need

Coiitt = Poitk + [Pasis Ryl
= Coitik T [Pas Riglik + [Pasi, Byg
= [Spaﬂf’ RzZ] + [(,Da;i, Rki] + [(Pou Riz;k]

so that
o) = [ 7t (o R + [ Rigl + s R D) aV
and
Rz = Rigyp — [Rip Byl + [Rig By
so that
/X %t (RizyesRag)g dV = — /X 6% tr (R, R, 5.)9 AV
= /X 97 tr (Rglpas 93 ))g AV
- /X 9% tr (IRyg 0l )9 dV,
which is inserted into the expression for
(Riz,7d2°, Rz dz°).
So far, we have
A= [ a7 (Ry(Rg, Bog] = [ 5.)
+ Ry([Rog, Rigl — [#asi, ¥551))g dV,

where A is defined in (5.3).
Now, we compute the (1,1)-component of n; A ;5

—(m An5) ) = ([Rag, Bygl = [Pask 95 1)dz" A dz’
so that with (4.6) and (4.7),

(5.4) A(ni An3) = d*nig = ORy3.
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Hence,
A=— /X tr (Ri0R,; + Rz0Ry35)gdV
=— /X tr (G(A(m A7) Ak Ang) + GA(n Ang))A(nk Ang))g dV.

We compute B defined in (5.3). Since d*n;;, =0, and H(n;;x) =0 by
(4.4) and Corollary 4.3, we have

Ni;k = Gd* dnz,k = d*Gdni;ka

and
B = <d771';kaGd77j;€>

so that we get the third term of (5.1) using (4.3). This completes the proof
of the theorem. O

We estimate the holomorphic sectional curvature for dim X = 1:

REY =2(dR;,dR ;) > 0.
with d = d° (see (3.3)). Equality holds only if dR; =0, that is, Rz is a
holomorphic section of End(F, ¢); see (2.4) for the definition of End(E, ¢).
Since (E, ) is stable, any holomorphic section of End(E, ¢) is a constant
multiple of the identity automorphism of E (see (2.3)).

Therefore, we have the following corollary:

Corollary 5.3. When dim X = 1, the holomorphic sectional curvature of
the Petersson—Weil metric is non-negative.

6. Fiber integral formula

We will show the existence of a local d0-potential for the generalized
Petersson-Weil metric on a base space S of a universal deformation. We
note that this implies the Kéhler condition of the Petersson—Weil metric.
We consider a moduli space of stable Higgs bundles Myg. Although,
in general, there is no universal holomorphic vector bundle £ globally on
X X My, the bundle End(€) exists in the orbifold sense over all of X x My,
since the non-zero scalars act trivially on End(£). We will furthermore need
the highest exterior power A"E, a tensor power of which also descends to

XXMH.
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Representing a point p € My by the isomorphism class of a Higgs bundle
(E,¢), we find the existence of a global holomorphic 1-form ® € H°(X x
Mu, Q. (End(£))). Hence, the function on My defined by

s x(s) = /X { }gﬁa tr (goacp*ﬁ)ng
X118

is a function of class C*° on My.

In a similar way, the curvature form 2 of the Hermitian—Yang—Mills
connections is a well-defined End(€)-valued (1,1)-form over X x My.

For the results of this section, the base space S can be a complex space
(even non-reduced, if necessary). However, in order to simplify the exposi-
tion, we assume smoothness.

Given the projection X x S — S, where S is also smooth, the push-
forward of a (n 4+ 1,n + 1)-form ¥ (defined on X x S) is a (1,1)-form on S
given by a fiber integral

/ ¥, which we also write as / U or simply / v
XxS/S X x{s} X

The reader may consult [12] for fiber integral.

Proposition 6.1. Let 2 be the curvature form of (€, h). Then the following
fiber integral formula holds:

n—1

1 Wy
U.)pw—2/ tI‘(Q/\Q) ( _1)'
n—1

(6.1) —I—)\/ tr (v —19Q) /\—X+\/788 /tr (A @") A (wxl)!.

Here X\ is determined by

n 1

wTL
=\ “X
(n —1) x n!

is independently of s € S over any connected component of S.

/ tr (v—1Q) A

Before we prove the proposition, we recall some standard facts. Con-
cerning Chern character forms, we will use the description as

1 -1 —1
S LT P Lty
k! 2w 2
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with .
chy (&, h) = 5(c%(g,h) —2c5(&,h)).

In terms of Chern character forms and Chern forms, formula (6.1) reads

1 ——/ch(é’h)/\ W
42TV T P (n—1)!
A wh /=1 = Wil
2 — X A —X
(6.2) +o- Xcl(s,h,)/\n! + 53 aa/xtr(gpmo)/\(n_l)!

Now we will prove the proposition.

Proof. By definition

wpw = (/ tr (RiBRaj)gBag av + / tr (gpa;igo%;j)g dV> V—1ds' A ds.

Now
1/ (A Q) A A
2 Jx " (n— 1)
——1/ tr(\/—lﬂ/\\/—lﬂ)/\i
2 ) (n —1)!

= / tr(Roj- R — R.5- Rij)gﬁo‘g dV/—1ds" Ads’,
and from (2.2), we have
—tr (gﬁo‘Raﬁ - Ri5) = tr(¢"[¢a, cp%] - Ri3) — Atr Ry
On the other hand,
9" (Paiivys) = 97 (Pa)iz — (Pasiz %),
and
Pazi = — tr [Rija Pal;
from which the claim follows. U

From now on, we assume that X is a K&hler manifold whose Kéahler
form is the Chern form

wx = Cl(ﬁ, hﬁ)

of a positive Hermitian line bundle (£, hz). Note that this implies that X
is a complex projective manifold.
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Given a proper, smooth holomorphic map f: X — S and a locally free
sheaf F on X, the determinant line bundle of F on S is by definition
det Rf«F

The generalized Riemann-Roch theorem by Bismut et al. [9] applies to
Hermitian vector bundles (F,h) on X. It states that the determinant line
bundle of F on S carries a Quillen metric, whose Chern form equals the

fiber integral
X
/ ch(F, h)td <,w;(> s,
x/S S

where ch and td denote, respectively, the Chern character form and the
Todd form (for smooth, proper holomorphic maps over singular base spaces,
cf. [10, Appendix]).

We first mention

(6.3) ch(End(€)) = 72 + 2r cha(E) — 3 (E) + - -
so that for the virtual bundle End(§) — O"
ch(End(€) — O™") = 2r chy () — 3(E) + - - -
holds. We use these formulas for Hermitian bundles now.
ch(((End(&),h) — O™) @ (L, he) — (L1 hg1))®" D)
— chy ((End(e), h) — 07’2) on—lynl g

<2r <2 (ga A \/2:9» - (tré?Q)z) 2"t 4

(v (o ) - () o o

2 2

The highest exterior power A"E carries the induced Hermitian metric ﬁ, for
which the following identity holds:

ch((A"€,h) = (A7€,h) ™) (L he) = (L7 A1) D)
= 2n+1c%(8,h) . Cl(ﬁ,hﬁ)nfl 4.
= 2n+lc%(g7h) i w;z(—l 4.

2
v—1
= () gt

Hence, we have the following theorem:
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Theorem 6.2. The generalized Petersson—Weil form can be expressed in
terms of Chern character forms of Hermitian bundles:

1 1
—Ww - @@
Ar2 PV 2nr(n —1)!

— 2””7“(171—1)' /ch((Arg - (Arg)71>®2 ® (L — £71)®(n71))

/Ch((End(é’) ~0") @ (L —L£7H20D)

A ' T — — n

o ey | BATE — (W) (£ - £
+1\/—186/tr( A ") A Wi

82 LR P T

Let ¢ : X x My — My be the canonical projection. We introduce the
following determinant line bundles d;, equipped with Quillen metrics th.

81 = det Rg.((End(E) — O™) @ (£ — £71)®(=1)
d2 = det Rq. (A€ — (A"E) " H®2 @ (£ — £71)®n=D)
03 = det Rg.(A"€ — (A7) @ (£ — £7H)®™).

Setting

n

x—/tr(w/\w*)Amw_Xl)!,

we equip the trivial bundle Oy, with the Hermitian metric eX.

Theorem 6.3. The generalized Petersson—Weil Kdhler form is a linear
combination of the (1,1)-forms cl(éj,h?), Jj=1,2,3, and c1(Opy,, €X).
7. A holomorphic closed 2-form on a moduli space
of Higgs bundles

Let (£,¢) be a universal family of stable Higgs bundles on a Ké&hler man-
ifold (X,wx) over a complex analytic space S carrying the unique family
of Hermitian—Yang—Mills connections {f;}scs. Using the previous notation,
we introduce a holomorphic 2-form 7 on S with dm = 0.

Let % __ be a tangent vector, and
EESET)

(1) p ((.f

) = Qo 2% + Rz‘B dzP?

S=So

€ CH(X x S,End(&)) @ C% (X x S, End(&y)).
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Definition 7.1. A 2-form
T = m(s)ds’ A ds*
on S is given by
Tik = / tr (gﬁa(‘%’a;i : Rkﬁ — Pask - Rig))g dv.
X x{s}
Lemma 7.2. The 2-form w is holomorphic, and furthermore, it is of the

form w = dv for a certain holomorphic 1-form v on S. The forms v and w
descend to the moduli space of Higgs bundles as holomorphic forms.

Proof. We define v = v; ds® through
v; = 2/ tr gﬁagoaRiBg dv.
X x{s}

Then, dv = 7 follows immediately, and

ov; 3 3
P 7= / trg”aRizzgdV = / tr g™y 5Riag AV =0
S
completing the proof of the lemma. ]

Denote by M the moduli space of stable vector bundles on X. As
any stable vector bundle E defines a Higgs bundle (E, ) with Higgs field
¢ = 0. The Hermite-Einstein connection on the stable vector bundle E
coincides with the Hermitian—Yang-Mills connection on (E,0). We have
an embedding ¢ : M — My into the corresponding moduli space of stable
Higgs bundles. Let Mj; C My denote the Zariski open subset defined by
all Higgs bundles (F,y) with E stable. Therefore, we have a retraction
[+ Mj; — M that sends any (E, ¢) to E.

Proposition 7.3. The forms v and m vanish on the fibers of f.
Proof. On the level of base spaces of universal deformations, f is a submer-
sion of the form pry : S = ' x §” — §'. Let s = (s/,s") € S. Let v = ;2 €
TS be a tangent vector with

p(v) = Pa;i dz® + R;5 dz?

in the sense of (7.1). Then pr;(v) is represented by Rz dzB, and if v €
T,S8" — TS, the form Rz dzP is O-exact. Conversely, let Ry5 = E5 for



Geometry of moduli spaces 787

some section E of End(€|X x S”). Then,

vi(s) = / tr g™ 0B 59dV =0,
proving the proposition. U
If the form v is non-zero on My, then it does not descend under f.

8. Non-Abelian Hodge symmetry, symplectic
and hyper-Kahler structure

Let (E, ) be a stable Higgs bundle over X, equipped with a Hermitian—
Yang-Mills connection. We first provide the space of infinitesimal defor-
mations of (E, ), namely H'(C*®), with a quaternionic structure under an
assumption on HZ?(C**).

Assumption 8.1. For the rest of this section, we restrict ourselves to stable
Higgs bundles (E, ) satisfying the following two conditions:

A: The rational characteristic classes of the projective bundle P(E) over
X are assumed to be zero. This is equivalent to the condition that the
Hermitian—Yang—Mills connection on (E,p) is projectively flat, i.e.,

(8.1) R.5+ [parp5l =X g,5-1dp
for some X\ € C.

B: dimH?(C**) = 1.

In view of Lemma 3.6, this is equivalent to the condition that
(8.2) H2(C**) = C - wy -idp.

The above condition A can be replaced by the following condition:

A’: The Higgs field ¢ is Og-closed with respect to the Hermitian—Yang—
Mills connection, i.e.,

(8-3) Poyy = Pyiac
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Involution 8.2. We have an involution of the space of End(FE)-valued
1-forms defined by

L: O — !
(8.4) (a,b) — (=b",a"),

where C! is defined in (3.1). Obviously (2 = —idc:. We shall see this invo-
lution descends to the space of infinitesimal deformations of (E, ¢).

Proposition 8.3. Let n € C' be harmonic (so n gives an infinitesimal
deformation of (E,p)). Then v(n) is harmonic.

Proof. Let n# 0. Since deformations are not obstructed, we can assume

that there is a coordinate system on the base S of a universal deformation
so that 7 is of the form 7; in the sense of (3.8), i.e.,

tm; = (—Raz dz%, 4,0%;2 d=").

Claim 1.
d(tn;) = &z,

where
€= (Pay dz* Nd27, (Raﬁ + [¢a, go%])dzo‘ A dzﬁ, —go%;g dz® A dzg).
Proof of Claim 1. Let d(tn;) = (d(tni)1, d(en;)2, d(en;)s). Then,
d(tmi)1 = [Raz dz%, py d27] = Qo dz® N d27.
Next,

d(imi)2 = D~ Raa d=) + [0 =", pa d=°]
_ _ * B a B
= (B3 + [pas 05, )7 d2* A d2,
and
d(tni)s = 5(90%5 dzﬁ) = —¥55 d2P A d2d

proving Claim 1.
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Claim 2.
d*(wm;) = 0.
Proof of Claim 2.
d*(im;) = +A[Raz d2°, % d2%) + T (%, d27)

_ Ba ] R ) —

=g ([Rona SDB] gp/gﬁa) - 0
Claim 3.

d¢ = 0.
Proof of Claim 3. Let
dg = (dgla s 7d£4)a
where d¢; is the i-th component of d¢ in the decomposition in (3.1). Then,
dé1 = [—Qarny dz* Nd27 05 d2°] =0

because of (2.1).
Next,

dés = (pary A2 N dz7) + [(Ryg + [ 95])d=" A 2, o dz"]
= (P — [Rogr 99] = [[0as 051 05 ])d2 A 27 A d2”
- ([(Paa R’YB] + [90% Raﬁ] - [[(Pav 90%]7 30’)/])dza NdZT N dzﬁ'

The first two terms together are symmetric in o and -y, also the third term
because of (2.1), so that d&s vanishes.
Finally,

dés = —[—¢% 5, pald2” N2’ A dz® + (R 5+ [pa, 5])d=" Nz’ =0,

and
dé, = 8(—905_3612 Ndz’) =0,

proving Claim 3.
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Claim 4.
dr&=0.

Proof of Claim 4. Let £ = (u,v,w). Here projective flatness will be used.
According to (3.7), the first component of d*¢ equals

461 = [y dz® A d27, g% d20]) + 7,

where d*¢; is the i-th component of d*¢§ in the decomposition in (3.1).
Because of (8.1), we have 9 v = 0, and

1 1
d*él - §gﬁ’y[((p0¢§7 - 90'Y§04)7 @%]dza = igﬁ’y(RaB;'y B R'\/B;a)dza =0.

We compute d*&,. By (8.1), the term Afv, ¢*] vanishes, and

a* * 3 5 L5 * * 3
gé’y(_[@%’ RWS} + [90%7 RWB])dzﬁ

N~

= 59" ((l¢5 1] 03] = [l o4l o)) d2”.

This form vanishes because of the integrability condition (2.1), proving
Claim 4. The computation is the same with A replaced by A’.

Now, by assumption B, the harmonic form ¢ is of the form ¢(s) - wy idg.
From the definition of £ and (8.1), we know that ¢(s) = A is independent of
s € S. Hence, d(tn;) = 0. This completes the proof of the proposition. [

Corollary 8.4. The d-closed holomorphic two-form 7w is non-degenerate at
(E, ). In particular, the dimension of H*(C*®) is even.

Proof. In the above notation,

ik = (ks L(10i))-

As ¢ takes harmonic elements of C'' to harmonic elements of C', it induces
a bijective map of H' to itself. This shows the non-degeneracy. O

Remark 8.5. For X = CP?, there are examples of stable Higgs bundles
where dim H'(C**) is odd. (They do not satisfy the two assumptions.)
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We insert an observation about quaternions: Assume that (H, I, J, K)
is identified with C? = {(z,w)} in such a way that I(z,w) = (iz,iw), i =
v—1. Namely, we identify (z,w) = (x + iy, u + iv) with z + Iy + (u + Iv)J.
Then, J(z,w) = (—w, %), and K(z,w) = IJ(z,w) = (—iw, iZ).

This suggests the following almost quaternionic structure on H!(C*®).
For n = (a,b) € H(C*®*), we have (a,b) = (—b*,a*), and hence for a tangent
vector

In)=v—1-n, Jn)=1un), K =v-1-un).

By definition, the equations for an almost quaternionic structure are verified.
For complex tangent vectors 7, v of the base space have

(In,0) = W™ (n,9),

(Jn,9) =7(n,9),
(Kn, ) = iw(n, ),

where 7 denotes the conjugate of m. The corresponding differential forms
are closed (and non-degenerate), so that together with [1, Lemma (6.8)] the
following holds:

Theorem 8.6. Consider the Zariski open subset W of the moduli of sta-
ble Higgs bundles over which the condition H? = C - wx idg holds. Assume
that either the Hermitian—Yang—Mills connections are projectively flat or
that the Higgs fields are Op-closed with respect to the Hermitian—Yang—Mills
connection. Then W carries a natural hyper-Kdhler structure, related to the
Petersson—Weil structure w™V and the holomorphic symplectic form .

We note that our proof shows more. It gives the following proposition.

Proposition 8.7. Consider the moduli space of Higgs bundles of the form
(E, ), where the determinant bundle of E is a fized line bundle and where
trace(p) = 0. This moduli space carries a natural hyper-Kdhler structure,
related to the Petersson—Weil structure w®VV and the holomorphic symplectic
form m, provided condition A or condition A’ holds along with the following
weaker form of condition B:

B’:
H*(D§) = 0,

where D{ is the complex in Lemma 3.5.
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