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Ricci flow on locally homogeneous closed
4-manifolds

JAMES ISENBERG, MARTIN JACKSON AND PENG LU

We discuss the Ricci flow on homogeneous 4-manifolds. After clas-
sifying these manifolds, we note that there are families of initial
metrics such that we can diagonalize them and the Ricci flow pre-
serves the diagonalization. We analyze the long time behavior of
these families. We find that if a solution exists for all time, then
the flow exhibits a type III singularity in the sense of Hamilton.

1. Introduction.

It is well-known that there are eight maximal, simply connected geome-
tries (X, G) with compact quotient in dimension three ([17], p.474). In
Thurston’s geometrization conjecture, any closed three-manifold can be cut
into pieces each of which admits one of these geometries. To explore the re-
lation between the Ricci flow and the model geometries, the first two named
authors analyze the long time behavior of the Ricci flow on locally homo-
geneous three-manifolds in [8]. In later work ([11]), using the notion of
quasi-convergence, Knopf and McLeod identify the equivalence classes of all
such flows except the case X = SL(2,R).

Ricci flow has proven to be very successful in studying the geometric and
topological properties of three manifolds ([4], [15], [16]), and there are indi-
cations ([3], [5], [7]) that it could be useful for the study of such properties in
four dimensions. In order to further explore its possible use in dimension 4,
we study the Ricci flow on locally homogeneous four-manifolds in this pa-
per. We find that unlike in the case of three dimensions ([14], [8]), some of
the families of locally homogeneous metrics can not be diagonalized because
even if one diagonalizes the initial metric, the flow destroys the diagonal-
ization of the metric at later times. The analysis of the ODE system given
by Ricci flow for locally homogeneous manifolds is considerably simplified
if the flow preserves the diagonalization. In this paper, we identify some
families of initial metrics such that the Ricci flow preserves their diagonal-
ization. For these families, we find that the behavior of the flow is very
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close to that seen in dimension three ([8]): either (a) the volume-normalized
Ricci flow converges to a metric of constant sectional curvature or constant
holomorphic bisectional curvature (CP? and CH?); or (b) as t — +o0, the
Ricci flow collapses to a lower dimensional flat manifold with the curvature
decaying at the rate %; or (c¢) the Ricci flow approaches, either in finite time
or in infinite time, a direct product of lower dimensional geometries with
constant sectional curvature.

After describing locally homogeneous geometric structures in dimension
4 in Section 1, we consider in Section 2 the case that the homogeneous space
X is a Lie group . We identify families of initial metrics whose diagonal-
ization is preserved by the Ricci flow, and then we discuss the long time
behavior of the Ricci flow for those families. In Section 3, we discuss the
long time behavior of the Ricci flow for the remaining cases. Since the Ricci
flow on closed manifolds preserves the isometry group, for any locally ho-
mogeneous closed 4-manifolds, we discuss the Ricci flow on their universal
covering spaces.

2. Compact locally homogeneous 4-geometries.

We identify a class of four dimensional homogeneous geometries by specify-
ing a simply connected four manifold M, a Lie group G that acts transitively
on M, and the minimal isotropy group I of the action. We only consider
those (M, G, I) in which M is the universal cover of a closed manifold M,.
Such a class we call a compact four dimensional homogeneous geom-
etry. For each (M,G,I), there is a collection of Riemannian metrics on
M for which G is the isometry group. These are the lifts of the locally
homogeneous metrics on M,.

2.1. List of compact four dimensional homogeneous geometries.

Let H™ be the simply-connected hyperbolic n-manifold and S™ be the
simply-connected round n-sphere. We denote the group of isometries of
H" by H(n). We summarize the compact three dimensional homogeneous
geometries in the following table.
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Manifold M3 Lie group G Isotropy group I

R3 R3 {0}
S8 SU(2) {e}
SL(2,R) SL(2,R) {e}
Nil? Nil? {e}
Sol3 Sol3 {e}
R® E(2) {e}
52 x R SO(3) x R SO(2) x {0}
H? xR H(2) xR SO(2) x {0}
3 H(3) 50(3)

Here, .S/YI(Q,]R) is the universal cover of the special linear group SL(2,R);
its lie algebra sly has a basis X1, X2, X3 such that the Lie bracket is given
by

(X1, Xo] = — X3, [Xo,X3]=X1, [X3,X1]=Xs.

Nil3 is the 3-dimensional Heisenberg group consisting of matrices of the

form
C Co

C

[y

1
0 3 |
0 1

O =

its Lie algebra ng has a basis X1, X9, X3 such that the Lie bracket is given
by
[XlaXQ] == X37 [X27X3] = 07 [X?)aXl] =0.

Sol3 is the simply-connected solvable Lie group whose Lie algebra sols has
a basis X7, Xy, X3 satisfying

[X1,X2] =0, [Xo,X3]=—-Xo, [X3,X1]=—-X.

E(2) is also a solvable Lie group whose Lie algebra L(Es) has a basis
X1, X9, X3 satisfying

(X1, Xa] =0, [Xo,X3]=-X1, [X5,X4]=—X>.
The Lie algebra su(2) of SU(2) can be described by
(X1, Xo] = X3, [Xo, X3]=X1, [X3,Xi]=Xo.

The compact four dimensional homogeneous geometries have been clas-
sified by Ishihara [9]. We list them in the following table (see [18]).
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Manifold M* Lie group G Isotropy group [
Nil* Nil* {e}
Soly, Soly, {e}
Solf Sol} {e}
Sol Sol {e}
SL(2,R) x R SL(2,R) x R {e}
Nil® x R Nil? x R {e}
S3 xR SU((2) x R {e}
R* E(2) xR {e}
R* R* {0}
S? x S? SO(3) x SO(3) SO(2) x SO(2)
52 x R? SO(3) x R? SO(2) x {0}
S? x H? SO(3) x H(2) SO(2) x SO(2)
H? x R? H(2) x R? SO(2) x {0}
H? x H? H(2) x H(2) SO(2) x SO(2)
CP? SU(3) U(2)
CH? SU(1,2) U(2)
H3 xR H(3) xR SO(3) x {0}
S SO(5) SO(4)
H* H(4) SO(4)

Nil*, Sol

m,n’

Solt and Solé are simply connected 4-dimensional Lie groups;
we describe their Lie algebras in Section 2.2. Note that Sol

Sol3 x R. CH? is complex hyperbolic space which has Kahler symmetric
space structure (see [12], pp. 282-285).

Note that there is another locally homogeneous space M = F* listed in
[18]. This is not a compact homogeneous geometry because it does not have
compact quotients. The isometry group G contains a discrete subgroup I
such that F*/T" has finite volume.

One can find a more detailed description of four dimensional locally
homogeneous geometries in Part II of [6].

The Ricci flow study for those classes with trivial isotropy group requires
substantial new analysis; we group these in a category labelled A. We de-
scribe these classes in Section 2.2. Those classes with non-trivial isotropy
group are grouped in category B (Section 2.3).



Ricci flow on locally homogeneous closed 4-manifolds 349

2.2. Four dimensional unimodular Lie groups.

Recall that a Lie group G is called co-compact if G contains a discrete sub-
group I' such that G/T" is compact. Each Lie group in (A) is co-compact. A
co-compact Lie group has unimodular Lie algebra ([14] Lemma 6.2). Instead
of studying Ricci flow on spaces in (A), we broaden the discussion to Ricci
flow on 4-dimensional unimodular Lie groups.

According to the classification of the 4-dimensional unimodular Lie al-
gebras ([13]), for each such algebra, there is some basis X7, Xo, X3, X4 such
that the Lie bracket takes the form indicated below. We adopt the notation'
in [13).

A1l. Class U1[(1,1,1)].

(X2, X3] =0, (X3, X:1] =0, [X1,X2] =0,
[X1, X4] =0, [X2, X4] =0, [X3, X4] = 0.

This corresponds to (M, G, I) = (R* R*, {0}) where G acts on M by trans-
lation.

A2. Class U1[1,1,1].

[Xo, X3] =0, (X3, X1] =0, [X1, X2] =0,

[X1, X4] = X1, [Xo, X4] = kX, (X3, X4] = —(k+ 1) X3,
where, without loss of generality, we assume k > —% since otherwise we
can interchange Xo and X3. Only the following special cases correspond to
compact homogeneous geometries.

(A2i) if £ = 0, the Lie algebra is isomorphic to the direct sum sols ® R.
This corresponds to (M,G,I) = (@ X R,S/OTS’ x R, {e}).

(A2ii) if k = 1, the corresponding geometry is (M, G, I) = (Solg, Sold, {e});
this can be seen by choosing e; = X1,e3 = Xg,e3 = X3, and ey = — X4 on
p.273 in [18].

(A2iii) if there is a number a > 0 such that the exponentials of «, § = ka
and v = —(k + 1)a are roots of > — mA%2 +n)\ —1 = 0 for some m,n € N
and m # n, then one has (M, G, I) = (Soly, ,,, Soly, ., {e}) for the geometry.
This can be seen by choosing e; = aXj,e0 = aXo,e3 = aX3, and eq4 =
—aXy on p. 274 and p. 270 in [18].

'For example, U stands for unimodular and the various integers 1,2,3 refer to
certain characteristics of the Lie algebra structure; see [13] for details.
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A3. Class Ul[Z, Z,1].

(X2, X3] =0, [X3,X1] =0, [X1,X5] =0,
[X17X4] = le + X27 [X27X4] = _Xl + kXZu [X37X4] = _2kX37

where k is a real number. If k& = 0, this corresponds to the geometry
(M,G,I) = (R* E(2) x R,{e}). Other values of k do not correspond to
compact homogeneous geometries.

A4. Class U1][2,1] with g = 0.

[X27X3] = 07 [X3>X1] ==

0,
(X1, X4] = Xo, (X2, X4] =0,

This Lie algebra is isomorphic to the direct sum n3 ® R where ng is the Lie
algebra of Nil3. Hence, in this case (M,G,I) = (Nil® x R, Nil> x R, {e}).

A5. Class U1[2,1] with p = 1.

[Xo, X3] =0, (X3, X1] =0, (X1, Xo] =0,

1 1
(X1, X4] = —§X1 + Xo, (X2, X4] = —§X27 (X3, X4] = X3.

This does not correspond to any of the compact homogeneous geometries.
A6. Class U1J3].

[X27X3] = 07 [X37X1] = 07 [XluXQ] = 07
(X1, X4] = Xo, (X2, X4] = X3, (X3, X4] = 0.

This corresponds to the geometry (M, G, I) = (Nil*, Nil*, {e}) which can be
seen by choosing e; = X1,e2 = Xg,e3 = X3, and e = — X4 on p. 274 in [18].

A7. Class U3I0.

[X17X4] =0, [XQ,X4] =0, [X37X4] =0,
[X27X3] = X4’ [X37X1] = X27 [leXQ] = _XS.

This corresponds to the geometry (M, G, I) = (Sol}, Soli,{e}) which can
be seen by choosing e; = X1,e9 = Xo + X3,e3 = Xo — X3,e4 = —2X4 on
p. 272 in [18].
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AS8. Class U3I2.
(X1, X4] =0, [X2, X4] =0, (X3, X4] =0,
(X2, X3] = — Xy, (X3, X1] = Xo, (X1, Xo] = X;.
This does not correspond to any of the compact homogeneous geometries.
A9. Class U3S1.
(X1, X4] =0, [X2, X4] =0, (X3, X4] =0,
(X2, X3] = X1, (X3, X1] = Xo, (X1, Xo] = —X3.
This Lie algebra is isomorphic to the direct sum sly @ R. This corresponds
to the geometry (M,G,I) = (SL(2,R) x R,SL(2,R) x R, {e}).
A10. Class U3S3.
(X1, X4] =0, [X2, X4] =0, (X3, X4] =0,
(X2, X3] = X3, (X3, X1] = Xo, (X1, Xo] = X;.

This Lie algebra is isomorphic to the direct sum su(2)®R. This corresponds
to the geometry (M, G, 1) = (53 x R, SU(2) x R, {e}).

2.3. Compact four dimensional homogeneous geometries with
non-trivial isotropy group.

Now we list the compact 4-dimensional homogeneous geometries (M*, G, I)
for which dimension of G is bigger than 4. Recall H(n) is the isometry group
of the simply-connected hyperbolic n-manifolds H".

Bl. (M,G,I)= (H3 xR, H(3) x R, SO(3))

B2. (M,G,I) = (5% x R?,50(3) x R?,S0(2) x {0})

B3. (M,G,I) = (H? x R?, H(2) x R, SO(2) x {0})

B4. (M,G,I) = (5% x $2,50(3) x SO(3),S0(2) x SO(2))
B5. (M,G,I) = (S% x H?, SO(3) x H(2),50(2) x SO(2))
B6. (M,G,I) = H?x H? H(2) x H(2),S0(2) x SO(2))
B7. (M,G,I) = (CP?% SU(3),U(2))

BS. (M,G,I) = (CH? SU(1,2),U(2))

BY. (M,G,I) = (54, 80(5),S0(4))

B10. (M,G,I) = (H* H(4),S0(4))



352 James Isenberg, Martin Jackson and Peng Lu

3. The Ricci flow on 4-dimensional unimodular Lie groups.

Recall that our strategy is to analyze the Ricci flow on a simply connected
manifold M that is the universal cover of a closed manifold M,. For a fixed
class (M,G,I) and a fixed initial homogeneous metric gy compatible with
the class, let g(t) be the homogeneous solution of the Ricci flow

0 .
5;9(t) = —2Ric(g(t))  9(0) = go.
On the closed manifold M,, we consider the volume-normalized Ricci flow
gn(t) as the solution of
TN -

San(b) = ~2Ric(an(®) + Sax  av(0) = g0

where 7y is the scalar curvature of gy. Note that averaging of the scalar
curvature is not needed for homogeneous metrics. We also note that the
Ricci flow equation for homogeneous metrics reduces to a system of ordinary
differential equations.

For each class (Ai) listed in Section 2.2, we describe the families of initial
metrics which are diagonal and remain diagonal under the Ricci flow and
then study their long time behavior. To address the diagonalization issue, we
use the following strategy: Fix a homogeneous metric h and let {X;} be any
basis of left-invariant vectors on the Lie group G with the bracket structure

(X, X;] = Ckink..

For those classes (e.g., A4, A9 and A10) in which the Lie group G is a prod-
uct group G1 x R with dim(G;) = 3, we choose X7, Xo, X3 as left invariant
vector fields on G; and X4 = 6% on R.

Let {Y;} be any basis orthogonal with respect to h; that is,

h(Yi,Y}) = Aidij.
Let the transformation from {X;} to {Y;} be given by
Vi = A, X
Computing the bracket structure for {Y;}, we get
Vi, Yj] = [AkiXkaAlel] = AkiAlj " Xm = AkiAlenil(Afl)n
Thus,

Y,,.

m

Y3, Y] = énijyn
where

sz'j = AkiAlj(Afl)nm "kl
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Now, compute the Ricci curvature of h using the orthonormal basis {Y;}
defined by Y; = \/L)\—Yz For this, we use the following Ricci curvature formula
for unimodular Lie groups from Corollary 7.33 p. 184 [1],

. 1 _ o 1 _ _ 1 _ 9

Rie(W, W) = —5 S [W.Fi)[° = 5 S (WL W Fi), Yo 4+ 5 D (152 ¥, w2
7 1 1<)

(1)

Finally, check if any positive values of the parameters \; produce a diagonal

Ricci tensor. Only for these values does the metric remain diagonal under

the Ricci flow. We follow this strategy and use the same notation in the rest
of this section.

Remark In our search for families of initial metrics which remain diag-
onal under the Ricci flow, we have chosen special Y; so that the Lie brackets
[Y;, Y]] are simple. Presumably, there are other families of initial metrics
and other bases Y; for which the diagonalization is preserved by the Ricci
flow. This possibility has not yet been explored. Our calculations do show
that there are (M, G, I) and bases Y; such that the property that the initial
metric has components (gg)qaa = 0, a = 1,2, 3, is preserved under Ricci flow.

To study the decay of the curvature tensor, we use the following sectional
curvature formula for Lie groups from Theorem 7.30 p. 183 [1]. For the Lie
algebra g of GG, define the operator U : g X g — g by

2U(X,Y),Z)=(2,X],Y)+(X,[2,Y]) for all Z € g; (2)
then the curvature is given by
(ROX, V)X, ¥) = = SIX VI = S(X X, Y]] Y) — (Y, 1Y, X X)
+HUXY)P — (UX, X),U(Y,Y)). (3)
3.A1. U1[(1,1,1)].

For (M,G,I) = (R*,R* {0}), G acts on M by translation h(x) = h + x for
h € G. Any homogeneous metric gg on M must be of the form

go = Mdz! @ dzt 4+ +Xoda? @ da? + \3da® @ da® + Nydzt @ dat

for some constants A\; > 0. The metric gy is flat; hence g(t) = gy for
—o0 <t < o0.
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3.A2. U1[1,1,1].

For U1[1,1,1], we use Y; = AkiXk with

1 0 0 O

Clar 10 0
A= ag as 1 0
a4 a5 Qag 1

to diagonalize the initial metric gq.

Proposition 3.1. For the class U1[1,1,1] suppose the initial metric go is
diagonal in the basis Y;. Then

(i) if k # 1,—%, the Ricci flow solution g(t) remains diagonal in the
basis Y; if and only if a1 = ag = a3 = 0;

(i) if k = 1, the Ricci flow solution g(t) remains diagonal in the basis
Y; if and only if as = ag = 0;

(iii) if k = —3, the Ricci flow solution g(t) remains diagonal in the basis
Y; if and only if a1 = a2 = 0;

Proof. We compute

[YY%YE’)] = 07 [Yz)nyl] = 07 [leayé] = 0)
[}/17}/21] = Ylv [Y2¢Y4] = kY + Cd/la [YE’nY;l] = _(k + 1)}/3 + ﬁYQ +7Y1-

where
a=1-k)a;, B=(1+2k)az, and ~=(k+2)az— (1+2k)ajas.

Let W = w1 Y] +waYa +w3Y3 +w,Yy. We compute [W,Y;] first and then
use (1) with A = g to compute the coefficients of w;w; in Ric(W, W). We
find that the off-diagonal components of the Ricci tensor in the basis {Y;}
are given by

Byda + (k — Dars) VA
NSy
2+ b
2v/ A3\
_ayA + (1 +2k)BA
2v A2V A3
Ric(Y1,Ys) = Ric(Y2,Yy) = Ric(Y3,Yy) =0

RiC(Yl,%) = (
RiC(Yl, }73) = —

RiC(YQ, }73) =




Ricci flow on locally homogeneous closed 4-manifolds 355

In order for these off-diagonal components to be zero, we must have
o = 3 =~ =0. The proposition follows. O

Now we discuss the long time behavior for the families of the initial
metrics in Proposition 3.1 We start with (A2iv) and later show that the
other three cases are covered by the same analysis.

(A2iv) In this case, k # 0,1, —%. We have

Y1 = Xy, Yy =Xo,
Y; = Xj, Yy =Xy + as X1 + a5 X3 + a6 X3.
and
[}/27}/3] - Ou [}/37}/1] == 07 [}/17Y2] == 07
[}/17}/4] :Y17 [}/27}/4] :k}éa [}/‘37}/4] :_(k—’_]-)}/é

The bases Y; and X; both satisfy the same Lie bracket relations so either
can be used in the Ricci flow analysis. We use X;.

Let 6; be the frame of 1-forms dual to X;. Assume the Ricci flow solution
takes the special form

g(t) = A(t)(61)* + B(t)(62) + C(t)(63)* + D(t)(64) (3.5)
with
go = A (01) 4+ A2(62)% + A3(63)* + Aa(64)*.

Then, X; = ﬁXl, Xy :7%X4 17s an ort}lonorma} frame with respect
to the metric g. Let W = w1 X1 + wa Xs + w3 X3 4+ wy Xy and then compute

W, X1] = ———wi Xy [V, K] = — ——w, X

_ k+1 _ 1 . k . k+1

W, X3| = wa X W, Xy =—=w1 X1 + ——=ws X9 — ——w3 X3.

[ 3]\/543[ 4]\/511\/1—)22 \/533
We have from (1) with h =g

2(k> + k+1
Ric(W, W) = 0-w? + 0wl + 0wl — 2K FRED o

D
So
RiC(Xl,Xl) = RiC(XQ,XQ) = RiC(Xg,Xg,) = 0,
Ric(Xy, X4) = D - Ric(Xy, X4) = —2(k* + k + 1),
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and the Ricci flow is

dA dB

=0 oY

dc dD

) — =4k +k+1).
dt ’ dt (k" +k+1)

The solution is given by
A(t)=X, Bt)=Xy, Ct)=MX3, and D(t) =M +4K> +Ek+ 1)

Hence for the subfamily in Proposition 3.1, the Ricci flow does not move in
three directions and expands in the fourth direction at a speed linear in ¢.
Next, we compute the curvature decay of g(t). From (2) we find

U(Xl,Xl):—%)Q U(XQ,XQ):_%le

U(X3, X3) = %)@1 U(X4, X4) = 0 U(X1, Xs) = 0
U(X), Xs) = 0 U (X5, X3) = 0 U(X), X,) = %Xl
U(Xo, X4) = SXQ U(X3, X4) = —%Xg.

From (3) with h = ¢g we find the sectional curvatures

k k+1 k(k+1
K(X17X2)2_57 K(X17X3):T> K(X27X3):g

D b
1 K k4 1)
K(X1,X4) = 5 K(Xs,X4) = -5 K(Xs3,X,) = _%.

These curvatures of the solution g(t) decay at the rate 1/t.

Recall on closed manifolds the volume-normalized solution gy (f) relates
to g(t) by scaling, where £ is a function of ¢ with lim;_ .., £ = co. From (3.5),
it is easy to see that the behavior of gn(f) as t — oo is the same as the
behavior of gy (t) as t — oo where

. A1 A2 A3y 1/4
on{t) = <A<t>B<t>c<t>D<t>> 9(t)-

In discussing the long time behavior of volume normalized Ricci flow solu-
tions, from this point on, we work with gx (). For convenience, we call this
the volume-normalized solution.

Let us pick a point p € M,. It is clear that the volume-normalized solu-
tion (Mg, gn(t),p) collapses to a line in the the pointed Gromov-Hausdorff
topology.
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(3.A2i) This is a special case of (A2iv) if we allow k£ = 0, so the analysis
in (A2iv) applies. Note that since the Lie algebra is the direct sum sols ® R,
we can get the same conclusions from the analysis in [8](pp. 733-735).
(3.A2ii) In this case, k = 1. We have

}/1 :X1> }/2:X2+0,1X1,
Y3 = X, Yy =X4 4 a4 X1 + a5 X2 + a6 X3.
and
[Y2,Y3] =0, [Y3,Y1] =0, [Y1,Y2] =0,
[}/17Y4] = }/17 [Y27}/4] = Y27 [}/37}/4] = _2}%

Note that this is the Lie algebra structure in (A2iv) if we allow & = 1. Hence,
the analysis of (A2iv) applies with the same conclusion.
(3.A2iii) In this case, k = —3. We have

Y = X1, Yo =Xo,
Y3 = a3 Xo + X3, Yy =X4+ a1 X1 + a5X2 + agX3.
and
[Y2,Y3] =0, [Y3,Y1] =0, [Y1,Y2] =0,
vivi=vi,  WYi=-g%  BY=-3%
Note that this is the Lie algebra structure in (A2iv) if we allow k = —1.

Hence, the analysis of (A2iv) applies with the same conclusion.
3.A3. Ul[Z,Z,1].

For U1[Z, Z,1], we use Y; = A*, X}, with

1 as as 0
10 1 a0
A= 0 0 1 O
a4 a5 Qg 1

to diagonalize the initial metric go.

Proposition 3.2. For the class U1[Z,Z, 1], suppose the initial metric go is
diagonal in the basis Y;. Then, the Ricci flow solution g(t) remains diagonal
in the basis Y; if and only if a1 = as = a3 = 0.
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Proof. We compute

[Y27}/3] - 07 [}/237}/1] - 07 [}/17}/2] - 07 [}/37}/4] - _Qk}%
[Y1,Ya] = (k = a)Y1 + (o + 1)Ya + BY3, [Ya,Ya] = =Yi + (k + @)Y +1V3.

where
a=ay, [ =asasz— ala% — a1 — 3kaz, and v =az— 3ka; — ajas.

We compute the off-diagonal components of the Ricci tensor in the basis
{Y;} using (1) as in Section 2.A2 and get

201 + 2a(1 + a?) Ay + SyA3
2V A1 A2\
(VA1 + (o = 3k)BA2) VA3
2v/ A1 A2y
((a+ 3k)yA1 + (14 a?)BA2) VA3
221V A2\
Ric(Y1,Ys) = Ric(Ys,Ys) = Ric(Y3,Y,) = 0.

RiC(Yl, }72) = —

RiC(Yl, 173) = —

RiC(YQ, }_/Eg) =

In order for these off-diagonal components to be zero, we must have o =
(8 =~ =0 and the proposition follows. O

If a =0 =~ =0, the Y; and X; both satisfy the same Lie bracket
relations. As in Section 2.A2, we use X; in carrying out the analysis of the
long time behavior of the Ricci flow solution for the family in Proposition 3.2.
Proceeding as in Section 2.A2, we find

_ k _ B _
W, X1 = — ——wy Xy — ) —ews X
W, X4] N AD V42

_ A _ k 2k
=1/ ==w4 X — w4 X, WX X
BD41 Nk 3] = \/543

(W, X4] = \/— \/: \/7 \/— j%w?s)_(&

We have from (1)

A2_B2 , A2_B? , , (A—B)?2+12k?AB ,

Rie(W. W) = < 55w~ Sapp W2 H0-wi - 2ABD Wi
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so the Ricci flow is

dA  A?- B2 dB  B%— A2
dt  BD dat  AD
c _ dD _ (A-B)*> +12k*AB
dt ’ dt AB '

Clearly, C(t) = As.
If Ay = X\, then

Aty=X;, B()=Xy, and D(t) = \g + 12k*¢.

If A1 # X9, we may assume Ao > Ay without loss of generality by the
symmetry of A and B in this system. A simple computation gives

1dA n 1dB 0
Adt Bdt
so the product AB = A1 Ao for all t. Another computation gives

d (A+ B)?

aP~A="""75p

so B — A is positive and is decreasing in t. From the equation for %, it
follows easily that

dD Ay
12k < — < 12k% + 22
— dt — + /\17
and so
2 2 | A2
A+ 12kt < D(t) <\ + (12]{} + )\—)t
1
Since,
2
(A+B) 4 4 _
ABD D= M+ (12k2 + 32)t
it follows that
L dip q<- S
B— Adt A+ (12k2 + 42)t

Integrating the inequality, we get

4
12k2 Ao T lok2y22

B—A< M=\ 1 —— t A
< (N2 1)<+()\4 +)\1)\4)> !
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Hence for the family in Proposition 3.2, When K # 0 the long-time behavior

of the solution ¢(t) as t — 400 is (see [§] for K = 0)

A(t) — VA2, B(t) = VA, C(t) = A3, D(t) — oo linearly.
Next, we compute the curvature decay of g(t). From (2), we find

kA kB 2kC

U(X1,X1) = —3X4 U(X2,X3) = —3X4 U(X3,X3) = TX4
A—B
U(X4, X4) =0 U (X1, X2) = 575~ XaU(X1,X3) = 0
k A
U(X2,X3)=0 U(Xy,Xy4) = §X1 — ﬁXg
B k
U(X27X4) = ﬂXl + §X2 U(X37X4) = —kXjs.
From (3), with h = g, we find the sectional curvatures
A, B 2 2
AL B9y 2k
K(X1,Xp) =28 A4D K(X17X3):j
2k> 438 +2— 42
K(Xy, X5) = — K(X,X,)=2—"4
(X2, X3) 5 (X1, Xy) 1D
—34 4 B9 g2 42
](()(27)(4) = = i AI;% }(()(37)(4) ::___fjﬂ

Hence for the family in Proposition 3.2, the curvatures of the solution g(t)
decay at the rate 1/t. Let us pick a point p € M,. It is clear that the
volume-normalized solution (Mg, gn(t),p) collapses to a line in the pointed
Gromov—Hausdorff topology.

3.A4. U1[2,1].

For U1[2,1], we use Y; = A*. X} with

1 as as 0
0 1 0 0
A= 0 aq 1 0
a4 a5 Qag 1

to diagonalize the initial metric go.

Proposition 3.3. For the class U1[2,1] suppose the initial metric g is di-
agonal in the basis Y;. Then the Ricci flow solution g(t) remains diagonal
in the basis Y; for allt > 0.
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Proof. We compute

[Y27}/E3] - 07 [}/37 }/1] - 07 [}/17Y2] == 07
[Y1,Yy] =Y, [Y2,Yy] =0, [Y3,Yy] = 0.

This bracket structure is identical to that of the basis {X;}.

We compute the off-diagonal components of the Ricci tensor in the basis
{Y;} using (1) as in Section 2.A2 and find Ric(Y;,Y;) = 0 for all i < j. The
proposition is proved. O

Since Y; and X; both satisfy the same Lie bracket relations, as in Sec-
tion 2.A2, we use X; and can carry out the analysis of the long time behavior
of the Ricci flow solution for the family in Proposition 3.3 Proceeding as in
Section 2.A2, we find the Ricci tensor

. _ B B 2 B,
RIC(WW)__QADw1+2ADw2+O W3—mQU4
Hence, the Ricci flow is
dA _ B aB _ B
dt D’ dt  AD’
ac _, dD _ B
dt dt A
From %(%) = %(AB) =0, we get
A= 01+ /3 B= X1+ 1/3
P Sapnv
C=\ D = M\(1+ /3
3 4(1+ g t)

Hence, for the family in Proposition 3.3, the long time behavior of the solu-
tion g(t) as t — +oo is

A(t) — +o0, B(t) — 0%, C(t) = X3, D(t) — +oc.

Next, we compute the curvature decay for g(t). From (2), we find
U(Xl,Xg) = —%X4, U(XQ,X4) = 2AX1 and all other U(X ) 0.
From (3) with h = g, we find the sectional curvatures

B 3B

K(Xl’XQ):K(X27X4):m7 K(X17X4):—m7
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and all other K(X;,X;) = 0. Hence for the family in Proposition 3.3,
the curvatures of the solution g¢(¢) decay at the rate 1/¢. We now pick a
point p € M,. It is clear that the volume-normalized solution (M, gn (%), p)
collapses to a plane in the pointed Gromov-Hausdorff topology. Note that
since the Lie algebra is the direct sum n3®R, we can get the same conclusions
from the analysis in [8](p. 734).

3.A5. U1[2,1].

For U1[2,1], we use Y; = A*, X}, with

1 as as 0
0 1 aj 0
0 0 1 0
ag as ag 1

A=

to diagonalize the initial metric gq.

Proposition 3.4. For the class U1[2,1], suppose the initial metric gy is
diagonal in the basis Y;. Then the Ricci flow solution g(t) remains diagonal
in the basis Y; if and only if a; = a3 = 0.

Proof. We compute
[}/27}/3] :Ou [}/237}/1] :Ou [Yh}/Q] :Ou
1 1
V1, Yi) = =5V + Yo+ BYa, [V, Y] = —5Ya+aYs, [¥s,Yi]=Ys

where 3 3
a=ga ﬂ:§(a3—a1).

We compute the off-diagonal components of the Ricci tensor in the basis
{Y;} using (1) as in Section 2.A2 and get

o A . 36v/X
Ric(V1,¥2) = —— 2% Rie(y,,¥y) = — 20V
SO NN
o L (3aA £ 280) VA
Ric(Y1,Y3) = 0 Ric(V, Vs) = o0+ 200)vVAs
ISVAY
Ric(Y2,Y;) =0 Ric(Y3,Y;) = 0.

In order for these off-diagonal components to be zero, we must have o =
[ = 0 and the proposition follows. O



Ricci flow on locally homogeneous closed 4-manifolds 363

If « = B =0, the Y; and X; both satisfy the same Lie algebra bracket
relations. As in Section 2.A2, we use X; and carry out the analysis of the

long time behavior of the Ricci flow solution for the family in Proposition 3.4.
Proceeding as in Section 2.A2; we find

_ 1 _ _ 1
W, Xo] = ——wyXo,  [W,X3] = ———wy X3,
(W, Xa] NI (W, X3] 75X

1 _ B 1 - 1 -
W, Xyl = ———=un X1+ —w; — ——wsy | X9 + —w3X3.
[ 4 2\/511<AD12T)2)2 5 s s
We have from (1)
Ric(W, W) = ———wi + —swj + 0 wh — o (55 + 2 p5)wi,

so the Ricci flow is

dA B B dB  B? BB
dt D AD"” dt  AD  AD "’
c _ o _, B
da dt A

It is clear that

Ot) = As. (4)
1dA 14dB

From 5% + 5% = 0, we get AB = Aj)a. Since % [%] = %, A/B is
increasing, so

dD B Ao
3<—=3+—<3+4+—=
— dt +A7 +>\1’
from which we get
A
3t+ A < D(t) < (3+ )\—2)t + s (5)
1

To bound A(t) from below and above, we compute

B
dt D D
from which it follows that
202 )\ - dA? ~ 2

(3/\1 + )\Q)t + MM T dt T 3t+ /\4‘



364 James Isenberg, Martin Jackson and Peng Lu

Then, by, integrating we obtain

2 3A1+ Ao 29 3
Ayl 22 (14 225220 L) < A < Ay 2 (14 2t ) + 1
1\/3)\1+)\2n< HES WY >+ < AW < 1\/3)\1n< +)\4>+

(6)
From AB = A1 \9, we then get
A A
2 < B(t) < 2 L)
\/% (14 5¢) +1 \/—&fo& In (14 322¢) +1

Hence, for the family in Proposition 3.4, the long time behavior of the solu-
tion g(t) as t — +o0 is

A(t) — +o0, B(t) — 07, C(t) = s, D(t) — +oc.

Next, we compute the curvature decay of g(¢). From (2) we find

A B C
U(X1,X1) = ﬁle U(X2, Xo)=—=Xu U(X3,X3)= —5X4

2D
B
U(X4,X4) =0 U(X1,X2) =~ Xi U(X1,X3) =0
1 B 1
U(X2,X3) =0 UX1, Xy) =—-X1 U(Xg, Xy) = X1 — X
4 2A 4
1
U(X3,X4) = §X3-
From (3) with h = g, we find the sectional curvatures
-1+ 5 1 1
K(X1,X5) = ) K(Xl,Xg)—ﬁ K(Xg,Xg)—ﬁ
1438 -1+4 1
K(X1, X)) = —— 54 KXo, Xy) = — 54 K(X3X)=-5.

Hence, for the family in Proposition 3.4, the curvatures of the solution g(t)
decay at the rate 1/t. We now pick a point p € M,. It is clear that
(Mg, gn(t),p) collapses to a line in the pointed Gromov-Hausdorff topology.

3.A6. U1[3].

For U1[3], we use Y; = A¥, X}, with

1 as as 0
0 1 a 0
0 0 1 0
a4 a5 Qag 1

A=

to diagonalize the initial metric gq.



Ricci flow on locally homogeneous closed 4-manifolds 365

Proposition 3.5. For the class U1[3], suppose the initial metric gy is di-
agonal in the basis Y;. Then the Ricci flow solution g(t) remains diagonal
in the basis Y; if and only if a1 = as.

Proof. We compute
[YY%YE’)] :07 [}%73/1] :07 [YhYVQ] :07
[}/17}/4] :YQ—FO(}/?,, [Y27}/4] :1/?” D/?)a}/ll] =0.

where a = ag — a;. We compute the off-diagonal components of the Ricci
tensor in the basis {Y;} as in Section 2.A2 and get

P a\ C T T @V AgA
e

and Ric(Y7,Y3) = Ric(Y1,Ys) = Ric(Ys,Yy) = Ric(Y3,Ys) = 0. In order
for these off-diagonal components to be zero, we must have « = 0 and the
proposition is proved. O

If « = 0, the Y; and X; both satisfy the same Lie bracket relations. Asin
Section 2.A2, we use X; and carry out the analysis of the long time behavior
of the Ricci flow solutions for the family in Proposition 3.5. Proceeding as
in Section 2.A2, we compute

_ B _ _ C -
W, X1 = —/ E’UMXQ (W, Xo] = —/ EWZLXZ%

_ _ 'B o .
[VV, Xg] = O [VV, X4] = EQUlXQ + ﬁngg.

We have from (1)

B el c , 1,B C_,

Ric(W, W) = ~5ap Wi +%(% - BD)wngﬁw?’ _§(E+E)w4’
so the Ricci flow is
dA B dB _ AC — B?
dt D dt ~ AD
ac  C? dD B C
9~ BD @ ATE
Note that
1dA B 1dB_ C B
Adt  AD Bdt BD AD
1dC C 1dD B C

Cdt  BD Ddt _ AD  BD
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Hence, ABC' = A1 X253 and cﬁip = )\;‘3\4. Define £ = % and F = %, we

compute

dE dF

dt dt
Solving these gives
Ey Fo

Elt) = ——— Ft) = ———

(*) 3Ept +1 ®) 3Fpt+1
where Ey = /\1\?\4 and Fy = )\2‘34. Using these in the equations for

(1/A)(dA/dt) and (1/C)(dC/dt), we can integrate to get
A(t) =M BEot + 1)Y2 C(t) = A3 (3Fpt + 1) Y/3. (8)

Using these with the conserved quantities ABC and C%, we get
B(t) = Xy (3Eot + 1) Y3 (3Fpt + 1)1/3
D(t) = A (3Eot + 1)/3 3yt +1)V/3. (9)

Hence, for the family in Proposition 3.5, the long time behavior of the solu-
tion g(t) is

Alt) — +00  B(t) — (Maxg)Y? C(t) — 0t D(t) — +oo.

Next, we compute the curvature decay of g(t). From (2), we find

U(X1,X1) =0 U(Xs, X2) =0 U(X3,X3) =0
B
U(X4,X4) =0 U(X1,X) = —55X1 U(X1,X3) =0
C B
X0, X3) = ——X X1, Xy) = X0, Xy) = — X
U(X2, X3) 5pX1 UKy, Xg) =0 U(X2, X4) = 51 X3
C
U(X3,X1) = 55 Xo.
From (3) with h = g, we find the sectional curvatures
i i
K(X1,X9) = = K(X1,X3) = K(X3, X3) = =
(X1, X2) = 75 (X1,X3) =0 (X2, X3) = 75
s 555 ;
K(X1,Xy) =—*% K(Xq,Xy) = K(X3,X4) = =.
(X1, X4) 1D (X2, X4) 1D (X3, X4) = /5

Hence, for the family in Proposition 3.5, the curvatures of the solution g(t)
decay at the rate 1/t. Now pick a point p € My, it is easy to see that the
volume-normalized solution (Mg, gn(t),p) collapses to a plane in the pointed
Gromov—Hausdorff topology.
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3.A7. U3I0.

For U1[2,1], we use Y; = A*, X}, with

1 a4 a5 ag

. 0 1 a2 as
A - 0 0 1 aq
0 0 1

to diagonalize the initial metric gg.

Proposition 3.6. For the class U310, suppose the initial metric gg ts di-
agonal in the basis Y;. Let

o= ap B =aiaz —a3z —ay v = a; — a1a3 + asas + asay — as.
Then the Ricci flow solution g(t) remains diagonal in the basis Y; if and only
if either

(i) a=B=v=0; or
(ii) B=~=0 and Xg = (1 — a?)\3.

Proof. We compute

[Y1,Y4] =0 [Y2,Y4] =0 [Y3,Y4) =0 [Yo,Y3] =Y,
V3, Y1]=Yo—aYs+8Ys  [V1,Yo] = —aYz + (a” = 1)Y3 +1Ya.
We compute the off-diagonal components of the Ricci tensor in the basis
{Y;} using (1) as in Section 2.A2 and get
BA4
2V A1 23
YA
2v/ A1 A3 0
Ric(Y1,Y4) =0
—2a\g + 2a(1 — a?) A3 + B\

RiC(Yl, }72) =

RiC(Yl, }73) =

Ric(Ys, Y3) =
ic(Y2, Y) A1y Mg
e (B2 — ayA3)vV A\
Ric(Yy, Vy) =
ic(¥2, ¥a) A1V Ao As
2
. — oW
Ric(Vs, V) — (—afr + (« )YA3)V A4

221 227/ A3
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In order for these off-diagonal components to be zero, we must have either
(i) or (ii) in the proposition. To finish the proof of (ii), we need to ensure
that the condition B(t) = (1 — a?)C(t) holds for all ¢ > 0. We prove this
near the end of this subsection. O

ATi First, we study the family (i) in Proposition 3.6. If « = =~ =0,
the bases Y; and X; both satisfy the same Lie bracket relations. As in
Section 2.A2, we use X; and carry out the analysis of the long time behavior
of the Ricci flow solutions for the family (i) in Proposition 3.6. Proceeding
as in Section 2.A2, we find

_ | B _ | C =
(W, Xq] = A—Cw3X2 + EwQX?)
“VaB AB VB w3X4
W, X3] = \/ w1X2 + \/ w2X4

(W, X4] = 0.
We have from (1)

. 1 B C 2
RieW-W)==3(Zc* 25 T2

Lo DBy
2'AB " BC ~ Ac’"?
LB D O . 1D .

Jwi —

3G e A" T ™
so the Ricci flow equation is
dA_B+C+2 dB_C+D B?
d C B ad A C AC
ic_B D _C* a __D*
d¢ A B AB dt  BC’
Straightforward calculations give us
1 d D 1dD D
_~ "IBCl =9 - =
BCdt[ ‘] BC D dt BC’

from Wthh we conclude that BCD? = /\2/\3)\4 Now, we can write Q =

% )\3 /\3 and solve to get

—-1/3
D(t):)\4< +3A;3> . (10)
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Another set of simple calculations give us

1 d _AD — (B+C)? 1 d _ AD—(B+0C)?
B—CE[B_C] - ABC EE[AD] - ABC

from which we conclude that AD(B — C) = A As(A2 — A3). We get

(B=C)? 5 A2DXAB-C)2 XA —Ag)?

A = = 4k2.
BC BCD? AoA3 3
for some k3 > 0. With this and the identity
B 2 _ 2
(B+C) _ (B-0C) vy
BC BC
we can write
dA _4k3
dt A2 '
Integrating gives us
A A
A — k3 tan~t ( — ) =4t + A1 — ks tan~! =ny (11)
]Cg k3

For large ¢, we have A(t) ~ 4t.
Using the conserved quantities AD(B — C) and BCD?, we could solve
to get B(t) and C(t) explicitly. More importantly, we see that for large ¢,

B(t) ~ C(t) ~ ﬁ ~ 1173, (12)

Hence, for the family (i) in Proposition 3.6, the long time behavior of the
solution g(t) is

A(t) — +o0 B(t) — 400 C(t) — 400 D(t) — 0.

Next, we compute the curvature decay of g(t). From (2), we find

U(Xl?Xl) :0 U(XQ,XQ) :0 U(X37X3) :0
B C
U(X4,X4) =0 U(X1,X) = 55X U(X1, Xs) = 55X
B+C D
U(X2, X3) = ———X1 U(X1,X4) =0 U(X2, X1) = =55 X3

D
[]()(37 X4) = ﬁXZ
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From (3) with h = g, we find the sectional curvatures

535 -2 ¢ —38_2
K(X{,X9)==—2=2 KX, X2)=£2__"¢ ~
(X1, %) = L (X1, X5) = 20

3D Z2+%£42

K(X1,Xy) = K(Xs, X3) = — c'B
(X1,X4) =0 (X2, X3) 4BC+ 1A

D D
K(X5, Xy) = —— K(X3, X)) = ——.

Hence, for the family (i) in Proposition 3.6, the curvatures of the solution
g(t) decay at the rate 1/t. For the volume-normalized solution gy (t), the
metric components have the following long time behavior: An(t) — +o0,
Bn(t) and Cx(t) approach some positive constant, and Dy(t) — 0F. It
follows that the volume-normalized solution (Mg, gn(t),p) collapses to a
strip in the pointed Gromov-Hausdorff topology for p € M.

ATii For the rest of this subsection, we address the family (ii) in Propo-
sition 3.6. Suppose 8 = v = 0. The Lie brackets from the proof of Proposi-
tion 3.6 take the form

[Y1,Y4] =0 [Y2,Ya] =0 [Y3,Y4] =0 [Ya,Y3] =Yy
V3, 1] = Y2 — oY V1,Ya] = —a¥s + (o” = 1)Y3.
Recall we must show the condition B(t) = (1 — a?)C(t) is preserved under

Ricci flow. Let w; be the frame dual to Y;. Assume the Ricci flow solution
g takes the form

g(t) = A(t)(w1)® + B(t)(w2)* + C(t)(w3)* + D(t)(ws)*
with
go = /\1(w1)2 + /\g(wQ)2 + /\3(&)3)2 + )\4(&)4)2.
Let YV; = ﬁYh--- Y, = %3/4 and let W = w1 Y] + waYs + w3Ys + waYa.

S VD
We first compute [W,Y;] and then compute the Ricci curvature of g(t) using

(1). We find that Ric(W, W) is given by

B*+2(1+o*)B 1—a?)?C?
Ric(W, W) = — +2(1+ a*)BC + ( oz)C’w2

2ABC 1
—AD+ B?— (1-a%)2%C? , —AD-B?+(1—-a?)?2C? ,
wy + w3
2ABC 2 2ABC

D , a(-B+(1-a?)0)
Tope™t AVBC

wows.
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The Ricci flow equation is

dA  B?*+2(1+a*)BC+(1-a%)?2C? dB AD— B?+(1-a?%)3%C?

dt BC
dC  AD+ B*—(1—a?)*C?
dt AB
Hence,
d

AD — (B+ (1 - a?)C)?

dar AC
dD D2
dt  BC’

—(=B+(1- a?)C) =

ABC

(-B+(1-a*)0).

Since —B + (1 — a?)C = 0 at time t = 0, it remains 0 for all time which
implies that g(t) is diagonal in the basis Y;.
With —B + (1 — a?)C = 0, the Ricci flow equations reduce to

aa_, 4B
dt dt
d

—(1-a?)

D dD D?
= —(1-a%) 5.

B dt

A simple calculation gives < (B2D?) = 0 which implies BD = A2\4. Now,

dt

we can solve the Ricci flow equations to obtain

A=\ +4t

C =
1—a?

(A3 4301 — a2)2ont)? D = Agha (A +3(1 — a)doAst)

B = (A +3(1-a2)rt)"?

~1/3

Hence for the family (ii) in Proposition 3.6, the long time behavior of the

Ricci flow ¢(t) as t — oo is

A(t) — 400

B(t) — 400

C(t) — +oo D(t) — 0t

Finally, we compute the curvature decay of g(t). From (2), we find

U(Y1,Y1)=0
aC
U(Y;,Y3) = —Y;
( 3 3) A 1
o B
U(Y1,Yz) = 5 Y2+ 5= Vs

U(}/la Y4) =0

D
U(Y2,Ys) = 503

aB

Yo, Y5) = —Y;
U(Y2,Y3) h
U(Yy,Yy) =0
e e
U(Y1,Y3) = 5 Yo 2Y3
B4+ (1-a%C
U(Y2>Y3)——TY1

D
U()%, Y4) - ﬁYZ
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From (3) with h = g, we find the sectional curvatures

1 1 3D 1
K(YI’YQ)__Z K(Yla}/?))—_z K(Yé,}%)—-m+z
D D
K(Y17Y4) =0 K(Y27}/4) - M K(}/g,n) = m

Hence for the family (ii) in Proposition 3.6, the curvatures of the solution
g(t) decay at the rate 1/t. For the volume-normalized solution gy(t), the
metric components have the following long time behavior: Ay (t) — +oo,
Bn(t) and Cn(t) approach some positive constants, and Dy (t) — 0T. Tt
follows that the volume-normalized solution (Mg, gn(t),p) collapses to a
strip in the pointed Gromov-Hausdorff topology for p € M.

3.A8. U3I2.

For U312, we use V; = Ak, X}, with

1 a4 as ag

. 0 1 as as
A - 0 0 1 aq
0 0 0 1

to diagonalize the initial metric go.

Proposition 3.7. For the class U312, suppose the initial metric gg s di-
agonal in the basis Y;. Then, the Ricci flow solution g(t) remains diagonal
if and only if as =0, a1 = a5 and a3 = a4.

Proof. We compute

[V3,Y1] = Ya + a¥s + 8Y, [V1,Ys] = aYs + (14 a?)Y3 + Yy

where

2
a = —a B=aiaz —az+ay  y=—a1—a1a; + azaz — azas + as.
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We compute the off-diagonal components of the Ricci tensor in the basis
{Y;} using (1) as in Section 2.A2 and get

B . YA
Ric(Y3, Y- Ric(Y7,Y3) = —————
oY) = e Ys) = = Aoe
I i 200 + 2a(1 + a?)A A
Ric(¥, V1) =0 Ric(¥;, ¥y) = 2202 H 20020 Pt
2X1vV A2 A3
o v/ _ 1 2 v/
RiC(}/Q,Yzl) :(ﬂ)\Q + Ct’)/)\3) )\4 Ric(}/g, }/4) _ (Oéﬁ)\g + ( + « )’)/)\3) )\4.
2A1vV A3 2A1 22V A3
In order for these off-diagonal components to be zero, we must have o =
8 =~ = 0 and the proposition follows. O

If « = B8 =~ =0, the bases Y; and X; both satisfy the same Lie bracket
relations. Asin Section 2.A2, we use X; and carry out the analysis of the long
time behavior of the Ricci flow solutions for the family in Proposition 3.7.
Proceeding as in Section 2.A2, we find

_ | B - | C 5

Xl] = EngQ - EU}QX?)

_ e - | D >

XQ] = Eleg + —w3X4
(W, X3 \/ ’w1X2 \/ ’LU2X4

[W, X4] = 0.

We have from (1)

Ric(W,W) = (5 — == — 7 ~)wi + 5(57 — 55 — 7~)W5

+1(£_£_D)2+ D 2
2'AB  AC BC 2BC "t

dA_C B B _ B C D
dt B C’ dt AC A C
dC _ C* B D dD  D?
@ AB A" B @&~ BC

The equations here are similar to those of the case A7(i), with the only
difference being in the equation for A. Because the equations for B, C' and D
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are the same, we know that BC'D? = A\yA3A%. It follows that % = —/\21/\7—;/\3,
and hence,
3 -1/3
D(t)=X (1 t . 13
0= (14 0t) 13

Calculations similar to those in the case A7(i) show that AD(B+ C) =
2
AAg(A2 + A3). So AQ(% + g +2) = % = k? is a constant where
ks > 0, and

dA k3
d A2
Integrating the equation gives us
k 2A
Atanh™! (22 ) — A =4t + ks (14)
2 k4

where ks is a constant. Since A increases for all ¢t and tanh z asymptotes to
1, we see that A(t) — k4/2 as t — +o0.

Using the conserved quantity BC'D? and AD(B + C), we conclude that
for the family in Proposition 3.7 both B and C grow at the rate t'/3, and
the long time behavior of the Ricci flow g(t) as t — +o0 is

A(t) — kq/2 B(t) — 400 C(t) — 400 D(t) — 07.

Next, we compute the curvature decay of g(t). From (2), we find

U(X1,X1) =0 U(Xy,X3) =0 U(Xs, X3) =0

U(Xy, X4) =0 U(X1, X,) = %Xg U(X1, X3) = —%Xg
U(Xs, X3) = %Zcxl U(X1,X4) =0 U(Xs, X4) = %Xg
U(X3, Xy) = —%Xg.

From (3) with h = g, we find the sectional curvatures

B C B, C
5 3% 42 —38+ & 42
K(X1,X,) = 0475 K(X1,X3) = —¢ 4AB
3D B4+&£-2
K(XQ’X?’):_4BC+ ¢ 4i K(X1,X4)=0
D D
K(X27X4) == m K(X37X4) == m
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Here, the decay rate is not obvious for all sectional curvatures. Note
that g — 1. The decay rate of g — 1 follows from the equation of %. It
suffices to show that % decays at the rate e~ for some ¢ > 0. From (14),

we get
k4 8 2 2ks
A= 5 tanh k4t+ k4A+ »
and the decay rate of % follows from taking the time derivative of this
equation. Thus g — 1 decays exponentially. Hence, for the family in Propo-
sition 3.7, the curvatures of the solution ¢(¢) decay at the rate 1/¢.

For the volume-normalized solution gy (¢), the metric components have
the following long time behavior: Ax(t) — 0%, By(t) and Cn(t) approach
some positive constants, and Dy (t) — 07. The volume-normalized flow
(Mg, gn(t),p) collapses to a plane in the pointed Gromov-Hausdorff topol-
ogy for p € M,.

3.A9. U3S1.

The Lie bracket relations for cases 3.A9 and 3.A10 differ only in [X, Xs]. To
unify some of the calculations for these two cases, we introduce a constant
0 and write [X7, Xo] = 6 X3 with 6 = —1 corresponding to 3.A9 and § = 1
corresponding to 3.A10.

For U3S1 and U353, we use V; = A*. X, with

1 0 0 O
0 1 0 O
A_0010

ay ay as 1

to diagonalize the initial metric go.

Proposition 3.8. For the class U3S1, suppose the initial metric gg is di-
agonal in the basis Y;. Then

(i) if A1 # Ao, the Ricci flow solution g(t) remains diagonal if and only
if ap = as = a3 = 0; and

(ii) if A1 = Aa, the Ricci flow solution g(t) remains diagonal if and only
if ap = ag = 0.

Proof. We compute

[Y1,Y4] = —asYao + 0asYs [Ya,Ys] = agYs —darYs [Y3,Y4] = —a2Y1 +a1Ys
[YY%YE’)] :Yla [YE’MYI] :}/27 [}/1>Y2] :(5}/3



376 James Isenberg, Martin Jackson and Peng Lu

We compute the off-diagonal components of the Ricci tensor in the basis Y;

using (1) as in Section 2.A2 and get

(/\?)) — /\1)\2)0,10,2

22324V A1 A
()\% — (5)\2)\3)&2&3

Ric(Y1,Y2) =

Ric(Ys,Ys3) =
ie(¥2,¥5) A Ay daha
(A1 — 0A3)%az

Ric(Y3,Y,) = —~—22 =
(V2. Ya) = = Ve,

()\% — 5)\1 /\3)(11(13

Ric(Y7,Y3) =

M, Ys) = = v
e (A2 — dA3)%ay
Ric(Y,,Y,;) = — L2 = 0M) 4
fe(11,Ya) 2o hay/ Mg
(T ()\1—)\2)2a3
Ric(V3, Vy) = — oL —12)703
(Y5, Y1) = = . Ao

The diagonal components are given by

()\% — Ag)hga% + ()\% — )\%))\3&% + ()\% — (Ao — (5)\3)2))\4

Rie(¥1,11) = 2A1 A2 A3 A
Ric()_/ }_/) _ ()\% — )\:2,)))\1(1% + ()\% — )\%))\3&% + ()\% — (A1 — (5)\3)2))\4
22 221 A2 A3\
Ric(T, 72) = (A3 — M)hiaf + (A3 — AD)heas + (A3 — (A1 — X))\
378 221 Ao A3\
. — = ()\2 — (5)\3)2>\1a% + ()\1 — (5)\3)2)\2a% + ()\1 — )\2)2)\361%
Yy, Yy =— .
Ric(¥s, ¥4) BV
(15)
For § = —1, in order for these off-diagonal components to be zero, we

must have either (i) or (ii) in Proposition 3.8. As in case ATii, to finish
the proof of (ii), in Proposition 3.8, we need to ensure that the condition
A(t) = B(t) holds for all t > 0. We prove this at the end of this subsection. [J

Remark. Note that there are many initial metrics gy that cannot be diag-
onalized by the choice of A we use here. For 3.A9 and 3.A10, the Lie group
G is a product G; x R with dim(G;1) = 3. After transforming with A as
given above, one can use a Milnor frame on G (with respect to a chosen
initial metric on G7) to further diagonalize, in which case the Lie algebra

takes the form

[Y1,Yy] = a1Y1 + axYs + a3Y3
[Yo,Yy] = b1Y7 + baYo + b3Y3
[V3,Yy) = a1Y1 + coYa + e3Y3
[Y2,Y3] =Y; Y3, V1] =Y

D/la }/2] = 5Y3
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with a1 + b2 + ¢3 = 0 from the unimodular condition. With these, the
off-diagonal components of the Ricci curvature are given by

C1 62)\1)\2 + bl(bg - al))\l/\g + (IQ(CLQ - bg)/\g)\g - (Igbg/\%

Ric(Y7,Y3) =
(Y1,Y3) o
Ric(Y1,Y3) = c1(2a1 + ba) A1 Ao + bibg A1 A3 — ascoA3 + az(2a1 + ba) Ao s
2\//\—1/\2 \/)\—3)\4
Ry Ao — O A Mo -+ ba A
Ric(Y1,Yy) = _ (e 3) (c2 A2 + b3 A3)
2V A1 A2 A3 VA
Ric(Ys,Y3) = —biei\} — ea(an + 2b2)Mi A + bs(a1 + 2b2) M A3 + azazhads
20 V22 Vs M\
Ric(Y,Y)) = (AL =0 A3) (c1 A1+ a3 As)
201 VA2 A3V
. At — Az) (by A+ az A
Ric(Y37Y4):_( 1 2) (b1 A1+ a2 A2)

221 X2 VA3V A

One can analyze these expressions to determine conditions under which Ricci
flow preserves the diagonalization of an initial metric. The complexity of
these expressions leads to many cases that must be analyzed so we have
limited our attention to the transformation matrix A given above with the
results given in Proposition 3.8 for A9 and Proposition 3.9 for A10.

3.A9i First, we study family (i) in Proposition 3.8. For a; = ay = a3z =
0, we have Y; = X;. The metric g(¢) is a product metric on ,S/'E(Q,R) x R

9(t) = gsr(t) + Aadu?

where g1, (t) = A(t)(61)% + B(t)(02)? + C(t)(03)? is a Ricci flow solution on
SL(2,R). From (15), we get the Ricci flow equations

dA  (B+C)*—A? dB (A+C)?-B* dC (A-B)*-C?

d BC dt AC d AB '
The long time behavior of gsr(t) has been analyzed in [8]: the curvatures
of gsr(t) decay at the rate 1/t and the volume-normalized Ricci flow gy (f)
collapses to a plane. Hence, the volume-normalized solution (M, gn (%), p)
collapses to a plane in the pointed Gromov-Hausdorff topology for p € M,.

3.A9ii For the rest of this subsection we address family (ii) in Proposi-
tion 3.8 where \; = A9 and a; = ay = 0. From (15), we conclude that the
Ricci flow equation of g(t) is
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dA  (B+C0)?—-A? -A*’+B?2, dB (A+0C)*-B* A?-pB%,
J— _"_ J—

Fr BC BD B o AC tTap
iC _(A—BP-C" D _ (A4 B,
at AB dt ~  AB %

Recall that we must show that the condition A(¢) = B(t) is preserved
under Ricci flow. To this end, we compute
d C?*-(A+B)? (A+B):?,

aA-B= ABC  app A B)

Since A — B = 0 at time ¢ = 0, this implies that A(t) = B(t) and g(¢)
remains diagonal in the basis Y;.
With A = B, the Ricci flow equations reduce to

aa_c., d_ . a_ .,
a A a A2 a
A simple computation shows % (%) = 2471 (% + (%)2) < 0; hence 2 <
% <2+ §—§ and
A3
20+ M < A(t)=B(t) < (2+ )\—)t + A1 (16)
1

From the equation for ‘é—? and (16), we get —ﬁ < ‘é—? < 0. Integrating
these inequalities we find

2\ \3
< O1) < Xs. 17
A g s (t) < A3 (17)
Finally,
D(t) = 4a3t + \y. (18)

Hence, for family (ii) in Proposition 3.8, with a3z # 0, the long time behavior
of of the Ricci flow g(t) as t — +oo is

A(t) — o0 B(t) — 4+ C(t) — constant > 0 D(t) — +oo.

Next, we compute the curvature decay of ¢g(t) as in A7ii. From (2), we
find (using A(t) = B(t))

A+C A+C
24 YQ U(Y%YE’))__ 24 YVI

1 1
UY1,Yy) = §G3Y2 U(Y2,Yy) = —5033/1,

UM,Ys) =
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and all other U(Y;,Y;) = 0. From (3) with h = g, we find the sectional
curvatures
4+ 3§

T KL Ye) = K, ¥e) = 1
and all other K(Y;,Y;) = 0. Hence for family (ii) in Proposition 3.8(ii), the
curvatures of the solution g(t) decay at the rate 1/t. It follows that the
volume-normalized solution (M, gn(t),p) collapses to Euclidean space R3
in the pointed Gromov—Hausdorff topology.

K(Y1,Ys) = —

3.A10. U3S3.

Using the setup given in A9, we prove the following.

Proposition 3.9. For the class U3S1, suppose the initial metric gg is di-
agonal in the basis Y;. Then

(7) if Ai,A2, A3 are all different, the Ricci flow solution ¢(t) remains
diagonal if and only if a1 = as = ag = 0;

(1) if \j = A # Ni for some permutation {i,7,k} of {1,2,3}, the Ricci
flow solution g(t) remains diagonal if and only if a; = ap = 0; and

(#i7) if the initial metric satisfies \y = Ao = A3, the Ricci flow solution
g(t) remains diagonal for any ay, as, and as.

Proof. Set 6 = 1 in the proof of Proposition 3.8. In order for the off-
diagonal Ricci components to be zero, we must have either (i) or (ii) or
(iii) in Proposition 3.9. As in previous cases, to finish the proof of (ii) in
Proposition 3.9, we need to ensure that the condition B(t) = C(t) holds
for all ¢ > 0 (using j = 2,k = 3 without loss of generality). Also, to finish
the proof of (iii) in Proposition 3.9, we need to ensure that the condition
A(t) = B(t) = C(t) holds for all ¢ > 0. These are verified below. O

3.A10i If a1 = a9 = ag = 0, we have Y; = X;. The metric is a product
metric on S x R
9(t) = gss(t) + Nadu’
where ggs(t) = A(t)(61)? + B(t)(61)? + C(t)(01)? is a Ricci flow solution on
S3. From (15), we get the Ricci flow equations
dA  (B-C)?— A? dB _(A-0C)P-B dC  (A-B)?-C?

dat BC dt AC dat AB
(19)
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The volume-normalized flow associated with ggs(¢) has been analyzed in [§]
and is found to converge to a round sphere. Hence, the behavior of g(t) is
clear.

3.A10ii. For family (ii) in Proposition 3.9, without loss of generality,
we may assume that ¢ = 1,7 =2, and kK = 3 so Ay = A3 and as = ag = 0.
From (15), we conclude that the Ricci flow equation of g(t) is

dA _ (B-C)*-4A° dB _ (A-0) - 2_32—02a2
dt BC dt AC cpD !
dC (A-B?-C? B?2-(? dD (B—C)?

—_ = + a? — ="l

dt AB BD ' dt BC !

Recall that we must show that the condition B(t) = C(t) is preserved
under Ricci flow. This follows from
d A2 —(B+0)? (B+C)?
alB-9= ABC ~ BCD
With B = C, the Ricci flow equations reduce to
dA__A* 4B _ A, dD _
dt B2 dt B a
This is a special case of equation (19) with B = C, so the conclusions from
3.A10i hold here.

a2l (B-0C).

3.A10iii For family (iii) in Proposition 3.9, A} = A2 = A3. From (15),
we conclude that the Ricci flow equation of g(t) is

dA  (A* - C*Baj+ (A* — B*)Ca3 + (A* - (B—-C)*)D

dt BCD

dB  (B?—C?Aa} + (B*— A*)Cd + (B*— (A—C)?)D
dat ACD

dC (C? — B*)Aa} + (C? — A*)Baj + (C* — (A— B)*)D
dat ABD

dD (B-C)?4a}+ (A—C)*Bd3 + (A — B)*Cd}

dt ABC ‘

Recall we need to show A(t) = B(t) = C(t) is preserved under Ricci
flow. This follows from

%(A— B) = M1 (A— B) + Mj3(A-0C)
(A~ 0) = Myn(A — B) + Myn(A ~ C)
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where M;; are continuous functions of ¢.
With A = B = C, the Ricci flow equations reduce to

dA_dB_dc_ D _
dt  dt  dt a7

g9(t) = (1 = )(w1)* + (A1 = £)(w2)® + (A1 = 1)(w3)* + Aa(wa)?

where w; is the dual frame of Y;. It follows from this explicit solution that
the conclusions from A10i hold here.

4. The Ricci flow of locally homogeneous closed 4-manifolds
modelled on Non-Lie Groups.

In this section, all of the metrics are on direct products of spheres, hyper-
bolic spaces, and euclidean spaces of various dimensions. Under Ricci flow,
the product structure is preserved, and the pieces evolve in characteristic
ways: the spheres each shrink to a point singularity in finite time (type 1
singularity); the hyperbolic spaces expand for all time, with no singularity
developing; and the euclidean spaces are flat and static.

Let gsn» be the metric on n-dimensional sphere S™ with sectional cur-
vature 1 and let gg» be the metric on hyperbolic space H™ with sectional
curvature —1. In this section, we again use the notations stated at the
beginning of Section 3.

4.B1. H3 x R.
In this case, any initial metric can be written as
go = R%gys + du?

for some R > 0. The Ricci flow solution g is given by

R2
g(t) = (R® + 4t)gys + du® - <t<+oo

4.B2. 5% x R2.

In this case, any initial metric can be written as

go = R2952 + du% + du%
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for some R > 0. The Ricci flow solution g is given by

2

R
g(t)Z(RQ—Qt)gy—i-du%—i—du% —oo<t<7.

4.B3. H? x R2.

In this case, any initial metric can be written as
go = R%gp2 + du? + du’

for some R > 0. The Ricci flow solution g is given by

R2
g(t) = (R* + 2t)gp2 + dui + duj — = <t <o,

4.B4. S? x S2.

In this case, any initial metric can be written as

90 = Rigse () + R3gs2(y)
for some R; > 0 and Ry > 0. The Ricci flow solution g is given by

R2 R2
g(t) = (R} — 2t)gs2 () + (R3 — 2t)gg2(y) — o0 <t < min{f, 72}-

4.B5. S? x H2.

In this case, any initial metric can be written as
90 = Rigs> + R3gppe
for some R; > 0 and Ry > 0. The Ricci flow solution g is given by
R R?

g(t) = (RS —2t)gg2 + (R3 + 2t)gpp — 72 <t<

4.B6. H? x H2.

In this case, any initial metric can be written as

90 = Rigp2(x) + R3gp>(y)
for some R; > 0 and Ry > 0. The Ricci flow solution g is given by
R R}

g(t) = (R? + 2t) g2 (2) + (R + 28) g2 (y) max{~—t, — 2} <t < +oo.
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4.B7. CP2.

Let grg be the Fubini-Study metric on CP? with constant holomorphic
bisectional curvature +1. Then, the Ricci curvature R;;(g9rs) = 3(g9rs)
In this case, any initial metric can be written as (see [12], p. 277)

ij-

90 = R’grs
for some R > 0. The Ricci flow solution g (not the volume-normalized
Kéhler Ricci flow) is given by
R2
g(t) = (R* — 6t)grs —o0<t< e

Note that Kahler Ricci flow with positive holomorphic bisectional cur-
vature on CP? has been studied by Chen and Tian ([2]); they prove that
the (volume-normalized) Kéhler Ricci flow converges exponentially fast to a
Kéhler metric of constant holomorphic bisectional curvature.

4.B8. CH?2.

Let gcp2 be the Kihler metric on CH? with constant holomorphic bisec-
tional curvature —1. Then, the Ricci curvature R;z(g9cp2) = —3(g9cn2);;- In
this case, any initial metric can be written as (see [12], p. 277)

90 = Rgepe
for some R > 0. The Ricci flow solution g (not the volume normalized
Kéhler Ricci flow) is given by
2

R
g(t) = (R* + 6t)gcp2 -5 <t<+oo

4.B9. S4.

In this case, any initial metric can be written as
g0 = Rggs

for some R > 0. The Ricci flow solution g is given by

R2
g(t) = (R* — 6t)ggs —o0<t< e
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4.B10. H*.
In this case, any initial metric can be written as
90 = R?gps

for some R > 0. The Ricci flow solution g is given by

2

R
g(t) = (R? + 6t) gy -5 <t<+oo

5. Conclusion.

We have analyzed the Ricci flow for compact four dimensional homogeneous
geometries for which an initial diagonal metric remains diagonal under the
flow. We obtain explicit solutions in most cases. We find that if the solu-
tion has long-time existence, then it is a Type III singularity solution. For
volume-normalized flow, there are examples of collapse to dimensions 1, 2,
and 3.

For the non-diagonal cases, the relevent ordinary differential equation
systems are of a similar nature, but considerably more complicated. Nu-
merical techniques should be useful for verifying if the behavior is similar to
that of the diagonal cases.
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