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Convergence of the Ricci flow toward a soliton

NATASA SESUM

We will consider a 7-flow, given by the equation %gij = —2R;; +
1g;; on a closed manifold M, for all times ¢ € [0,00). We will
prove that if the curvature operator and the diameter of (M, g(t))
are uniformly bounded along the flow, then we have a sequential
convergence of the flow toward the solitons. If we also assume that
one of the limit solitons is integrable, then we have a convergence

toward a unique soliton, up to a diffeomorphism.

1. Introduction.

The Ricci flow equation
d

% = — 20,
has been introduced by Hamilton in his seminal paper [6]. We will refer to
this equation as to an unnormalized Ricci flow. A normalized Ricci flow is
given by the equation

%ém‘ = —2R(9)i; + %Téij,

where r = W Jos R(3)dV;. This equation is sometimes more convenient
to consider, since a volume of a manifold is being fixed along the normalized
Ricci flow and a volume collapsing case cannot happen in a limit, if the limit
exists.

A natural question that arises in studying the evolution equations, in
particular, the Ricci flow equation, is under which conditions a solution
will exist for all times, that is under which conditions it will avoid the
singularities at finite times. The other question one can ask is if there exists
a limit to the solutions when we approach infinity and how we can describe
the metrics obtained in the limit. In the case of dimension three with positive
Ricci curvature and dimension four with positive curvature operator, we
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know (due to Hamilton) that the solutions of the Ricci flow equation, in
both cases exist for all times, converging to Einstein metrics. In general, we
cannot expect to get an Einstein metric in the limit. We can expect to get
in the limit a solution to the Ricci flow equation which moves under one-
parameter subgroup of the symmetry group of the equation. These kinds
of solutions are called solitons. Since the Ricci flow equation is a gradient
flow of Perelman’s functional W, it is natural to expect that a soliton in the
limit is unique up to diffeomorphisms.
Our goal in this paper is to prove the following theorem.

Theorem 1.1. Let (g;5): = —2R;; + %gij be a Ricci flow on a closed man-
ifold M with uniformly bounded curvature operators and diameters for all
t € [0,00). Assume also that some limit soliton is integrable. Then there
is an l-parameter family of diffeomorphisms ¢(t), a unique soliton h(t)
and constants C, 6, to such that |p(t)*g(t) — h(0)|xa < Ce %, for all
t € [to,00). Moreover, if ¥(t) is a diffeomorphism such that h(t) = ¢*h(0),
then ()" g(t) — h(t)|go < Ce.

The ideas for the proof of Theorem 1.1 have been inspired by those of
Cheeger and Tian in [3].

QOutline of the proof of Theorem 1.1

In order to deal with this problem, we will first construct a gauge on time
intervals of an arbitrary length, so that in the chosen gauge, the 7-flow equa-
tion becomes strongly parabolic. We will look at the solutions of a strictly
parabolic equation. It will turn out that our metrics (in the right gauge) will
satisfy a strictly parabolic equation that is almost linear and therefore their
behavior is modeled on the behavior of the solutions of the linear equation.
There are 3 types of the solutions of our strictly parabolic equation,

e the solutions that have an exponential growth,
e the solutions that have an exponential decay,
e the solutions that change very slowly.

Roughly speaking, the integrability condition means that the solutions of
a linearized deformation equation for solitons arise from a curve of metrics
satisfying the same soliton equation. To deal with those slowly changing
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solutions, we will use the integrability condition to change the reference
soliton metric so that at the end, we deal only with the cases of either a
growth or a decay. We will rule out the possibility of the exponential growth,
by using the fact that our flow sequentially converges toward solitons and
by using the similar arguments established by Simon in [15] and also later
used by Cheeger and Tian in [3]. We will be left with the exponential decay
which will allow us to continue our gauge up to infinity.

The organization of the paper is as follows. In Section 2, we will give a
necessary background and notation. In Section 4, we will prove a sequential
convergence of a 7-flow with uniformly bounded curvature operators and
diameters toward the solitons. In Section 5, using the sequential convergence
of the 7-flow, we will construct a gauge on time intervals of an arbitrary
length, so that in the chosen gauge the 7-flow equation becomes strongly
parabolic. In Section 6, we will use the integrability assumption to prove
that a soliton that we get in the limit is unique up to a diffeomorphism.

2. Background.

Perelman’s functional W and its properties will play an important role in
the paper. M will always denote a closed manifold. W has been introduced
in [11].

W(g, f,7) = ()3 /M eI (VP + R) + f — nldv,,.

We will consider this functional restricted to f satisfying

/ (4rr)"2e TdV = 1. (2.1)
M

W is invariant under simultaneous scalings of 7 and g and under a diffeomor-
phism change, i.e. W(g, f,7) = W(cd*g, ¢* f,cr) for a constant ¢ > 0 and a
diffeomorphism ¢. Perelman showed that the Ricci flow can be viewed as a
gradient flow of a functional W, which is one of the reasons why this func-
tional plays an important role throughout [11]. Let u(g,7) = inf W(g, f, 7)
over smooth f satisfying (2.1). It has been showed by Perelman that u(g, 7)
is achieved by some smooth function f on a closed manifold M, that (g, 7)
is negative for small 7 > 0 and that it tends to zero as 7 — 0.

We will explain the motivation why we have decided to study this flow
instead of a normalized one in which a volume of a manifold has been fixed
along the flow. First of all, there is a simple reparametrization that al-
lows us to go from a 7-flow to an unnormalized flow and many smoothing
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regularity properties that have been proved for the unnormalized flow con-
tinue to hold for a 7-flow as well. For example, Hamilton’s compactness
theorem also holds for the 7-flow. This is because Shi’s estimates hold for
T-flow as well, and therefore, since we have a uniform curvature bound on
the solutions to a 7-flow, we may assume uniform bounds on all covari-
ant derivatives of the curvature, |[DPRm| < C(p). The reparametrization
that we use to go from a 7-flow to an unnormalized flow is as follows. Let
c(s) =1— 2 and t(s) = —7In(1 — 2). Let g(s) = c(s)g(t(s)). g(s) is a
solution to an unnormalized Ricci flow. On the other hand, we have that
W(g(t(s)), f(t(s)),7) = W(§(s), f(s),7 — s). By the monotonicity formula
for W, we have that the latter quantity is increasing along an unnormal-
ized Ricci flow and therefore, the former quantity is increasing along the 7
flow as well. The monotonicity formula for a 7-flow gets the simpler form;
W(g(t), f(t), T) is increasing along the 7-flow, while f(¢) changes by the evo-
lution equation %f = —Af+|Vf|* - R+ 3= and 7 is just a constant. The
fact that 7 is now a constant will be very useful in taking the limits of the
minimizers for W.

One of the most important properties of W is the monotonicity formula.

Theorem 2.1 (Perelman). 4W = [, 27|R;; + V;V;f — %gij|2(47rT)_%
e~ fdV > 0 and therefore, W is increasing along the flow described by the

following equations

d
% = —2R;j,
d n
2 = A 2 _
7 [+ IV R+2¢’
T = —1.

One of the very important applications of the monotonicity formula is
non-collapsing theorem for the Ricci flow that has been proved by Perelman
in [11].

Definition 2.2. Let g;;(t) be a smooth solution to the Ricci flow (g;5); =
—2R;;(t) on [0,T"). We say that g;;(¢) is locally collapsing at T, if there is a
sequence of times ¢t — T and a sequence of metric balls By = B(pg, )
at times tj, such that % is bounded, |Rml(gij(tx)) < r;? in By and
. "Vol(By) — 0.
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Theorem 2.3 (Perelman). If M is closed and T' < oo, then g;;(t) is not
locally collapsing at T'.

The corollary of Theorem 2.3 is

Corollary 2.4. Let g;;(t), t € [0,T) be a solution to the Ricci flow on a
closed manifold M, where T' < 0o. Assume that for some sequences t, — T,
pr € M and some constant C we have Qp = |[Rm|(z,t) < C, whenever
t < ty. Then a subsequence of scalings of gij(ty) at pr with factors Q
converges to a complete ancient solution to the Ricci flow, which is K-non-
collapsed on all scales for some k > 0.

We would like to recall a definition of a soliton that will appear in later
sections.

Definition 2.5. A Ricci soliton g(t) is a solution to a Ricci flow equa-

tion that moves by l-parameter group of diffeomorphisms ¢(¢), i.e. g(t) =
¢()*9(0).

The equation for a metric to move by a diffeomorphism in the direction of
a vector field V' is 2Ric(g) = Ly (g), or Rij = gixD;VF + gjpD;V*. If the
vector field V' is the gradient of a function f, we say that the soliton is the
gradient Ricci soliton. Moreover, we can consider the solutions to the Ricci
flow that move by diffeomorphisms and also shrink or expand by a factor at
the same time. The stationary solutions of the unnormalized Ricci flow are
the Ricci flat metrics. The Ricci solitons are the generalizations of those,
namely they are the stationary solutions to the Ricci flow equations, up to
diffeomorphisms.

3. Sequential convergence of a 7-flow.

Definition 3.1. 7-flow is given by the equation

d 1
%gij = —QRZ‘J' + ;gij, (3.1)

for 7 > 0.

We want to prove the following theorem in this section
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Theorem 3.2. Consider the flow

dgij 1
= —2Ri; + —gij, 2
o R3+Tg] (3.2)

on a compact manifold M, where 7 > 0 is fized, |Rm| < C and

diam(M, g(t) < C, Vt € [0,00). Then for every sequence of times t; — 0o
there exists a subsequence, so that g(t;+t) — h(t) and h(t) is a Ricci soliton.

3.1. Convergence toward the solutions of the Ricci flow.

In order to prove Theorem 3.2, we will first show that it is reasonable to
expect a convergence toward a smooth manifold, i.e. that a limit manifold
will not collapse.

Claim 3.3. Consider the flow as above. For every fixed T > 0, there exists
a constant C' such that Voly (M) > C for every t, i.e. we have a uniform

lower bound on the volumes.

Proof. Assume that the claim is not true, i.e. that there exists a sequence
ti s.t. Volg (M) — 0 as i — oo. Let g(s) = c(s)g(t(s)) be unnormalized

flow, for s € [0, 7), where:

t(s) = —rIn(1 — 2.

\]

R(g) =

B

i

Find s;, such that ¢(s;) = t;. We get that s;, =7(1—e™ 7). 8 — T asi — 0.
Let

e [l (3(s)) = Qs (33)

and assume that the maximum is achieved at p;. By the corollary of Perel-
man’s non-collapsing theorem, we have that:
Vol B(pis )

TTL

Z Cla
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for r < C, /& and t € [0, s;). Choose r :Cq/& and t = s;.

(\/@)nVOlg(si)B(phC\/g) > (CyT)"C, =C.

(2

Since Volg(s,)B(pi,7) = c(si)%Volg(ti)B(pi,f), where 7 might be a different
radius as a matter of scaling and since @); < Tg) (because the curvature of

g(t) is uniformly bounded), we get that:
Vol (M) > C/C,

where C' and C do not depend on i. Let i — oo in the previous inequal-
ity to get a contradiction. Therefore, we have a uniform lower bound on

volumes. 0

Remark 3.4. The assumptions of the Theorem 3.2 and the result of Claim
3.3 imply the uniform bounds on the curvature tensors, uniform upper bound
on the diameters and uniform lower bounds on the volumes. Similarly, like
in the case of unnormalized flow, uniform bounds on the curvatures gives us
uniform bounds on all covariant derivatives, so by Hamilton’s compactness
theorem, for every sequence t; /" oo as i — 00, there exists a subsequence
(call it again t;), such that (M,g(t; + t)) converges to (M,h(t)), in the
sense that there exist diffeomorphisms ¢; : M — M, so that ¢} g(t; + t)
converge uniformly together with their covariant derivatives to metrics h(t)
on compact subsets of M x [0,00). Moreover, h(t) is a solution of a 7-flow

as well.

3.2. Continuity of the minimizers for W.

We will recall a definition of Perelman’s functional W = (477)~ 2 el
(R + |Vf?) + f — n]dV. The constraint on f for this functional is
(477)"2 [e fdV = 1. Let u(g,7) = inf W(g, f,7) under the constraint.
This infinimum has been achieved by some smooth minimizer f. Perelman
has also proved that for a fixed metric g, lim,_ (g, 7) = 0 and p(g,7) <0
for a small value of 7 > 0.
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In the case of a 7-flow g(t), 7 > 0 is being fixed in time, and by the
monotonicity formula for W, we have that u(g(t), ) is increasing along the
flow. Therefore, there exists lim; oo pt(g(t), 7).

Claim 3.5. lim;_,o pu(g(t), ) is finite.

Proof. Assume that lim; o p(g(t),7) = co. Then, Vi, 3t; s.t. u(g(t;), ) >
i. There exists a subsequence (call it ¢;) such that (M, g;) converges to
(M, h), for some metric h. By the proof Lemma 3.6 up to estimate, we get
that p(g(t;),7) < p(h,7) + €, for i big enough. Letting i — oo, we get a

contradiction. O

Lemma 3.6. If (M, g;) tend to (M,h) when i — oo, where g; = g(t;) and
ti /00, then lim; oo pu(gi, 7) = pu(h, 7).

Proof.
u(h,7) = /Mu(\w\? +R(W) + f — n)(dar)~BdVi,

Since, ¢;g; — h uniformly with their covariant derivatives, if € > 0 is fixed,
there exists some big ig, so that for i > g

~ _n €
p(he7) > [ (VIR 4+ R + =) Eav = 5,
where g; = ¢*g;. Change the variables in the above integral by diffeomor-
phism ¢;.
€

p(he7) = [ (F(VALP + R(0) + £ = m)dmr) 2V, —

where f; = ¢*f. Perturb a little bit f; to get fi, by a quantity that tends to
zero, so that [, e~/ (477)~2dV,, = 1. Since our geometries are uniformly

bounded, for big enough 7y, we will have

pu(h, ) = Wigi, fi,7) — € > p(gi, 7) — €. (3.4)
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Let u; = e~ 2. We have seen that minimizing u(g;,7) by f; is equivalent to
minimizing the following expression in u;:
/ T(4Viui|? + Riu?) — 2u? Inw; — nu?)(4rr) " 2dV,.
M
The minimizer u; has to satisfy the following elliptic differential equation

T(—4Aiui + Rzuz) —2u; Inu; — nu; = JURAIPR (3.5)

ti,7 is uniformly bounded, since there is a finite lim; .o 1(g(t), 7). Now, we

can easily get:

/ u(4rr)"2dV; < C, (3.6)
M

7'/ \Viu|?(477)"2dV; < C, (3.7)
M

ie. u; € Wh? with
[|lui|lpie < C Vi

From (3.5), by standard regularity theory of partial differential equations

and Sobolev embedding theorems, we get that u; € W*P with uniformly

2n
n—27

bounded C*% norms, i.e. ||u;||c2.« < C. Furthermore,

bounded WP norms, where p < and therefore, with uniformly

g T) = / (F(4Viuil? + Ri2) — 202 Iy — i) (4n7)~ 5V,
M
= / (Vi) %4 + Ryii?) — 24, Inag; — nai;2) (4r7) ™2 dV;(3.8)
M

where 4; = ¢ju;. ¢;g; is close to h and therefore, for ¢ big enough, ¢; is
almost an isometry, so D; (bz-_l can be uniformly bounded in terms of bounds
on g; and h, g; can be bounded in terms of h. We cover M with finitely
many geodesic balls of fixed radius p ( we can do it since, we have a uniform
bound on the injectivity radii from below). We use local coordinates in each

of the balls to get:

\Viti|? = 3 D (u; 0 ¢7 ) Dye(u; 0 771).
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Vs> = §/" (Dju) (Dui) (6 ) Dby ' Dy
Now, we can easily conclude that we have a uniform bound on \@UZP Since

the integrand in (3.8) is uniformly bounded in 4, and since §; uniformly

converge with their covariant derivatives to h, we have that for ¢ large enough
w(gi, ) > / (T(4|V |2 + Rya?) — 24, Int; — na?)(4nr) " 2dVj, — €.
M

Since I; = [, ﬂ?(47r7)7%dvh is close to 1 when i — oo, taking u; = % and

using all the uniform bounds that we have got by now
,U(gi,T) > W(h‘vﬂuT) —€2> /L(h,,T) — €
By the previous inequality (for ¢ big enough) and by (3.4), we get

L yu(gi, 7) = p(h, 7).

O

Following the notation from the previous lemma, by Arzela—Ascoli the-
orem, there exists a subsequence, u;, so that it converges in C*% norm to
some function u. We can also get the higher order uniform estimates on wu;
in a similar manner as in Lemma 3.6. Therefore, to show that a sequence
of minimizers for u(g;, 7) converges to a minimizer of p(h, 7) it is enough to
show the following lemma.

Lemma 3.7. 3C > 0 so that u; > C >0 Vi and Vxr € M

Proof. Assume that there exists a sequence u; and p; € M, such that 0 <
u;(p;) < 5;- M is compact and therefore, there is a subsequence, {p;} con-
verging to p € M when i — co. C?® norms of u; are uniformly bounded in i
and therefore, u;(p) < u;(p;) + Cdisty, (p,p;) — 0 as i — oo. Let u be a limit
of {u;} in C%* norm. Then u(p) = 0. Take a geodesic ball B(p,r). Let f €
C§°(M) be a C* function of r alone, compactly supported in B(p,r)\{p}.

/ (T(Vu;Vf + Riui f) — 2u; f Inu; — nug f — p(gi, 7)u f)dV; = 0.
M
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For this f, letting ¢ — o0, using the result of the previous lemma and the fact

that the integrand in the previous integral is uniformly bounded in i, we get
/ (t1(VuV f+ fuR(h)) — 2ufInu — nuf — p(h, 7) fu)dV = 0.
M

Proceeding in the same manner as in [12], we can get that v = 0 in some
small ball around p. Using the connectedness argument, v = 0 in M. On
the other hand, [,, u?(4n7)"2dV; = 1 and letting i — oo, we get a contra-
diction. O

If we write down the equations (3.5) for all {u;}, letting i — oo, keeping
in mind the previous lemma, we get

T(—4Au + R(h))u — 2ulnu — nu = p(h, 7)u,

i.e. w is the minimizer for p(h, 7).

So far, we have proved the following theorem

Theorem 3.8. If (M,g;) — (M,h) as i — oo, then for a given T > 0,
if wlgT) = Wigi, i), then fi — f in C>® norm, where pu(h,7) =
W(h, f,7).

3.3. Further estimates on the minimizers.

In this subsection, we want to use the minimizers f; for W at different times
to construct the functions fi(s) for s € [0,¢]. By using the parabolic regu-
larity, we will be able to get the uniform estimates on C*® norms of fi(s).
This will enable us to take a limit of these functions along the sequences.
These limits are the functions that will turn out to be the potential functions
that come into the equations describing the soliton type solutions arising in
a limit.

For any ¢, we can find f; such that W(g(t), ft,7) = p(g(t), 7). If we flow
fi backward, we will get functions f;(s) that satisfy

df;—iS) = _R(s) = Afu(s) + [V i(s)]? +

fit) = fi

n
27’
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We know that minimizing W in f is equivalent to minimizing the corre-
s
sponding functional in @, where @y = e~ 2. Let u(s) = @2(s). The equation

for us(s) is

duy
ds
ut(t) = Ug.

— —Au+ (—% + R(s))u(s),

By the monotonicity of W along the flow (3.1), we have that

u(g(s), ) < Wlg(s), fe(s),7) < W(g(t), fe, ) = plg(t), 7).

First of all, there exists lim; o (g(t), 7). It is finite, since for every se-
quence t; — 0o, there exists a subsequence such that g(t;) — h(0) and by
Lemma 3.6 from the previous section, we have that u(g(¢;), ) — p(h(0), 7).

Instead of functional W(g(s), f:(s),7), we can consider the equivalent
functional which depends on ;(s) = e~ 7t(s)/2,

W(u(s)) = /M[T(4\V&t(s)|2 + Riiy(s)?) — @iy (s)? log iy (s)?

—niiy(s)?])(4mr) 24V, (3.9)
where u; satisfy
T(—4A&t + Rﬂt) —2uy Inwy — nug = ,u(g(t), T)ﬂt,

since f; is a minimizer for W. Since u(g(t),7) is uniformly bounded, as
in the previous section, we can get that C*® norms of #; are uniformly
bounded. This implies that C*% norms of u; are uniformly bounded. Before

we proceed with further discussion, notice the following.

Remark 3.9. fM(47TT)_%e*ft(s)dVg(s) = 1. This is a simple consequence of
the fact that | M(47TT)7%6_fdeg(t) =1, since f; is a minimizer for W with

respect to g(t), and the following backward parabolic equation

d
—fils) = =Afils) + [V uls) P = B+ -
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Namely,

d _fi(s
i ([, )

(s n n
= [ O (A5(6) = [ + R 5- — Rt 5-) Vi
/A ~I®ay, ) =0

Since log is a concave function and @ (s)2(4w7)~™/2dV is a probability
measure, we have by Jensen and Sobolev inequalities

/‘ax@QMgaAQQ
M

-2
(47r7)7"/2dV r

2

/ i1y (5)2 log i (5)/ "= (477) "2V
M

-2
e— / i1y ()2 (47 2qV
M
2 ~ ~ n—2)/n
< log[C / (Vi (s)[2 + fig(5)2)dV] =2/
M
+ 1= 2 log(477)~™/?

= glogC/ T(|Vig(s))? + @ (s)?) (4mr) "/ 2dV.
M
This inequality shows that
/ Vi (s)|? (4mr) ™24V < C. (3.10)

The constant C' does not depend either on t or s € [0,¢]. To conclude, we
have the following estimates

/\ut 47‘(’7’ 34V, < Cy

(drr) —%/ IV i (5)[2dV, < Co,

that is, we have that |@:|w, , < C for a uniform constant C.

Take a sequence t; — oo. There exists a subsequence such that g(t;+t) —
h(t) when i — oo, where h(t) is a Ricci flow on M. This follows from
Hamilton’s compactness theorem ([8]). Fix A > 0. f; will be a minimizer for
W with respect to ¢(t), which we flow backward, for every t. Let s € [0, A].



296 Natasa Sesum

Lemma 3.10. For every A > 0, there exists § = d(A) > 0 such that
U A(t+5) >0 >0 for all t and all s € [0, A].

Proof. Assume that the statement of the lemma is not true. In that case,
there would exist a sequence s; such that minys us,+4(s;+a;) — 0 as i — oo,

for some a; € [0, A]. Consider the equation

d n
%usiJrA(S’i +1t) = —Auga(si+t)+ (R— E)usi‘FA(S’i +1),
u8i+A(Si + A) = u8i+A7

for t € [0, A]. Let 0;(s; +t) = minps ugs,+4(8; +t). Then Adg, 4 a(s; +t) >0
and

d . .

%ui(si +1t) < Cy(s; + 1),
where C' is a uniform constant. If we integrate it with respect to t, we get

fLi(Si + A) < GCAfLi(Si + t).

Since 4;(s; +A) = minps us,+ 4 and since by Lemma 3.7, we know that there
exists a constant § such that us, 14 > 6 > 0, we have that ug, 4 a(s; +1) >
d(A) > 0 for all 7 and all ¢ € [0, A]. This contradicts our assumption that

Ui(s; +a;) — 0 as i — oo. O
Lemma 3.11. For every A > 0, there exists C(A) such that

1. [y ue(s)?dVy < C(A).

2 oy IVur(s) PV < C(A),

forallt > A, se[t— At

Proof. We will consider the equation

d%“t(s) _ —Aut(s)—l—(R—%)Ut(s)

Ut(t) = U,
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where u; = et and f; is a minimizer for W with respect to metric g(t).
Let u4(s) = maxps ug(s). Then
d

Eat(s) 2 —Cﬂt(S),

where C > 0 is a uniform constant that does not depend either on s or ¢, but
on the uniform bounds on geometries g(t). If we integrate it with respect to

s, we get

for any s € [t — A,t]. On the other hand, we have already proved in the
previous section that C%® norms of u; are uniformly bounded in ¢ € [0, 00).
Therefore, we get that 0 < w(s) < C(A) on M for all ¢t € [A,00) and all
s € [t — A,t]. Now we immediately get part 1 of our claim. For part 2,

notice that

[ VsV =1 [ oIV Pavy < ),
since [, Vi (s)|? is uniformly bounded for all ¢ > A and s € [t — A,t]. O

The previous two lemmas tell us that in order to find the uniform esti-
mates on fi, 4 a(t; + s) for s € [0, A, it is enough to find the uniform C*
estimates on w1 4(¢; + s). Our main goal in this section is to prove the
following theorem.

Theorem 3.12. Under the assumptions of the main theorem, with the nota-
tions as above, for every A > 0, there exists a uniform constant C, depending
on A such that |ui(s)|c2.e < C forallt > A, Vs € [t — A,t].

Proof. Consider the equation

%ut(S) = —AUt(S) + (R(S) - ﬁ)ut(s)7



298 Natasa Sesum

for t € [A,00) and s € [t — A,t]. All our further estimates will depend on
A. We will use C' to denote different absolute constants that depend on A
and the uniform bounds on our geometries g(t). Denote by hy = (h1):(s) =
(=95 + R(s))us(s). Omit the subscript t.

d
—u—i—Au-hl

/h2 / /M %uAu—i—/M(Au)Q, (3.11)

where we should keep in HllIld that the metric depends on s.

/Md%uAu = —/ A (diu)v udV (3.12)

- ———/ Vul2dv, - / Va3 ~ R)V,
—|—/ ¢ g¥ DjuD); iu(2Rpg — gpq)dV
M 27'

where the second term on the right-hand side of (3.12) comes from taking
the derivative of the volume element and the third term appears from taking

the derivative of g*. Denote the former one by J; and the latter one by Js.

/(Au)2 = /gijDiDjugleleu
M M

= —/ gijglejuDkaDlu
M
- /M 9 g™ D;uDy,D; Dyu + /M 97" DjuRk, . Dsu
= I+/ gijgleijuDiDlu
M
= I+ / V2ul?,
M

where I = [}, gijglejuRﬁkstu. Let I € (t—A,t) where A > 0. Integrating,

the equation (3.11) in s, from [ to t gives

! d
[ Ghvpavyiss [ wupavies [ [ vtupavs
//h2 /IW\ dV\st+/(2J1+2J2+I)
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t
/J1<AC sup /\Vu|dV<C
l

sE(t—A,t)

for every t. Similarly, we get estimates for Js and I. From all these estimates,

we can conclude the following

t

/ /@QMW%%@<G (3.13)
t—A S ds

t/ (/ (V2 (s)|?dVids < C. (3.14)
sm)l/|vm%n;§cx (3.15)
se(t—A) I M

where C' = C(A). Let u; = %ut(s) (we will not confuse this 4; with one

defined at the beginning of this section). Omit the subscript .

iu— —D,Agu + d

ds =g

ds[( 27') ul.

Multiply the equation by % and integrate it along M.

2

1d d d d n
S A A D, D, R— Y
2ds Jur dsu /M ds( 9(s) u)u+/ (ds( 2T))uu
1 n. d
— | (R——)|—ul*dV;
+3 [, gl
1 s )
= 2 [ (~By+ g-0)g” (99" () DiDjui
M T
ij d -
- [ a0,y
d n d ou
Z(R- Dy [ g(Lrk)2is
1 n. d
= | (R—2)|—ul*adV..
Since [y, 9(s)D;D;tuit = — [,;|Vs(u)|? and since we are on the Ricci

flow, metrics g(s) are uniformly bounded, after applying Cauchy—Schwartz
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inequality and using the uniform boundedness of the curvature operator,

we get
t d d
V(—u)?dV,ds + sup / —ul?
/t—A/M‘ (dS ) sE(t—At) M|d8 |
t d
< C’/ /\—u|2dVSds
t—aJa ds

t
+ C/ / \V2u|?dV,ds
t—AJM

d
+/ \—u|2dvs|szt+c/ |Vul?.
M ds M

Jur | u(s)PdVils=e < C([y, |1Aw* + [3,h1(t)?) where hi(s) = (& —
R(s))u(s). Since u; = e~/t, where f; are the minimizers for W, like in
the previous section, we can conclude that u; € W*P, with uniform bounds
on W*P norms (these bounds depend on k) and therefore, [}, \%u(s)dVA s=t
are uniformly bounded in ¢. This estimate together with estimates (3.13)
and (3.14) gives that

t
/ / |V(iu)|2dv;dsgc. (3.16)
t-aJu ds
d o
sup |—ul* < C. (3.17)
s€(t—At) JM ds

Ifa= d%u and h = %hl then:

d ~
—u = —D,Au+ h.
ds
d ij ip Jq 1
DsAu = E(Q(S) DiDju) = g(s)"g(s) (;gpq - 2qu)Dz’DjU

+g(s)Y D; D;u

i 4k
+9(s) JE(Fij)DkU-

1 o d

gipgjq(;gpq —2R,)DiDju — g(s)”E(I’fj)Dku (3.18)

h—
d
Ed—i-Aﬂ.
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All the estimates that we have got so far tell that ftt_ a2 JuH 2 is uniformly
bounded in t. The analogous estimates to the estimates (3.13), (3.14) and
(3.15) for u, we can get for d%u (by using the evolution equation for %u and

all the estimates that we have got so far by analyzing the evolution equation
¢ d
v (&)
/tA /M ‘ ds
t d2 2
— dVids < C. 2
/tA/M (dsQU) Vids < C (3.20)
d
sup / 'V <—u>
se(t—At) Jm ds

To obtain these estimates, we have used the fact that

for u).
2

dV,ds < C. (3.19)

2
dvy < C. (3.21)

d n
/|Vd—u\2dVg(S)\s:t§C(/ \VAut\Q-i-/ V(R — —)u?,
M ds M M 27

where the right-hand side is uniformly bounded in ¢, since u; = e~ * and f;
are the minimizers for W.

By standard regularity theory, considering Auy(s) = —Luy(s) + (hy)(s)
as an elliptic equation whose right-hand side has uniformly bounded W12
norms for s € (t — A,t) and all t > A, we have that |u(s)|ys2 < C, for

a uniform constant C that depends on A. Take a derivative in s of the

a
ds

estimates that we have got for u, it is easy to conclude that @ satisfies the

equation -4 = —Au+ H, with a4 = %u. Denote by u = %ﬂ. By using the

equation
d
—u=—-Au + H17
ds
where
d ip 474 1 u 9 <k u
Hy = - H + g7g(=2Ryy + )DiDj + 9() 7 (1) Dy

and fti A Sy HidVy()ds is uniformly bounded in ¢. As in the case of the

previous estimates, we can conclude that
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d
sup / |——al*dV, < C,
s€(t—At) J M ds

d
sup / |V(d—a)\2st§C.
s€(t—A,t) J M §

By regularity theory applied to the equation At = — %ﬂ—l—H , we can get that
%ut(s) has uniformly bounded W32 norms. If we go back to the parabolic
equation for u.(s), we can get that |u¢(s)|ys2 < C for all ¢ > A and all
s € (t— A,t). Continuing this process by taking more and more derivatives
in ¢ of our original parabolic equation, we can conclude that W72 norms of
u¢(s) are uniformly bounded for every p, by the constants that depend on A
and p. Sobolev embedding theorem now gives that all C*® norms of uy(s)
are uniformly bounded for all ¢ > A and all s € [t — A, t], by constants that
depend on A and k. O

Combining Theorem 3.12 and Lemma 3.10, we get that for every A there,
exist constants Cy = C(k, A) such that |fi(s)|cra < Cy, for all t > A and
all s € [t — A, t].

3.4. Ricci soliton in the limit.

In this subsection, we want to finish the proof of Theorem 3.2.

We have uniform curvature and diameter bounds for our flow g(¢). We
have already proved that we also have a volume non-collapsing condition
along the flow, for all times ¢ > 0. This gives a uniform lower bound on the
injectivity radii. Hamilton’s compactness theorem (modified to the case of
our flow) gives that for every sequence t; — oo, there exists a subsequence
so that g(t;+t) — h(t) uniformly on compact subsets of M x [0, c0) and that
h(t) is a solution to the Ricci flow (3.1). We will show below that for each ¢,
h(t) satisfies actually a Ricci soliton equation with the Hessian of function
fr(t) involved, where fp,(t) is a smooth one parameter family of functions.
We will now see how we get the functions f,(t), using the estimates on f;(s)
from the previous subsection and Perelman’s monotonicity formula.

Take any ¢ and let f; be a function so that u(g(t),7) = W(g(t), f¢,7)-
Flow f; backward. Fix A > 0. Then:
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1(t)

W(g(t + A), frra, ) = W(g(t), fr+a(t), )
(gt + A),7) — u(g(t), ) — 0(t — 00).

IN

4 d
0< 1) = [ ZWlalt+9). frealt +9).7)ds =0,

as t — oco. We will consider wu, +4(t; + s) where s € [0, A]. We will divide
the proof of the theorem in a few steps.

Step 3.13. VA > 0, lim; oo =W (g(s + t;), fr,+a(s +t;),7) = 0 for almost
all s € [0, A].
Proof. I(t;) — 0 by Claim 3.5. On the other hand

I(tZ) = W(g(tz + A)v fti+A>T) - W(g(tz)> fti+A(ti)7T)

A
d
_ /ZTW@@+$JHAm+%ﬂ%7
0 u
and
A d

lim I(t;) = lim %W(g(ti +8), frra(ti +5),7)ds
1—00 1—00 J(

A
d
Z / lim inf d—W(g(tZ + 8), fti—f—A(ti + 8)7 T)d87
0

1—00 U
by Fatou’s Lemma. Since by Perelman’s monotonicity formula
LW (g(t; + s), fr,+a(ti + 5),7) > 0, we have that
iMoo LW (g(t; + 5), fr4(ti + 5),7) = 0 for almost all s € [0, A], for

1—00

A
d
/1m3%@@+$mﬁw+wﬂ@§mumy
Oz—>oou

by Fatuous lemma. O

Step 3.14. |us(s)|c2.a < C, Vt, where u(s) = %ut(s).

Proof. Following the notation of the previous subsection, we get that:

d _ ~
Eut(s) = —Ady(s) + He(s),
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where Hy(s) = %ht(s) + 9%g7(L gpg — 2Rpq) D Dju + gij%(I‘fj)Dku.

_ d n
w(t) = £Ut(8) = —Au + (_Z + R)uy.

In the previous subsection, we have proved that there exists a uniform lower
and an upper bound on wu(s) and that |u:(s)|ysr < C(p,A) for all t > A
and all s € [t — A,t]. Similarly, we can get that |u.(s)|yrr < C(k,p, A) and
therefore |t (s)|yyr—2, < C(k,p, A), Vt > A and all s € [t — A,t]. We can
get that |U:(s)|c2e < C, for all t > A and Vs € [t — A,t]. We can extend

this to all higher order time derivatives of u(s). O

Step 3.15. For every A > 0, there exists a subsequence t;, so that the limit
metric h(s) of a sequence g(t; + s) is a Ricci soliton for s € [0, A].

Proof. By step 3.13, we have that
. 1
zli>r£10 Rjk(ti + 8) + VjkatiJrA(ti + S) — Zgjk(ti + S) =0,

for almost all s € [0, A] and almost all € M, since

C%W(g(ti +5), frora(ti+s),7)

_n 1
= (47‘(’7’) 2 /M 2T|Rjk + vjftiJrAkatiJrA — Egjk‘ZdVg(tiJrs)'

By Lemma 3.10 and Theorem 3.12, we have that 0 < Cy < |ug,+4(s+1;)] <
Cy for all i > ip and all s € [0, A], for some constants C; and Co that
depend on A. By step 3.14 and Theorem 3.12, we can find a subsequence,
say {t;} such that fy,;a(t; +s) converges in C%® norm to fa(s) for all
s € [0, A] and all z € M. More precisely, for a countable dense subset {s;}
of [0, A] there exists a subsequence so that fi, 4 (t; + s;) converges in %
norm to fA(sj) on M. For any s € [0, A] there exists a subsequence t;_ so
that fi, +a(t;, +s) converges to fa(s) in C%* norm. We want to show that
actually fi,+a(t;+3) ciy fa(s). For that we use the fact that L frpalti+s)

is uniformly bounded in C*“ norm, and therefore
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fa(s) = fa(so)|cza <,

for some small € > 0 and some sy € {s;} that is sufficiently close to s. We

also have

| fa(s0) = frra(ti + s0)lo2a <,

for i > ip and

|frora(ts +5) — frra(ti + s0)|c2e <,

since |<L fi,4a(t; + 8)|c2a < C(A), for all i > ip and all s € [0, A]. By

triangle inequality, we now get that for every e > 0 there exists ig so that

|fA(S) - ftri-A(tz + S)‘C?,a < 36,

for all i > iy and all s € [0, A].
froea(ti +s) converges in C>® norm on M to fa(s), for all s € [0, AJ.
Finally, we get that

~ 1
Rik + V;iVifa(s) — ;hjk(S) =0, (3.22)

for all s € [0, A], and for almost all z € M. Because of the continuity, it will
hold for all x € M. Since h(s) is a Ricci flow, all covariant derivatives of h
and the covariant derivatives of a curvature operator are uniformly bounded,
and therefore |V? f4(s)] < C(p), Vs € [0, A] and all p > 2. Also we have that
|- L VP fa(s)| < C(p, k) where C(p, k) does not depend on A, for p > 2. [

dsk

Step 3.16. We can glue all the functions fa that we get for different values
of A, to get a function fy(s) defined on M x[0,00), which defines our metric

h(s) as a soliton type solution for all times s > 0.

Proof. Take any increasing sequence A; — oo. For every A;, by the previous
2, ~
step, we can extract a subsequence t; so that fi,1a;(t; + ) = fa;(s)

for all s € [0, A4;]. Diagonalization procedure gives a subsequence so that
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ftiva,(s) iy fAj(s) for all j and all s € [0,A4;]. For this subsequence t;
we have that g(¢; +t) — h(t), uniformly on compact subsets of M x [0, c0).
Compare the functions fAj and fAk for j < k, on the interval [0, 4;]. We
know that they both satisfy

Aps)fa, + R(h(s)) — 77 =0

T

and therefore, Ah(s)(fAj — fAk) = 0. Since M is compact, this implies
that fa,(s) = fAj(s) + cﬁj(s), for s € [0, A;], where cﬁf(s) is a constant
function for every s € [0, A;]. On the other hand, because of the integral

normalization condition, we have

M

Ak

(477)" 2 / e~ fay (S)th(S) —1=e 4 (4mr)™
M

0|3

/ €*f~A]- (S)dvh(s)>
M

which implies that cﬁf (s) =0 for all s € [0,A4;] and all & > j. Therefore,
fA]. (s) = fa,(s) for all s € [0,A;]. Define a function f;(s) in the following
way. Let fr(s) = fAj(s), for all s € [0, A;] and all A; — oco. fp(s) is a well

defined function because of the previous discussion. We also have that

RUMs))pa + Ty Vafuls) — 5-h()pg =0, (3.23)

holds for all s € [0, 00). The definition of fj(s) does not depend on a choice of
an increasing sequence A;. Namely, if B; were another increasing sequence
and if fj/(s) were functions defined using the sequences B; and t; (; is the
same sequence as above), then at each time, both functions f;,(s) and fp/(s)
would satisfy the same equation (3.23) and the same integral normalization
condition. Therefore, f(s) = fu/(s) for all s € [0, 00). O
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3.5. Some properties of the limit solitons.

Let t; be any sequence converging to infinity. Then as we have seen earlier,
there exists a subsequence such that g(t; + s) — h(s), where h(s) is a Ricci
soliton. Let R(h(t)) = min R(h(t)). We will first state a theorem that
Hamilton proved in his paper [10].

Theorem 3.17 (Hamiton). Under the normalized Ricci flow, whenever

R <0, it is increasing, whereas if ever R > 0 it remains so forever.

We will use the proof of Theorem 3.17 to prove the following lemma.

Lemma 3.18. Under the assumptions of Theorem 3.2, R(h(t)) > 0, Vt,
for the limit metric h(t) of any sequence of metrics g(t;), where g(t) is a

solution of
d 1
79k = —2Rji(g(t)) + ;gjk(t)-

Proof. Assume that there exists o such that R(h(tg)) < 0. Without loss of
generality assume that ¢ty = 0. Since g(t;) — h(0) as i — oo, there exists ig,
so that for all i > iy R(g(t;)) < 0. The evolution equation for R is
d : 2 n
SR =AR+2[Ric + SR (R— ")
dt + 2[Ricl” + n 2T
This implies

If R < 0, then Ris increasing (since %]A% >0). If R > 0 at some time it can
not go negative at later times. If there existed ¢ > t;, such that R(g(t)) > 0,
then R > 0 would remain so forever, for all s > t and therefore, we could
not have R(g(t;)) < 0 for t; > t. That contradicts the fact that R(g(t;)) < 0

for all i > ig. Therefore, ¥t > t;, we have that R(g(t)) < 0.
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for all ¢ big enough. That implies Ris increasing and therefore, there exists

lim; oo R(g(t)) = —C < 0. Moreover, R(h(s)) = —C for all s. Since
lim;_o R(g(t;)) = R(h(0)) < 0, C > 0. We also have that

RIS & 2 (2 — Rns)) = 202 +0) = 0.

ds n 27 n 27

The left-hand side of the above inequality is zero and therefore, we get that

C = —g-or C = 0. Since C > 0, we get a contradiction. Therefore,
R(h(t)) > 0 for all ¢, what we wanted to prove. O

Remark 3.19. Let (M, g) be a compact manifold and g(t) be a Ricci flow

on M. Since
iw :/ 21|Rij + ViV, f — ig"|2(471'7')_%e_fdv
dt M “ L 277 ’

W(g, f,7) = const along the flow, if ¢ is a Ricci soliton satisfying the equa-
tion
1
Rij + Viij — Zgij =0.
Let t; — oo and s; — oo be two sequences such that g(t; +t) — h(t) and

g(si +t) — h/(t) where h(t) and h'(t) are 2 Ricci solitons on M that have
been constructed earlier. We have proved that

1
Ry (h) + ViV fn(t) — Ehjk =0,

1
Rjk(h/) + Vjkah/(t) — Eh;k =0,
where

fh(t) = hm hHl fAj+t~; (t’L + t)7

J—00 1—00

Jw(t) = lim lim fp, i (si +1),

J—001—00

for some increasing sequences A; — oo and B; — co. By Remark 3.19, we
know that W(h(t), fn(t),7) = C1 and W (I (t), fr(t),7) = Co are constant
along the flows h(t) and h'(t) respectively.
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Lemma 3.20. C, = Cy, i.e. W(h(t), fn(t),T) is a same constant for all

solitons h(t) that arise as limits of sequences of metrics of our original flow
g(t) (3.1) on a compact manifold M.

Proof.

)s fsi+B;(8i),T)

W(g(ti + Aj), frira, (ti + Aj), 7)
=Wi(g(si), fs;(si), 7)

u(g(ti + Aj),7) — plg(si), 7) — 0,(3.24)

W(g(t’i + t)7 ftiJrAj (ti + t)v T) - W(Q(Sz
<

where we have used the fact that W(g(t), f(t),7) increases in t along the

flow (3.1) and the fact that f,(s;) = fs, is a minimizer for W(g(s;), f,7)

over all f belonging to a set {f | [,,(477)” Ze de .} Similarly,

W(g(ti +t), friva;(ti+1),7) — W(g(si), fs,;+B;(s:), )
> W(g(ti + 1), fr4¢(ti +1),7)
—W(g(si + Bj), fsi+B;(si + Bj),T)
= u(g(ti +1),7)
—u(g(si + Bj),7) — 0, (3.25)

when i — oo. From equations (3.24) and (3.25), letting i — oo, we get

W(R(t), fa;(t),7) = W(H'(0), f5,(0),7) < 0.

W (h(t), fa,(t),7) = W (K (0), f5,(0),7) > 0.

J

Let j — oo to get

C1 =W(h(t), fu(t), 7) = W(H(0), fw(0),7) = Cs.
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Lemma 3.21. For every Ricci soliton h(t) that arises as a limit of some se-
quence of metrics of our original flow g(t), the corresponding function fy(t),
that we have constructed before, is a minimaizer for Perelman’s functional W

with respect to a metric h(t).

Proof. We will first prove the following claim.

Claim 3.22. There exists a sequence t; — oo such that g(t; +t) — h(t) as
i — 0o, where h(t) is a Ricci soliton satisfying Rji(h)+V;Vifrn—5=hji =0
and fp(t) is a minimizer for W(h(t), f, 7).

Proof of the Claim. Let H(t) = (4w7) "/ S 27|Rij + ViV fi — 5=g45]2dt,
where f; is a function such that u(g(t),7) = W(g(t), ft,7). If we flow f;
backward by the equation

d n

—f=_A 2_p4+ -

Sf=—Af+IVIP - R+ o
starting at time ¢, for every t > 0, we get solutions fi(s). Look at Fi(s) =
W(g(s), fi(s),7). We know that

d

. 1
T Fi(s) = (dm7) 72 / 27| Ry + V; Vi fi(s) — 5=g(s)jkl*dVy(s).
S M 27—

F,(s) is a continuous function in s € [0,t] and limg_,; %Ft(s) = H(t). There-
fore, there exists a left derivative of Fi(s) at point ¢ and (F;)"_(t) = H(t)
for every t > 0. Moreover, g(t) and all the derivatives of f; up to the sec-
ond order are Lipshitz functions in ¢ (this follows from the estimates in the

previous subsections) and therefore

p(t) == plg(t), 7) = inf W(g(t), f.7)
{f| [jydr7)" 2e-F=1}

is a Lipshitz function in t as well, i.e. k(t) = EF(t) = W(g(t), fr,7) is
a Lipshitz function in ¢. This tells that k(t) is differentiable in ¢, almost
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everywhere. Our discussion then implies that k'(t) = H(t) in a sense of

distributions.
0o K
/ H(t)dt = lim K (t)dt
s K—00 Js
= KIEHOOW(Q(K)LJCK7T)_W(g((;)mféﬂ-)
= Jm (p(g(K),7) = nu(g(0),7) < C, (3.26)

where § > 0 and C' is some uniform constant. We have that [ H(t) < C.
This implies that there exists a sequence t; — oo such that H(¢;) — 0 as
1 — 00, i.e.

. 1

lim (Rjk, + V;Vifi, — 5=g;x)(t:) = 0.

1—00 2T
By what we have proved before, after extracting a subsequence, we can
assume that g(t;) — h(0) smoothly and f;, — f in C?* norm, where by

Theorem 3.8 f is a minimizer for W with respect to metric h(0). Therefore,
~ 1
Rys(h(0)) + V5] — 5-hyi(0) = 0. (3.27)

On the other hand, g(¢; +t) — h(t) as i« — oo where h(t) is a Ricci soliton
and
1

Rin(h()) + VjVifu(t) = 5-hir(t) =0, (3.28)

where fp(t) = lim;j oo lim; oo ft,14; (¢ +t), for some sequence A; — oo.
From equations (3.27) and (3.28), we have that A(f(0) — f) = 0, ie.
f1(0) = f+C for some constant C'. We know that fM(47rT)_%e*deh(o) =1,
since f is a minimizer. From the construction of f,(t) it follows that
fM(47rT)_%e*fh(0)th(0) = 1 and therefore, f = f;,(0). Since there exists a
finite limit, lim; o p(g(t), 7), we have that p(h(0),7) = u(h(t), ) for all t.

This implies that

p(h(t),m) = p(h(0),7) = W(h(0), f,7)
W(h(0)> fh(o)v T) = W(h(t)> fh(t)> T)v
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where we have used the fact that W is constant along a soliton. This means
that f5(¢) is a minimizer for W with respect to a metric h(t), for every
t>0. O

To continue the proof of Lemma 3.21 take any sequence s; — oo. By
a sequential convergence of our original flow ¢(t) to Ricci solitons, after
extracting a subsequence, we may assume that g(s; +t) — h/(t) as i — oo
where h/(t) is a Ricci soliton. Take a soliton h(t) with the properties as in
Claim 3.22. From the convergence of u(g(t),7), we know that u(h'(t),7) =
w(h(s), ) for all t and all s.

p(l (t),7) = p(h(s), ) = W(h(s), fa(s), 7). (3.29)

By Lemma 3.20, we have that W(h(s), fn(s),7) = W(W' (t), fn/(t), 7) for all s
and ¢. Combining this with (3.29) gives that pu(h'(t),7) = W(R'(t), fu (t),T),

i.e. fp(t) is a minimizer for h'(t) for every t. O

One useful property of the sequential soliton limits of our flow (3.1) is
that all limit solitons are the solutions of the normalized flow equation

d 2
g = —2Rij + —r(h(t))hij,

_ 1 .
where r(h(t)) = Vol M Jas R(h(t))dVy ( )- In the case of any of our soliton
limits, we have that R(h(t))+A f(t)—5= = 0 and therefore, r = r(h(t)) = 5=
for all t > 0.

Remark 3.23. Let t; — oo and g(t; +t) — h(t), where h(t) is an Einstein
metric with an Einstein constant 5-. If Vol (M) = Vol (M), for any other

limit soliton A/, then A’ is an Einstein metric with the same Einstein constant

1
27"

Proof. The fact that h is Einstein metric implies that V;V;f;, = —2R;; +
%hij = 0, that is Af;, = 0. Since M is compact, f, = C such that
(4w7)~™2e=CVol,(M) = 1. An easy computation shows that p(h,7) =
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W(h,C,7) = C — %, and therefore, u(h',7) = pu(h,7) = C — 5. Then,
(477)~™2e=CVoly (M) = 1, implies that f = C' is a minimizer for W with

respect to h/ as well. This yields

r2Af VP + R +f—n=C-3,
that is
n="
R(K) = 5
From
n /
Afu = =~ R() =0,
2T
we get that fp» = C and therefore
1
Rij(h,) + VNjfh/ — Zhg] =0,
yields Rij(h') = 3=hj;. O

In the discussion that follows, we will use Moser’s weak maximum prin-
ciple. We will state it below, for a reader’s convenience.

Lemma 3.24 (Moser’s weak maximum principle). Let g = g(t), 0 <
t < T, be a smooth family of metrics, b a non-negative constant and f a
non-negative function on M x [0,T) which satisfies the partial differential
inequality

df

on M x[0,T), where A refers to a Laplacian at time t. Then for any x € M,
te0,7),
1. 14n/2

1 n
\f(%t)lScﬁecmmaX(l’df)(bHJr;) 2 eI foll 2,

where ¢ s a positive constant depending only on n and d =

maxo<i<7 diam(M, g(t)), H = maxo<i<7 /|[Ric|[co, fo = f(:,0), V =
minOStST VOlg(t) (M) .

The following remark will give us a condition that will imply obtaining
the Einstein metrics in the limit.
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Remark 3.25. If g(t) is a solution to (g;;)¢ = —2R;; + 2g;;, for t € [0, 00)
such that

1. A curvature operator and a diameter are uniformly bounded along the

flow.
2. 0 < R(x,t) < 5= for all 2z € M and all ¢ € [0, 00).

Then all the solitons that arise as limits of the subsequences of our flow g(t)
are Einstein metrics with scalar curvatures R = 5= and Tj;(t) converge to
zero, uniformly on M as t — oo. T;; = R;; — % gij is a traceless part of the

Ricci curvature.

Proof of the Remark. Notice that now we do not make an assumption that
one of the metrics that we get in a limit is an Einstein metric. Look at the

evolution equation for r(t) = W Jos RAV,,

d n
a= VoltM) /'T‘2 1“/3——3 +r(r—oo).

R < g- implies r(t) < 5= and therefore

d 2 n
G0 > o /M [T 4 r(r — o). (3.30)

We have proved that in the case of flow g(¢), a volume non-collapsing condi-
tion holds for all times ¢ > 0. < In(Vol;(M)) = 2+ —r and C; < Vol,(M) <
Cy give that [°(3% — r(t))dt < co. We can integrate the inequality (3.30)

in t € [0,00). This, together with the uniform estimates on Vol;(M) and

r(t) give that
/ / |T|?dV; < C. (3.31)
0 M

Following the calculations in Hamilton’s paper [6], Rugang computed the
evolution equation for 7" under a normalized Ricci flow ([18]). In the case
of flow (3.1), we have

4
\:r|2 A|T]? — 2\VT|2+4Rm(T)-T+E(R—%)\TF. (3.32)
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Since the curvature operators of g(t) are uniformly bounded, we derive from

equation (3.32) that
d
%\T| < A|T|+C|T).

Applying Lemma 3.24 to this differential inequality and intervals [t —1, ¢+ 1]

where t > 1, we derive

WW%®<WW@EMQ<QA4\ﬂ%
t—1

where My = (M, g(t)). Integrate this inequality in t € [k, k + 1], for all
k > kg and sum up all the inequalities that we get this way. We get

>/ g&Awww

k>ko
/ Mwﬁ<c/’/Nﬂ%w4ﬁ, (3.33)
ko ko M

where dV;—q is a volume form for metric g(t — 1). [, |T|?dV;1 <

C [y, IT1?dV;, because %anolt = 5= — R and the curvatures of g(t) are

uniformly bounded. The right-hand side of inequality (3.33) is bounded by

00 k+1
/ HTHZdt < C
ko

a uniform constant, because of the estimate (3.31). Therefore, |, ];O |T|[2dV;
<C.

If there exists (p,tg) such that |T|*(p,tp) > €, then there is a small
neighbourhood of (p, t) in M x [0, 00), say Us(p, to) = Bp(6,to) x [to—0, to+6]
such that |T|?(z,t) > & for all (z,t) € Us(p,to). This follows from the fact
that in the case of a Ricci flow, a bound |[Rm| < C implies |[D* DIRm| <
C(k,1). Costant § does not depend on a point (p,ty) € M X [0,00), since all
our bounds and estimates are uniform.

If there existed € > 0 and a sequence of points (p;,t;) € M x [0, 00), with
t; — oo such that |T'(p;, ;)] > €, then we would have that |[T|[co > § for
all t € [t; — 6,¢; + 6] and for all 4. This would imply C' > [ ||T|[*dV; >

— €0 = 0o. This is impossible. Therefore, com,) — 0 ast — oo.
€0 This is i ible. Theref Tllcoar,y — 0
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%ln(Volt) = o+ — R > 0 for all ¢t imply that there exists a finite

2r
lim;_,o, Vol; for every z € M (otherwise, we can argue as in the previ-

ous paragraph). If we integrate this equation in ¢ € [0, 00), we will get that

Jo (35— R)dt < co. As in the case for a traceless part of the Ricci curvature
n

T, we can conclude that lim; .o, R = 5= uniformly on M.

We can conclude that under the assumptions given at the beginning of
this remark, for every sequence t; — oo, we can find a subsequence such
that g(t; +t) — h(t), where h(t) is an Einstein soliton with scalar curvature
5=- We also know that R;; — %gij — 0 as t — oo, uniformly on M and that

there exists lim; ., Vol;. O

To conclude, we have proved a sequential convergence of a solution of a
T-flow towards solitons (generalizations of Einstein metrics), under uniform
curvature and diameter assumptions. We still do not know whether we get a
unique soliton (up to diffeomorphisms) in the limit or not. All observations
in this subsection are in favor of the uniqueness of a soliton in the limit.

4. Uniqueness of a limit soliton.

In this section, we will assume that one of the limit solitons is integrable,
in order to prove the uniqueness of a soliton in the limit, up to a diffeomor-
phism. We will first construct a gauge in which a 7-flow becomes a strictly
parabolic flow. Similar ideas to those in [3] will help us finish the proof of
Theorem 1.1.

4.1. The construction of a gauge.

To construct the right gauge, assume for simplicity that we are in a situation
when ¢(t) — h as t — oo, where h is an Einstein metric, with the Einstein
constant % We will see how we construct a gauge so that our modified Ricci
flow equation becomes strictly parabolic on time intervals of an arbitrary
length, if we go sufficiently far in time direction. This construction applies to
our more general case, just with minor modifications and only for simplicity
reasons, we have decided to consider a case of an Einstein metric in a limit.
The main purpose of this section is to prove the following Proposition that
will be reformulated in the next section for our more general setting.
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Proposition 4.1. Let A > 0 be an arbitrary real number, k an integer and
0 < a < 1. There exists eg(A, k) such that for every e < €y, there exists
so = s0(A, k, h,€), such that for all ty > s¢ the equation

d
Eqﬁ = Ag(t),hgba (41>
¢(t0) = ¢t0>

has a solution ¢(t), so that it is a diffeomorphism, |¢(t) —1d|kq.n < € and
|¢*g(t) — hlk,a < € for everyt € [to,to + A]. ¢y, is chosen to be a diffeo-
morphism so that 04«1,y (9(to)) = 0.

Definition 4.2. Let ¢ : M — M be a smooth function. Define e(¢ —Id) =
99 hya(¢F —1df) (¢! —1d}). Define E(¢p—1d) = [,, e(¢—1d) and F}; = ¢' —1d".

Throughout the proof of Proposition 4.1, we will have a tendency to use
the same symbol for different uniform constants.

Proof of Proposition 4.1. Fix A > 0. Let € > 0 be very small (we will
see later how small we want to take it). We know that for sqo sufficiently
big, we can make |g(t) — h| as small as we want, and therefore, we have
that dg(40)«n9(to) = 0 implies that [¢(to) — Id[k12,a,n < €/1000 on M (see [3]
for more details). Choose some tg > so. We can make |F'(to)|n,q,n, for say
N >> k as small as we want by choosing sq sufficiently big. Since g(t) — h
as t — oo, the coefficients and the initial data of harmonic map flow (4.1)
are uniformly bounded and uniformly close to each other for ty big enough.
This implies that there exists a uniform constant d; > 0 so that a solution
to (4.1) exists on t € [to,tp + 1), for all {y > so. For the same reasons
there exists some § > 0 such that [F(t)|y2n 44 <€, for t € [to, 1o + ). We
can assume that we have chosen N big enough so that as a consequence of
Sobolev embedding theorems, we have that |F| o 44 < € (€ differs from e
by a Sobolev embedding constant) for all ¢ € [tg, %o + J) and all ¢y > so. We
want to show that the estimate |F'(t)[y2~ g < € holds past time ¢o + 9,
until 0 < A. Then |F| o4 < € continues to hold past time to + 0, until
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0 < A. This actually gives a uniform upper bound on the energy densities
on whole manifold M. To see this, notice that a bound |F|; . < € implies
that e(¢ — Id) < Ce. Since

e(¢ —1d) = e(¢) + e(Id) — 2" hyy1d} ¢,

by the Schwartz inequality for quadratic forms and the interpolation in-

equality, we get that

e(¢) < C&+C+2(g7hMgkgl)/2 (g BH1dk1d!) /2
Cé+ C + ne(9),

A

for some 7 < 1, which implies that e(¢) < C. By the results proved by Eells
and Sampson in [5] there exists &, depending on (M,h) and the uniform
bound on the energy densities C, so that for every s € [to, to + ) a solution
to a harmonic map flow (4.1) can be extended to [s, s+6]. If tg+d+5 < to+A,
we can repeat the procedure above for a solution ¢(t), on time interval
[to,to+0-+0) to get that the energy density estimates with the same constant
C hold past time to + 8 + 6. Since all our estimates depend only on A and
the uniform bounds on geometries ¢(t), we can iterate the argument till we
reach time tg + A, for every to > sg. As a result, we will get ¢(¢), a solution
to (4.1), such that |¢(t) —Id|g,o < € for all t € [tg, to + Al.

We know that (Ayy ,1d)7 = g*?(T(h)]; — T'(g)l5) and that $1d = 0.

Therefore, we have

S0k 1) = Ay (6 10 + IO () - Th(), (1)

where we can choose sg so big, that the last term is arbitrarily small (since
g(t) — h). We will see later how small we want to make it, for now we can
say it is less than some €; > 0.

Before we start establishing the estimates on F' = ¢ — Id, we will occupy
ourselves with the problem of replacing equation (4.2) which in terms of local

coordinates on M is a local system of equations, by some much more global
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system. Passing to a global system of equations will make establishing the
estimates on F' much easier. We will follow a discussion in [5].

Since M is compact, there exists an embedding w : M — R? and due
to Eells and Sampson ([5]) it is always possible to construct a smooth Rie-
mannian metric ¢ = (g7, )i1<a,p<q On a tubular neighborhood N of M in RY,
such that N is Riemannian fibered. They actually meant that if 7 : N — M
is a projection map, it suffices to construct an appropriate smooth inner
product in each space R%(p) for all p € M, for which we can translate that
tangent space to any point m € N along the straight line segment (that is
contained in N) from p = m(m) to m. Following the arguments of Section 7
in [5], we find that the evolution equation (4.2), given in local coordinates is
satisfied by ¢ — Id if and only if W — W, where W =wo ¢ and W =woId

satisfies

d c 1c c ic c a ira T ij
S(WE—We) = AW = W) + 75, (W) = W) (W] = W))g”
&u ij
+ 5ore” (Tl ~ T (a)), (43)
where (y1,...,yn) are the local coordinates on M. Moreover, since M is

compact, the projection 7 satisfies (see [5])
|7T¢czb‘k+1,a <C,
on M and there are constants A; and A, so that
Aydsg < ds® < Aqds?,

where ds(% denotes the line element induced on M by the usual metric on
RY. These estimates immediately imply that
k
|a gb
oy*

WeWbe'| < C(k)e(9),

where also e(¢) = gabW“Wb 9 e(¢p—1d) = g/, (W — W)g". Moreover, if
F¢=W¢—W¢ then \ abFan g < Ce(p —1d).
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The evolution equation for e(¢ — Id) (see for details [5] and [9]) is

Deo—1d) = Ae(é —1d) — 2[D%(6 — 1d)?

dt
+ 2Rm(D(é — 1d), D(é — 1d), D(¢ — 1), D(¢ — 1d))
— ~e(o— 1) + g (o — 1)
71T (1) = Ty (0)) (1.4

where Rm(D(¢—1d), D(¢—1d), D(¢—1d), D(¢—1d)) = g% ¢"' Rpgn Di (¢P —
Id7)D;(¢7 — 1dg)Dy(¢™ — 1d™)Dy(¢" — 1d") and |D*(¢ — I)P* =
gikgﬂhqu?j(gbp — 1d”)D2,(¢? — 1d?). Applying the Schwarz inequality for
quadratic forms and using the fact that 2\/?(gpq(F§,q(h) - Féq(g)))i can be
made arbitrarily small by choosing sg sufficiently big (e.g. smaller than

-2¢5), the last term in inequality (4.4) can be estimated as

e(¢ —1d)2

a0 = 15" (T () = Ty o)) < “5

(2¢)/1000.

Factor of 1000 (that we can increase if necessary) is chosen so that after
multiplying 1555 by at most a polynomial expression in A (which will become
more apparent later in the proof of Proposition 4.1) can be made again much

smaller than e. Therefore, for ¢ € [tg,tg + ) we have that

Claim 4.3. There exists C, small € and sufficiently big so such that for all
to 2 so

1. e(p—1d) < ey,
2. E(¢ —1d)(s) < €1,

for all s belonging to a time interval starting at ty at which ¢ exists, where

€1 18 a constant that can be made much smaller than €.
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Proof. By using the interpolation inequality in (4.4), we get
2

d . )
o6 1) < Ae(¢ —1d) + Oc* — ~e(¢ — 1d) + o=e(¢ — 1d) + C e

dt

€

< Aclg—Td) — %e(gb ~1d) + =

since we can start with € as small as we want, in particular, we may choose
€ so that Ce* + C % < 1pog and increase sq if necessary.
Let f(t) = maxps e(¢ — 1d)(t). Then

d
%fi (f—%)

If we choose so big enough, we may assume that f(to) < £55Volp(M). If
f(t) > 555 Volp(M)) for some t > tg, then f(t) is non-increasing (because

% f(t) <0 and since it starts as f < &£ Vol (M))), it will remain so forever

< 500
while ¢ exists. Denote by €1 = g5 max; Voly) (M).

E(¢p —1d)(s) = /Ue(gb —1d)(s)dVys) < €1 (4.5)
g

By Claim 4.3, e(W — W) can be made much smaller than e whenever
¢ is defined (if to is big enough and € is small enough). The conditions
|F|ly2n < eand |Fl; o < € actually mean that for F , we make an assumption
that |EF|y2n < e and |F| < ¢ for t € [to,tg + 6) (these € and € can be
slightly different from those for F'). In order to finish the proof of Proposition
4.1, it is enough to show that \F\ka < € continues to hold past time tg + 4,
for ty big enough. From now on, we will consider a globally defined evolution

equation

d - _ e
S(F) = AF® 4 8 FAFL g 4 2o

it g0 (T = T5().  (4.6)
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Step 4.4. [, |F°[?dV, and ftOM Jor IVECdVy 4y can be made much
smaller than €, for all t € [to,to + d) and for all ty big enough.

Multiply the equation (4.6) by F¢ and integrate it over M against the
metric g(t).

1d ne rc c
ST (FO)PdVyy < / (F©)? (——R AV — / |VFe|? dy
M

+ €1 / |FC‘dVg(t)
M

el f o) ([ )

(—:16—/ \vFC|2+q[/ P9V, 0]
M M

+Ceel/ (FC)ZdVg(t)
M

since

~ 8(4} ii [C
| G =TV < e [ (P
Yi M

| P ReRy < o[ e

M
< Cea / (o)),

In the above estimates, we have used the energy estimates (4.5), the fact that
g(t) — h as t — oo uniformly on M and that |F|y2n < € for t € [to,to + 6)
(which implies |F|x,.o < € for sufficiently big N). For those reasons, €; << ¢
is a constant that can be made much smaller than €, by taking e small and

so big. Integrate (4.7) in ¢.

1 . ¢ .
5 Sup /(FC)Q(t)dVg(t) +  sup / / \VFC|2dVg(t)
tG[to,to+5) tG[to Jto+0) Jto J M

1 -~
< / §(FC)2(t0)th + CAEGl.
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Since for big ¢y the first integral on the right-hand side of the previous
inequality can be made much smaller than e, it follows that for big ¢ty and

small ¢,

sup [ (FPavy <

tE[to,to+0)

sup / IVFe|? dVyey <€,
to to+9)

for some constant € << e and these estimates depend on A.

t [c t S
Step 4.5. suPyciyy 10+9) Jio Jus | FFPdVyy and supepg, 1045 Jio Jor IV2FE?
dVy(y) can be made much smaller than € for big enough sy which depends on

A and on the rate of convergence of g(t) to h, for small enough e.

4F° = AF°+ H, where H® = % gi(T(h),; — T(g)!) + ¢ n&, FAF?.

dy (4]
Then,
()2 = (AF)? 4+ (L oy onfe L e (4.8)
dt dat- - ’
d d
— | —F°AF¢ = ”V( FC)V FC (4.9)
ar dt

c ip 1 [c

-2 / VEP+5 [ g0y + L) VEP
— = F2(— — R).
5 IVFRGE )

/M(AFC)Q = /M\V2F0|2+ /Mgijg’“vjﬁc Vel (4.10)

Combining (4.8), (4.9) and (4.10), we get

d C C d C
|G [ eEE e g [ v

g/ (H°)? +0/ VEdVyg. (4.11)
M M
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since

o 1 - -
| R = o VFP < e [I9FP,

/ g"jg’“SVjFCRikapFC<C/ [VEe?,
M M

Notice also that

/M(HC )2dV, / C(g" (T} (h) — TL;(9)))*dVy +c/ )2dV,
< e + Cee, (4.12)

since e(F) < e for t € [tg, to+0) and Jar el F)dv, w(t) < €1 by energy estimates
(4.5). We will sometimes use the same constant €; to denote any constant
that can be made much smaller than ¢, (the estimates above are possible if
we start with € small enough and increase sq if necessary, depending on how

big A is). If we integrate (4.11) in ¢ and use the above estimates, we get

- t d - t -
/\VFC(t)\QdVg(t)Jr// \—FC|2+// |V2Fe|? (4.13)
M 1o Jar dt to J M
t t
< /|VFC(t0)\2dVg(t0)+//(HC)2+C// [VF[2dVy()ds
M to J M to J M
S €1,

because of Step 4.4, the fact that [}, |H¢|? < € for big to and the fact that
for big to [, \Vkl*:'|2(t0)dvg(to) can be made very small.

. . -
Step 4.6. supyc(y, 1o45) fM|d%FC|2, fto fM\V%FC\Q can be made much
smaller than € for big ty, for all t € [to,to + 0).

Let F¢ = £ F¢. Then

d -~ . o 1 d -
T FC = AFC 4 g7 g (2R, — ;gpq)viijc + - H INAVN O

_Z_
9"
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Multiply this equation by F° and integrate it over M.
1d - 1 .
- Fec 2 - Fe€ 2 A R / VFC 2
s | R = 5 V£
+ / gPg (2R, — gpq)V V; FeFe
M
~od i d A
FC—H°® — — TV FOFe.
* / dt /M dt Vi
Integrate it in ¢ to get
1 c 2 c
= \VF 2 < F )
2 M to to
. 1/2 X 1/2
€1 </ /|v2FC|2> (/ /|FC‘2>
to to
t . 1/2 t d 1/2
L), L)
to J M t
t ~ 1/2 1/2
+ C (/ / |VFC\2> </ / > (4.14)
to J M to
Notice that

[LGY = o[ (6w i)
L) ann)
VAN E T

/to / (dt (g gl (F(h)ﬁj - T(g)ﬁj)»z <el,
/to / << ) ngEaFJbY < et

if ¢ is big enough, since g(t

?QPQ)v and

N\ =\ 2 t . 1 [t .
// (o (G0 ) B2) <ce [ [ rwrp<y [ [ i,
tO to M 2 to M

where

— h uniformly on M and g” = gPig¥ (2Rpq—
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1

if we choose € small enough, such that Ce < 3, since IV,F| < efort ¢

[to,to + 0).

R t _ to+0 B
/ EdV, < C </ / V2 4 C Ve +q> < Clerter),
M to J M

to M

by Step 4.5. The assertion of Step 4.6 follows now immediately from (4.14).

From the estimate (4.15), we can now get (using the estimates of Steps
4.4, 4.5 and 4.6) that ftto Ji(4H¢)? can be much smaller than e. Consider
the equation

%FC = AF°+ H°, (4.17)

where ¢ = %FC and
H¢ = ¢g¢77 (2R —1 V. V,;F°+ 4 e _ iy ch(rk)
-9 ra 7Y dt IV g\
. Since g(t) — h, where Ric(h) = =h, by using the previous estimates, we
can easily see that ftto Jor (H €)2dV(5ds can be made much smaller than e. In
the same manner as we have obtained the estimates in step 4.5 for F, we

can get the following estimates for Fe = %F ¢ by considering the evolution

equation (4.17).

sup / \V FC|2

tE[to,to+5

to+0 d
/ / ‘VZ Fc
to
to+0
/to / dt2 8

can be made much smaller than e for big .

We have that AF¢ = %FC — H¢ where W2 norm of %FC and L? norm
of H¢ can be made much smaller than e. By elliptic regularity theory, we
can get that W22 norm of F¢ can be made much smaller than e (since it
can be estimated in terms of W12 norm of %F ¢ and L? norm of H¢). Using

that and the fact that |F|; 4 < € notice that
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L@WWF<C%ﬁAﬂWW@%m@@m@”@ﬁﬁ%
*/?%Wﬁwiﬁﬁwwﬁwmﬂﬁ%

< 0(61—1—62/ \vﬁamez/ V2EH2)
—~ Ju —~ Jm

< €

for some small constant €, that can be assumed to be much smaller than
e, since W22 norm of F¢ can be made much smaller than e. By elliptic
regularity theory this implies that W32 norm of F° can be made much
smaller than e for tg very big.

We can continue our proof by studying the equation %F ¢ = AF°+ H°.
|F¢lg, < € for t € [to,tg + 0). By a standard parabolic regularity we can
get the higher order estimates of Fe, by constants that are comparable to
e. Therefore, by the similar analysis as above, we can get that W32 norms
of F'° can be made much smaller than €, since from the estimates that we
have got till this point, we can again easily get that W12 norm of H¢ can
be made much smaller than e. Consider again the equation

Ny (4.18)

dt
We know that W2 norm of %F ¢ and W32 norms of F¢ can be made
much smaller than e. Let’s check that W32 norm of H¢ can be made much
smaller than € as well. In order for it to be true, it is enough to check that

Jor \V?’(gijﬂgbﬁ'i“ﬁ’]b)\Q can be made much smaller than e.
[V R EE < ot [ vFF
+ CZ/ VAR 2
ab

+CZ/ ‘v3ﬁa|2|v2ﬁwb|2)
a,b M

< Cler 4 Ceey + €2) < &,



328 Natasa Sesum

since |F|W2,N7g(t) < eforallt € [tyg,to+0) and all tyg > sop. From here, again
by elliptic regularity theory applied to equation (4.18), it follows that W32
norm of F¢ can be made much smaller than e.

We can continue the proof in a similar manner as above, by taking the
higher order derivatives of our original equation AF¢ = %F ¢ — H¢in t,
using the estimates that we get on the way and then go backward to our
original equation to improve a regularity of F¢. As a result, we can get
(performing the previously described procedure sufficiently many times) that

‘F|WN,27g(t) < € continues to hold past time o + 6. O

So far, we have proved that for every A > 0 and an integer k there exists
€0 = €0(A, k) such that for every e < ey we can find sg = so(4, €, k), so that
V tg > sg there exists a solution of

d
%th) = Dyp),nd(t) (4.19)
¢(t0) = ¢t0>

for all t € [to,to + A] and |¢ — Id| < €.

We want to show that these maps ¢(t) : M — M are actually dif-
feomorphisms which will imply that we have constructed an 1- parameter
family of gauges such that for g(t) = (¢(t)*)'g(t) the linearization of the
Ricci-DeTurck flow

_ 1
ag = —2R;; + ;gij + VW, + V; W,
with g(to) = (gf)tgl)*g(to) is strictly parabolic (W; = gjkgpq(r’;q(g)—r(h)’;q)).

Corollary 4.7. Adopt the notation from Proposition 4.1. ¢(t) are diffeo-
morphisms for all t € [to,to + A] and all tog > sp.

Proof. Fix any ty > sg. Consider the equation

d . ~ 1. . i
%gij = —2R;; + ;gij + V, V7 + V,;V®, (4.20)

3(to) = (83, g(to),
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where V¥ = gP4(Tk (g) — T'h (h)). This is a strictly parabolic system of
equations and therefore, there exists some § > 0 so that a solution § exists

for all times t € [to,tp + 0). On the other hand, look at the system

d
Spt) = ~Vou(n) (4.21)
w(to) = O1-

Vector fields V(t) are defined for ¢ € [tg,tg + ¢) and therefore, the system
(4.21) has a solution () for all those times. It is easy to show (a classical
result) that all ¢(¢) are diffeomorphisms for ¢ € [tg,tg + ). The simple
computation (due to the fact that g(¢) is a solution of the Ricci flow equation)

shows that

d
%7“@ = Ag(t),hw(t)a

with 1(tg) = ¢y,. Because of the uniqueness of a harmonic map flow with
the same initial data (we know that our solutions are smooth and uniformly
bounded, so the uniqueness follows by the arguments of Eells and Sampson
in [5]), we have that ¢(t) = ¢(t) for all t € [tg,tp + 0). This means ¢(¢) is a
diffeomorphism for ¢ € [tg,to + &) and §(t) = (¢(¢)"1)*g(t). We know that
for all t € [to, to + A], for ¢y sufficiently big, we have that |¢(t) —Id|x.q.n < €.
Therefore, |¢~1 — Id|; o can be made small which implies that |g(t) — g(t)|
can be made very small, comparable to e, for all t € [to,to+ ). We want to
extend a solution g(t) of (4.20) all the way up to to+ A. Since |§(t) — h| < €
and since our flow (4.20) is strictly parabolic, there exists t; = t1(h, €) so that
for every t € [tg, to+0), a solution to (4.20) exists for all times s € [t,t+t1).
That means, we can extend our solution past time tg+9. Since our estimates
on |g(t) — h| for those times for which a solution g(¢) exists are independent
of 0 < A, we can easily extend our solution all the way up to tg + A, with
|g(t)—h| staying very small (comparable to €) for all t € [t, to+A]. Existence
of g(t) for t € [to, to + A] gives that ¢(t) stays a diffecomorphism for all times
up to to + A, because it solves the equation (4.21). O
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4.2. The integrable case.

The proofs in this subsection are motivated by those in [3], where Cheeger
and Tian have considered the uniqueness problem of tangent cones under
the assumption of integrability of one of the tangent cones and under some
curvature and volume bounds.

Remark 4.8. So far, we have proved that if a limit h is an Einstein metric
(this assumption is not essential and will be removed later, it only stands
for techical simplicity) then for every A > 0 and an integer k there ex-
ists €9 = €9(A, k) such that for every e < ¢y there exists sg = so(e, 4, k)
with the property that for every ty > so there is an 1-parameter family of
diffeomorphisms ¢(t) so that

1. ¢~ ! solves a harmonic map flow equation

d
%qﬁ_l = Ag,hqb_lu
Qb_l(to) = thov

where (5¢;Oh(g(t0)) =0, for t € [to, to + 4],

2. g = ¢*g solves strictly parabolic equation on [tg, %y + 4]

d 1
%g = —QRiC(g) + ;g + VZV] + VjVi,

where V' = gP4(T'%, () —T%,(h)). We will say that g is in a standard
form around h. We will denote by Py, (g) = V;V; + V,;V;.
3. |¢ — Id|jq < €.

4. |§ — h‘k,a < €.

From now on, we will simply write ¢g instead of ¢*g. By the assumptions
of Theorem 1.1 there exists a limit soliton, say h(t) which is integrable.
There is a sequence t; such that g(¢; +t) — h(t) as i — oo and

1
Rij + Vivj'f — Ehij(t) =0,
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for some function f. From before, we know that f(¢) is a minimizer for W
with respect to a metric h(t), for every t. Let ¢ (t) be 1-parameter family
of diffeomorphisms induced by a vector field —V f. Then h(t) = ¥*(¢)hog,
where ho = h(0). Since hg = (v "1)*h(t), it satisfies the equation

d 1
0= aho = —QRIC(hO) + ;ho - [’w*%wilho’ (422)

From 1 o ¢p~! = Id, by taking a time derivative, we see that 1/1*%1/1_1 +
@b*ﬁiww_l = 0 and since 1 is a diffeomorphism, we get that
dt

d _ - -
TV = La = Ly (4.23)

Since {f(t)}o<t<oo are the minimizers for W, there are uniform C*+%¢ es-
timates on f(t). Since %@b = —Vf (%), there are uniform C*¥*1% bounds
on 9, for t € [0, B]. This together with (4.23) yields |¢p!|xo < C(B), for
t €10, B]. Let g(t) =¥~ 'g(t). Then §(t) satisfies the equation

d P O .

e —2Ric(g) + ~9- Ly, dy—9,

and
1G(ti + 1) — holk,a < [ H]g(ti +t) — h(t)| < C(B)|g(t; + t) — h(t)| — 0,

when ¢ — oo, uniformly on M x [0, B] (that implies g(¢; +t) — ho uniformly
on compact subsets of M x [0, 00)). The proof of Proposition 4.1, after minor
modifications can be used to get the following result that tell us how to find
an appropriate gauge in the case of convergence toward the solitons instead
of Einstein metrics.

Theorem 4.9. For every L > 0 and an integer k, there exists g = eo(L, k)
such that for every € < €y, we can find ig = io(L,€, k), so that whenever
i > g there is a gauge ¢(t) on M X [t;,t; + L] such that ¢g is in a standard
form around ho (see Remark 4.11 below), |¢pg—holk,a < € and |¢p—Id|j o < €.

Definition 4.10. A limit soliton h(0) is said to be integrable if for every

solution a of a linearized deformation equation

d . 1
@(Rlcgu + Lw*%wflgu - ;(gu)zy”u:(} - 07
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with gg = hg there exists a path of solitons h,,, satisfying the soliton equation

. 1
Ricn, + Ly, a g1l — ;(hu)ij =0, (4.24)
with u € (—¢,€) and hg = h(0) such that
d
@ |u:0hu = a.

Remark 4.11. In the context of Theorem 1.1, to say that g(¢) is in a stan-

dard form around hy means that g satisfies the following equation

d _ . 1_ _ _
%9 = —2Ric(g) + ;g + P, (9) — Lw*%w—lgy (4.25)

where Py, (3) = V;V; +V;V; and VF = gPQ(F’;q(g) - F’;q(ho)). We will write

ho for h(0) in a further discussion.

Choose ig, ¢ as in Theorem 4.9 with 3L instead of L. Denote by ||-||4s =
f; |-|, where || is just the L2 norm. Let m denote an orthogonal projection
on the subspace ker(—% + A+ % + U)MX[tiO tig+1L]> With respect to norm
I+ I[tig iy +1> Where U is a linear first-order expression that comes out after
linearizing the equation (4.25). Let g1 be a suitable chosen soliton. Denote
by k = ¢g — g1 and put 7k = (7k); + (7k)| + (7k)o. The integrability
assumption on hg enters when we choose g1 so that (7k)y = 0. Look at the
explanation for (-)1, (-); and (-)g, just after the equation (4.27) below.

Lemma 4.12. Let hy be an integrable limit soliton. Then if T < 7(n, L),
for any cylinder M X [t;,, ti, + L] there is a soliton g1 satisfying Pp,(g1) =0
and equation (4.24), and such that (wk)o = 0. Moreover, if

sup |og(t) — ho| < T,
[tigstig+L]

then

g1 = hollesy tig+2 < 27 (99(t) — o)ty ,tig+Lo (4.26)

where the left-hand side of estimate (4.26) is time independent.
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Proof. The proof of this lemma follows the proof of Lemma 5.56 in [3]. The

integrability assumption implies that the set of metrics g satisfying
Ric(g) L +L g=0
1c(g Tg 7/1*%7/1719 = Y%

Pho(g) = 07

has a natural smooth manifold structure near hg. Let V be a sufficiently
small Euclidean neighborhood of hg. The tangent space to V at hg is natu-
rally identified with

1
K ={a € ker(A + = + U)|DPy,a = 0}.
T

Define ¥ : V — K by
¥(§) = (3, Bi)Bi,

7
where B; is an orthonormal basis for K with respect to a natural inner
product. v is a smooth map and the differential of v is the identity map.
We can use now the implicit function theorem and Lemma 4.13 to finish the

proof of the Lemma, 4.12. O

The inequality (4.26) implies that |g1 —ho| < 28Upy, 4, +1) | (pg(t)—hol,
where | -| is just the usual L? norm. The linearization of the right-hand side
of the equation %qbg = Q(¢g), satisfied by ¢g, where ¢ is a gauge chosen
as in Theorem 4.9 is DQ(k) = Ak + 1k + U, where U is a linear first-order
expression in k and a Laplacian and U are with respect to metric ¢g. Let

F be a solution of
d

—F=LF 4.27
S F=cF, (4.27)
where £L = A + % + U and the Laplacian and U are this time given with
a respect to a fixed metric (in our case, we will take metric hg). Let {\g}
be the set of eigenvalues of L. We can write F' = F; + F| + Fy, where
Fi(t) =25 <0 are M F|(t) = > >0 ape ! and F} is a projection of F
to a kernel of L.

The basic parabolic estimates (for example similarly as in [15] and [3])
yield the following.
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Lemma 4.13. There exists 7 > 0 such that for any solution n of (4.27)

with [g1 — holk+2,0 < 7, we have that

sup  [Nlga <C sup g,
(to,to+L) (to,to+L)

where the first norm is C*® norm and the last norm is L? norm.

Lemma 4.14. There exists o > 1 such that

sup |Fp| > asup |Fy, (4.28)
[L,2L] [0,L
sup |F|| < a 'sup|F||. (4.29)
[L,2L] [0,L]

The norms considered above are standard L? norms.

Proof. We will prove only (4.28), since the proof of (4.29) is similar. Let
9 = min{|Ag| # 0} > 0.

sup |F| —asup|F;| = sup Z aie Pt l _ o sup Z aZe Akt
[L L} [07 } [OvL] >\k<0 [OvL] )\k<0
> sup aie_”"“t(ez‘m - a),
[0.L] 5, <o
which is positive, if e2°F > . We can choose a = €% > 1. O
Lemma 4.15. There exists 3 < o such that if
sup |F| > B sup |, (4.30)
(L,2L) [0,Z]
then
sup |F|> B sup |F|, (4.31)
[2L,3L)] [L,2L)]
and if
sup |F|<3~" sup |F|, (4.32)

[2L,3L)] [L,2L)]
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then

sup |F| < g~ tsup |F). (4.33)
[L,2L)] [0,L]

Moreover, if Fy = 0 at least one of (4.31), (4.33) holds.

The proof of Lemma 4.15 is almost the same to the proof of analogous lemma

(5.31) in [3]. We can choose 3 to be of order e

Let n = ¢g — g1, where ¢ is chosen as in Theorem 4.9 and g; is a soliton
as in Lemma 4.12 which does not depend on ¢ for a considered time interval
of length L.

Lemma 4.16.

d
%(cbg—gl) = Apy(pg—g1)+ %(¢g—91)+F(¢g, ho,g1) +U(pg—g1) (4.34)

where |F(¢g,h, g1)|lk.a < C(lg1 — hol + nlk.a)|V*lk—2.0 + C(|V(g1 —

ho)lk=1,0 + IV0k=1,0)IVNlk—1,a and U is a first order linear expression in

g9 — g1

Proof. Since both ¢g and g; are in a standard form around hg (recall that

Pr,(g1) = 0), by using a formula for linearization of a second order operator
—2Ric(¢g) + Pny(¢g), we get

d
509 —91) = (-2Ric(¢g) + Pro(b9) = Ly y, 4 y-109) — (4.35)
~(~2Ric(g1) + Paol91) ~ £y 2,9) + ~ (69— 1)

= Dyyldg— 1) + (69— 1) + Uldg — 1) + F(g.),

where |F(¢g, 91)|k.a < C(1nlkalV*lk-2.a + [V1lZ,,), by a similar computa-
tion to a computation in [3]. Furthermore, Aggn = Apon+(Agg—Apy)n and
since [¢g — holk,a < C(N|k,a + |91 — holk,a), we have that [(Agg — Apg)n| <
C(Inlk.e + 191 = holk,a) | V?|k,o- The Lemma 4.16 now follows. O

We assume that |g1 — ho|r,o < €. Let k be a solution to (4.34). Then,
we have the following Proposition.
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Proposition 4.17. There exists g > 0, depending on the uniform bounds

on the geometries g(t), such that if € < €g, then if

sup [k| > G sup K, (4.36)
[L,2L)] [0,L]
then
sup [k| > 3 sup [k], (4.37)
[2L,3L] [L,2L]
and if
sup [k < 871 sup [k, (4.38)
[2L,3L] 2L
then
sup [k < A~ sup [K], (4.39)
[L,2L] [0,L]

Moreover, if (k) = 0, at least one of (4.37), (4.39) holds.

Proof. Assume there exist a sequence of gauges ¢; and constants 7; — 0, such

that |nilk,a = |¢ig — hlk,a < 71 — 0, but for which none of the assertions in

Proposition 4.17 holds. Let ¢; = —1——_ Then in view of Lemma 4.13,
Sup(r,2r] 7]

from standard compactness results (as in [3]), we get that for a subsequence
k,a
i = and

S = M+ U) + 1,
T

where ¢ has a property that contradicts Lemma 4.15. Recall that 3 is of

eL
order e1 . O

Proof of Theorem 1.1. We will adopt the notation from above. Take some
L > 0 big enough (we will see later how big we want to make it) and choose
€o > 0 as in Theorem 4.9 so that the Theorem holds for ¢y, and 3L. For
every € < €q there exists ¢g such that for every ¢ > ig there exists a gauge ¢ so

that ¢ satisfies all the conditions in Theorem 4.9, that is ¢g is in a standard
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form around hg, |¢g — ok, < € and \%¢g| < €on M X [t;,t; + 3L], where é
is comparable to e. For each ¢; pick up the largest possible L’ (we will omit
emphasizing a dependence of L’ on ¢ and we will call it just L/, since it is
irrelevant for further discussion) such that ¢ is defined on M x [t;, t; + L),
¢g is in a standard form around h and |¢g — hlk o < € and ming, 4, 37 [¢g —
hlko < 1o55- Divide [t;, t;+ L) into the subintervals of length L and assume
that N is the largest number such that [t;+ (N —1)L,t;+NL] C [t;,t;+ L).

Notice that for L chosen above, from the proof of Theorem 4.9, all the es-
timates that we have got on |¢—Id|j, o in the previous subsection depend on a
polynomial in L (call it ¢(L)), whose coefficients depend only on a dimension,
an integer k and the uniform bounds on geometries g(t). By the estimates

established in Proposition 4.1, we can increase i if necessary, so that

1. For every i > ip, we can find a gauge on M X [t;,t; + 3L], such that

supyy, ¢,43L) [29(t) — holk,a < oooezera-

2. If the initial data ¢(s) is such that [¢(s) — Id|ka < -z and
|9(5)*9(8) —holk,a < =z, Where s € [t;,¢;+ L], for i > o, then ¢ can
be extended to interval [s, s + 3L] such that supj, ;1377 |dg — holka <
Wi(L) (we might need increase ig for this to hold). Polynomial p(L)
can be any polynomial with leading coefficient 1 and with a degree

that is e.g. one more than a degree of ¢(L).

3. If the initial data is such that |¢(s) — Id|; o < ﬁ and |¢(s)*g(s) —
holk,a < ﬁ, where s € [t;,t; + L'], for i > iy, then ¢ can be extended

on interval [s, s + 3L] such that supj, s 37)[¢9 — holk,a < €

We want to show that there exists ¢ (for sufficiently big L, so that, above
holds) such that a corresponding L’ = oo. Assume that for all ¢ > iy and all
€ >0, L' < co. Denote by I; = [t;+ jL,t;+ jL + L]. Assume that € is small
enough so that we can apply Lemma 4.12, that is for every j there exists a
soliton g; such that (w(¢g — gj))o = 0 on I; and therefore by Proposition
4.17, ¢pg — g; either satisfies a growth condition ((4.36) = (4.37)) or a decay
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condition ((4.38) = (4.39)). Moreover, |g; — ho| < 2supy, [7(¢g — ho)| <

C'supy, [¢g — holk,a- We need to consider two cases.

Case 4.18. Assume that for all ig and alli > iy, where ig = ig(L) is chosen
as in Theorem 4.9 for L big enough (so that (1), (2) and (3) hold), and for
all the intervals I (that are defined with respect to t;; we want to omit double
indices) for which we have supp, |6g — holk,a < m, g — g; satisfies a
decay condition on I; (recall that L? norms are considered in a growth and

a decay condition).

By using Proposition 4.17 inductively, we get that
1
sup |¢g — g;| < =7 sup g — gjl,
I B

for all I < j. Moreover, supy, |¢g — gj| < supy, [o¢g — ho| + |g; — hol <

supy, |¢g — ho| + 2sup1j |pg — hol < ﬁf@), which yields

1 3e
Sllllp‘ﬁbg —gjl < Ema
By Lemma 4.13, we may assume that supy, [¢g — gjlk12,a < ﬁ Whenever,
we increase L (the necessity for L being increased will depend only on the
uniform estimates), we can choose an appropriate ¢y as in Theorem 4.9
and take any € < €y. Each time, we do that we might have to increase ig

(depending on € < €p). Therefore, on M x I, for | < j, we have

d d
E(bg‘k,a = %(¢g_gj)|k,a

= (~2Ric(dg) + MRic(gy)) + (99 — 55) + (Puy(69) — Py ()

Ce
W.

IN

C Sup |69 — gjlrt2.a <
1
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For every | < j, since %qbg = %((bg — hg), we have that

d
sup [¢g — holk,a < 2L sup |—@g|ka +sup|dg — holka
I nul, 4 dt I
€ € €
< QLCF +2LCW + - +2LCE +Szp|¢g_h0‘k7a

2LCe

su —h + -,
up |99 — holk,a 71

IN

which can be made smaller than 5L+/8 for L chosen big enough at the be-
ginning. By Condition 2, for big values of ¢, we can extend ¢ on I;;q so
that supy, | lpg — ho| < m and it has to coincide with our previously
constructed ¢ on I;;1. We can continue a described procedure by looking
now at intervals I; and I;; replaced by intervals 11 and ;2 respectively.
If we repeat this sufficiently many times, we will reach the interval In_1
with

€

—h —_—.

In_1

By Condition 3, we will now be able to extend ¢ (for sufficiently big values of
i) to interval [t; + (N —1),¢; + (N + 1)L}, with supp, { (v—1) 6 +(N4+1)1) |09 —
ho| < € holding. Since (N + 1)L > L’, this estimate contradicts a max-
imality of L’ with properties. Therefore, either there exists ¢ such that a

corresponding L' = oo, or we have a following case holding.

Case 4.19. There are some L, i and j for which supy, |6g—holk,a < m,

and ¢g—hyg satisfies a growth condition on I; (I; is defined with respect to t;).

By using Proposition 4.17 inductively, we would have that
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1
sup [¢g — g;| < —supl|dg — gj|
IN_1 In
1
< —(sup|pg — ho| + |g; — hol)
B Iy
1
< —(sup|¢pg — ho| + 2sup[pg — hol)
B Iy I;
< 3e
7

Moreover, if we use Lemma 4.13, together with the estimate

sup |¢g — ho| < sup |og — g;j| + |g; — hol

In_ In_y
< sup |pg — g;| + 2sup|pg — hol
In_1 I;
P
5 " 100p(L)’

which can be made smaller than zﬁ’ by Condition 3 we can extend ¢ to an
interval [t;+ (N —1)L,t;+(N+1)L] (if 7 is big enough), with |¢g—ho|r,.a < €
holding. We again get a contradiction as in the previous case if we assume
L' < o for all i.

Therefore, there exists ig such that a gauge ¢ can be constructed on
M X[tiy, ti,+L"), satisfying properties and such that a corresponding L' = cc.
Consider again I; = [t;, +jL,t;,+jL+ L] and the corresponding g; that are
found by Lemma 4.12, such that for k; = ¢g — g;, we have that (7k;)o =0
on M x I;. Notice that a decay condition ((4.38 = (4.39)) holds for all j.
If there existed some j for which it were not true, by using Proposition 4.17
inductively and standard parabolic estimates (Lemma 4.13), we would find

that

N
€> sup |pg — gj| > B 77 sup |pg — g5l
[tio-i-(N—l)L,tiO—}—NL] Ij

for all N and we would get a contradiction by letting N tend to infinity
(if supy, [¢g — gj| = 0, our metric g(t;, + jL) would be a soliton satisfying
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(4.22) and it would stay so for all later times which is not an interesting
case). This means, we have a decay for all times if we do not start with a
soliton.

After passing to a subsequence, we may assume that for some metric
Joo that satisfies a soliton type equation limj .. |gj, — goolk,or = 0, where

o <.

Claim 4.20. lim,_ supy, |Ej, ko = O.

Proof. If it were not the case, there would exist a subsequence of j, (denote
it by the same symbol) such that ¢g — g;, would satisfy a growth condition,
that is

sup 69 — 95,1 > BN sup |pg — g;, |,

[ti0+(N71)L,tiO +NL] ip

for all N, where ( can be taken to be e’ and by taking N — oo we imme-

diately get a contradiction, since supj, (v_1)L.t;,+NL] |pg — g;,| < Ce. O

As in the proof of the claim above, we get that ¢g — g;, has to satisfy a
decay condition for all p. By Claim 4.20, by using Proposition 4.17 induc-
tively and by standard parabolic estimates (Lemma 4.13), we find that for
some ¢ > 0,

5(t—ti)
|69 — goolbha <ce” & |

for t € [ty + (N —1)L,t;, + NL] and for all N > 0, that is
|69 — goolka < Ce™, (4.40)

for all t > t;,. (4.40) implies that [g(t) — ¢ lgs|co < Ce™. ¢ lgs is a
soliton that moves by diffeomorphisms ¢(¢)~! and therefore, is determined
by metric ¢~ 1(t;,)g0- Since hg is a limit soliton of metrics g(t;), ho and
¢~ (tiy)goo differ only by a diffeomorphism, that is n¢~(t;,)gec = ho for
some diffeomorphism 7. Let finally ¢/ = n¢~1(t;,)$(t). Then,

¢/ g(t) — holg,a < Ce™,
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that is ¢’'g(t) converges to a soliton hy exponentially as ¢ — oo. We know
that h(t) = ¥(t)ho and therefore,

[ g(t) — h(t)|co < Ce .

This finishes the proof of Theorem 1.1. U
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