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Degeneration of Kahler—Einstein Manifolds II: the
Toroidal case

WEeI-DonNG Ruant

In this paper, we prove that the Kéhler—Einstein metrics for a
toroidal canonical degeneration family of Kéahler manifolds with
ample canonical bundles Gromov-Hausdorff converge to the com-
plete Kéhler—Einstein metric on the smooth part of the central fiber
when the base locus of the degeneration family is empty. We also
prove the incompleteness of the Weil-Peterson metric in this case.

1. Introduction.

This paper is a sequel to [8]. In algebraic geometry, when discussing the
compactification of the moduli space of complex manifold X with ample
canonical bundle Kx, it is necessary to consider holomorphic degeneration
family 7 : X — B, where X; = 7~ 1(¢) are smooth for t # 0, X and X,
are Q-Gorenstein, such that the canonical bundle of X; for ¢t # 0 and the
dualizing sheaf of X are ample. We will call such degeneration canonical
degeneration. We are interested in studying the degeneration behavior of the
family of Kéhler—Einstein metrics g on X; when t approaches 0. Following
his seminal proof of Calabi conjecture [13], Yau [11] initiated the program of
studying the application of K&hler—Einstein metrics to algebraic geometry
with the belief that the behavior of Kahler-Einstein metrics should reflect
the topological, geometric and algebraic structure of the underlying complex
algebraic manifolds. According to this philosophy, one would expect the
metric degeneration of the Kahler—Einstein manifolds to be closely related
to the algebraic degeneration of the underlying algebraic manifolds. In [9],
Tian made the first important contribution along this direction. He proved
that the Kahler—Einstein metrics on X; converge to the complete Cheng-Yau
Kahler—Einstein metric on the smooth part of Xy in the sense of Cheeger—
Gromov, when X is smooth and the central fibre X is the union of smooth
normal crossing divisors Di,---, Dy, with a technical restriction that no
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three divisors have common intersection. Following the general framework
in Tian’s paper ([9]), [4] and later [8] studied the general normal crossing
case and removed the technical restriction in [9].

In this paper, we generalize the result in [8] to the case when the cen-
tral fibre X is a union of toroidal orbifolds that results from the so-called
toroidal canonical degeneration of smooth X; (see Section 2 for definitions).
The total space X for this kind of degeneration will be toroidal and gener-
ally not smooth. Please note that a toroidal canonical degeneration, where
X is not normal crossing in X, cannot be reduced to a normal crossing
canonical degeneration. The normal crossing case is a very special case of
toroidal canonical degeneration. For an algebraic curve, a toroidal canoni-
cal degeneration is equivalent to Deligne-Mumford stable degeneration into
stable curves.

In this paper, we always require an algebraic variety X to possess a
(set-theoretical) canonical (Whitney) stratification X = U D, by smooth

pEX
algebraic strata. By “canonical”, we mean that any other (Whitney) stratifi-
cation X = U D;, by smooth strata is a refinement of the canonical (Whit-
p'ey’
ney) stratification. More precisely, we have D}, C D), when D}, N D;, # 0.
For example, the toroidal varieties defined in Section 2 satisfy such require-
ment.

The degeneration family is called base point free if each smooth strata
of Xy is inside a smooth strata of X. The smoothness condition of X when
Xp is normal crossing is equivalent to requiring the degeneration family to
be base point free. In some sense, toroidal canonical degenerations that we
consider in this paper are generic base point free canonical degenerations.
(Toroidal canonical degenerations and related concepts and constructions
are discussed in Section 2.)

Our first main theorem (proved in Section 5) is the following.

Theorem 1.1. Let m : X — B be a toroidal canonical degeneration of
Kihler-FEinstein manifolds {X;,g9r+} with Ric(9g+) = —grs. Then, the
Kdhler-Einstein metrics gg: on X; converge in the sense of Cheeger—
Gromov to a complete Cheng-Yau Kdahler-Einstein metric geo on the
smooth part of the canonical limit X{, (which is a finite cover of the cen-

tral fibre Xo).

To prove this theorem, we follow the three steps outlined in [8]. The first
step is to construct certain smooth family of background Kéahler metrics gy
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on X; and their Kéhler potential volume forms ‘A/t The second step is to
construct a smooth family of approximate Kahler metrics g; with Kéhler

form w; = %85 log V;, where V; = hV, (h is a function on X) satisfies a
T

certain uniform estimate independent of . The third step is to use Monge—
Ampere estimate of Aubin [1] and Yau [13] to derive a uniform estimate
(independent of ¢) for the smooth family of Kahler-Einstein metrics gg ¢,
starting with the smooth family of approximate Kéhler metric g;, which is
enough to ensure the Gromov—Hausdorff convergence of the family to the
unique complete Kihler-Einstein metric gpo = {go,}'_; on the smooth
part of Xy. The first and the third steps are carried out in the very brief
Sections 3 and 5 and are virtually the same as in the normal crossing case
[8]. The second step, carried out in Section 4, is more involved than the
simple global construction in [8].

The following similar but much more non-trivial (comparing to [8]) esti-
mate of the Weil-Peterson metric near the degeneration, which implies the
incompleteness of the Weil-Peterson metric, is worked out in Section 6.

Theorem 1.2. The restriction of the Weil-Peterson metric on the moduli

space of complex structures to the toroidal canonical degeneration m: X — B
dt Adt

——. I ticul
IR n particular,

is bounded from above by a constant multiple of

Weil-Peterson metric is incomplete at t = 0.

Note on notation: We say A ~ B if there exist constants C, Cs > 0 such
that ChB < A < (3B.

2. Toroidal canonical degeneration.

In this section, we introduce the concepts of toric degeneration and toroidal
degeneration, and discuss the details of relevant stratification structures
and the construction of compatible partition functions that we need for the
construction of approximate metrics in Section 4.

2.1. Toric degenerations.

(Unless specified otherwise, the notations in this subsection will not be car-
ried over to other parts of this paper.)

Let us first introduce the basic notions in toric geometry. An (n + 1)-
dimensional affine toric variety A,, is determined by a strongly convex
(n + 1)-dimensional integral polyhedral cone o( in a rank n + 1 lattice M.
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Let oo(k) denote the set of k-dimensional subfaces of oy. Then, o¢(n) cor-
responds to toric Weil divisors {D;}icq(n) in Aoy, and ao(1) corresponds to
toric Cartier divisors {(f;)}ico,(1) in Agy- For i € op(1),

(fi) = Z a;;Dj

jEO‘o(n)

where a;; is the natural pairing of the primitive elements in i € o¢(1) and
Jj €0y (1) = op(n). oy denotes the dual cone of .

A toric map 7 : X — B = C is called a toric degeneration, it X = A, is
an affine toric variety such that X\ X is the big open torus. Consequently,
X, for t # 0 are codimension one subtori in X' \ Xy. A toric degeneration
is determined by a strongly convex integral polyhedral cone oy C M with
a marked primitive element ¢ in the interior of the cone op. Under such
notation, the central fibre is

Xo=D= |J D

i€op(n)

Let M = M/Z{t}. Since t is in the interior of og, the projection of oy
to M determines a complete fan ¥ on M. Splittings M = M x Z{t} can be
parameterized (non-canonically) by Z-valued linear functions on M. Each
such splitting realizes oy as a Q-valued function w,, on the lattice M. In
such a way, g can be understood as an equivalence class [wg,] (modulo Z-
valued linear functions) of convex piecewise linear Q-valued functions on the
lattice M that are compatible with a complete fan ¥ in M. Let ¥(k) denote
the set of k-dimensional cones in ¥. Naturally, ¥ (k) = o¢(k) for 1 < k < n.
We will use & € og(k) to denote the cone corresponding to o € X(k).

For each o € X, there is an affine variety A, = Spec(C[o]). For 0,0’ € &
satisfying 0 C o/, there is a natural semi-group morphism ¢/ — o that
restricts to identity map on o C ¢’ and restricts to zero map on o'\ o, which
induces the map hyo : Ay — Ay, Using {hoo }o07ex, We may glue the
affine pieces {A, }scxy into the singular variety Xs. We have the following
natural canonical (Whitney) stratification

(2.1) Xy= U T,, where T, = (Spany0)" @z C* = (M /ol) @7 C*.
€Y

In such a way, 3 determines a singular variety X that is a mirror dual
to the usual toric variety Py in certain sense.

For o € ¥, the natural injection 6 — ¢ over Z induces a cover map
Do : As — As and subsequently, ¢ = hsoy 0 P 1 Ae — Ay, = X. It is easy
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to check that p,, ¢, for o € X glue together to form the maps py, : X5 — X,
qs : Xy — X.

Recall that a complex torus has a canonical toric holomorphic volume
form, and consequently, a canonical real toric volume form. Via this toric
holomorphic volume form on the complex torus X \ Xy, the dualizing sheaf
Ky can be naturally identified with Ox(—D). We call 7 simple when each
divisor D; is of multiplicity one under 7. Then, the Cartier divisor (¢) = D,
and the dualizing sheaf Ky is a line bundle.

Proposition 2.1. A toric degeneration 7 : X — B = C is simple if and
only if [We,| is Z-valued on M if and only if qgs : X5y — X is an imbedding
(or equivalently, py, : X5, — Xo is an isomorphism).

Proof. For 6 € op(n), it is straightforward to check that the multiplicity of
t along D; is |(Spango)/(Spany&)|. Consequently, 7 is simple if and only if
for each o € ¥(n), the natural injection ¢ < o over Z is bijection (which
amounts to that [wy,] is Z-valued on o) if and only if p, : A, — As is
an isomorphism for each o € X(n). These local results together imply the
proposition. O

Proposition 2.2. For a toric degeneration m : X — B =2 C, let d be the
smallest positive integer so that d[wy,] is Z-valued. Then, the canonical d'-
fold base extension ' : X' — B’ is a simple toric degeneration if and only

if d|d'.

Proof. Tt is easy to see that the canonical d’-fold base extension 7' : X" — B’
is determined by d'og C M. Since [wg o] = d'[we,] is Z-valued if and only
if d|d’, by Proposition 2.1, we get the desired conclusion. ]

Remark: Propositions 2.1 and 2.2 are well known. (A special case of
Proposition 2.2, where . is simplicial fan, was proved and used in the proof
of the semistable reduction theorem [5] by Mumford and Kun.) We provide
simple proofs of them here for the convenience of the readers.

(1) can be equivalently interpreted as the set of primitive generating
elements of 1-dimensional cones in ¥. The piecewise linear function wg, is
determined by {wm }mex(1), With wy, = we,(m) € Q for m € X(1). The
toric degeneration family can be equivalently characterized by the following



6 Wei-Dong Ruan

family of toric immersions:
it : Ng» — €120

defined as {t“"z"},,ex1), where N = M"Y and N¢- = (N ®z C)/N. We
are also interested in generalized toric degenerations, where w,,, € R are not
necessarily rational.

Example: The simplest toric degenerations that are not normal crossing
are:

(1) Xy = {z € CY 2129 = 2324 = t} (product of normal crossing degenera-
tions).

(2) Xy = {2 € CHz120 = t, 2324 = tz1}. O

Remark: A priori, the piecewise linear function f generated by {wm }mex(1)
need not be convex. Then, we may take the largest convex function f < f.
The piecewise linear convex function f will be generated by {wm}mei(l)v
where (1) is a subset of ¥(1). There is a natural projection P : C=MI —
C>MI. Tt is easy to check that P induces an equivalence between the toric
degeneration families determined by toric embeddings ¢; and iv = Poiy.
Therefore, we only need to consider the case when f is convex. For f
generic, the fan it determines is a simplicial fan. Namely, the toric divisors

are all toric orbifolds.
2.2. Toroidal degenerations.

A holomorphic degeneration 7 : X — B = {t € C : |t| < 1} is called a
toroidal degeneration if it is locally toric. Let

22 Xo=xP=D=Dp xP= |J Dp ==|J=(k)
k=0 peEY peX(k) k=0

be the canonical stratification for Xo, with {D,},ex parameterizing all the

strata and X(()k) denoting the union of all k-dimensional strata. m is called
simple if each divisor D), is of multiplicity 1 under 7 for p € ¥(n). Proposi-
tions 2.1 and 2.2 imply the following generalization to toroidal case.

Proposition 2.3. For a toroidal degeneration m : X — B, there exists an
integer d > 0 such that the canonical d'-fold base extension ' : X' — B’ is a
simple toroidal degeneration if and only if d|d’. X{ (which will be called the
canonical limit) is independent of d' satisfying d|d' with the natural finite
cover map X}, — X.
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Proof. Since d’-fold base extension is canonical and local, the d > 0 here can
be taken to be the lowest common multiple of the d’s specified in Proposi-
tion 2.2 for all local toric models. When d|d’, namely 7’ is simple, Proposi-
tion 2.1 implies that X{ restricted to each local toric model can be identified
with X, in Proposition 2.1, therefore is canonical and independent of d’'. [J

Through Proposition 2.3, all discussions for toroidal degeneration can be
reduced to discussions for simple toroidal degeneration via base extension.
For this reason, we will always assume that 7 is simple. Consequently,
the dualizing sheaf Ky is a line bundle. For such generic degeneration ,
the Weil divisors D, for p € X(n) are toroidal orbifolds. Without loss of
generality and for simplicity of notations, we will also assume that each Dp
does not self-intersect.

Choose a suitable tubular neighborhood Up of Dp for each p € ¥ such
that for any p1,p2 € 3, we have

Uy, NT,, C U U,.
q€%,Dg€ Dy, NDy,

_ For each p € X, we can construct a tubular neighborhood U, of D, as
Up, minus the union of divisors D, for ¢ € ¥(n) satisfying D, ¢ D,. We will
also need U)) C U, defined as U, minus the union of (slightly shrunk) U, for
q € X(n) satistying D, ¢ D,. Let Dg =D,N US. Since

Uvn=Uus

pEX pEX

forms a neighborhood of X that contains X; for ¢ small, many of our dis-
cussions on X; can be reduced locally to either U, N X; or Ug NX; forp e .
Notice that for any pi,ps € 3, we also have

Up, NU,, C U Uy, Uy NUY, C U up.

q€%,Dy€Dy, NDy, q€%,Dy€Dp, NDp,

Locally, U, = A, x D, and Ug = A, x Dg. Ap is a neighborhood of the
origin of the affine toric local model determined by the fan X, and the in-
tegral convex function {wm }mex, 1) (notation as in 2.1). Let |p| := dim D,
and | = n — |p|. ¥p(l) (which can be naturally identified with a subset
of ¥(n)) corresponds to toroidal Weil divisors {D; N Uy }ees,()cx(n) in Up.
¥,(1) corresponds to toroidal Cartier divisors {(sm)}mes, (1) in Up contain-
ing D,. We may choose local coordinate (t,z,2) for Up, z = (21, -+, 21),



8 Wei-Dong Ruan

Z= (%2141, ,%n), s0 that s, = t“m2"™, (t, 2) and Z form coordinates for A,
and D,. (z,Z) can be considered as coordinate for X; N U,. For m € ¥,(1),
sm can be viewed as a section of a line bundle on U, that defines the Cartier
divisor. One can choose a Hermitian metric || - ||, on the line bundle over
Uy such that [|sp, [, < 1 and [|sy, |l = 1 outside a small neighborhood of
the Cartier divisor (s,,). More precisely, we require that |[sy,|lm = 1 on U
for ¢ € ¥ when s,, is non-vanishing on D,,.

For p,q € X satisfying D, C Dp, Cartier divisors in U, can be natu-
rally extended to certain Q-Cartier divisors in U, that can be expressed by
the natural injective map ey, : X,(1) — X4(1). By suitably adjusting the
Hermitian metric of the line bundle, for m € ¥,(1), we may assume that
[$mllm = lISepq(m) lepq(m) in the common domain U;g NUY. Tt is easy to check
that e,y = eqq 0 €pq for ¢’ € ¥ satisfying Dy C Dy. Therefore, the Cartier
divisor (s,,) in Uy for m € ¥,(1) naturally extends to the Q-Cartier divi-

sor (still denoted by (s;m)) in Up. [|$mlm for m € ,(1) can similarly be

extended from Ug to Up.

Let ¥?7(1) denote the set of ¢ € X(|p| + 1) satisfying D, C D,. For
q € ¥P(1), D, can be naturally identified with an element [D,] € X,(|q| —
Ip|) = ¥,(1), which can also be viewed as a Cartier divisor s, in U, supported
in U, \U,. ¥ =¥,(1) UXP(1) (resp. ¥P(1)) can be characterized as the set
of Cartier divisors on Up whose defining functions are not identically zero

(resp. nowhere zero) on Xy N Up.

A (holomorphic) volume form on U, \ D is called toroidal if its pullback
to the local toric model differs from the standard toric (holomorphic) volume
form by a bounded nowhere zero (holomorphic) factor on U,. By examining
the holomorphic toric volume form, it is easy to see that a holomorphic
toroidal volume form on X'\ D can be naturally identified with a nowhere
zero holomorphic section of Ky (D), or in another word, a meromorphic
section of Ky with a pole of order 1 along D.

2.3. Partition functions.

Let u(x) be a smooth increasing function on R with bounded deriva-
tives satisfying pu(x) = 0 for x < 0 and p(x) = 1 for z > 1. Let

min’(xq,--- ,2;) be a smooth function with bounded derivatives that co-

incide with min(xq,---,2;) when rr;ém(\:vz — zj]) > 1. (In another word,
i#]

min’(xq,--- ,2;) is a smoothing of min(xy,--- ,2;) with bounded deriva-

tives.)
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For each p € ¥ and n > 0 large, we may define the smooth function

Up = [ <m min’ <{10g(am/77)}mezp(1) ,{log(T/amn)}m@p(l))) )

where 7 = — log [t|? and a,,, = n—1og ||sm]|2,- These will give us the partition
functions {p}pex, where p, = i, Z fip . We generally have Dg C
pPEXL

supp(ip) C Up. The condition on || - ||, implies that
(2.3) Uy Nsupp(pg) =0 when D, ¢ D,
3. Construction of the background metric.

For construction in this section to work, it is necessary to assume that the
dualizing line bundle Ky of the total space X exists and is ample, which is
valid in our situation. (The construction in this section is partially inspired
by our work [7] on Bergmann metrics.) Recall that Ky /p = Kx ® Kg' and
Kx, = Kx/Blx, = Kx|x,. (The last equivalence is not canonical, depending
on the trivialization K = Og. We will use dt to fix the trivialization of
Kp.) Since K, is ample for all ¢, certain multiple K, will be very ample for
all t. Equivalently, K} is very ample on X". It is not hard to find sections
{Qk}ivgo of K% that determine an embedding e : X — CP¥ such that
{Qt,k}gjo forms a basis of H(Kx,) for all ¢, where Q; = () ® (dt)™™)|x,.
{Qt,k}kNgo will determine a family of embedding e; : X; — CPY™ such that
e; = e|x,. Choose the Fubini-Study metric wpg on CPM7, and define

N 1 * N ~ 1 *
W =—¢€'wpg, W=wlx,=—€ewrg.
m m

Since K%' is very ample on X, @ is a smooth metric on X. The Kahler
potential of @ and &, are the logarithm of the volume forms

Nm,

1

N, m m
V=) %o dVi= () Q@ Q —Veded) | .
(k:o %Y k> , and Vi ( thk & t,k) ® (dt @ dt) ¥

k=0

Since K¢ is ample and therefore base point free, Vis a non-degenerate
smooth volume form on X. Recall (¢) = D. Hence, % is a toroidal volume

form on X. On the other hand, % is the standard toric holomorphic form
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on B. Therefore,

1
N, m . .
% O ’ _ 1% dt dt
Vt:(ZQt,k®Qt,k) =V ® (dt ® di) 1X:W®<?®7>
k=0 t .

is also toroidal, namely

~ dz:dz: n
(3.1) Vi=pt,22) | TS| | I dedz
j=1+1

under the coordinate (z,Z) for X; N U,, where p(t,z,Z2) ~ 1 is a smooth
positive function on Uj,.

Since e : X — CPM is an embedding, locally in Uy, there exists a
decomposition e = € o ix,, where iy, = (sy,,2) : X — ClEeMI+lPl and
é : CPeMIHIPl — CPNm are smooth embeddings and s, = (Sm)mes,(1)-
Therefore,

(32) w= Z Gmm (85, Z)dsmdSpy + (terms involving dz, dz).

4. Construction of the approximate metric.

The approximate metric is constructed by gluing together appropriate met-
rics on the neighborhood of each strata by the partition functions con-
structed in Section 2.3.

For p € ¥ and m € X}, in U,, define

2
_ n
hy = T2 WD TT 20 6 = 1= log [Isml%,, ™= —log [t]*.

mexh

On Xy, let V; = hV;, where logh =~ i, log hyy, and let
peEXS

Wy = iaélogvt = + Laélogh =W+ + o,
o7 2T
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where

] 1 =
Q= E UpQitp, Otp = ; E a_Qaamaanw

peEX mexh M

2 .
1= 3 Rl )
pES  meS,(1)
+ i Z(log hy,00u, + 0log hyOpuy, + Oppdlog hy).
peEX

The main result of this section is the estimate (Propositions 4.6 and 4.7) on
the approximate Kéahler metric g; with the Kéahler form w; on X;.

Since X, is a simplicial fan, o € ¥,() naturally corresponds to a subset
Sy C Xp(1) with [ elements.

Proposition 4.1. There exist A\, \a > 0 such that log ||s,]|2, > A2 log [t|?
on U) for all m € %,(1). And for any = € U), S, = {m €
¥, (1)]log [|sm(x)]|? > A1 log [t|2} C Sy for some o € E,(1).

Proof. Since log ||s;||?, = log |sm|? + O(1), where |s,,| is the absolute value
of s,, viewed as monomial in the toric local model, it is sufficient to prove
the proposition for log |s,,|? in the place of log ||s;,]|2,. For m € ¥,(1), there
exists o € 3, (1) such that —m belongs to the cone spanned by S,. Namely,

Zb/m

where b,,, > 0 for all m’ € S,. Therefore,

10g [$m|? = wnm log [t|? + log [2™|* = wp log [t — Y by log 2™ |2

m/' €Sy
(W, + Z by Wiy ) log [t)? — Z by 10g | Sy |2
m’'€Ss m/'eS,
> (W + Y bwny) log [t
m/€S,
We may take Az to be the maximum of such (wm, + ) ,/cg, bm/ W)

Take a subset S’ C S such that S’ span a simplicial cone and S’ ¢ S,
for any o € ¥,(I). There exists a linear function v,, on M such that v,, =
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Wlanl < Ay for m € ' and [um| < CAy for m € $y(1) \ S'. Then,

ro_ 10g‘8m|2 v —w _’_log‘zm‘Q _w
logft ™ 7" logltr "
is an adjustment of w,, by a linear function on M, such that w], = 0

for m € S’. Since S ¢ S, for any o € (). The strict convexity of
{wm}mes, 1) implies that there exists an m' € ¥,(1) \ " such that w;,,, <0
is the smallest. Take A3 to be the maximum of such w/ , < 0 for all possible
S’, which have only finite many possibilities. Then, A3 < 0 and

log s

Tog [£]° = w:n/ 4+ Uy < A3+ CAq.

We may take A; > 0 to be small so that A3 + CA; < 0. Then, |s,,/|?> has to
be big, contradicting the fact that |s,,|? is small in U,. Therefore, S C S,
for some o € ¥,(1). O

Lemma 4.2.

ve = O(&/n) + O((& + )/ log T), where 7 = —log [t|*.

Proof. In the argument of this paper, we will always first fix n > 0 large and
then take 7 large according to the fixed 1. By our construction, a,, > 7 is
large. Hence,

S 3 Ricll ) = On/n)

pES  mex,(1)

For any z € X, there exist a ¢ € ¥ such that x € X; N Ug. Since

Z,upzl, Z@éupzo.
pEL peEY
We have B B
Z log h,00, = Z(log hy —log hq)00 .
peEX pEX

Since U Nsupp(pp) = 0 when D, [ D,, according to (2.3), we may consider
only those p € ¥ satisfying D, C D,. Then, there are the natural inclusions
¥9(1) C ¥P(1), ¥p(1) C E4(1) and the Cartier divisors in ¥P(1) \ 39(1)
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vanishing along D, can be naturally identified with a subset of ¥,(1) \
¥4(1). Under such identifications 3§ N P is defined. For any m € X5\ X,
(8m)N D, = 0. Consequently, ||, 2, = 1 and a,, = 1 on U, for m € %5\ %4,
Hence,

log hy, —loghgy =2 Z logi—:;

mesi\=h

is bounded on supp(u,) NU,; C Up N Uy. From the explicit expressions of y,
and hy, it is straightforward to check that d9u, = O(1/logT), dlogh, =
O(1) and dpp, = O(1/log 7) with respect to the Hermitian metric &y + a.
(Such kind of verification is more carefully done in the proof of Proposi-
tion 4.5 using (4.1).) Consequently, vz = O(w/n) + O((&0r + an)/log 7). O

For o € ¥,(1), let Ay(x) = mezrf(i{l)\sa am(z) and

UYy = Upe NUY, Upo = {x € Up|As(x) > Ay () for o’ € Sp(1)}.
Then, the Proposition 4.1 implies that A, (x) > A7 > 0 for 2 € U, and

Proposition 4.3. Fort small enough, we have

xnuy= |J Xnup,
ceX,y(l)

and al, ~ (log [t|*)? in Uy, for m € £(1)\ S,.

For S, = {m1,--- ,m;}, on Up,, we may choose coordinate z = {Zk}i;d =
{smk}izl. By adjusting the convex function w = {w, }mes, (1) by linear
function, we may assume that w,, = 0 for m € S, and w,, > 0 for m €
¥p(1) \ Sy. Then, we have s, = t“= 2™ where m = {m*}{ _, also denotes
the coordinate of m with respect to the basis {my}l_,. It is easy to see
that this coordinate z is a special case of the toroidal coordinate z defined
in Section 2. Let
Qpo = L Z %Oaméam, Ot po = Qpg| X, -
4 meSy Um
Proposition 4.4.
ape < a < C(w)ayy

along z direction in Uga. Consequently,

cl(H a%)mwkcg(ncj

2
meSs m meSey m

)fft, in Up, NX,.
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Proof. By the definition of USU, clearly ape < oo < C(w)ay,, along z direction
in U;?cr‘ Therefore, w; ~ w; + oy ~ Wi + a4 po according to Lemma 4.2. Since
af;;}, =0. In Xy N U;?m we have

wf ~ ((I)t + at7p0')n ~ djtnil AN afﬁ,pa'

According to formula (3.1),

2
2
j=1 7] j=l+1
Hence,
a n
an—l . 1 0, 0an, . 1) -~
Wy Aat,po’ ~ H T H dZ]dZ] ~ a—2 ‘/t
meS,; m J=l+1 mesS, M

Notice that V; = hV; is the Kihler potential of w;. Assume

n
_ w
e Pt =L

v

Proposition 4.5. |¢;| is bounded independent of t.

Proof. According to Proposition 4.3, it is sufficient to verify in each U;?a NX;
for p € ¥ and o € £,(1). Proposition 4.4 implies that

CL 2SOl L U0, A X
Vt n po t-
Therefore, |¢;| is bounded independent of ¢. O

Let g; denote the Kéhler metric corresponding to the Kéhler form wy, then
we have

Proposition 4.6. The curvature of g; and its derivatives are all uniformly
bounded with respect to t.
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Proof. On a Riemannian manifold (M, g), we call a basis {v;} proper if the
corresponding metric matrix satisfies C1(d;5) < (gi;) < Ca(d;5) for C,Co >
0. To verify that the curvature of the Riemannian metric g and all its
covariant derivatives are bounded, it is sufficient to find a proper basis {v;}
satisfying that the coefficients of [v;,v;] with respect to the basis {v;} and
all their derivatives with respect to {v;} are bounded, such that g;; and all
their derivatives with respect to {v;} are bounded.

According to Proposition 4.3, it is sufficient to verify in each USU N X;.
Let W; = am].zja%j for1<j<land W; = a%]- for [+1 < j <n. According
to Proposition 4.4, it is straightforward to check that the basis {W;, W; |3
is proper in Up, N X;. Namely, C1(65;) < (g;5) < Ca(d45) for some Cy, Cy > 0,
where (g;;) denotes the metric matrix with respect to the basis {W;, W;}7_;.
(For the upper bound estimate, we need % to be bounded for 1 < j <
and m € X7(1) \ S;, which is due to our restriction to Uy, .)

For 1 < j <1, [sm; I, = pjlzil*

Walam,) = Willlsm, llm,) _ Walps) | Willz")
T s 2 o BN
g

1 .
Wi(am,) = am, (Zkagip] + %) for 1<k <1.
01 ;
Wi(am;) = Ofkp] fori+1<k<n.

The functions

1
— SmP(a)> ng(a)> ij(a’mj)7 Ejp(a’mj)’

A,
(4.1) am; loglt|?>  am

forme X,(1)\ Sy, 1 <j <1

A, ’ A, ’ IOg‘t‘Q’
are all bounded in UJ, N X;, where P(a) is a polynomial on ({am, }2-:1, logt)

and P(a,;) is a polynomial on a,,;. The above computations imply that
the derivatives of functions in (4.1) with respect to {W;, W;}"_; are smooth
functions of terms in (4.1) and other smooth bounded terms. Therefore,
they are bounded.

It is straightforward to check that g;; and the coefficients of [W;, W],
[Wj, W], [Wj, W] with respect to the basis {W;, W;}"_; are all smooth
functions of terms in (4.1) and other bounded smooth terms. Consequently,
any derivatives of theirs with respect to {Wj,Wj}?zl are also smooth
functions of terms in (4.1) and other bounded terms, therefore, are all
bounded. O
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Proposition 4.7. For any k, ||¢¢[|ck 4, is uniformly bounded with respect
tot.

Proof. Similar to the proof of the previous proposition, in USU N X;, it is
straightforward to check according to Proposition 4.5 and the explicit ex-
pression of ¢; that ¢; is a bounded smooth function of terms in (4.1) and
other smooth bounded terms. Consequently, all multi-derivatives of ¢; with
respect to {Wj,Wj}?zl are smooth functions of terms in (4.1) and other
smooth bounded terms. Therefore, they are bounded. O

5. Construction of Kahler—Einstein metric via complex
Monge—Ampere.

In this section, we will use the same notions as in the previous sections. In
[9], using the Monge—Ampere estimate of Aubin and Yau, Tian essentially
proved the following.

Theorem 5.1. (Tian) Assume that ¢, the curvature of g, and their multi-
derivatives are all bounded uniformly independent of t, then the Kdhler—
FEinstein metric gg ¢ on X; will converge to the complete Cheng—Yau Kdahler—
FEinstein metric gg o on Xo\Sing(Xo) in the sense of Cheeger—Gromov: there
are an exhaustion of compact subsets Fg C Xo \ Sing(Xo) and diffeomor-
phisms g from Fg into X; satisfying:

(1) Xi\ U Yp+(Fg) consists of finite union of submanifolds of real codi-

p=1
mension 1;

(2) for each fized 3, V598, converge to ggo on Fg in C*-topology on the
space of Riemannian metrics as t goes to 0 for any k.

Proof of Theorem 1.1. Proposition 2.3 reduces the theorem to the case
that m : X — B is simple, which is a direct corollary of Theorem 5.1 and
Propositions 4.5, 4.6, and 4.7. O

It is easy to see that our construction actually implies the following asymp-
totic description of the family of Kahler—Einstein metrics.
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Theorem 5.2. Kdhler-Einstein metric ggy on X is uniformly quasi-
isometric to the explicit approximate metric g.. More precisely, there exist
constants C1,Cy > 0 independent of t such that Ci1g; < grt < Cagy.

Proof. The uniform C-estimate of the complex Monge-Ampeére equations
implies that Ciwi* < wgt < Cowy for some Cp,Cy > 0. The uniform C?-
estimate of the complex Monge-Ampere equations implies that Trg, gp; is
uniformly bounded from above. Combining these two estimates, we get our
conclusion. O

6. Weil-Peterson metric near degeneration.

In this section, we will start with the discussion of the toric case, which
is of independent interest and the estimate is more precise. Then, we will
proceed to the global toroidal case.

6.1. The Toric case.

Note: The notations in this subsection are the same as in Subsection 2.1.
Unless specified otherwise, the notations in this section will not be carried
over to other parts of this paper.

Example: Consider a toric degeneration 7 : X — B =2 C determined by
a complete fan ¥ in M and an integral piecewise linear convex function
determined by {wm, }mex1). For i € ¥(n), assume wy, = 0 for m € S; and
wp, > 0 for m € (1) \ S;. With S; = {my,---,m,} and toric coordinate
Zj = S, for 1 < j < n, we have

" dz; N\ dz; i dsy, N d3,
Z|z| log P "7 2 TonPliog bR
J J meX(L\S; Sm

Let
_ Vlogt

~ |Viogt|?’

then 5W\ x, is a natural representative of Kodaira—Spencer deformation class
in the Dolbeaut cohomology H'(T,). W can also be determined by the
conditions m,W = t% and i(W)w|x, = 0 for all t. Let a; = log|z;|> and
am = log |s;,|? for m € X(1)\ S;. We will use p = 1+ O(a;/am) to denote
a bounded smooth function on a;/a,, for 1 < j < n,m € ¥(1)\ S;. (Here,
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O(aj/ap) is a shorthand for O(a;j/am,1 < j < n,m € X(1)\ S5;).) It is
straightforward to derive that

) - 8aj 56%
w=ulx =2 3 gl n 0%,

=1 Gk
1\ g 1
9k = 0jk + ajarO | — |, ¢’ = djx + ajarO ;
am am

. n n _ n n
1 de A\ de 1 daj A\ d(gj
d=ni () e = (2) T
J

j=1 j=1 J

Lemma 6.1.

0 a? G,
t@t Z Z WiV 2 PZj 0zj

j=1 mes(1)\S; m

Proof. Since m,W = tdt, we may assume that W = t% + Z?Zl qujaizj.
i(W)w|x, = 0 implies that

dm "L dz; dm
PO AP WL S I
. ] m

mGZ(l)\S & meS(\S; j=1

2

Consequently, ¢; = — ZmEE(l)\Si WM ;%Lp. O

Define F' = a = (a1, ,an) : X — R". Let A;(z) = min,,ex)s, am(T).
For n > 0, consider the domain U; ,, = {z € Up|Ai(x) > Ay (z) fori’ € X(n)},
where U,) = {z € X|an(x) > n for m € X(1)}. Notice that Proposition 4.1
implies that A;(xz) > A7 > 0 for x € U;,,. It is easy to observe that there
exist ¢ > ¢ > 0 such that [n,cr|” C F(X,NUi,) C [n,d7]". For w, and W
as in the previous example, we have

Proposition 6.2. There ewists a constant C;, > 0, such that

/ oW 2wp »
XtﬂUim o Ciﬂ] + O(T log 7_)

[ el
XeNUs; .y
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Proof. We may compute the volume of X; N U; .

Notice
_ [ a? 2 d
8(—23p 28a]+—30<a3>
az, am az, Um

It is straightforward to compute

2 2
[ a2 J
2 ummd <_5p = dajp o
me(1\S; @im men(INg; M
According to Lemma 6.1, we have

n a2 8
__— [ a; ‘
OW——Z Z W O <%p> Z]c?—zj

J=1meX(1)\S;

W = Z4ap S !

a
meX(1)\S; m

= Wy daj
[OW ||2w} = n!2"/ 4p da;
/XmUi,,, ! F(XeUiy) | Z Z a2, ! H

men(N\S; ™ iz ¢

For each j, let

03n—{a€R”|n<aj<c]T, n<ajy <cr, for j' # j}.

~Un—{a€F(XtﬂUw)\77<a3 <ecr, for j' # j}, U (XtﬂU,n)\ 2]?7
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It is straightforward to derive that

2
Wyym? da
/ | X T daﬂH -
Uhm  |mes(ns, M i2i @
2
1 J d
=0 () [, ) X a1
TS0, mesans: Y it @
2
Wapy MY daj log T
zf 4pj(bj) | > da; H (m)
Uijm mes(1)\S; (meer]a iz @ T
2
w da
[ A e T
( Uijm U%,n> meS(\S; (wmT +miaj) ';é]
log T Wiy 1T da
ofgaz) o ﬂ
) o, mEZ(l)\Si( W +mla;) ]1’;[j
4 - oo dx i log T
= - B: I Lo —=—
n—1 232 JH/ 2 (n—l 4>’
77 |10g‘t‘ | j=1 ]/7é] 1 xj/ 77 T
where
' 2
_ pi(b;) " | db,,
j /0 5 \0j mEEZ(:I)\S- (W + mib;)? j
with ¢; = 17”, bj = aj/T, xjy = aj/n, and p;(b;) is p replacing a;/a,, by

bj/(wm + m? bj) and replacing aj for j' # j by zero. Combining all these
estimates, we have

[ awipay =2 Z 7 log 7))

wy = 0g 7)),
XtﬂUim K n ! ‘ log |t|2|3
We may take C;, = 4n Z;‘:l Bj for the proposition to hold. O

6.2. The Toroidal case.

With respect to the local Kahler metric w, = w + %85 log hy, and para-

meterizing function ¢ on Uy, we can similarly define W, = Wvli)ioggjz. Let
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W = Zpez ppWip)- OW also represents the Kodaira-Spencer deformation
class. We have

Proposition 6.3. There exists a constant C' > 0 independent of t such that
= C
W2 W < 7/ .
/xt 9= log [t Jx, !

Proof. Locally in each Uy, 0 . we will use similar coordinate and proper basis
{W],W} ', as in the proof of Proposition 4.6. Then the dual basis is
{BJ,BJ}J 1, where 8; = ﬁ, aj = log|z;j|? for 1 < j <l and 3 = dz
for [ +1 < j < n. Recall that O(1) denotes a smooth function on terms
n (4.1) and other smooth bounded terms. (Notice that here we assume
am = log |sm|?, which is slightly different from (4.1) and do not affect our
arguments here. In this proof, we are using a; to denote a,,; and O(a;/am)
as a shorthand for O(a;/am,1 < j < n,m € ¥4(1) \ Sy).) We will also use
O(1) to denote a tensor with O(1) coefficients with respect to the proper
and dual proper basis. It is easy to see that the action of the proper basis
{(W;, W; 17—y will send O(1) to O(1), also OW; = O(1). Under such notation,

we have

Wiq = Z 9,73 Be-

7,k=1

1 1 1
g5z = O3 (1 ; —0(1)> 40,0 <—2) + 0, for 1 <j k<L
ay, a

m ajak

1 1
g =—0(), ¢* = —0(1), for 1<k <landl+1<j<n.
ag ag

It is straightforward to derive that

Z Z wmij—Qij-i-O <%> ,

J=1 meq(1)\Se m
Qg 1
Wy =12 -3 I ().
] 1m€2 Cf m m

_ [ a? 0 1
W,y = E E J .

J=1mexq(1
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Applying Proposition 6.2, we can find C > 0 independent of ¢ such that

c
18W 12,8 7/ i
/Ugngt gt | log [¢[?[3 U9,NX¢ !

The rest of the proof closely resembles the proof of Lemma 4.2. For any
x € Xy, there exist a ¢ € ¥ such that x € X; N U(?. Since

Z,upzl, ZéuPZO.

pEX pEX

We have
Y Wiy =D 0up(We) — Wig))-

pEX pEX

Since Ug Nsupp(pp) = O when D, ja D, according to (2.3), we may consider
only those p € X satistying Dy C D,. As in the proof of Lemma 4.2, for such
p,q € ¥, we can naturally deﬁne EqﬂEp For any m € XP\X4, (s, )NDy =
Consequently, ||s,,]|2, = 1 and a,,, = n on U, for m € Ep \ Zq Hence

Wiy =W ZO( >W+O<1>

_ a; 1
oWy = Zo <a—g) +0 <a—2>

on supp(up) NU; C Up N Uy From the explicit expressions of pp, it is
straightforward to check that du, = O(1/log7) with respect to the Her-
mitian metric w;. Consequently,

= C
U9 Xt || pen: TR0 T JUd,nX;

_ C
oW, < n.
/Ugamxt Z”P )| wi< 3 Wi

peEX E@QOX}

gt

Combine these estimates for all o € ¥,(1), ¢ € ¥ applying to

OW =" 1,0W) + > 0, Wiy,

peEL peED
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we will get the desired estimate. 0

Remark: It is not hard to observe that the constant C;, > 0 in Proposi-
tion 6.2 is actually positive. With this observation and a bit more argument,
one can show that the lower bound estimate in Proposition 6.3 (more pre-
cisely the estimate in Proposition 6.3 with the reversed inequality) is also
true. Since such more precise estimates are not needed for arguments in this
paper, we will omit them here.

Proof of Theorem 1.2. As pointed out in [9],

d d d
L2 — gl
gwp (dt’dt) ; /Xt (dt)

where H (%) denote the harmonic representative of the Kodaira—Spencer
deformation class. As mentioned earlier, such class can also be represented
by 8TW. Applying Proposition 6.3 and Theorem 5.2, we have

2

n
WE s
9gEt

d\ | ow |I? ow |I?
[ ()] wres [ )| wtase [ [ o
Xt 9Bt Xt 9B, Xt gt
< C
= |log [t] B[t
O
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