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An arrangement of hyperplanes is a finite collection of C-linear
subspaces of codimension one in a complex vector space C!. For
such an arrangement A4, there is a natural projective arrangement
A* of hyperplanes in CP'~" associated to it. Let M(A) = C! —
Upren H and M(A*) = CP"™' — . o4 H*

One of central topics in the theory of arrangements is to find con-
nections between the topology or differentiable structure of M (A)
(or M(A*)) and the combinatorial geometry of A. A partial so-
lution to this problem was given by Jiang and Yau [6]. Specially,
they showed that for a class of nice arrangement in CP?, the dif-
feomorphic types of the complements are combinatorial in nature.
In this paper, we introduce a new class of simple arrangements in
CP?. This class of simple arrangements is much larger than the
class of nice arrangements. We prove that for this new class of sim-
ple arrangements, the diffeomorphic types of the complements are
still combinatorial in nature. In fact, the moduli space of simple
arrangements with fixed combinatorial data is connected.

1. Introduction.

An arrangement of hyperplanes is a finite collection of C-linear subspaces
of codimension one in a complex vector space C!. A central arrangement in
C! means that all hyperplanes of the arrangement pass through the origin.
For such an arrangement A, there is a natural projective arrangement 4*
of hyperplanes in CP'~! associated to it. Let M(A) = C! — |y 4 H be
a complement of A, which is an open connected submanifold of C!. Let
M(A*) = CP"™' — e H* be a complement of A* in CP'.

There are many interesting research topics on the theory of arrange-
ments (see [1, 9]). One of the central topics is to find connection between
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the topology or differentiable structure of M (A) (or M (A*)) and the combi-
natorial geometry of A. In 1980, Orlik and Solomon [10] gave a collection of
‘homotopy type’ conjectures, which assert that various homotopy invariants
of the complement depend only on the lattice associated with A. A great
deal of research in the homotopy theory of arrangements has been focused
on conjectures of this type. The major positive result in this direction was
obtained by Jiang and Yau [6] in 1994.

Let A* be a projective arrangement in CP? and L(A*) be the set of
all intersections of elements of A* partially ordered by inverse inclusion.
It is natural to ask whether the combinatorial data L(.A*) of the projec-
tive arrangements is determined by the homotopy type, topological type,
or diffeomorphic type of the complement M (.A*), and conversely whether
the homotopy type, topological type, or diffeomorphic type of the comple-
ment M (A*) of the projective arrangements is determined by the combi-
natorial data L(A*). For the first question, Falk has written a series of
papers [2, 3, 4, 5] on whether there are combinatorially distinct arrange-
ments which have homotopic equivalent complements. In [4], Falk con-
structed two projective arrangements in CP?, each of which has two triple
points and nine double points, but they are different combinatorially. The
homotopic equivalence of their complements was shown in [5]. Jiang and
Yau [8] showed that in general L(A*) is a topological invariant of M (A*),
which is perhaps one of the deepest results in the subject. Hence, the two
projective arrangements constructed by Falk do not have same topological
types. For the second question, a partial solution was given by Jiang and
Yau [6] in 1994 and [7] in 1997. They introduced a large class of arrange-
ments in CP? which are called nice arrangements, and showed that for
these nice arrangements, the diffeomorphic types of the complement M (A*)
are determined by the combinatorial types of the arrangements. This pa-
per generalizes the result of [6] to a much larger class of arrangements
in CP2.

For a projective arrangement A* in CP?, we can define a graph G(A*)
which depends only on the combinatorial data of the arrangement. A result
of [8] asserts that G(.A*) depends only on the topological type of M (A*). An
arrangement A* is called a simple arrangement if after removing pairwise
disjoint stars (see Definition 2.3) and free simple nets of G (see Defini-
tion 2.5), the graph G from A* becomes a forest. Recall that the concept
of disjoint starts was introduced in [6]. The essential contribution of this
paper is the new formulation of the concept of disjoint simple nets. This
makes the class of simple arrangements a much larger class than the class
of nice arrangements.
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Main Theorem 1.1. Let Ag and Ay be two simple arrangements in C3
and Aj and A} be the corresponding projective arrangements in CP2. If
the lattices of Ao and Ay are isomorphic, then M(Aj) and M (A7) are dif-
feomorphic to each other. In fact, the moduli space of simple arrangements
with fized lattice is connected.

In Section 2, we introduce our new notion of free simple net from which
we can define a new general class of simple arrangements. We also give some
examples of simple arrangements. In Section 3, we correct some misprints
of the lemmas in [6], prove the Main Theorem and give its corollary that the
homotopy groups of the complement M (A*) of a simple arrangement in CP?
depend only on the lattice of A. We also define a class of generalized simple
projective arrangements which includes the class of simple arrangements as
a special case. We prove that the diffeomorphic types of the complements
are still combinatorial in nature.

2. Definitions and Examples.

In this section, we denote A the (central) arrangement of hyperplanes in C3
and A* its associated projective arrangement of lines in CP2. Let L(A) be
the lattice associated with A.

Definition 2.1. A point p in CP? is of multiplicity k in A* if p is the
intersection of exactly k lines in A*. Let ¢x(.A*) be the number of k-tuple
points in the arrangement A*. The complexity ¢(A*) of A* is defined to be

Y>3k —2)t,(A”).

Now, we define a graph G from an arrangement A* in CP2. Let V¢
be the set of vertices of G consisting of all points of A* with multiplicity
greater than 2. Let E“ be the set of edges of G, each edge of which is a pair
of distinct vertices (v1,v2) of V& which span a line < vy, vs > of A*.

Definition 2.2. A path of G is denoted by a (n+ 1)-tuple (vg, ..., v,) such
that (vi_1,v;) € EC for i = 1,...,n — 1. Furthermore, it is called a circle
when vy = vy, n > 3.

A reduced path is a path which satisfies < v;_1,v; >#< v;,v;41 > for
i1=1,....,n—1. If vg = v,,n > 3, then the reduced path is called a reduced
circle. G is called a forest if it does not contain such a reduced circle.

In this paper, we consider only reduced paths and reduced circles.
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Definition 2.3. For a vg € V©, a star of vy is a subgraph of G, denoted
by St(vp), where VH0) = {y} U {v € VC :< vy, v >€ A*} and ESH0) =
{(v,w) € EY : v = vy or w = vy, otherwise < v, w >=< vy, v >}.

Definition 2.4. ([6]) An arrangement A* in CP? is called nice if the graph
G from A* has the following property: There are vq, ..., v, € V such that
St(v1),...,St(vy,) are pairwise disjoint in G and G’ = G U, (BSHv) U
{v;}) is a forest.

Now, we define the simple net and simple arrangement.

Definition 2.5. (a) For a reduced circle B and another reduced circle or
a vertex C, a net of B and C' is a subgraph of G, denoted by Net(B,C),
where

VNet(B C) _ VB U VC U N

ENet(B,C) — {(v,u) e EG”U,U e VNet(B,C)},

where N = {v € V& — (VB UVY)|v is connected with only one vertex in
VB UV by an edge in E¢}.

C, B and N are called center, base and node of the net respectively.

(b) If any two non-adjacent vertices of center C' or two non-adjacent
vertices of base B are not connected by an edge, any two vertices of center
C do not connect a same vertex of the base B by two edges, moreover, any
two vertices of net do not connect a same vertex in V& — VNet(B:C) by two
edges, then we call Net(B,C) simple net.

(c) A vertex v € VB is called free in G if there is no edge connecting v
and center. The simple net with free vertex is called free simple net.

Definition 2.6. An arrangement A* in CP? is called simple if the graph
G from A* has the following property: There are finitely many stars and
free simple nets, say St(vi),...,St(v,) and Net(By,C4),..., Net(By, Cy),
which are pairwise disjoint in G and

{(6 B0 U (1))

o

is a forest, where N; is the node of the net Net(B;,Cj), j=1,...n
Clearly, a nice graph is simple.

'CB

1

J
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Example 2.7. The following graphs show the examples of free simple net
and non-simple net. In Fig. 1

C = (v1,v2,v3,v4,01).
B = (vs,v6, v7,v8, V9, V5).
Net(B,C) = {v1, v, v3,v4, V5, Vg, V7, Vg, Vg, V10, V11, V12 }
U {(v1,v2), (v2,v3), (v3,v4), (va,v1), (vs, v6), (v, v7),
(v7,v8), (v8,v9), (vo, v5), (v1,5), (V2,V6), (vs, v7), (va, v9),

(vs,v10), (6, v11), (V8,V12) }-

vg is a free vertex. Net(B,C) is a free simple net.

Figure 1: A free simple net

In Fig. 2, Net(B,(C) is a non-simple net because the vertices vg and vz
in Net(B,C) connect same vertex v11 by edges (vg,v11) and (v7,v11) and v
in B connects two vertices v; and vy in C' by two edges (v1,vs) and (vg, vs).
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Figure 2: A non-simple net

Example 2.8. Let A be an arrangement of hyperplanes in C3 and A* as-
sociated arrangement in CP? as shown in the following figures. This is an
example of simple arrangement and it is not a nice arrangement. In Figs.
3, 4 and 5,

St(v1) = {v1,ve,v7,v9} U{(v1,v6), (v1,07), (v1,v9)}.
C = {vs}.
B = (va,v4,v8, V5, 02).
Net(B,C) = {va, v3, v4,v5,vs, V11 }
U{(vs, v2), (vs,v4), (vs, v8), (v2,va), (v2,05), (va,v8),

(vs,v8), (vs, v11}.

vs is free vertex. Net(B,(C) is a free simple net. A* is a simple arrangement,
but not a nice arrangement.
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Figure 5: The graph G’
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3. Proof of the Main Theorem.

The following Definition 3.1 to Remark 3.5 can be found in [6]. Since they
play an important role in the proof of our main theorem and there are some
misprints in [6], for the sake of convenience to the readers, we include them
below.

Definition 3.1. For the following equation
(3.1)  ay1mazs + br1y2ws + cx122y3 + dT1Y2ys + ey122ys + fy1yazs = 0,
where (21 : y1), (z2 : y2) and (x3 : y3) € CP! are different variables,
a,b,c,d,e and f € C, and abedef # 0, (x1 : y1) is called irregular for
Equation (3.1) if

(ay1)waxs + (b1 + fy1)yexs + (cx1 + ey1)z2ys + (dz1)y2ys

is a reducible polynomial of the other two variables (z2 : y2) and (z3 : y3) .
Otherwise, we call (z1 : y1) regular for the Equation (3.1).

Lemma 3.2. Assume ((z1:v1), (z2 : y2), (23 : y3)) € (CPY)3 is a solution
of (3.1). If (x1 : y1) is irreqular, then either (zo : ya) or (xs : y3) is irreqular
for (3.1). If (z1 : y1) is regular, then (x2 : y2) and (x3 : y3) are either both
reqular or both irregular for (3.1).

Proof. When y; = 0, (3.1) becomes
(3.2) byaxs + cxoys + dyays = 0

which is irreducible. Hence, if (x7 : y1) is irregular, then x1 # 0 and y; # 0.
Write (3.1) as polynomial of (zg : y2) and (x3 : y3)

(3.3)  (ay1)zoxs + (bx1 + fy1)yews + (cx1 + eyr)x2ys + (dz1)y2y3z = 0.
It is reducible if and only if

(3.4) (bx1 + fy1)(cx1 + ey1) = adziyy

or

(3.5) bex? + (be + fe — ad)x1yy + efyt =0,
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which has at most two roots of (z1 : y1). When (x; : y1) is a root of the
equation above, (3.1) becomes

dml
(3.6) [(ay1)xs + (ca1 + eyr)] |w2 + o ren?| T 0

from which we have the solution either

(x2:y2) = (—dxy : cx1 + eyr)

or
(x3:y3) = (—(cx1 + ey1) : ayr).
In the first case, we have

X1 €T

vy oz +dys
Using these in (3.5) yields

2.2
e“xs

(cza + dys)?

exs

(3.7) be )

— (be+ fc—da) +ef =0.

Combining the like terms, we get

beexs — (be + fc — da)(ca3 + dxaye) + (fc?x3 + 2cdfxays + fd*y3) = 0

(3.8) cax3 + (ad + fc— be)xays + fdys = 0.

The last equation (3.8) is a necessary and sufficient condition for (z2 : y2)
being irregular of (3.1).
For the second case, we have the same conclusion for (z3 : y3). O

From the argument above, we also have

Lemma 3.3. There are at most two irreqular (x; : y;) of (3.1) for each
i=1,2,3. (0:1) and (1:0) are regular of (3.1).

Lemma 3.4. For each fized reqular (z1 : y1) of (3.1), the following relation
produces an automorphism of CP!

x3 —ey) — cry —dxy T2 X
3.9 =K ,KeC
(3.9) (y3> < ayy by +fl/1> (y2>
which sends regular wvalues to reqular values of (3.1). In particular,

(x1:91) = (z2: y2) = (0: 1) (respectively (1 :0)) corresponds to (x3: y3) =
(0:1) (respectively (1 :0)).
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Proof. Consider

—ey1 — cx —dx

o p2 B s
ayi bri + fyr| bexy — (be + fc — da)xiyr — feyr.

Since (z7 : y1) is a regular value, the above expression is non-zero by (3.5).
Hence, (3.9) is an automorphism of CP!. Clearly, (3.9) satisfies Equation
(3.1). By Lemma 3.1, the mapping (3.9) sends regular values of (3.1) to
regular values of (3.1). The last statement of the lemma is obvious. O

Remark 3.5. Equation (3.9) is equivalent to Equation (3.1).
If we write (3.1) as

(ay122 + br1ye + fy1ye)xs + (dr1y2 + ey122 + cr122)ys = 0.

Then (z3,y3) = K(—dx1ys — ey1o — cx122, ay1xe + bx1ys + fyi1y2) which
is (3.9). Hence, if (1 : y1) and (z2 : y2) are regular of (3.1), then there
is a unique (z3 : y3) solved in terms of (z1 : y1) and (z2 : y2). We
call such a procedure “fixing two variables to solve the other” and call
(x1:y1), (22 : y2), (3 : y3) “solved variables”.

Definition 3.6. Let G be a graph from a simple arrangement and 7" be a
connected component in G’ which is a forest. Then T is a tree. We call a
vertex of T" an end verter if it is also a vertex of a star or free simple net.

A length of the reduced path P from vertex vy to v is the number of the
edges in P. The distance from vy to vy is the smallest length of the reduced
path among all reduced paths from v; to va. The closest vertex different
from v1 to vy is the vertex whose distance from v; is the smallest among all
vertices connecting v; by reduced paths.

Lemma 3.7. Let G be a graph from a simple arrangement and T be a tree
in G'. Then

(a) Each end vertex of T connects only one edge of star or free simple net.

(b) For any two vertices of T', there is exactly one reduced path connecting
them.

Proof. (a) is clear since the stars and free simple nets are pairwise disjoint.

Since T is a tree, there is a path connecting any two vertices. If there
are two reduced paths connecting two vertices, then these two reduced paths
contain a circle. It is a contradiction. Hence, (b) is true. g
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Lemma 3.8. (Lattice—Isotopy Theorem [12]) If two arrangements are con-
nected by a one-parameter family of arrangements which have the same lat-
tice, the complements are diffeomorphic, hence of the same homotopy type.

Now, we state and prove our main theorem.

Main Theorem 3.9. Let Aj and A be two simple projective arrangements
in CP2. If the lattices of Ay and Ay are isomorphic, then the complements
M(AS) and M (A7) are diffeomorphic to each other.

Proof. We represent the two arrangements as A} = {H;, Ha,..., H,} and
A5 = {G1,Ga,...,G,} where H; = (hi1, hi2, hiz) and G; = (9i1, gi2, 9i3)
(Here, we use the coefficient vector of the defining equation to represent
the hyperplane.) are in CP2. We shall construct a one-parameter family
of arrangements A*(t) such that A*(0) = Aj, A*(1) = A} and L(A(t)) =
L(Ap) for all ¢ € [0, 1].

Let A* = {Fy, F,,...,F,} where F; = x;G; + y;H; for some z;,y; € C
such that F; is in CP2, i =1,2,...,n. Let I = {(i,5,k) : 1 <i<j <k <
n}. So |I| = (). Consider any triple (F;, Fj, Fy), (i,j, k) € I. Denote the
matrix

zigin +yihin  ®igio + yihia  ®igis + yilus
zjgit +yihyt 25952 +yihye 25953 +yihys
Tkgk1 + Yehkr  Tegke + ykhke  Tegrs + yehes

by [FiF;F}| and its determinant by |F;F;Fy|. We now can write

(3.10) |FiFjFy| = |GiGjGrlrizjay + |HiGiGlyizjzy + |GiHjGrlziy ay
+ |GG Hy|zixjyr + |GiHjH |xyjyr + | Hi G Hy |yizjyx
+ |HiH;Gilyiyjar + | HiHj Hi | yiy;y.-

Since two distinct lines in CP? meet exactly at one point, to get L(A) =
L(Ap), it is sufficient to have the following: For any (i, 7j,k) € I,

(3.11) |F;F;Fy,| = 0 if and only if |G;G;G| = 0.
Let I = ijg (fo,) t; (A7), we need to have [ equations and (g) — [ inequalities

(3.12) P, =0,...,P=0.

(3.13) QO ;éo,...,Q(n)_l £0.

3
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Both P; and @); have the forms like (3.10). But for P;, the first term and last
term are zero since |G;G;Gy| = |H;H;Hy| = 0 by (3.11). Among Pi,..., P,
at most c(A7) = >2;53(7 — 2)t;(A]) of them are independent. To see this,
we consider a j-tuple point v (j > 3). Let Fi,...,F; be the lines of A*
passing though v. We have (}) equations (|F;F;Fy| = 0,...,etc.). Since
{Fi,...,Fj} can be linearly generated by F; and F», the (;) equations are
reduced equivalently to j — 2 equations |F} FoFy| =0 for i = 3,...,j. Now,
consider all j—tuple points (j > 3). We have a system of ¢(A}) equations,
say {P, =0,... s Peany = 0} which is equivalent to {P; =0, ..., P = 0}.
As we observed before, each P, can be written as

(3.14)
P, = a,y;, v, o, + brx;, Y5, Tk, + o2 5 Yk, + e i Y, Yk, + €0Yi T, Yk,
+ fr¥i, Yj T,

where a, = |H;GjrGr| etc. Replacing A* by ¢(A*) if necessary where
¢ : CP? — CP? is a complex analytic automorphism, we assume without
loss of generality that any one (two) line(s) in A and any two (one) line(s)
in A} do not intersect at a point. This means that a,b,c,de, f, 7# 0 for all
r=1,...,¢c(A}).

Note that P, is viewed as a polynomial in ((z1 : y1),..., (s : yn)) €
(CPYH)™. For each r, indices i, j, k. are pairwise distinct and (i, j,, k) #
(is, Js, ks) for r # s where 1 < iy, jp, ky,is, js, ks <m and 1 <7, s < ¢(A}).

Since A} is a simple projective arrangement in CP? there
are the disjoint stars and simple nets, say St(vi),...,St(v,) and
Net(By,C4),...,Net(B,,C,) in G such that

G'=G- { (L_Jl (ESf(w) U {v; ) ) < | (ENertBse)

J=1

U {vfv € VNetlBiCy) _ Nj})> }

is a forest, where N; is the node of the net Net(B;,Cj), j =1,...n.

We shall prove that we can solve all variables in terms of some variables
(in the sense of Remark 3.5) without ambiguity. Here, we shall use the
notation in Definition 2.6.

Case 1: Suppose m = 1,n = 0, i.e. there is only a star St(v).

Assume that v is a vertex of multiplicity £ in A}. Since & > 3 by
definition of G, there are k variables appearing in k — 2 equations of
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(3.14). Without loss of generality, we suppose that these variables are
(x1 @ y1),--.,(xx : yr) and (x1 : y1) and (x2 : y2) appear in each of
these k — 2 equations. Thus, we can fix (1 : y1) and (z2 : y2) to solve
(3 :93), s (Tk  Yk)-

The rest of the unsolved variables and equations in (3.14) correspond to
the graph G’ which is a forest. A connected component 7' is a tree of G'.
We consider these trees respectively. Assume that the end vertices of T are
V1, V2, ..., Ut

If ¢ = 1, that is, there is only one end vertex, say vy, which is also
the vertex of the edge E in the star. By Lemma 3.7, v; only connects E
in star. We fix the variable corresponding to F and any another variable
corresponding to the edge other than F issuing from v;. Then we can solve
all variables about the tree by fixing these two variables.

If t > 2, we choose any end vertex, say v1. From Lemma 3.7, v; connects
only one edge E of the star and there is only one reduced path from v
to another end vertex. We choose the closest end vertex from vy, say vs.
Assume that P; is this reduced path connecting v; and vs. Along this
reduced path from vy to v, we can fix the variable corresponding to the
edge E of star and any other variable corresponding to the edge issuing from
v1 on P; and solve other variables corresponding to the edges on P;. At vs,
there are only two edges (one from the star, one from the path P;) whose
variables are solved. Hence, we can fix these two solved variables to solve
others corresponding to the edges issuing from vs. Then we consider other
end vertices not in P;. Pick one, say v, which is connected to a vertex on
Py, say wi. Assume a path P; is a shortest path which connects w; and vs.
At w1, there are only two edges from P; or star whose variables are solved.
We use these two solved variables to solve other variables corresponding to
the edges along the path P from wq to v3. At vg, by Lemma 3.7, v3 connects
only one edge in star and one edge in P» whose variables are solved. Fixing
the variables corresponding to these two edges, we can solve other variables
corresponding to the edges issuing from vs. Now, we consider other end
vertices not in P, and P». Pick one, say v4, which is connected to a vertex
on P U P, say ws. Assume a path Ps is a shortest path which connects wo
and v4. Similar to the above, we can solve other variables corresponding to
the edges along the path P3 from ws to v4. We continue the same procedure
until last end vertex, say v;. Since T is a tree, we can assume that there
is only one path, say P;_1, connecting some vertex, say wy_s, on the path
PiUP,U---UP,_y and v¢. Otherwise, we will find a circle in 7. Thus, at
wy_9, there are only two variables solved which correspond to the edges on
PiUP,U---UP;_5 or in the star . We fix these two variables corresponding
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to these two edges and solve other variables along P;_1. At v, we can fix two
variables corresponding to the edge of star and other variable corresponding
to the edge on P,_; and solve other variables. Thus, we can solve all variables
in terms of some variables without ambiguity.

Case 2: Suppose m = 0 and n = 1, i.e. there is only a free simple net
Net(B,C).

Without loss of generality, let B, (vo,v1,...,vq), (vq4 = vp), be the circle
with a free vertex vg.

If C is a vertex v of multiplicity k£ in A}. Since k > 3 by definition of G,
there are k variables appearing in k — 2 equations of (3.14) corresponding
to v. We can fix any two variables, say (x1 : y1) and (x3 : y2), to solve the
other variable (z3 : y3),..., (z : yx) corresponding to v.

Now, we consider base B. If each vertex on B is free, then there is
not any edge between B and v. Choosing any vertex on B, say v;. We
fix any two variables corresponding to the edges issuing from v; and solve
the other variables related. Next step, we consider v;y; (or v;—1). Since
vi+1 (or v;_1) is free, there is only one solved variable corresponding to the
edge (vi,vit+1) (or (v, v;—1) ) issuing from v; 11 (or v;_1). We use this solved
variable and fix any other variable to solve all other variables corresponding
to the edges issuing from v;;1 (or v;—1). Continuing this step till last vertex,
say vq(= vg). Since v, is free, there are only two edges (vy, v4—1) and (v, v1)
whose variables are solved. We use these two variables to solve all other
variables at vg.

If there is a non-free vertex on B, say v;, (i # ¢ and 0). Assume the
multiplicity of v; is ¢(> 3). Similarly, there are t variables appearing in t — 2
equations of (3.14) corresponding to v;. Since v; is adjacent to v, the variable
corresponding to the edge (v,v;) is solved, we can use the solved variable,
say, (z1 : 1) and fix any other variable, say, (541 : yr+1) to solve all other
variables (Zxt2 @ Yr+2)s-- s (Thtt—1 © Yptt—1) at v;. At the following step,
we choose vertex v;41 (or v;—1) along the circle B. If v;11 (or v;—1) is free,
then there is only one solved variable corresponding to the edge (v;, vit1)
(or (vj,vi—1)) issuing from v;+1 (or v;—1). We use this solved variable and
fix any other variable to solve all other variables corresponding to the edges
issuing from v;11 (or v;—1). If v;41 (or v;—1) is not free, then there are only
two edges (v, vi1+1) and (v, vi11) (or (vs,v;—1) and (v,v;—1)) whose variables
are solved. We use these two solved variables corresponding to the edges
(v,vi41) and (vs,vi41) (or (v,v;—1) and (v;, v;—1) respectively) to solve other
variables corresponding to the edges issuing from v; 41 (or v;—1). We apply
the same procedure till v,(vg). Since vp is free, it does not connect C' by
an edge. Hence, there are only two edges on B passing through vg. Thus,
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we can use the solved variables corresponding to these two edges (v, v1)
and (vq, vg—1) to solve the other variables corresponding to the edges issuing
from vg.

If C is a circle, say, (wo,wr,...,wp), (wp = wp). Let k& = maximum
of multiplicities of all vertices in C. Choosing any vertex w;,i # 0,p with
multiplicity k(> 3) in C' (we can rerange the indices so that ¢ # 0,p). Then
there are k variables appearing in k — 2 equations of (3.14) corresponding
to w;. Without loss of generality, we suppose that (z1 : y1) and (x2 : y2)
appear in each of these k — 2 equations. We can fix (x; : y1) and (x2 : y2) to
solve the other variables (x3 : y3),..., (zk : yr). At next step, we choose the
vertex w11 (or w;—1) along C' and use one solved variable from (w;, w;41)
(or (wj, w;—1)) and fix any other variable corresponding to the edge issuing
from w;41 or (w;—1) to solve the variables corresponding to the edges issuing
from w;;1 (or wij—1). We apply same procedure till wy(wp). Since C' is a
circle and wy, = wy, there are only two edges (w1, wp) and (wp—1,w,) whose
variables are solved at wy. We use these two solved variables from (wy,wp)
and (wp—1,wp) to solve the variables corresponding to the edges issuing from
wo.-

Now, we consider base circle B, (vg,v1,...,0q), (vg = vp), with a free
vertex vg. Since Net(B, () is simple, there is at most one edge between a
vertex v of B and C. If all vertices of B are free, then there is not any edge
between B and C. In other words, B and C are not related. Notice that
B and C are circles. Thus, we can solve the variables corresponding to the
edges on B is the same manner as solving the variables corresponding to
the edges on C' as above. If there is some non-free vertex on B, choosing a
non-free vertex, say v; € B, which is connected C' by one edge, say (w;, v;),
whose variable is solved, we use the solved variable from (wj,v;) and fix any
other variable to solve other variables corresponding to the edges issuing
from v;. At the following step, we choose vertex v;y; (or v;—1) from B. If
vi1 (or v;_1) is free, then there is only one solved variable corresponding
to the edge (v, vit1) (or (v, v;—1)) issuing from w11 (or v;—1). We use
this solved variable and fix any other variable to solve all other variables
corresponding to the edges issuing from v; 41 (or v;—1). If v;y1 (or v;_q) is
not free, since Net(B,C) is simple, there is only one edge connecting v;;
(or v;—1) and some vertex in C, say w;. Thus, there are only two variables
solved corresponding to the edges (v;i+1,v;) and (wy, vi41) (or (vi—1,v;) and
(wy,v;—1)). We use these two solved variables to solve other variables issuing
from v;41 (or v;—1). We apply the same procedure till vy(vg). Last step, we
solved variables about free vertex vy where there are only two vertices vq
and v,_1 connecting it in B. Hence, We can use these two solved variables
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from (v1,vp) and (vg4—1,vq) to solve the variables corresponding to the edges
issuing from vyg.

The rest of the unsolved variables and equations in (3.14) correspond to
the graph G’ which is a forest. We can consider these trees in G’ respectively.
Since Net(B,C) is a simple net, there are not two vertices from Net(B, ()
which connect a same vertex in V& —VNet(B:C) Each end vertex corresponds
to only one edge whose variable is solved in simple net. Thus, other unsolved
variables in G’ have the same situation as the variables of G’ in Case 1.
Hence, they can be solved by same procedure as Case 1.

Case 3: Suppose m > 1 or n > 1.

From Case 1 and Case 2, we know that we can solve the variables from all
stars or all free simple nets respectively. The rest of the unsolved variables
and equations in (3.14) correspond to the graph G’ which is a forest. We
consider the trees of G’ respectively. By Lemma 3.7, each end vertex of
the tree connects only one edge of star or free simple net and any two end
vertices are connected by exact one reduced path. Thus, other unsolved
variables in G’ have the same situation as the variables of G’ in Case 1.
We can consider the end vertices in a tree and apply the same procedure as
Case 1 or Case 2 to solve all variables in terms of some variables without
ambiguity since G is forest.

All variables are presented as

((@1:yn)see s (@n i yn)) = FU(@1iy1)s ooy (Tp 1 Yp))

where each component of f is a composition by some maps as (3.9). So,
they are homogeneous polynomial of (x1 : y1),..., (2p : yp).

Let U := (CPY)?—{((z1 : y1),- -+, (% : yp)) : for some 1 < i < p, (x; : y;)
is irregular of some equation of (3.14)}. By Lemma 3.3, U is an open
connected set of (CPl)p . By Lemma 3.4, f defines an embedding from U C
(CPYY? to (CPY)™. Since U is irreducible, so is f(U) irreducible. Observe
that (0:1)" =((0:1),...,(0:1)) and (1:0)" = ((1:0),...,(1:0)) are
contained in f(U). We deduce that (0 : 1)"™ and (1 : 0)" are in the same
irreducible component of {P; = 0,..., P,4:) = 0}. Recall that irreducible
variety minus a subvariety is still a connected set. If ((x1 : y1),...,(xp :
yn)) = ((1 : 0),...,(1 : 0)) (respectively ((0:1),...,(0: 1))), then A* is
Aj (respectively A7). Therefore, condition (3.12) is satisfied at these two
points, so there is a curve from ((1:0),...,(1:0)) to ((0:1),...,(0:1))
such that (3.12) is satisfied for any point lying in the curve. This means that
we have constructed a one-parameter family of arrangements A*(¢) such that
A*(0) = Aj, A*(1) = Aj and L(A(t)) = L(Ay) for all t € [0,1]. Now, we can
apply Lattice-Isotopy Theorem and finish the proof of our Main Theorem. [J
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The following corollary is an immediate application of Main Theorem
3.9.

Corollary 3.10. The homotopy groups of the complement M(A*) of a sim-
ple arrangement in CP? depend only on the lattice of A.

From the proof of Main Theorem, we can generalize the result easily.

Definition 3.11. (a) For a sequence of reduced circles By, By, ..., B, (By
can be a vertex), a generalized net of By, Bi,...,B, is a subgraph of G,
denoted by Net(By, B, ..., By), where

v Net(Bo,Bi,....Bn) _ O yBi UN,
i=0

ENet(307Bl7---7Bn) — {(’U,U) c EG|U,U c VNet(Bo,Bl,...,Bn)}’

where N = {v € V%v connects only one vertex in |JI_, V5 by an edge in
ECY.

Bi,1=0,1,...,n and N are called base-i and node respectively.

The vertex v in VNeBo.BiBn) which connects a vertex of V& —
Y Net(Bo.Bi,..Br) by an edge is called end vertex.

(b) If any two non-adjacent vertices of the base-i B;,i = 0,...,n are not
connected by an edge, any two vertices of two base-i B; and base-j Bj, i, =
0,1,...,n—2 do not connect a same vertex in base-k By, (k > i and j) by two
edges, moreover, any two vertices in the net cannot be connected to a same
vertex in V& — VNet(Bo.Bi.Bn) by two edges, we call Net(By, By, ...,Bp)
generalized simple net.

(c) The vertex v in V5 is called free if there is no edge connecting v
and V5i(j < ). The generalized simple net with free vertex in V5, for all
1 =1,...,n is called generalized free simple net.

Definition 3.12. An arrangement A* in CP? is called generalized sim-
ple if the graph G from A* has the following property: There are fi-
nitely many stars and generalized free simple nets, say St(v1),...,St(vm)
and Net(BlO,Bh?...,Blkl),...,Net(BnO,Bm,...,Bnkn), which are pair-
wise disjoint in G and

G/ =G — { (6 (ESt(Ui) U {%})) U (CJ (ENEt(Bjoijp'"ijkj)
j=1

=1

Net(Bjy,Bjy »---B; ,
U {v e v Bio P ]ki)]v is not an end vertex} )) }
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is a forest.
Clearly, a nice graph is simple and a simple graph is generalized simple.

Now, Main Theorem can be generalized as follows

Theorem 3.13. Let Aj and A} be two generalized simple projective
arrangements in CP2. If the lattices of Ay and Ay are isomorphic, then
the complements M (A§) and M(AY) are diffeomorphic to each other.

Proof. We notice that the method in Case 2 dealing with the net in the
proof of Main Theorem can be used in generalized simple net here. Hence,
Theorem 3.13 still holds. O
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