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Schouten tensor and some topological properties

PENGFEI GUAN', CHANG-SHOU LIN AND GUOFANG WANG

In this paper, we prove a cohomology vanishing theorem on locally
conformally flat manifold under certain positivity assumption on
the Schouten tensor. And we show that this type of positivity of
curvature is preserved under O-surgeries for general Riemannian
manifolds, and construct a large class of such manifolds.

1. Introduction.

The notion of positive curvature plays an important role in differential geom-
etry. The existence of such a metric often implies some topological properties
of the underlying manifold. A typical example is the Bochner vanishing the-
orem on manifolds of positive Ricci curvature. In this paper, we consider
Riemannian metrics with certain type of positivity on the Schouten tensor.
This notion of curvature was introduced by Viaclovsky [18] which extends
the notion of scalar curvature.

Let (M, g) be an oriented, compact and manifold of dimension n > 2.
And let S; denote the Schouten tensor of the metric g, i.e.,

. R,
Sg_n—Q (ng_Q(n—l) -g>,

where Ricy and Ry are the Ricci tensor and scalar curvature of g respectively.
For any n xn matrix Aand k = 1,2, -+ ,n, let 0x(A) be the k-th elementary
symmetric function of the eigenvalues of n x n matrix A, Vk = 1,2,--- ,n.
Define oy-scalar curvature of g by

a1(9) = o(g™" - Sy),

where g~ - S, is defined, locally by (g~ ~Sg)§- = g"*(Sy)kj- When k =1, 0q-
scalar curvature is just the scalar curvature R (up to a constant multiple).
It is natural to consider manifolds with metric of positive k-scalar curvature.
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However, the surgery might not preserve this positivity. In fact, we consider
a stronger positivity. Define

I ={A= 1), \) ER"|0;(A) > 0,Vj <k}

A metric g is said to be in T} if 0;(g)(z) > 0 for j < k and = € M. Such
a metric is called a metric of positive I'-curvature, or a I'p-positive metric.
When k = 1, it is just the metric of positive scalar curvature. In this paper,
we are only interested in the case k > 2.

It was proved in [6] that any metric g of positive I'y-curvature with
k > n/2 is a metric of positive Ricci curvature. Hence, when the underlying
manifold M is locally conformally flat, (M, g) is conformally equivalent to
a spherical space form. We also proved in [5] that (M, g) is conformally
equivalent to a spherical space form if [g] has a metric with positive F%_l—
curvature and the Euler characteristic of M is positive. Here, we restrict
our attention to the case k < n/2.

The first result of this paper the following vanishing theorem.

Theorem 1.1. Let (M™,g) be a compact, locally conformally flat manifold
with al(g) > 0.

(i) If g € f; for some 2 < k < n/2, then the qth Betti number by =0 for

o5 or-ssvsen (5],

(ii) Suppose g € T3, then by = 0 for ["*T\/ﬁ] <g< [#] Ifg e f;r}
p= n_z\/ﬁ and b, # 0, then (M, g) is a quotient of S"™P x HP.

(i) Ifk:z%ﬁ andgEI’Z', then by = 0 for any 2 < g < n—2. If

k= n—Qﬁ, g €Ty, and by # 0, then (M, g) is a quotient of S*™2 x H2.

Here, S™P is the standard sphere of sectional curvature 1 and HP is a
hyperbolic plane of sectional curvature —1.

A more precise and general statement will be given in Proposition 2.1
in the next section. When k = 1, the above was proved by Bourguignon [1]
(see also [10, 13, 14]).

The most direct examples of I'y-positive metrics are Einstein mani-
folds with a positive scalar curvature (for instance S™ and CP™) and their
small perturbations. Another example is the Hopf manifold (a quotient of
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S*=1 x S! with the product metric). It is easy to check that the product
metric is ['g-positive if and only if & < n/2. It is implicitly proved in [7] that
for k < g, the connected sum of two positive I'y-curved locally conformally
flat manifolds can be assigned a locally conformally flat metric with positive
I’y curvature. Here we modify the argument in [4] to construct more exam-
ples of manifolds with positive I'y-curvature without locally conformally flat
assumption. The construction of manifolds by connected sums for positive
scalar curvature was furnished in [4] and [16].

Theorem 1.2. Let2 < k < n/2, and let M{* and M3 be two compact mani-
folds (not necessarily locally conformally flat) of positive T'y-curvature. Then
the connected sum Mi#Ms also admits a metric of positive I'y-curvature.
If in addition, M1 and Ms are locally conformally flat, then My#Ms admits
a locally conformally flat structure with positive I'y-curvature.

It follows that the manifold of the form

(1.1) La# - #Li##H # - - #Hj,

carries a locally conformally flat structure of positive I'y-curvature (k <
n/2), where Ljs and H; are quotients of S"~1 x S! and the standard sphere
S™ respectively. Hence, any free product of finitely many copies of Z with
finite many copies of the fundamental group of spherical space forms is the
fundamental group of a manifold of positive I'y-curvature, for k& < n/2.
As mentioned that any locally conformally flat manifold with ['y-curvature
for some k > 3 is conformally equivalent to a spherical space form by [6].
For k = [252], one would like to classify all such locally conformally flat
manifolds with positive I'y-curvature. When n = 3, 4, results of Izeki [8] and
Schoen-Yau [17] imply that if (M",g) is a compact Riemannian manifold
with positive scalar curvature, then M has a form of (1.1).

The paper is organized as follows. In Section 2, we prove that the
positivity of I'y curvature implies a positivity of a quantity arising in the
Weitzenbock formula for p-forms. This leads to the application of the
Bochner type technique to obtain Theorem 1.1. In Section 3, we present

the construction of I'y-positive metrics on the connected sum.
2. A vanishing theorem.

We first introduce some notations. Let A = (A1, Ao, -+, \,) € R™ be an
n-tuple. For any j =1,2,--- ,n, we set

Alj = (A1, -1, A1, 5 An).
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Assume that 2 < k < n/2, 1 < p < n/2. Define a function G, : R* — R
by

p n
Gnp(A) = .min) (n—p)Z)\Z-j—i-p Z Aij ¢
j=1

(i1, 5in

Jj=p+1
where (i1, - ,i,) is a permutation of (1,2,--- ,n) and the minimum is taken
over all permutations. If we rearrange A = (A1, A2, , A,) such that A; >

Ag > -+ > \y,. It is obvious that for p < n/2,

n—p n
Gup(M)=p) Nj+(n—p) > A\
j=1

J=n—p+1

In the rest of this section, we will always assume that A is so arranged. Gy,
is related to a geometric quantity arising in the Weitzenbock form for p-forms
(see (2.8)). Let I, = (1,1,--- ,1) € R? and s > 0. Define n-tuples by

En,p = (In—p> _Ip) and E;;Z,p = (I”—P> —SIp).

It is trivial to see that Gy, p(Ey ) = 0. A straightforward calculation shows
that E),, (up to a constant multiplier) is the Schouten tensor of the man-
ifold S"7P x HP. It will become clear later that this manifold serves the
“minimal” model in our vanishing theorem.

We want to find a condition on k,p under which A € T 2‘ implies
Gpp(A) > 0. Our basic observation is that if o4 (E,, ) = 0, then G,, ,(A) is
a “linearization” of o at E, , in the direction of A. Namely,

MGT@(A) = iak((l — t)Enp + tA)]i=o.
P dt

Then by the convexity of FZ‘, it E,, € fz with oy (E,,) = 0, we have
0x(Enp+tA) >0 for A € T{. Note that f,:_ is the closure of T'}. It would
imply that G, ,(A) > 0. Roughly speaking, ox(E, ) = 0 is the condition
we are seeking (the precise statements are given in Proposition 2.5 and
Lemma 2.6).

The main objective of this section is to prove the following proposition.

Proposition 2.1. Let (M™,g) be a compact, locally conformally flat man-

ifold and let 2 < k <n/2 and 1 < p < n/2. Suppose g € fz and o1(g) is
not identical to zero in M.

(1) If Epp € I‘;l and E,, , ¢ F;, then by =0 for allp < g <mn—p.
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i) Suppose E, , € T}, 0x(En,) = 0 and o1(g) > 0 at some point in M,

i) S Enp €Ty, 0x(Enp) =0 and 0 at t in M
then by = 0 for allp < q <n —p.

(#i) Suppose Ey ), € f;r, ok(Enp) =0, then b, # 0 if and only if (M, g) is
a quotient of S"7P x HP.

We need some technical lemmas in the proof of Proposition 2.1.

Lemma 2.2. For any s > 0, if E} , € f;, then E7_,
Esz,pfl € Fi_l' If Enp € f,j; then Ep_2p 1 € F,:r.

p € F,‘:_l and

n

Proof. First, it is easy to check that E}_; € I} | implies E 9,1 € .
If £, € I} (vesp. fz), then E;_, , € Il | (resp. TL). Hence, we only
need to deal with the case that oy (E; ) = 0. Assume by contradiction that
or-1(E;,_y,) = 0. Since ox(E;, ) = or-1(E,_1,) + ox(E,_;,), we have
o(E5_1,) = 0. Together with E5_; , € T,_,, it implies B5_, € T,. We
may repeat this argument to produce a sequence of integers m such that
Enp € f,:_ and ok (Ey, ) = ok(E},41,) = 0. This process must be stopped

m
somewhere since —sIj, is not in f,:_. We then obtain an integer m such that
on(Ey,,) = or(E5,,,) =0and Ej, , € Ty, Now
0= O—k(Efn—l—l,p) = O—kfl(Ezz,p) + Jk(E;;,p) >0,
this is a contradiction.
To prove j:che last assertion in the lemma, note that we already have
En_g,p_l S kal' Now,
0 < 0k(Enp) = ok(En—2p-1) — Ok—2(En—2p-1).
It follows that
ok(En—2p-1) > 0k—2(En—2p-1) > 0.
O

Lemma 2.3. Let 0 < s < 1 and p < n/2. If B, € T, with oy(E5,) =0
for some k > 2, then for any A € f;,

Gnp(A) > 0.
If in addition 0 < s < 1 and o1(A) > 0, then

Gnp(A) > 0.
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Proof. We first notice that if A € f;r and o1 (A) = 0. This follows from
> AP =01 (A) = 203(A).
i=1

Thus, we now assume oj(A) > 0. For 0 < s < 1, we note that
o1(E; ;) > 0. Since E} , € f; (note that & > 2 by assumption), we must
have o1(Ej, ,) > 0. By Lemma 2.2, we have oy_1(E;,_ , 1) > 0. Using the
identity > ", ok-1(Alj)A; = kok(A), we have

(2.1) 0= kow(Eyp) = (n = plok-1(Ey_1,p) — spok—1(Ep_1p-1)-

We want to show that G, ,(A) is positive for A € fz with o1(A) > 0. Con-
sider a function f(t) = ox((1 —t)E;, , +tA). Denote E}; , = (e1,e2, -+, en).
By the convexity of T'y, we know f(¢) > 0. Since f(0) = 0, we have f/(0) > 0
which implies

(2.2)
0<f(0 Zak 1(E plJ Zak 1 En pl)Aj = ow(En p)
n—p
= 0k1(By1p) DA k-1 (B i) Z Aj
J=1 j=n—p+1
—P
= o1 (Bioy) > Ny (@)
j=n—p+1
n
g
:M SPZA t-p 3N
j=n—p+1

From Lemma 2.2, we have ox_1(E;_; ,) > 0. Hence, (2.2) implies that

n—p n
(2.3) sz Aj+ (n—p) Z Aj > 0.
j=1

j=n—p+1

If s = 1, this gives Gy p(A) > 0. If s < 1, from assumption that o1(A) =
> i1 Aj > 0, we have 3 "77A; > 0 by our arrangement of A. Therefore,
(2.3) implies that G, ,(A) > 0. O
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Lemma 2.4. Assume that for some1 <p <5 and2 <k < n/2, E,, € f;
with op(Enp) = 0. If A € fz, then Gpp(A) > 0. The equality holds if

and only if A = pkE,, for some p > 0. In particular, if A € Fz, then
Gnp(A) > 0.

Proof. As in the proof of Lemma 2.3, we may assume o1(A) > 0. Since
the positivity of G(A) does not change under a rescaling A — pA, we may
assume that o1(A) = 01(E,p). As in the previous lemma, we consider the
function f(t) = ox((1 — t)E, p + tA). We have f/(0) > 0. The argument
given in the previous Lemma implies that G ,(A) > 0 or G, ,(A) = 0.
Hence, we only need to examine the latter case. In this case, we also have
1/(0) = 0. Since f(0) =0 and f(¢) > 0 for any ¢ € [0, 1], we have f”(0) > 0.
By our choice of E, ,, it is clear that G, ,(Ey ) = 0. This, together with
Gnp(A) =0, gives

n

(2.4) pY (ei—X)+(n—p) > (ei—X)=0.
=1

1=n—p+1

Here, we denote E,, by (e1,ez,---,e,). The normalization o1(A) =
o1(En,p) gives

(2.5) Z(ei “A)+ DY (ei—M)=0.

n—p n
(2.6) dei=x)= D (ei—X)=0.
i=1 i=n—p+1
Let A; = (e1—A1, -+, en—p—An_p) and Ay = (En—pt1i—An—ptis s en—Ap).

(2.6) means that o1(A;) = o1(A2) = 0. Now, we compute f”(0)
(27)  0<f7(0) =) ok—2(Enplif)(hi — e)(N; — €))
i#]
= 2{ok_2(Ep—2p-1)01(A1)o1(A2)
+ 0p—2(Bn-2p-2)02(A1) + 0—2(Ep—2p)02(A2)}

n—p
= 0 2(Bn-2p-2) |o1(A1) = ) (e — Ni)?
i=1
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+0k2(En2p) |07 (A2) = D (e — N)?
n—p+1
n—p

= —0p—a(En-2p-2) Y _(ei — X))
i=1

—0p—2(En_2p) Z (ei — N2

i=n—p+1

By Lemma 2.2, we know that oy_o(E,—2,p—2) > 0 and og_o(En—2,) > 0.
Hence, (2.7) implies that

e; = N;, for any 1.
Hence, the equality holds implies A = pukE, ), for some p > 0. O

Proposition 2.5. (i) Suppose that o, (E, ) <0 for some 2 < k < n/2 and
2<p<n/2. IfA € T;, then Gy q(A) > 0 for any p < ¢ < n/2. If in
addition o1(A) > 0, then Gy, q(A) >0 for any p < q¢ < n/2.

(i) Suppose that op(Ey ) =0 and E, ), € f;r for some 2 < k <n/2 and
2<p<n/2. IfA€ f,j, then Gy q(A) > 0 for any p < q < n/2. And if
A e Fz, then Gy, q(A) > 0 for any p < q <n/2.

Proof. Set 0, = (0,...,0). Since E}, , = (In—p,0p) = 8(0n—p, Ip), ok(E}, ), as
a function of s, is decreasing. Hence, from oy, (Egm) > ( and the assumption
that oy (E} ) = 0x(Enyp) < 0, there is a s € (0,1) such that oy (E; ) = 0.
And one can check that for any other integer 1 < k' < k, op(Ej, ;) > 0.
Hence, Ej, , € 'y, and we can apply Lemma 2.3 to show that Gy, ,(A) > 0
for any A € I'}, and Gpp(A) > 0 for any A € I} and o1(A) > 0. For
n/2 > q > p, it is easy to see that oy,(E, 4) < 0x(Ey,p) < 0. Therefore, the
same argument applies for g. This proves (i). (ii) is proved by the same
argument. U

We now prove Proposition 2.1.

Proof of Proposition 2.1. Recall the Weitzenbock formula for p-forms w

Aw = V*'Vw + Ruw,



Schouten tensor and some topological properties 895

where
Rw = Z wj Ni(e)R(ej, ep)w.
=1
Here, e; is a local basis and i(-) denotes the interior product A = dd* + d*d
is the Hodge-de Rham Laplacian and V*V is the (positive) Lapalacian. In
local coordinates, let w = w1 A--- Awp. Then

p n
(2.8) Ro=|(n=p)> X+p Y Ai|w,
i=1

i=p+1

where \’s are eigenvalues of the Schouten tenser S,;. Under the conditions
given in (i) or (ii), Proposition 2.5 implies that R is a non-negative operator
and positive at some point. It is clear from the Weitzenbock formula that any
g-harmonic form w is parallel for such g considered in the Proposition. Since
R is positive at some point, this forces w = 0 everywhere. So, H4(M) = {0}.

Now, we prove (iii). By assumption, there is a non-zero harmonic p-
form w. In this case, R is non-negative by Proposition 2.5. Again, from the
Weitzenbock formula, w is parallel. Now, one can follow the argument given
in [11] to prove that the restricted holonomy group of M is reducible and
the universal cover M of M is a Riemannian product. And we can conclude
that M is S"™P x HP. O

Finally, we prove Theorem 1.1. We need to spell out the relationship of
k and p such that the conditions in Proposition 2.5 are satisfied.

Lemma 2.6. The followings are true.

(1)) k=2and 5 >p> [”_2\/5]; then By, ¢ Iy . If p = ”_2‘/6 is an integer,

then Ey,, € Ty with 05(E, ) = 0.

(i) p =2 and k > ["5L2), then Eno ¢ TF. If k = "5 is an integer,

then Ey, o € f;r with o (Ey2) = 0.
(#4) For the general case, E, , ¢ f,:_, if 3<p<n/2, and

-2 4 — —2 4
(2.9) k> n—2p+ 2\/n D+ :
orif 3<k <mn/2, and

n—k+2—+vn—k+2
5 .

(2.10) p>
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In particular, if n > 4 and k = ["TH] +1—p, then By, & fz.

Proof. 1t is easy to compute that

n—2p)?—n
UQ(En,p) = %
So, Bnp ¢T3 if 2 > p > "=,
Similarly, if p = 2, we compute
ok(En2) = or(In—2) —20p-1(In—2) + op—2(In—2)
. (n=2)! 2
= m{(n— 2k)* —n} <0,

if k> ey
If p> 2 and E,, € ['y, applying Lemma 2.2 (the last assertion) repeat-
edly, we have E,, 9,142 €T z However, one can compute

ok(Bn—2pra2) = ok(ln-2p12) + ok—2(In-2p+2) — 20%-1(In—2p12)
— !
%{(n—%wﬂ_%ﬁ —(n—2p+4)} <0,

for k satisfies (2.9). A contradiction.
And if 4 > k > 2 and E,;, € Ty, by Lemma 2.2, E,,_ji2, € I']. This
implies that n — k — 2p +2 > 0. By (2.10)

— — 2 _ —
n—Fk+2 2]29) n+k 2§0.

Contradiction again. O

UZ(En—k-l—Q,p) =

The statements (i) and (ii) in Lemma 2.6 are sharp, but (iii) is not
sharp. When p > 2 and k > 2, the relationship of them is a combinatorial
problem which involves polynomials of degree k. By Lemma 2.2, there is an
optimal relation for each pair (k,p). For example, one may calculate that

for k > %\/m and p = 3, ox(Ey,p) < 0. The dual relation is also true
for k = 3. In (iii), we simply reduced it to the cases p = 2 or kK = 2 to
get relations (2.9) and (2.10). Regarding two relations (2.9) and (2.10), for
relative small p, the first one is sharper, and for relative small k, the later

is better.

Proof of Theorem 1.1. Theorem 1.1 follows from Proposition 2.1 and
Lemma 2.6. 0
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3. Construction for the connected sums.

In this section, we first prove Theorem 1.2 for the case without the locally
conformally flat structure. The proof follows closely the idea in [4]. Then we
prove Theorem 1.2 for the case with the locally conformally flat structure.

Proof of Theorem 1.2 for the case without the locally conformally flat struc-
ture. Let M be an n-dimensional manifold with a I'y-positive metric and
n > 2k >4. Fix p e M and let D = {z € R"|||z| < 7} be a small nor-
mal coordinate ball centered at p of radius 7, where 7 is smaller than the
injectivity radius of M. For any p < 7, let S""(p) = {z € D||z| = p}
be the geodesic ball of radius p. Following [4], we consider the Riemannian
product D x R with coordinates (x,t) and its hypersurface

T ={(z,t) e DxRI[(||z],t) € 7,}
where 7 is a curve in the (r,t)-plane. We will choose 7 satisfying

1. v begins at one end with a vertical line segment ¢t = 0, r; < r <7
and ~ ends at another end with a horizontal line segment r = ro, > 0,
with 7o, sufficiently small, see figure in [4].

2. The resulted hypersurface T' has a metric of I'y-positive.

The statement 2 is the crucial point of the construction. Now, we compute
the Schouten tensor at z = (x,t) € T with ||z|| = r # 0. Choose an
orthonormal basis e, ez, -+ ,e, of Tz such that e; is the tangent vector of
the curve {(sz,t)|s,t € Ry} NT parametrized by arc length. Moreover,
one can choose this basis such that eq,eq,--- ,e, are principal vectors of
the second fundamental form of 7" in D x R. The corresponding principal
curvature \; are

)\1 = K,
Ai = (—140(r)sing, i>2,

where £ is the geodesic curvature of the curve v at (r,¢) and 6 is the angle
between the normal to the hypersurface and the t-axis, see [4]. The Gauss
equation is -
Rijii = Rijri+ hikhji — hahygp,
= Rijr + NXj (6051 — 61101
Here, R;j (Rijkl resp.) is the curvature tensor of T (D x R resp.). It is
clear that



898 P. Guan, C.-S. Lin & G. Wang

]_?ijkl = EiD'k[) ivja kal > 27
-@ljkl = Ear]’kl COs 97 jukul > 27
leu = Rgrjarl C0829 j,l 2 2.

Hence, the Ricci tensor of T is given by (Vi,j > 2),
1
R;j = RZ-[; - RZ%rjar sin® 0 — ko (— + O(T‘)> sin 0
r
1 2
+ (n — 2)0;; <— + O(T‘)> sin? 6,
r
1
Ri1 = RE.,, — RE 5. sin?0 — (n — 1)k <— + O(T‘)) sin 6,
r

Ryj = R{) — R} (1 — cosf).

We compute the scalar curvature R and Schouten tensor S:

R=RP — 2R, sin?0+ (n—1)(n - 2) <i2 + O(l)) sin? 6
r

—o(n—1)k (% + om) sin0,

(3.1)
S =SP4+ Vsin?6
1 0 0 0
L1 » 0 1 0 0
+ 5 | = +0O(1) | sin” 0
2 \r
0 0 1 0
0 0 0 -1
0O 0 --- 0 0
. 0O 0 --- 0 0
—H<—+O(T)>Sln0 .
" 0O 0 --- 0 0
o 0 --- 0 1

1/1 1
=SP 1+ Vsin20+ = (= +0(1) | sin20Gy — k [ =+ O(r) ) sin0Gy,
2\ r? r

where all entries of the matrix V are bounded (depending only on the metric
on D).

It is easy to check that the m x n matrix Gy is in I‘g if and only if
n > 2k. From this fact, one can see that when r is small, the third term in
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(3.1) dominates others. Since I' ,j is a open cone and SP € T’ ,":, there is an
positive constant ¢y > 0 such that SP — ¢ € I‘g. Here, I is the identity
matrix, In order to satisfy 2, from the convexity of F;, we only need to find
a curve such that the matrix

1 /1 1
(3.2) F:=cpl — sin? 01 + 3 <—2 — 02> sin?0Gy — K <— + 03> sin 0G4
r r

is in I'}, Where ¢; > 0 is chosen such that (V;;) +c17 is positive definite and
c2, c3 are positive constants independent of r. Near the starting point (0,77),
by the openness of F;, we can choose a small 6y such that for 0 < 0 < 6,
the matrix F' is in F:- Hence, we can bend v in a small region around the
point (0,71) and end the “first bend” at (t2,r2) with 0 = 6, see [4]. Now,
we continue the curve v by a straight line segment with angle 6y and end at
a point (t3,r3) where r3 > 0 is very small which will be chosen later. Since
on (t2,t3) the geodesic curvature k = 0, F'is in F:- We find r3 small so that

for any r < rj
) 171 . 2 1 . +
(co—c1sin“0) [+ = | = —c2 |sin“0Gy — Kk | — + ¢3 | sinf0Gy € T},
2 \ r? r k

We compute

n—1)! b
Uk(F):akﬁ <n—2k—a>7

where

1/1
a = 5 (— — 02) sin29 + (CO —C SiIl2 9)7

%)
1 . . 9
b=k|—+4cs|sind —2(co — c1sin”0).
r
Since n > 2k, to keep the k-positivity, we only need b/a < 1/2, i.e.,
1 . 1/1 . 9 . 9
2k —+cg|sinf < = | = —co | sin” @ + 3(cy — ¢1 8in” 0).
r 2\ r2
Now, we can choose 7 as in [15] to finish the proof. O

The proof of the last statement in Theorem 1.2 is inspired by arguments
in [12], we need a lemma which was proven in [7].

Lemma 3.1. Let D be the unit disk in R™ and ds?® the standard Euclidean
metric. Let gy = e~2"0ds? be a metric on D of positive I'y-curvature with
k < n/2. Then there is a conformal metric g = e~2“ds® on D\{0} of positive
g -curvature with the following properties:
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1) ox(g) > 0 in D\{0}.
2) u(x) = up(z) forr =|x| € (rg,1].
3) u(z) =a+logr forr = x| € (0,r3) and some constant a.

for some constant vy and r3 with 0 < r3 < rg < 1.

Proof of Theorem 1.2 in the case of locally conformally flat. Let (M, g1) and
(M3, g2) be two compact locally conformally flat manifolds of I'x-positive.
Let p; € M;. The locally conformally flatness of M; implies that there is a
neighborhood U; of p; such that (U;, g;) = (D, e 2%|dx|?). Applying Lemma
5, we obtain a new conformal metric g; on M;\{p;} satisfying in D conditions
(1)—(3) with constants 7§, 7} and a’. By scaling of metrics, we may assume
that a' = a®> = 0. Let 7% = min{r},73}. Hence, in {0 < |z| < r°} two
metrics g1 and go are the same, namely, §1 = §o = #\dw\? The inversion

map ¢(x) = (TE)Q#, maps {% < |z| < %} into itself. Now, we can glue

My and My by identifying {% < |z| <%} by ¢. Note that ¢ is conformal.
It is clear that the glued manifold is a locally conformally flat manifold of
positive T'y. U

Added-in-proof. After this paper was completed, we learned two recent
papers by Chang-Hang-Yang [2] and Gonzélez [3] on further topological
implications of I'y, positivity for locally conformally flat manifolds.
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