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General finite type IFS and M-matrix

NING JIN', STEPHEN S. T. Yau?

In [14], Ngai and Wang introduced the concept of finite type IFS to
study the Hausdorff dimension of self-similar sets without open set
condition. In this paper, by applying the M-matrix theory([15]),
we generalize the notion of finite type IFS to the general finite type
IFS.

A family of IFS with 3 parameters, but without open set condition
is presented. The Hausdorff dimension of the associated attractors
can be calculated by both the M-matrix method and the general
finite type IFS method. But these IFS are not finite type except
for those parameters lying in a set of measure zero.

1. Introduction.

For any map f : R* — R? define
(1.1)  u(f) = inf{a € R;|f(v1) — f(va)| < alvy — vy for all vy, vy € R},

Then, |f(v1) — f(vo)| < u(f)jvr — vo| for all vi,ve € R%  f is called a
contraction if u(f) < 1 and f is called a similarity if |f(v1) — f(v2)| =
u(f)|vr — ve| for all vy, vy € RY. A finite set of contractions on R? is called
an IFS (iterated function system ) on R?. For any IFS ® on R%, there exists
an unique compact subset E C R such that Useq f(E) = E. E is called the
attractor of ® and is denoted as A(P). Attractor of IF'S is one of the most
important kinds of fractals.

If @ consists of contractive similarities, the attractor A(®) is called a
self-similar set. When an IFS ® on RY consists of similarities and satisfies
open set condition, in 1981 Hutchinson [4] proved that dimpy A(®) = a,
where « is the unique solution of Moran’s equation[13].

(1.2) > u(f)* =1
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In 1982, Dekking [2] constructed a new kind of fractals, called recurrent
sets, which can be described as the limit set of an orbit on R" of an semigroup
endomorphism, and gave a formula to calculate its Hausdorff dimension. In
1986, Bedford [1] generalized the concept and the dimension formula of
recurrent sets such that some kinds of self-similar set can be expressed as a
recurrent set.

In 1988, Mauldin and Williams [9] studied the Hausdorff dimension of
graph directed construction objects, which generalized the concept of re-
current sets. Their results include those of Hutchinson and Dekking, and
has some parts similar to those of Bedford. They used a directed graph
G = (V, E) to construct the fractal set. A collection of contractive similari-
ties {¢., e € E} indexed by F is associated with the graph G. They proved
that when the graph is strongly connected, there exists a unique collection
of non-empty compact sets {F,,v € V} such that F, = Upev.ecE,, Pe(Fy),
where E,, is the set of edges from v to v. The graph directed construction
objects is defined as U,cy Fy.

Attractors of IFS and recurrent sets are two different kinds of fractals.
However, some attractors of IFS can be described as recurrent sets. The
most interesting fact is that there are some special attractors of IFS, without
open set condition, hence, we cannot calculate their Hausdorff dimension
by Hutchinson-Moran formula, but these attractors can be described as
recurrent sets and their Hausdorff dimension can be gotten by the methods
given at [1, 2, 9].

In [15], we introduced the concepts of M-matrix and c-vector. An M-
matrix means a matrix whose entries are sets of mappings. It is a general-
ization of IFS and graph directed construction. Meanwhile, the concepts of
M-matrix are also generalization of Markov partition and Iterated Function
Scheme which are used to study fractals in complex dynamic system (cf.
[5, 10, 11, 12]). An IFS can be considered as an M-matrix of size 1 x 1. If £
is a recurrent set generated by m contractions ¢;,7 = 1,...,m, and recurrent
positions a;; € R™ (see [1, 2]), we let ¢;j(x) = ¢j(z) + a;; and define M-
matrix M = (M;;) with M;; = {¢;;}, then E is the union of the components
of the maximal invariant c-vector of M. For the graph directed construc-
tions in [9], it can be described as an M-matrix with each entry consists of
contractive similarities and each row contains at least one non-empty entry.

In [14], Ngai and Wang introduced the notation of finite type IFS. The
attractor of finite type IFS can be realized as recurrent sets. Hence, their
Hausdorff dimensions are computable. A lot of IFS without open set con-
dition are finite type. So, their Hausdorff dimension can be calculated ac-
cording to Ngai and Wang’s results and recurrent method. But as we shall
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see in Section 4 of this paper, there are some restrictions for an IFS to be
finite type (see Theorems 4.1 and 4.2). In this paper, we remove these re-
strictions and define the general finite type IFS, which includes more IFS
which are not finite type in Ngai and Wang’s sense. A general finite type IFS
can be equipped with an M-matrix. Then, we can calculate the Hausdorff
dimension of a general finite type IFS by M-matrix theory.

A brief review of the M-matrix theory [15] is given in Section 2. In
Section 3, we recall the definition of finite type IFS in [14]. In Section 4,
we give a necessary condition for an IFS to be finite type and we find the
relation between finite type IFS and M-matrix. In Section 5, we define the
general finite type IFS. We prove that the attractor of a general finite type
IFS can be realized by an invariant c-vector of an M-matrix which satisfies
open set condition. Hence, we can calculate the Hausdorff dimension of the
attractor of general finite type IFS by M-matrix theory. As an example, we
study a family of general finite type IFS which are not finite type except
some occasional cases.

2. M-matrix and c-vector.

Motivating from the self-similar property of fractals, we introduced the con-
cepts of M-matrix and c-vector in [15]. An M-matrix means a matrix whose
entries are sets of mappings. It is a generalization of IFS and graph directed
construction. Meanwhile, the concepts of M-matrix and c-vector are also
generalization of Markov partition and Iterated Function Scheme which are
used to study fractals in complex dynamic system (cf. [5, 10, 11, 12]). An
IFS can be considered as an M-matrix of size 1 x 1. If F is a recurrent
set generated by m contractions ¢;,¢ = 1,...,m, and recurrent positions
a;j € R™ (see [1, 2]), we let ¢;j(z) = ¢j(z) + a;; and define M-matrix
M = (M;j) with M;; = {¢;;}, then E is the union of the components of the
maximal invariant c-vector of M. For the graph directed constructions in [9],
it can be described as an M-matrix where each entry consists of contractive
similarities and each row contains at least one non-empty entry.

In this section, we give a brief description of the M-matrix and c-vector
theory ([15]).

Definition 2.1. An M-matrix is a matrix whose entries are finite sets of
mappings on R%. The set of all M-matrices of size m x n is denoted as
M(m,n). We use M.(m,n) (or My(m,n)) to express the set of all M-
matrices whose entries are finite sets of contractions (or similarities, respec-
tively).
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For any two sets of mappings ® and ¥, define ®¥ = {fog|f € ®,g9 € U}.
We shall frequently identify {f} with f for a mapping f and write fg
for fog. TFor a set of mappings ® and a subset X C R? define
®(X) = Usea f(X). For any M-matrix M = (M;;) € M(m,n) and N =
(Nij) € M(n,p), define MN € M(m,p) with (7,7) entry UgM;qNg;. For
M-matrices (Mij)a (NZ]) € m(m,n), we define (Mz) U (NZ]) = (Mz] @] Nz])
and (M;;) N (Ni;) = (M5 N Nyz). Then, (M (m,m),U,N,-) satisfies some
algebraic law with () as “zero” element and I as “unit” element, where () is
the M-matrix whose entries are all empty sets and I =diag({1},...,{1}),
1 is the identity mapping. We call 9(m, m) M-algebra for the time being.
M.(m,m) and Ms(m,m) form two M-subalgebras of M(m,m). An M-
matrix M € 9MM(m,m) is called invertible if there exists N € M (m,m) such
that MN = NM = I and we denote N by M~!. A permutation M-matrix
is an M-matrix P = (P;;) € 9 (m,m) such that each column and row has
precisely one non-empty entry FP;; = {1}, where 1 is the identity mapping,
all the other entries are empty set. An M-matrix M € 9(m,m) is invertible
if and only if M = Pdiag({¢1},...,{¢m}) for some permutation M-matrix
P and M~ =diag({¢7'}, ..., {om' 1) PL.

We write M1 = M and M? = MM9~! for ¢ > 2 when M € M(m,m).
For an M-matrix M = (M;;) € M(m,m), we call M is irreducible if
for any 1 < 4,5 < m, there exist some ki,...,ks € {1,...,m} such
that Miklele ---Mksj = {fO o f1 0...0 fs‘f() S Miklafi S Mkiki+17
fs € My,;} # 0. The standard form of M-matrix is given by the follow-
ing theorem:

Theorem 2.2 ([15]). For any M € M (m,m), there exists a permutation
M-matrix P € 9(m,m) such that

Hy By -+ Bis
PMPt — @ H2 o BQS
1} 0 ... H,
where, for each i = 1,...,s, either H; € 9M(m;, m;) is irreducible with

m; > 0or H; = ({@})

Now, we consider the vector of subsets of R?. We shall call a vector
-m

whose components are compact subsets of R? to be a c-vector. Let
(and K™) be the set of all c-vectors with m entries (or m non-empty entries
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respectively):

K" = {(E1,...,Ep)E; C X is compact },
K™ = {(En,...,En)'|E; C X is compact , E; # 0}

Define operations “U” and “N” on " by
(B1,...,E))'U(Fy,...,Fp) = (BLUF,...,E,UF,)
and
(Br,...,Ep)' 0 (Fy,...,Fn) = (ByNFy,...,En Ny

For an M-matrix M = (M;;) € M(m,n) and a vector X = (X1,...,X,)
(X; CRY), we define

Uquq(Xq)

UqMZq(Xq)
(2.1) M(X) = :
UaMing(X,)

For M € M (m,m) and E € K™, if M(FE) = E, we call F to be an invariant
c-vector of M. Denote the maximal invariant c-actor of M by A(M).

The following theorem gives a complete description about the invariant
c-vectors of an M-matrix M when M* € M.(m,m) for some k.

Theorem 2.3 ([15]). Let M € 9(m, m). Suppose there is some integer
k > 0 such that M* € 9M.(m,m).

(1) A(M) e K" exists and

Uit M (F) = Uis 1 MU(F)UA(M) e K", VF e K™,
Ng>1Uise MH(F) = A(M),VF € K™,
Uit M (F) C Uis 1 MU(FYUAM) e K", VFeK",
Ne>1Uisk Mi(F) C A(E),YF e K.

(2) If E € K™ and M(E) = E, then A(M) = E.

(3) For the empty M-matrix (), A(0) = 0.

(4) If M is irreducible, then there are only two M-invariant c-vectors:
A(M) e K™ and 0.
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(5) Suppose P € 9(m,m) is an invertible M-matrix. Then, E is an
invariant c-vector of M if and only if P(E) is invariant under PM P~1.
In particular, A(PMP~1) = P(A(M)).

(6) Suppose M = < Iél 5 ) with H; € M(m;, m;), B € M(my,ms),
2

mi1 + me = m, and mq, mg > 0. Then, any invariant c-vector E of M
must has the form

(B URHEE ),

FE4 and Es, are invariant c-vectors of H; and Hs respectively. In par-

ticular, '
o) = (AT VOB )
Furthermore, A(M) = (A(éfﬂ) if Hb = 0 and A(M) =
A(Hy) N o
< A(H)) ) if B=0.

Similar with the IFS case, we define the open set condition for M-matrix
as follows.

Definition 2.4. Let M = (M;;) € M(m,m) and U = (Uy,...,Upy)", where
U; € R? are non-empty bounded open sets. M satisfies open set condition
with respect to U if

(1) UjMij(Uj) cU;,i1=1,...,m;
(2) Mi;(Uy) N My (Uyr) = 0 if j # 55
(3) ¢(U;) Np(U;j) = 0 if ¢,4p € M;; and ¢ # 1.

When M satisfies open set condition with respect to U, MP* satisfies
open set condition with respect to U and M satisfies open set condition
with respect to M*(U) for any k = 1,2,.... While we use M-matrices to
describe recurrent sets [1, 2], graph directed objects [9], conformal iterated
function schemes [5] and Markov partition for conformal dynamic systems
equipped with invariant densities [10, 11, 12], it can be proved that all these
M-matrices must satisfy the open set condition for M-matrix.
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For an M-matrix M = (M;;) € M(m, m) and a real number z > 0, we
define a numerical matrix F'(M,x) by

(2.2) F(M,2) = () ulf) hzij<m:

feM;;

where u(f) is defined by (1.1). The eigenvalue of F'(M, ) has closed relation
with the Hausdorff dimension of the components of invariant c-vector of M.

Theorem 2.5 ([15]). Let M € M(m,m) and M* € IM.(m,m) for some
k. Suppose P is a permutation M-matrix such that

Hy Bz -+ Bis
. 0 Hy --- DBy
PMP! = 7
0 0 o H,
where H; € 9M(m;,m;), i = 1,...,s, are either irreducible or empty with

size 1 x 1.
(1) A(M), A(PMP") and each A(H;),i=1,...,s, exist.

A(Hy)
(2.3) A(M) = P'A(PMP") = U M'P* :
A(H)

(2) Write A(PMP!) = P(A(M)) as (EV, ..., EN), where £V € K(my),
i =1,...,s. Then, for any fixed ¢, each component of 5@ has the
same Hausdorff dimension. Write this dimension as dimg; 8(2), then

dimy £ = max{dimy A(H;),dimg 8(j)|Bz‘j # 0}.

(3) Let D; be the unique number such that the biggest real eigenvalue
of F(H;,D;) is 1. Then, dimyg A(H;) < D;. In particular, if
H; € 9Ms(m;,m;) and the open set condition holds for H;, then

Let M = (M;;) € M(m, m) be a M-matrix. Let k;; be the cardinality of
M;;. The integer matrix T = (k;;) is called the incidence matrix of M. The
following result will be used to compare with the results of [14].
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Corollary 2.6. Let M = (M;;) € 9M(m,m) be an irreducible M-matrix
and 0 < p < 1. Suppose that each mapping ¢ € U;;M;; is a similarity
with contractive ratio p. If the open set condition holds for M, then the
Hausdorff dimension of each component of A(M) is

In A

(2.4) iy

i

where A is the maximal real eigenvalue of the incidence matrix T = (k;;) of
M, where kij = ‘MZ]‘

3. IFS of finite type (Ngai and Wang [14]).

In this section, we recall the notion of finite type IFS of Ngai and Wang[14].
Let ® = {¢;;1 < j < ¢} be an IFS on R?, where each ¢; is a contractive
similarity with similar ratio u(¢;) = p;j, 0 < p; < 1. The code space ¥,
concerned with @ is defined as the set of all finite sequence in {1,...,q}:

Zq:{(]h,]k)‘l gjl,...,jkgq,k:1,2,...}.

An element j = (j1,...,Jk) € ¥4 is called a word of length k. We denote the
length of j by |j|. In particular, we can define an empty word () which has
length 0. And we define ¥7 = {#} UX,. For i€ ¥} and j € X}, let ij € X7
be the concatenation of i and j, and call i an initial (proper) segment of ij
(if § # ).

For j = (j1,...,Jm) € Xy, define

(3 1) ¢ — ¢j1o"'o¢jma if |.1‘21
' I 1, the identity mapping, if j =10

and

o piepi, i 21
(3.2) pJ'_{L ifj=0

Then, ¢; is a contractive similarity with similar ratio u(¢;) = pj.
Let p = min{p;,j =1...,q}. Define

AO:{@}v
Ap={jex p; < p¥but pp > pFifiisa

. k=1,2,....
proper initial segment of j

(3.3)

Vi ={¢li € Ax}, k=0,1,2,...
V= Ukzovk.
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A non-empty bounded open set Q@ C R? is invariant under IFS & if
() € Q for all j. Such an Q always exists. We say two mappings
f1, fo € Vj are neighbors (with respect to Q) if f1(Q) N fo(Q) # 0. For
f € Vi, the set

Q(f) :={g € Vi|g is a neighbor of f}

is called the neighborhood of f (with respect to 2). Two mappings f; € Vi
and fy € Vpr are said to have the same neighborhood type if there exists a
similarity 7 with similar ratio pk'_k'l such that

(3.4) Q(f1) =7Q(f2) and f1 =70 fo.

We denote it by fi ~ fa (or fi ~ fs to indicate the mapping 7). Then, “~”
is an equivalence relation on V. The IFS ® is said to be of finite type if
there are finite many distinct neighborhood types.

Using V' as the set of vertices, we can define a graph G as follows. Give
two mappings f,g € V, if f = ¢; with i € Ay, g = ¢; with j € Ay and
there exists an word 1 € 37 such that j = il, then we connect a directed
edgel: f— g. We call f a parent of g and g an offspring of f.

Notice that a vertex in G might have several parents. We will remove
some edges from G so that every vertex has at most one parent. To do
this, we use the lexicographical order on X7. For each vertex f € V, let
l;,...,1, be all the directed edges going from some vertices to f. Suppose
that 1; < ... <1, in the lexicographical order. Then, we keep 1; and remove
all other edges. Thus, we obtain Gg. If f is a parent of g (i.e., g is an
offspring of f) in the reduced graph Ggr, we denote it as f > g.

The incidence matrix S = (so3) for the IFS @ is defined as follows.
Suppose that there are m neighborhood types. Then, the size of S is m x m.
Choose any mappings v € V that has neighborhood type «. Its offspring
in Gg will have various neighborhood types 3. The entry s, denotes the
number of offsprings that have neighborhood type 3. From the following
Lemma, it is proved that S is well defined (cf. [14]).

Lemma 3.1. Suppose fi, fo € V and f; ~ fo. Let g be an offspring of fo
with edge 1: fo — g. Then, Tog ~ g and 7 o g is an offspring of f; with
edgel: fi—rT1o0g.

The following is the main theorem of [14]

Theorem 3.2. Let ® = {¢;;1 < j < ¢} be an IFS on R?, where each ¢; is
a contractive similarity with similar ratio p;, 0 < p; < 1. Suppose that ® is
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of finite type with respect to a bounded invariant open set 2, and let .S be
the corresponding incidence matrix. Then, the Hausdorff dimension of the
attractor F' = A(®P) is

log A

log p’

(3.5) dimy (F) =
where p = min;p; and X is the maximal real eigenvalue of S.

Remark 3.3. The incidence matrix S of ® depends on the open set 2. It
can be proved that if @ is a finite type IFS with respect to open set ) with
incidence matrix S and Q' is another open set such that ®(Q) C Q', then
® is also finite type with respect to €. Suppose the incidence matrix of ®
with respect to €' is S/, then S’ # S in most cases.

4. Necessary conditions for an IFS to be finite type.

In this section, we will discuss the conditions for an IFS to be finite type.

Theorem 4.1. Let ® = {¢;;1 <i < ¢} be an IFS on R?, where each ¢; is
a contractive similarity with similar ratio p;, 0 < p; < 1. Suppose that ® is
of finite type. Then, there exists a real number 0 < py < 1 such that each
pi = plgi for some positive integer k;, 1 < i < gq.

Proof. Assume that p; < py < ... < p,. Let P = {pfla € Q,a > 0}. If
{p1,...,pq} ¢ P, then there exists an iy, 2 < iy < g, such that

(4.1) pio € P.

For any k > 0, there exists an positive integer nj such that

k —1
Py < pi and pp*

k

io = Pl
So, by (3.3),

jr:= (dg...70 ) € Ag.

jr = (do...dg ) € Ag

ng

Hence, ¢35, € Vi, k =1,2,.... As ® is of finite type, so there exist k # &’
such that ¢j, and ¢;,, have the same neighborhood type. Thus, there exists

a similarity 7 with similar ratio p’f,*k such that

70 @5, = by,
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. . . . /_ . . . .
The similar ratio of 7o ¢;, is plf kpZ)’“. The similar ratio of ¢;,, is p?o’“'.

Hence,
Pk p = pi
This implies
Pio = pgk’—k)/(nk/—nk) cP
This contradict with (4.1). Thus, we have {p1,...,pqs} C P.
As {p1,...,pq} C P, so there exist ‘:—j €Q,i=1,...,q, where s; and ;
are positive integers, such that

i/ti .
pzzpi/ 71217"'7q
Let T' be the minimal common multiple of ¢1,...,¢,. Then, 7;‘192 are integers.
Let pg = p}/T and k; = t‘:i, then p; = pgi. O

In view of Theorem 4.1, one can see that even though there exist some
finite type IFS without open set condition, finite type condition is quite
restrictive. Furthermore, we have the following result.

Theorem 4.2. An attractor of any finite type IFS must be a component
of an invariant c-vector of an M-matrix M = (M;;) with open set condition
such that each mapping ¢ € U;;M;; is a similarity with a fixed contractive
ratio 0 < p < 1.

Proof. Let ® = {¢;;1 < j < q} be a finite type IFS on R? respect to open
set © with m neighborhood types and incidence matrix S = (s;;). Let
p = minlgqu{u(qu)}. Let F' = A((I))

For any f € V, define

Co(f) ={f}.
C(f)=CYf):={g € V|f > g}, the set of all offsprings of f,
CHU(f)={g € VIh > g for some h € C*(f)},i=1,2,....

Then, it is easy to see that
(4.2) Ci(1)=V;,i=1,2,...,

where V; is defined by (3.3). For each neighborhood type i = 1,...,m, we
choose one mappings v; € Vy, that has neighborhood type ¢. In particular,
we can assume that v =1 = ¢y € V), the identity mapping. Suppose

(43) C(vi):{gijt|j:1,...,m,1gtgsij},
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where g;;; has neighborhood type j. As v; € Vi, s0 gijt € Vi, 1. But gij¢
and v; has the same neighborhood type, so there exists a similarity 7;;; with
similar ratio p¥~*i*+! such that (see (3.4))

Tijt

(4'4) Gijt ~ Vj.
Hence,
(4.5) gije = PP im0 (PP Riy).

Write pk'j_kinjt as 7;5¢- Then, 7;;; is a similarity with similar ratio p and
—k; oA — k.
(4.6) p "'Gijt = Tijtop ;.

Let M;; = {7ijs|]1 <t < s;5}. Define M-matrix M = (M;;). Then, by (4.3)
and (4.6), we have

p~F1C(v1) {p™"1w1}
(4.7) : =M :
p~HmC(vm) {p™Fmvm}
Using Lemma 3.1, by induction on p, we can prove that
p~F1CP(v1) {p™"1v1}
(4.8) z — M :
p~FmCP (v, {p™Fmum}

Now, M is a M-matrix. Its incidence matrix 7T is the same as the incidence
matrix S of ®. We shall prove that F' is a component of A(M). Let

{p™Mu1} p~ 11 (F)
=l |w=|
{p™Fm v} p oy, (F)

Then, by (1) of Theorem 2.3,

(4.9) A(M) = Niz1Up>iMP(F)
But

F=Vy(F) = :Vp(F):
So, by (4.2),

(4.10) F=C')(F)=...=CP(1)(F)=....
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Notice that v; is the identity mapping and p~* = 1, (4.8) and (4.10) imply
that the first component of MP(F) is always F. Thus, by (4.9), the first
component of A(M) is F.

Finally, let

(411) Uy = o5 Upso(CP(0)() = Upeapun) 170 CP ()]0 = L. .m,

where () is the open set mentioned at the begining of the proof. Then, U;
are open sets and it is easy to check that M satisfies open set condition with
respect to Uy, ..., Uy, (see Definition 2.4). O

Remark 4.3. According to Theorem 4.2, we can apply Corollary 2.6 to
finite type IFS. This will yield Theorem 3.2. In other words, we give a new
proof of Theorem 3.2.

Remark 4.4. There are more than one way to represent the attractor of a
IFS as a component of an invariant c-vector of a M-matrix. Theorem 4.2
shows that the neighborhood type method of Ngai and Wang is an useful
method for getting a suitable M-matrix for finite type IFS. In the next
section, we will generalize this method to study more IFS.

5. General finite type IFS.

In this section, we will define the (general) finit type IFS. Let ® = {¢;;1 <
j < q} be an IFS on RY with attractor E = A(®), where each ¢; is a
contractive similarity with similar ratio u(¢;) = p;, 0 < p; < 1. Let X, be
the code space concerned with ® and X7 = {0} UY,. Let G = {1} U U
2U... = {flie T}

We define a finite set of mappings V' C G to be a section if: (1) For any
mapping f € G, there exist h,g,v € G such that v € V and fh = ¢g; (2)
For any two mappings f,g € V, if f = gh for some h € G, then f = g.
Sections always exist (For example, ¥ = ®\ {f € ®|3g € ® and h € G, h #
1,5 f = gh} is a section). If V' is a section, then V(FE) = E.

For two sections V1, Vo C G, we write V; = V5 if for each f € V3, there
exists g € V1 and h € G, h # 1, such that f = gh. We call a sequence of
sections (V;,i = 0,1,2,...) to be a flag if Vo = {1} and V; = V4, for each
i=0,1,2,.... (For example, (3.3) defines a flag.)

Let (Vi,i = 0,1,2,...) be a flag and Q € R be a non-empty bounded
open set which is invariant under ®. We say two mappings fi, fo € V; are
neighbors (with respect to Q) if f1(Q) N f2(Q) # 0. For f € Vi, the set



834 N. Jin & S.S.T. Yau

Q(f) :={g € Vi|g is a neighbor of f} is called the neighborhood of f (with
respect to §2). Two mappings fi € Vi and fo € Vi are said to have the
same neighborhood type (in general sense) if there exists a similarity 7 such
that

(51) Q(fl) = TQ(fg) and f1 =TO fg.

(Notice that, here, we omit the restriction on the similar ratio of 7 in (3.4).)
We denote it by fi ~o fo (or fi ~5 fo to indicate the mapping 7). Let

V = Ui V. Tt is clear that for any f1, fo, fs € V, (1). f1 A f1, where 1 is
the identity mappings: (2). fi o fa = fa ~a fi; (3)- fi To foand fo Lo f3
= f1 Ué f3. So “~gy” is an equivalence relation on V.

Using V' as the set of vertices, same with Ngai and Wang’s [14] process
recalled in Section 3 of this paper, we define a graph G as follows. Give two
mappings f,g € V, if f € Vi, g € Vi+1 and there exists a mapping h € G
such that g = fh, then, we connect a directed edge h : f — g. We call f a
parent of g and ¢ an offspring of f.

Similar to the case in Section 3, a vertex in G might have several parents
and we use the lexicographical order on X% to remove extra edges from G.
For each vertex f € V, let Iy,...,1, € X7 be all the words such that ¢, are
directed edges going from some vertices to f. Suppose that I; < ... <1,
in the lexicographical order. Then, we keep ¢;, and remove all other edges.
Thus, we obtain Gy. If f is a parent of g (i.e., g is an offspring of f) in the
reduced graph Gs, we denote it as f >9 g.

If for any f1, f2,9 € V and h € G such that fi ~9 fo and ¢ is an offspring
of fo with edge h : fo — g in the graph Gs, we always have that 7g ~g g
and 7g¢ is an offspring of f; with edge h : fi — 7¢g in the graph Go, then, we
say (Vi) is a recurrentable flag. For example, by Lemma 3.1, we know that
(3.3) defines a recurrentable flag.

The IFS @ is said to be of general finite type if there exist a flag F =
(Vklk =0,1,2,...) and a ®-invariant non-empty bounded open set 2 such
that Fis a recurrentable flag and there are finite many distinct neighborhood
types in the sense of (5.1).

Let ® be a general finite type IFS ® with respect to open set 2 and
recurrentable flag F = (Vi|k = 0,1,2,...). The incidence M-matrix S =
(sap) for the @ is defined as follows. Suppose that there are m neighborhood
types a1,...,q;,. Then, the size of S is m x m. For each ¢ = 1,...,m,
choose a mapping f; € V that has neighborhood type «;. Let Cy(f;) =
{g € V|fi >2 g}. Each mapping g € Ca(f;) will belong to one of the
neighborhood types «;. So, there exists a similar mapping 7, such that



General finite type IF'S and M-matrix 835

g fj- We collect these mappings 7, to form the (i,j)-entry of S, i.e.,
define

(5.2) { S = (Sij)i<ij<m, )
where S;; = {7|3g € C(fi) 3 g ~2 [;}.

Notice that 7y = ¢ fj_1 if g :-'92 fj, so 74 is unique determined by g.
Consequently, S;; is unique determined by f; and f;. Now, we study what
will happen on S if we choose different f;. Suppose { f},i =1,....m}CV
is another collection of mappings such that fZ has neighborhood type Qi and
S = (S;) is the M-matrix defined by S;; = {r|3g € Cao(fi) 2 g ~2 fj},
where Co(f;) = {g € V|fi >2 g}. As fi and f; have the same neighborhood
type, so there exist similar mappings o; such that f; b fZ. Let 7 € S;;.
Then, 3g € Cy(f;) such that g ~y fj. Because F is a recurrentable flag,

-1
i p . i - - 3 -1 9%
fi f_}Q fz and g c Cg(fz) 1mply g 52 o, 1g and o, 1g S Cg(fz) NOW, o, 1g ~9
A o A N
g~ fi 5’2 fj- So, Ui_lg UZNTQUJ fj- rlihus, U,L-_ITO']‘ € Si;. So, o, SZ]U] C SZ]
Similarly, it can be proved that aiSijaj_l g Sij. So, o; SZ]U] = SZ] Let
P =diag({01},...,{0om}). Then, we have S = P~1SP.
The following theorem gives the relation of the invariant c-vector of S

and the attractor E of ®. As a consequence, we can get the Hausdorff
dimension of F by applying Theorem 2.5 on S.

Theorem 5.1. Let ® be a general finite type IFS & with respect to recur-
rentable flag 7' = (Viy|k = 0,1,2,...) and open set Q. Suppose that there are
m neighborhood types a1, ..., a,, and that the identity mapping 1 has type
a1. Choose mappings f; € V such that f; has neighborhood type «; and
f1 = 1. Let S be the associated incidence M-matrix. Then, S¥ € 9M,.(m,m)
for some k and S satisfies open set condition. Furthermore, the attractor £
of @ is the first component of the maximal invariant c-vector A(S) of S.

Proof. For any f € V = U,Vy, define

C3(f) ={/},

Ci(f) = Colf) = {g € VIf 329},

Cit(f) = {g € V|h >4 g for some h € Ci(f)},i=1,2,....
Then, it is easy to see that

(5.3) Ci(1)=Vsi=1,2,....
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By (5.2),

(5.4) Sii = {739 € C2(f1).2 9 <2 fj}
' = {9f; g € Calfi), 9 ~2 [;}.

So

(5.5) Siifi =49 € Ca(fi)lg ~2 fi}.

Every mapping in C(f;) must belong to one of the neighberhood types of
a1,y Q. So Oy(f;) = Uj{g € C(fi)lg ~2 f]} = U;S;;f;. Hence,

fi Ca(f1)
(5.6) sl |-
Denote the (ij)-entry of SP as Si(f ), Now, we shall prove
fi C5(f1)
(A). SP : = : ,
0.7 ; ;
o7 £ )\ 3

(B). g€ S and h e CY(f;) = gh € CYT(f;) and gh s h,

forp=1,2,3,... and ¢ =0,1,2,... by induction.

If p=1and ¢ =0, by (5.5) and (5.6), we know that (5.7) holds. Suppose
K > 1 is an integer. Assume that (5.7) holds if p + ¢ < K.

Let g € CETL(f;). Then, there exists h € C&(f;) such that h >, g.
By induction assumption, (A) of (5.7) holds when p = K an p = K — 1.
So, C5(fi) = UjSZ-(f)fj = Uj(UtSz‘tSt(]K_l)fj) = UpSiC3* (f). Hence,
h € SitOCQK_l(ftO) for certain top € {1,...,m}. So, we can suppose that
h = af, where a € Sy, and 3 € C&¥(f;,). By induction assumption, (B)

of (5.7) holds when p = 1 and ¢ = K — 1. So, h = a3 5 8. Hence, 3 % h.
But F is a recurrentable flag, so 3 >3 a~'g. Therefore, a=tg € CK(f,,).
So, g = aa~tg € Sy, CE(f1,). Thus, we have

Cy(f) S USuCE(f)

K
(5.8) = UiSe(U;5,°1)
+1
= UjSij i
Conversly, let g € UjSZ-jKH)fj. Because UjS§f+1)fj =U; Uy SitSt(j()fj =

U Si:CX (f1), there exists tg € {1,...,m} such that g € S;;, C4(f;,). Choose
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a € Sy, and B € CK(f,,) such that g = a3. By the definition of C¥(f,,),
there exists v € CQK “(fy,) such that v > 8. By induction assumption, (B)
of (5.7) holds if p=1 and ¢ = K — 1. So, a € Sy, and vy € CE~1( ) imply
ay € CE(f;) and ary <5 7. Because F is recurrentable, we have ay 5 af3.
So, g =apf € CQKH(fi). Thus, we proved that

(5.9) CEH () 2 Uy

v

J

Combining (5.8) and (5.9), we have
(5.10) CEHL(f) = U g

Thus, (A) of (5.7) holds if p < K + 1. Consequently, we also get that if
p+q< K+1,ac Si(f) and 3 € CY(f;) imply af € C5T(f:). To prove
that (B) of (5.7) holds in this case, we only need to prove that a3 ~y 3 if
p+q=K+1

Suppose 1 <p < K and ¢ = K —p+ 1. Choose v € C’QK*p(fj) such that
v > (3. By induction assumption, vy ~9 v. As F is recurrentable, we have
af <y B.

Now, suppose p = K +1 and ¢ = 0. Then, o € Si(jKH) and 3 = f;. But
SZ-(]-KH) = UtSitSt(]K), S0 a = ajagp for some a; € S, and g € St(g-). By
induction assumption, a3 ~% B and a8 € CIE(f;). By previous paragraph,
a1003 ~ agfl. So aran Wy B, ie. af Sy B

Thus, we proved that (5.7) holds when p+¢ < K +1. Hence, (5.7) holds
forallp=1,2,3,... and ¢ =0,1,2,....

Now, we shall find a k such that S*¥ € DM.(m,m). Let pmee =
max{u(p)l¢ € P}, Umee = max{u(fi)|]l < ¢ < m} and upy =
min{u(f;)]1 < i < m}. Then, 0 < ppee < 1. For any f € CY(fi),
u(f) < u(fs)phray < UmazPiuas- Choose k such that upazpfl < Smin.
For any f € SZ-(;?), ffi € C5(f). So, u(ff;) < %umm < %u(fj). Thus,
u(f) < 3. Therefore, S* € M, (m, m).

Now, we shall prove that E is a component of A(S). Let
fi fi(E)

[ (B) = :

Then, £ € K™. So by (1) of Theorem 2.3,

£ =

(5.11) A(S) = Ni>1Up>iSP(€)
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But

E=Vo(E)=...=V,(B)=....
So, by (5.3),
(5.12) E=CY1)(E)=...=C51)(E)=....

Noticing that f; = 1 is the identity mapping, (5.12) and (A) of (5.7) implies
that the first component of SP(€) is always E. Thus, by (5.11), the first
component of A(S) is E.

Finally, let

(5.13) Ui = [Up0(C5(fi)(Q) — Ugear), s Co(H)] i =1...,m.

Then, U; are open sets and it is easy to check that S satisfies open set
condition with respect to Uy, ..., U, (see Definition 2.4). O

6. Examples.

In this section, we study a class of general finite type IFS as examples.
Suppose 0 < < 1/2, 0 < a < (1 —28)/(1 — ) and v # 0. Let & =
{d1,¢2,¢3}, where ¢1(x) = aw, ¢2(x) = Px + oy, and ¢3(z) = Sz + 7.
Then, ® is an IFS on R. According to Theorem 4.1, o = P for some p € Q
is a necessary condition for ® to be finite type. So, these IFS are not finite
type in Ngai and Wang’s sense [14] except some occasional cases. It is easy
to check that ® does not satisfy the open set condition. Let E = A(®) be
the attractor of ®.

Firstly, we shall find the Hausdorff dimension of £ by M-matrix theory.
Let W7 = {1}, where 1 is the identity mapping. Let Wo = {¢1, ¢2}. Then,
it is easy to check

Wi® = ¢psWy U W
(6.1) { Wod = dod3sWi U {1, o2} Wo
Define
B {03} {1}
(6.2) M= ( {¢2003} {01, @2} )

Then, (6.1) becomes

(6.3) <%>@:M(%>
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Let &= (Wi (E), Wa(E))! = (E, $1(E) U ¢o(E))!. Then, £ € K>.

@ = ( (5 o ) (e )
(( (631 U W) (E) ))

1
2
$203W1 U {¢1, 92} Wo)(E
_( We(E)
\ WLhd(E)
— < Wi(E) ) &
Wa(E) '
So, &€ is invariant under M. It is clear that M is irreducible and M? €

IM.(2,2). But £ € K?, so by Theorem 2.3, we know that & = A(M).
Define open intervals

((09/1=B) ify>0
(6.4) Ui ~—{ (7/?1—5)7@ ifz<0
and
1, i
65 - { (7L 70

Then, one can check that

¢3(U1) NU; C Un,

$2¢3(U1) U ¢1(Uz) U ¢2(Uz) C Uy,
(6.6) ¢3(Ur) N Uz =0,

P203(U1) N (1 (Uz) U 2 (Ua)) = 0,

$1(Uz) N g2 (Ua) = 0.

So, M satisfies the open set condition with respect to Uy and Us. By Theo-
rem 2.5, the Hausdorff dimension d = dim E' (notice that E is the first com-
ponent of &) is the unique number such that F(M,d) has 1 as the biggest
real eigenvalue. Now

d 1
F(M7d):<§2d ad+ﬂd>-

It has two eigenvalues. The bigger one is

ad + 267 + \/a?d + 452

A=
2
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Then, A = 1 implies
(6.7) ot +26% =1+ adpd.

So, the Hausdorff dimension dimg A(®) is the solution of (6.7).

Now, we shall prove that ® is a general finite type IFS and get the
Hausdorff dimension of £ by the incidence M-matrix. We can prove that
®" ' n =1,2,..., are sections. To do this, we only need to prove that for
any f,g € ®", f = gh for some h € G will give f = g. Otherwise, suppose
[ # g. Then, f(Ur) = gh(U1) € g(Uy). So

(6.8) f(U) Ng(Ur) #0.
By (6.3), we have
(6.9) (%)@”:M”(%)

Denote the (i, j)-th entry of M™ by Mi(jn). Then,
(6.10) " = Wy = MWy U MIDW, = M U MP W,
. . . Uy
Because M satisfies the open set condition with respect to U =
2

( %1 ) (U1), we know that M™ also satisfies the open set condition with
2

1%

respect to < W; > (Uy). Hence,
hi,hy € M by # hy = hy(U1) N ha(U1) = 0,

(6.11) i€ M, hy € MYy = hy(Uy) N haWa(Uy) = 0,
hi,hy € M5 by # hy = hyWa(Uy) N haWa(Uy) = 0,

So, (6.8) holds only in the case {f,g} € YW for some ¢ € Ml(g) Notice
that f = gh and W2 = {qbl, qbg} SO, ¢1 = qbgh or ¢2 = qblh Thus,

(6.12) ¢1(Ur) = ¢p2h(Ur) C ¢2(Ur) or ¢2(Ur) C ¢1(Uh).
But ¢1(U;y) = (0, %) and ¢o(U7) = (ar, 1’6_—% + ay). Hence, (6.12) cannot

hold. So, the assumption f # g is impossible. Thus, we proved f = g.
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Now, let Vo = {1}, V;, = ®" for n = 1,2,.... Then, (V},) is a flag. Using
U, as the open set Q2. From (6.10) and (6.11), noticing that ¢1(Ur)Ng2(Uy) #
0, we know that the neighborhood (in the sense of (5.1)) of any f € ®™ is

: (n)
(613) () = { by ifje My .
YyWo if f € YW, for some B € Mpy'.

Thus, we have

Flo1 it fem®
(6.14) F4 b1 if f= o, for some v € MY
f 32 ¢o if f = 1)y for some ¢ € Ml(;)

It is clear that ¢1 ol9 ¢o. So, there are three neighborhood types.
From (6.14), one can check that (V,;n = 0,1,2,...) is a recurrent flag.
Select 1, ¢1, ¢2 to represent the three different neighborhood types. Consider

the offsprings of 1,¢; and ¢2 in the graph Gs. 1 has offsprings ¢1, ¢2 and

¢35 L5 1. ¢ has offsprings 62 Lh ¢1, i b do and dids Y 1. ¢y

has offsprings ¢3 322 ¢o and ¢o¢3 %%3 1. Thus, the associated incidence

M-matrix

¢3 1 1
(6.15) S=| o163 91 P
Gz 0 o

The Hausdorff dimension d = dim E (notice that E is the first component
of A(S)) is the unique number such that F'(S,d) has 1 as the biggest real
eigenvalue. Now

gt 1 1
F(S,d)= [ a98? ot o
ﬁZd 0 ﬂd

It has there eigenvalues:

at 4289 + \/a2d 4%
> :

0,
The fact that the biggest eigenvalue is one implies
(6.16) ot +28% =1+ adpe.
This is same as (6.7).

Recently we were informed by Sze-Man Ngai that he and Ka—Sing Lau have
done similar works in our Section 5 by different method.
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