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In this paper, we study the dilation limit of S? x S' with a warped
product metric under the Ricci flow. We first prove that the
isoperimetric ratio on the base manifold S? has a lower bound,
which excludes the £2 x R as the dilation limit. We also prove a
monotonicity result under a certain condition.

1. Introduction.

Suppose, we have a solution to the Ricci flow

0
% = —2R;;

on a compact Riemannian 3-manifold N with Riemannian metric g(¢), and
suppose R becomes unbounded in some finite time 7y. In the paper [2],
Hamilton proves that under the Ricci flow, the dilation limit converges to
53, 8% x R, ¥2 x R or their quotients, where the X2 is the cigar soliton on
the surface. Hamilton also conjectured that 32 x R cannot occur as dilation
limit.

If the 3-manifold N is S? x S! topologically, and the metric is a warped
product metric. It is well known that this condition is preserved by the Ricci
flow. Here, the base manifold S? is also denoted as M.

The metric can be written as:

9= (gs2) + 7" (f*)do?

where 7 is the standard projection from S? x S! to S2, g2 is the corresponds
metric on the sphere and f is a positive function on the sphere S2.
The Ricci curvature is
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where the Rij and A denote the Ricci curvature and the Laplacian on the
base manifold (52, gg2) respectively.
Now, the Ricci flow equation can be written as

9 3
(1.1) &(952)2-]' = —QRZ‘]' + 2

(12 S f=ar

f

The rest of this paper is organized as follows. In Section 2, we analyze
the geometry on S? x S!, and state the isoperimetric ratio estimate and
the technical lemma. In Section 3, we prove the isoperimetric estimate.
In Section 4, we prove the technical lemma. In the last section, we prove
a monotonicity result which shows that the isoperimetric ratio is strictly
increasing.

2. Isoperimetric Estimate.
In this section, we shall establish an isoperimetric estimate on the base

manifold M.
First, we shall compute the evolution equation for \VTf\Q.

) vs

f
Corollary 2.2. There exists a constant C, which only depends on the
initial metric and f at time 0, such that under the Ricci flow, we have

Lemma 2.1.

2
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V_f2<012
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Now, we define the isoperimetric ratio on S? (also see [3]).

A
A1 Az

Cu(v) =1(v)
for all smooth closed curves v and

Cu(S%g) = inf Cpr(7)
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where the infimum is taken over all smooth closed curves 7, which divides
M into two open surfaces My and Ms with OM; = OMs = ~ and areas
A = Area(S?), Ay = Area(M;) and Ay = Area(Ms). This definition is
equivalent to:

)
CI(,Y) o min{Al,Ag}
and
C1(8%,9) = iI%f Cr(v).
Because

CI SCH S 20[7

we know that under Ricci flow, the dilation limit is a product of a surface
with R. By using this isoperimetric estimate, we shall prove that this surface
cannot be ¥2. Our claim is

Theorem 2.3. Under the Ricci flow, there exists an n > 0, such that
Cr (8% 9)(t) >n >0

for all ¢t < T}, where Ty is the maximum existence time for the solution of
the Ricci flow.

Remark 2.4. 1) The existence and smoothness of the optimal curve 7 such
that Cy(y) = Cy(S?,g) are proved in [3] by Hamilton. This does not
depend on the flow.

2) Since Cp is a dilation invariant, the estimate holds on any dilation
solution, but the cigar soliton has isoperimetric constant 0. So, we have the
following corollary.

Corollary 2.5. Under the Ricci flow, ¥? x R can not occur as a limit of
dilation for S? x S' with warped product metric.

3. Proof of Theorem.

Let g(t) be a solution to the Ricci flow, given some time ty. Let v be any
smooth embedded closed curve, which divides M into two open surfaces
My and My with OM; = OMs = ~y. Let v, denote the parallel curve
of signed distance r from 7 (with respect to the metric g(tg)), where the
signed distance is positive for the curves in My and negative for the curves
in M1, as shown in Figure 1. For r which is sufficiently small, -, is a smooth
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embedded closed curve which separates M into two open surface M, and
Mo, (see [3] or [1]). We can consider the following as the functions of r and ¢.

1) =1v,9())
2) Ay = Area(M -, g(t))
3) Ay = Area(Ma,, g(t))

4) Cu = Cu(v, g(t))

Our computation shows that:

om _,
or
94s _
or
ol
— = kd
or /T y

where k is the geodesic curvature of «, with respect to the metric g(t).

24
% = / kds
T Yr
2
O [ ks
o e

7—r 70 7,

Figure 1: Isoperimetric ratio
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By Gauss—Bonnet formula, we get

21 = KdA+/ kds
Ml,'r Yr

Differentiating the above with respect to r, we have

/de—l—g/kds:o
Tr 87“ Tr

o
or?

and then

= — K ds.
r

For time t, we can show

Saea [ wans [ Mane s [ Maac s [ W

Since

IV £I?
f?

<C?

we have

d
ZA<C?A
dt = 1

and it follows,

A(t) < A(0)eCT,

Therefore, we have the following:

Corollary 3.1. A(t) is bounded above at any finite time ¢.

We also have

(3.2) 9 gy =2 Kaa+ / A 4
at M M
d Af
3.3 — Ay = -2 KdA + —dA
(3:3) o’ Mo My, |

2
(3.4) % :—/ de+/ u}];' ds
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where T' is the unit tangent vector along 7,. Since

A

_ 12
(3.5) Cn =Pyt

S0,
(3.6) InCy=2Inl+InA—-1nA; —InAy

Differentiating twice with respect to r, we get

82
leCH
_20 2 O\ (PA) 1 (041N
S Lor2 2 \or Ay \ Or? A2\ or
_ L (84 1 (045N
Ay \ Or? Az \ or
2 2 L
= —— de——2</ k:ds) ——/ kds
l Yr l Yr Al Yr
12 1/ 12
+ gt [ kds+ —
A% A2 Tr A%
2
:—g/de—%</ kds) —i—(i—i)/kds
1/, EAVA A A ),
1 1
P+ —
* (A%U@)
and
9, 2200 1 (dAN 104y 1 04y
ot M TTor T A\t ) T A ot A, ot

_201 Ay 9AL Ay Ay
1Ot ALA Ot AsA Ot

2 2 [ |Tf]?
=——- | Kds+ - d
] /% S + ] /T f2 S
——= (2] kds—4n+ —dA
AlA Tr My f

w2 )
—— | -2 | kds—4m + —dA
AsA - M, |
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Therefore, we get

3, 0? Ag 2
it Cn = gl +an (5w )+ (/’“‘)

11 (1 1
<A—2‘A—1)/ bt <A2+A_a>

2
i ds—2<—A2 _ A >/ ks — 22 AfdA
Yr

7 S AA ARA AA oy, f
SEIyES
:88_;1n0H+47r<ﬁ2+£2)+l22 </ kds>2+<Ai2—Ail) [yrkds
2 (A%JFAL%)JT : ‘Tff;‘%s_ﬁ; WfdeA

A [ ONIE, A [VE A [V
1Ay, 2 AlA/ v AQA/ g s

2
lnCH—I—(47r—CH)<A2 + Al)

8 or? A1A A A
2 12 1
+l2 ks Mkd L <A2 A—lﬂ
\Tf\Q Ao IV f]? Ay IV f|?
-l- - ds — dA — dA
1), f? AA P A2 A Jyp,  f2

e

We can simplify the above as

(3.7)
0 0? A Ay
8tlnCH 82IDCH+(47T_CH)<A1A+A2A>

([ ) (Zmen)

ITf? Ay / V£ Ay / IVfI?
- ds — dA — dA
1), f? y AA Sy, f? A A Jy, P

A [ VS A [ YV
- —/ vds Ihd [, (—v)ds
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where v is the unit normal vector of v, towards Ms. We used the following

identities in the above: 4

A1 Az

A2 Al 12 1 1
Cn <A1A+A2A> = <A%+A§>
a 9 11
| — 2 kds—1(—— —
or 0 Cn z/% y <A1 A2>

Ay A AZ-A2 11
AMA T AA T AAA T AL Ay

Cy =10

and

because
Al +A,=A

We shall prove that Cg (M, g) has a positive lower bound. It suffices to
show that when Cy attains its minimum, the right hand side of Eq. (3.7) has
a fixed lower bound. Without loss of generality, we assume that Ay > Ay,
then
(3.8)

ﬁ/ V_f.,,dﬁﬁ/ VI (Coyas| = (A2 - AL
MA S, f AA ), T “\A44 T AA

Since \¥| < (1, Vt, we have

Ay A i

Ay A
< (22 - L))o
= <A1A A2A> =

and

Ay VP A / VP o [ A A 2
A A< 22 A+ A, =
AlA/M1 f? d T a4 My [P dd < G AT i

We then have the following lemma,

Lemma 3.2.

8 (92 AQ A1
. — > + — _—
(3 10) ; In CH 7“2 In CH (471 CH) < ) ) )

1 0 2 [ |Tf? . Oyl
o ([ ) (rmen) + [ Fhhas-et -G




Isoperimetric estimate for the Ricci flow on S? x S* 735

When Cp(7) reaches its minimum, i.e.,

l2

Cu(v) = Cu(M.9) 2 Lo —S

it suffices to show that % is bounded by § A’?’i‘ for some § > 0.

For any fixed § > 0 (for example, we can take § = 27), we consider two
cases:

I) If | > 52—, then
2C1

2A 12 §2eCiTo

= >—>—">0
A1Ay — A T 401214(0)

Cu(v)

i.e, we already have a positive lower bound.
(IT) If I < 52-, then

Ao Chl o 1

- > (= — R
6A1A A~ (2 Cll)Al >0
hence,
0 0? Ao Ay
. — > — 0 — —_— —
(3.11) 8t1nCH_8T2 InCy + (4m — 6 — Cp) <A1A+A2A>

1 0 2 \1 f‘Z 2
_ 1 z _
+ ] </,« k:ds> < . nCH> + i . 5 ds Cl

So, for any finite time t < Ty, C'y has a positive lower bound.
Now, we have proved that there exists n > 0, such that

Cg>n>0

Vit € [0, T())
Since C'y > 0 on a compact manifold is a dilation invariant, we have

lim Cy >n
t—Tpy

on any dilation. This is also true on the limit, and the dilation limit cannot
be 2 x R!. This finishes the proof of Theorem 2.3.
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4. Proof of Lemma.

Proof. The left-hand side of Eq. (2.1) is:

OV _BIVIE =25 ks VIS 208 il
ot f2 - f2 f4 f2
RIVF—2Lififi+20% (M) f5 2V fPAS
= 72 - 13

On the other hand,

A <\Vf\2> v (V(\Vf\2)f2 —|[Vf?- 2fo>

e Iz
_oVUVIP) 2AVfPE-Vf
e 3
AV = V(VIP) - 2fVf
f4
V(ISP - (YO 2AVFPAN P =2V PV S - 3f2V f
f6
_AIVFPE AV(VP) -V 2VPASF 6V
N 3 f3 Iz
Hence, we have
9 |VfP V£
a8 < 72 )
_ AP VAV -V 6V
e f3 Iz
L RIVIE  2ififs | 2 ik

f2 f3 f2

Since

AIVF? =215+ 2(Af)ifi+ 2Rij fif .
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we can show

IR, <\Vf\2)

ot f2 12
2f25 + 2Ry fif;  AV(VS) VS
- f2 + f3
_ OV RV 2fijfif,
f4 f? I3
_ 2V L+ AV(VIP)-Vf  6IVEY 2fiifif,
B f? I3 f4 f3
2|V2f|2 VIZ2, Vf 2Vt 2fufif,
:_|f2‘+4v(‘f2‘)'7+ |f4|_ Jfg j

where we used

v <\Vf\2) _V(VIP) VP -2fVS
7o) P f?

The Corollary 2.2 follows from Lemma 2.1 and maximum principle.
5. Monotonicity Result.

In the above, we exclude X2 x R' as a dilation limit, but we still need to
prove the base manifold converges to the round sphere S?. We actually have
a partial monotonicity result about isoperimetric ratio by using that Cp is
bounded from below and proceed our proof more carefully. In fact, we need
to assume that when v attains the minimum of Cy (7), I(vy,t) — 0 as t — Tp.
Our claim is:

Theorem 5.1. Under Ricci flow, if I(y,t) — 0 as t — Tp for the v satisfies
Cr(y) = Cy(S?), then the isoperimetric ratio will strictly increase unless
Cy = 4m.

In order to prove this, we need to show that whenever Cy < 4w, the
right-hand side of Eq. (3.7) is non-negative.

Proof. Since [ — 0 and
l2
< —<
?7<CH_A1 < 8m,
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so as t — Ty, Ay — 0 (we still assume A7 < Ay).

For any fixed small § > 0, if ¢ is close to T enough, we shall have

| < i
4C4
and 5
A < 2
1< g2
Hence,
§ [ Ay Ay Cyl 1 /6
3 (it )~ % (1-ot) >0
and
Y e S It S R >__  _
> <A1A * A2A> =g, — =0
then
0 0? Ay
. = > S - 2
(5.1) atlnCHiaT‘Q InCy + (47— CH)(AlA
Ay 1 0 2
+ m) + 7(/% kds)(EIHCH) + 7[%

Therefore, whenever Cy < 4w, Cy will increase.

Tf|°

72 ds

O

Remark 5.2. The more general result to exclude X2 xR has been proved by
Perelman in [4] recently via an entropy estimate. In that paper, he confirms

Hamilton’s conjecture. Our work was done during 2001.
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