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Gluing Seiberg-Witten Monopoles
PEDRAM SAFARI

We establish a canonical gluing procedure for Seiberg—Witten
monopoles on the two pieces of a closed, oriented four-manifold
X which is split along a 3-dimensional closed, oriented submani-
fold. We only assume that the (unperturbed) character variety is
Kuranishi-smooth and the limiting maps are transversal — then we
will be able to glue regular monopoles over the irreducible points
of the character variety.

1. Introduction.

The advent of Seiberg—Witten theory in 1994 led not only to a great sim-
plification of the gauge-theoretic results obtained earlier by Donaldson, but
also to new advances such as proofs for the Thom conjecture [6]. One of
the advantages of the Seiberg—Witten theory is that the bubbling phenom-
enon does not occur, thus resulting in a compact moduli space for closed
four-manifolds.

Naturally, finding methods to compute these invariants would be de-
sirable. For symplectic manifolds, Taubes settled this question by relating
the invariants to those of Gromov—Witten [14, 13]. Fintushel and Stern de-
scribed how the Seiberg-Witten invariants change under certain surgeries
over a knot [4]. In yet another direction, one could ask if it is possible to
compute the Seiberg—Witten invariants of a four-manifold which is decom-
posed into two parts, given the relevant information on the pieces.

To make this more precise, let X be a closed, oriented four-manifold, Y a
closed, oriented, embedded, dividing submanifold, and X+ and X —, the two
components of X \ Y. X* could be considered as cylindrical-end manifolds
with ends isometric to I x Y, where I is an interval. If X* are equipped with
Spin‘structures agreeing on Y, then these structures give rise to a unique
Spin®structure on X. We are interested in the Seiberg—Witten moduli space
of X in terms of those of X+, X~ and Y.

There have already been several partial results around this question; see
[10, 11, 5, 1, 2, 3]. The main concern in those works is to explicitly find
the solutions to the Seiberg—Witten equations by analytical means, mostly
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dealing with some particular type of the boundary manifold Y, such as circle
bundles over Riemann surfaces or Seifert fibered spaces.

Here, we develop a more general gluing scheme for Seiberg—Witten
monopoles, thus setting the ground for a Mayer—Vietoris type theorem for
Seiberg—Witten moduli spaces; this would be the subject of a forthcoming
paper. Our approach is essentially based on Taubes’ method for construct-
ing glued-up ASD connections on connected sums, and is an adaptation of
the work of Morgan and Mrowka in gluing ASD SU(2)-connections ([9]) in
the context of Seiberg—Witten theory.

We will assume that the three-manifold Y has no reducible point in its
Seiberg—Witten moduli space. Otherwise, we would simply confine ourselves
to the open set of irreducible points. This could also be achieved by a
small perturbation in the Seiberg—Witten equations, which would relieve us
from singular points as well, producing a zero-dimensional moduli space,
but we are not heeding much this way. Instead, we would allow a positive-
dimensional, “smooth” (in the sense of Kuranishi) moduli space, which is
free from reducibles, while the obstruction spaces can be non-trivial. On
X+, we would require the stronger condition of regularity for monopoles.

There are practical motives for this unperturbative approach — in many
concrete examples, such as the case of Seifert fibered spaces, we explicitly
know the solutions to the unperturbed equations on the three-manifold. How-
ever, our method should well work in the perturbative setup as well.

Below is a quick survey of the gluing procedure. We put complete metrics
on the two pieces X, thus taking them with infinite ends isometric to
[0,00) x Y. There is a limiting map which smoothly assigns a monopole
on Y to each finite-energy monopole on the the cylindrical-end manifold.
We cut each infinite piece at place £ and glue the truncated manifolds X eft
along Y. The resulting manifolds X, are diffeomorphic to X and we try to
successfully glue the monopoles on X as the neck is elongated. We start
naively by pasting together the monopoles using a partition of unity. Of
course, we need to add a correction term to obtain an exact monopole; it
would be the unique fixed point of a contraction mapping on a Hilbert space.
In fact, if f ¢ 1s the approximate glued monopole and é is the correction term,
then we want the left-hand side of the expansion

SW (&, +&) = SW(&) +D'(E) + Q)

to be zero. Here, D! is the linearization of the SW map and @ is its second
order approximation, both depending on £, of course. The equation can be
re-written as

D'(§) = -SW(&,) - Q(&).



Gluing Seiberg—Witten Monopoles 699

Thus, if we can find a right inverse R for D! and set £ = R({), then ¢ would
be the fixed point of the map

F(C) = —SW(&) — Q(R(C)).

In the construction of a right inverse for D!, we are led to consider
two complementary subspaces — one being finite-dimensional — and work
on each one separately. The main difficulty lies in right-inverting D' on
the finite-dimensional subspace; this is essentially due to the existence of
obstruction spaces in the first place. We will make estimates on the norms
of certain operators, obtained through Hodge theory, to eventually conclude
that the desired full right inverse can be constructed for ¢ sufficiently large.
The norm of this operator could grow exponentially in ¢; nevertheless, the
perturbation term will decline exponentially and this conforms with the
intuition that the approximate gluing is increasingly “better” as £ becomes
larger.

The hard analysis culminates in the main theorem of this paper, whose
proof is completed in Section 3.5. Use M to denote the Seiberg—Witten
moduli space and let 91 : M(X*) — M(Y) be the limiting map. Assume
that M(Y') is Kuranishi-smooth and consider M7 (Y'), the (smooth) irre-
ducible part of the moduli space of Y. Let M*(X¥) consist of the regular
points of the inverse image of M¥"(Y) under the limiting map. Note that
this implies that M*(X¥) is free from reducible points, too. We continue
to use the same notation for the restriction of 9+ to M*(X™T).

Theorem. Under the preceding assumptions on X, Y, and their moduli
spaces, if the limiting maps O+ : M*(XT) — MY (Y) are transversal, then
there is an Lg such that for each £ > 4Lg, the following holds. To any two
reqular monopoles € and &, respectively on X+ and X, with the same
limiting value n € MY (Y'), one can smoothly assign a monopole &, on X,
obtained through a canonical gluing scheme.

2. Rudiments.

Let us first review some basic facts of Seiberg—Witten theory and meanwhile
set our notations along the way.

Let X be a smooth, connected, oriented, riemannian four-manifold. We
equip X with a Spin®structure s, that is a lifting of its principal tangent
SO(4)-bundle P to a principal Spin®(4)-bundle P. Such liftings always exist
and correspond (non-canonically) to classes in H?(M,Z) — in fact, one can
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twist P with any given U(1)-bundle. Corresponding to Clifford representa-
tions of Spin®(4) = SU(2) x SU(2) x U(1)/{%1}, we obtain the associated
plus- and minus-spinor bundles ST and S—, which are 2-dimensional com-
plex vector bundles with bundle group U(2), as well as the determinant line
bundle L = det P = det ST = det S~.

Any unitary connection A on the U(1)-bundle L, in conjunction with the
Levi-Civita connection on X, will induce connections on the lifting P, as well
as on S*. Thus, a Dirac operator @4 : I'(ST) — I'(ST) can be defined by

n

Pa(¥) = ) ej-Ve; (),
j=1

where {e;}7_; is an orthonormal frame for 7;; X and . denotes Clifford mul-
tiplication. The definition is frame-invariant.
The Seiberg—Witten equations, in two unknowns A and W, can now be

written as
Fi={¥ U}
{ Pa(¥) =0, (W)

where W is a plus-spinor and the brackets denote the trace-less part of an
endomorphism. In other words, {¥ ® ¥*} denotes the quadratic ¢(¥) =
U@ v*— %|\If|21. In the same equation, FX denotes the self-dual part of
the curvature tensor under the Hodge *-operator. It defines a trace-free
representation of the Clifford bundle (Cl(')F on ST via Clifford multiplication,
thus both sides of the first equation should be identified as trace-less sections
of the bundle of endomorphisms of plus-spinors, End(S™).

One can also consider the perturbed variant of the Seiberg-Witten equa-
tions

{ Fi={V@U*}+ih (SW))

@A(\IJ) = 07

where h is a real self-dual 2-form on X.

Sometimes, it is convenient to consider the Seiberg—Witten map on the
configuration space C(X,s) = A(L)xT'(ST) consisting of a connection on the
determinant line bundle and a plus-spinor. The map SW : A(L) x ['(S*) —
Q2 (X) x I'(S7) is defined by

SW(A, ¥) = (Ff — q(¥), 9a(¥)).

SWj, is defined similarly.
We will feel free to make various assumptions on the configuration spaces,
for example by taking completions with respect to an appropriate norm, or
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by considering only finite-energy configurations. That should be clear from
the context and we would invariably use the same notation SW or SWy,.

The gauge group G, i.e. the group of bundle-automorphisms of P, cor-
responds to maps X — S'. It right-acts on the configuration space C(X, s),
as well as on the solutions to the Seiberg-Witten equations S(X,s), by

(A, W).g = (A+2g "dg, ST (g7 ")()).

The stabilizer of (A, ¥) is trivial iff ¥ # 0, in which case the point is called
irreducible. Reducible solutions have the stabilizer = S!. Dividing out the
solution set by the action of the gauge group produces the Seiberg—Witten
moduli space M(X,s) =S(X,s)/G.

A cohomological discussion of regularity is in order. To each point & €
C(X,s) of the configuration space of a four-manifold X, one can assign the
following diagram &| ¢

0 . Do 1 . + Dl 2 . _
0 — Q3(X;iR) — Qy(X;iR) @ T2(ST) — QL 1 (X;iR) & T1(S™) — 0,
(El¢)
where Q7*(X;iR) means the L?-completion (or a completion in another ap-
propriate Sobolev norm, for that matter) of purely imaginary m-forms with
compact support and T'y(ST) denotes the L2-completion of the compactly
supported sections of the corresponding spinor bundles. DY is the lineariza-
tion of the action of the gauge group and D! is the derivative of SW, both
at the point & = (A, V), i.e.

DY = (2d, —.0);

d+ —Dqly )
Dl = ( )
2

Note that SW and SW}, are non-linear maps with the same derivative D?,
so &|¢ remains unaltered with a perturbation of the equations.

Now, if £ happened to be a solution of SW or SWy, then the diagram
E|¢ would be a complex; moreover, it would even be an elliptic complex if X
were closed, or had appropriate boundary conditions, so it would have finite-
dimensional cohomologies. H of such a complex turns out to be the tangent
space to the stabilizer of the gauge group action, H' is the Zariski tangent
space to the moduli space at € and H? is its obstruction space. By general
Hodge theory, these groups can be identified with the ‘harmonic forms’.

Recall that a solution & = (A, ¥) is called irreducible if ¥ is not iden-
tically zero; this is equivalent to H°(&]| 5) = 0. We call a solution regular
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(in an algebraic sense) if the obstruction space at that point is trivial, i.e.
H?(&| E) = 0. Note that according to the Kuranishi picture, an irreducible
solution is a smooth point (in a geometric sense) if and only if the Kuranishi
map vanishes, although the obstruction space may not be trivial.

We will use superscripts to denote the terms of £. Depending on the
emphasis, when all else is clear from the context, we might use combinations
such as £(X), 5(X,5)|5 and so on. Thus, for example,

£9(X) = Q(X;iR),  E1(X) = Q(X;iR) @ Ta(ST),
EX(X) = Q% 1 (X:iR) @ T1(S7)

We will also use boldface Greek letters (corresponding to the base manifold)
for points of the configuration space (for example, £ is a point of C(X))
while the same Greek letters are used for the vectors of the corresponding
Zariski tangent spaces (£ belongs to H'(&| 5))

It would be nice to review the setup for the case of a closed four-manifold
X. If we complete the configuration space and the gauge group using the L3
and L3 Sobolev norms, respectively, then we obtain an affine Hilbert space on
which a Hilbert Lie group is acting. The moduli space M(X,s) happens to
be Hausdorff, but it might have singularities, for example when the action is
not free. It can be shown though that the solutions of a generic perturbation
of the Seiberg—Witten equations are all irreducible and regular, therefore,
resulting in a smooth moduli space M, (X, s). Using the Atiyah—Singer index
theorem and Bochner’s formula, we conclude that My, is a finite-dimensional
compact manifold of formal dimension (c1(L)? — 2x(M) — 30(M)), where
x is the Euler characteristic and o is the signature.

The basic reference for the material so far is [7].

One can mimic the preceding constructions on a three-manifold Y with
a Spin‘(3)-structure t to obtain analogs, where there is only one spinor
bundle S and no self-duality. Thus, for instance, one can define a map

SW3: A(L) x T(S) — Q*(Y) x I'(S) by
SW3(B, @) = (FB - Q((I))v aB((I)))

The moduli space for a closed three-manifold would generically be of formal
dimension zero, as the index of an elliptic operator on an odd-dimensional
closed manifold is zero.

Another case of particular interest is when X = R x Y is a cylinder on
a closed three-manifold Y and & = 7*(n) is a translation-invariant solution.
Then, the cohomologies of £(X)| ¢ can be identified in an obvious way with
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the cohomologies of £(Y')|y below. (This is not the elliptic complex that
is officially associated to three-manifolds — it is not even elliptic — but it
would be more fitting to our discussion here.)

0 — QUY3iR) 2% QL(Y:4iR) @ Ta(S) 25 Q2(Y;iR) & Iy (S) — 0,
(EXY)n)
where
n=(B,?);

DY = (2d, —.9);

d —Dqlo )
Dl = ( )
3@ 9B

The situation is in general more complicated if X is not closed, as we
need controlling conditions near the boundary or infinity, so as to keep the
ellipticity. Therefore, we work with configurations with finite energy when
we deal with manifolds with cylindrical ends. So, we continue to consider a
cylinder I x Y, where I = [¢,d] is an interval. The solutions to the Seiberg-
Witten equations on this four-manifold turn out to be the gradient flow lines
of the so-called “Chern—Simons—Dirac” functional on C(Y,t):

CSD(B,‘I)):/ FBO/\b-l-l/ b/\db—i—/(@,@B(I))dvol,
y 2 Jy Y

where b = B— By and By is a fixed background connection [10]. The singular
points of this vector field, i.e. the static solutions, correspond to solutions
of SW2. There are analogs for perturbed equations, too.

The energy of a solution (A, ¥) on a cylinder is defined by any of the
following equivalent formulas. We assume that A is in temporal gauge and
we write (A4,¥) = (B(t),®(t)), where B(t) and ®(t) are connections and
spinors on the three-manifold.

EAY) = [IB]*+ ||
= [, IVCSD(B(t), 2(1))|?
= CSD(B(d),®(d)) — CSD(B(c), ®(c)).
The end of a manifold is, formally, the inverse limit of its co-compact
subsets, ordered by inclusion. Intuitively, this is the place where the mani-

fold extends to infinity. We call a riemannian manifold Z a cylindrical-end
manifold if its end is orientation-preserving isometric to [0,00) X Y, where
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Y is an oriented, riemannian three-manifold. We fix a smooth “time coor-
dinate” function 7: Z — [—1,00) which agrees with the first coordinate of
[0,00) X Y on the end and is negative on the complement. Given a positive
real number ¢ > 0, let Z, = 771((—00, £]). For a pair of positive real numbers
0<tl< g/’ let Z[&m = 7'71([5, E/])

On cylindrical-end manifolds, we will exclusively work with solutions
with finite energy on the ends for the sake of ellipticity.

3. The Gluing Theorem.
3.1. Gluing Cylindrical-End Manifolds.

Let us fix two connected, oriented, cylindrical-end riemannian four-
manifolds X*, each with a single end which is modeled on [0,00) x Y. We
will also consider the cylinder X° = R x Y. The notation X# will then be
used to denote any of these three manifolds.

We will also introduce “time” coordinates 7 on these manifolds as follows.
On X*, take the first coordinate map on the end [0, 00) x Y and choose any
extension 74 : XT — [~1,00) which is identically —1 outside a collar (the
collar being identified with (—1,0] xY"). On X° = Rx Y, 7, is essentially the
absolute value function on the first coordinate, smoothed out at the origin.
This will be made more precise further below.

We now form a family of four-manifolds X,, £ > 0, as follows. First,
truncate the manifolds X* at 7. = ¢ to produce X tft consisting of points
with 74 (x) < ¢. We then obtain X, by gluing XZr and X, along their
boundaries (see Figures 1 and 2). We are interested in X, for ¢ large and
we would eventually assume ¢ > 4L, where Lg is a large, but fixed, positive
number. The manifolds X, are just diffeomorphic versions of one and the
same manifold X, being elongated along a tube. We will also re-parameterize
the long cylinder Cy = End(X,) UEnd(X, ) inside Xy, identifying it with
[—¢,0] x Y as in Figure 2. Cp is then the chunk of C; parameterized as
[0, 0] xY.

Now, we get back to our discussion of the time coordinate and, in the
mean time, we also introduce a time-coordinate function 7, on the mani-
fold X,. It is identical to 7+ on thl and to 7_ on X, ;, and smoothly
interpolates between the two such that its value on Cj is in the interval
[¢ — 1,/]. This choice of interpolation can be made independently of ¢ and
therefore, the function ¢ — 7, converges, uniformly on compact subsets of
X°, to the function 7, alluded to earlier. Outside of C1 = [-1,1] X Y, we
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End(X1) T+ =1

/I =

Figure 2: XZ and X, glued together to form X,

have 7,(t,y) = |t|.

We are also able to patch Spin®structures s (on X*) which agree on the
ends. More precisely, there is a principal Spin®(3)-lifting Q of the principal
orthonormal tangent bundle of Y such that Pi|End( x+) R x 7*Q, where
7 : IxY — Y is the projection. Indeed, on End(X¥), there is an embedding
7*Q — P*, induced from the lift of the obvious embedding SO(3) — SO(4).
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See [10] for details. By fixing the isomorphism above, we can form a Spin®-
structure s, on X, which is compatible with the original Spin®structures.

3.2. Approximate Gluing of Monopoles.

Let &€& = (A*, U¥F) be finite-energy solutions to the Seiberg-Witten equa-
tions SW on X*. Based on our earlier assumptions, £* will be regular and
irreducible.

By a result of Simon [8], “finite energy implies finite length” for the solu-
tion, which is now viewed as a gradient flow line for C'SD on the cylindrical
end. Tt further implies “exponential decay” to a solution (B, ®) of SW? on
Y. See [8]. The exponent « in this exponential decay is less than half the
minimum of the absolute value of the eigenvalues of the Hessian

Hess(CSD) = ( *Od D;h} ) ,
A

which is the linearization of the gradient flow at a critical point. Therefore,
k has a bound which simply depends on the eigenvalues of A and @ 4.

We also assume that &€ converge to the same irreducible solution 1 on
Y. This is tantamount to considering (¢*,£7) as a point in the fiber product
M*(XT) xy M*(X ), defined as the pull-back of the diagram

MH(XT) X:U MF(X ) e - M*(X )|y

la

U c M (y),

v

' )
MH(X )|y -

where 91 : M*(XE) — M7 (Y) are the limiting maps for the flow lines, U
an arbitrary (smooth) neighborhood of 1 in M7 (Y) and M*(X*)|y =
(0+)"Y(U). M’s may denote any variant of the Seiberg-Witten moduli
spaces, depending on the context.

We will later also need to assume a transversality condition at 7.

While passing from X* to X tft, we truncate £€¥ to Ezt as well. Then, we
glue X ; and X, together to form X, and our goal is to “glue” SZF and &,
to construct a solution &, to SW on the glued-up manifold X, for large ¢.
To this end, our first step would be to construct an approximate solution
Ee = (Ag, \ifg) of SW on X/, using a partition of unity {\,1 — A} which is
constant outside of Car,,. Thus, we can define an “approximate gluing map”

:7 = ﬁ/f : S(X+>5+) X S(X_,ﬁ_) - C(szf)
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by & = (£7,€7) = A& + (1= NE; .

Due to technical problems arising from the presence of an obstruction
space H?, we shall use weighted Sobolev norms to allow some small expo-
nential growth on forms and spinors. Let a be a C*°, compact supported
m-form on a cylindrical-end manifold Z, 7 the time coordinate on Z, V the
Levi—Civita connection and § a real number. Define the L%ﬁ s-norm of a as

1/2

k
lalle,—s = z/emww
j=0"7

We will denote the Liﬁ s-completion of the space of C'°°, compact supported

m-forms on Z by Q)" s(Z). Analogous terminology will also be used for

spinor fields, except that a hermitian connection on the spinor bundle must

be used instead of the Levi-Civita connection. On X, we can define the

weighted norms similarly; 7, is to be used instead of 7. However, note that

Sobolev norms with different weights are equivalent on a closed manifold.
We have the following estimate.

Proposition 3.1. For any § > 0 and any { > 4Ly,

ISW (&) |l1,—s < Cle™(xT3)(E=2L0)

for some constant C' which is independent of £ and L.

Proof. SW(€,) is zero when \ is constant. So, we only need to estimate it
on Car,. Using the fact that SW(£€") and SW(£7) are both zero, we get

SW(€,) = (—d(Xa) — Nq(¥)) — Dg(¥~, M), —=V(\)e),

where a = AT — A~ and ¢y = U — ¥~ on Cy,. An easy computation shows
that |q(¢)] = 3[¢[* and that |Dg(y,v')| < 2|¢|[¢'|. Now, the fact that
the solutions decay exponentially fast with exponent x gives the desired
estimate. g

Next, we deform &, to a solution of SW(£&,) = 0. For this, as was pointed
out in Section 1, we will need a right inverse R for D! in the following
diagram at the point &, = (Ay, ¥y).

(0]
0 — QF _5(Xs;iR) 2 Qb (X4 iR) @ To_s(S™)

1
P02 (XpiR) @ Ty _5(S7) — 0
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This diagram is not even a complex, since @ Ag(‘i’f) # 0.

We will construct such an inverse using the chain homotopies that al-
ready exist between the complexes of each piece of our manifold and their
cohomologies. Let 0 < § < k/2 and consider the following diagram of two
copies of the complex £_5(X*) at £+,

0—= £%5(xF) s gl (xF) B £2(XF) —0

|

0—= &0 (X*H) 2o gl (x*) B g2 (Xt) — 0,

where
E25(XF) = Qf 5(XTiR),
EL(XF) = Q5 5(XF54R) @ Ty, 6(ST),
E25(XF) = 0F, S(XTiR)@ T _s(5),

using weighted Sobolev completions. These are the complexes associated to
solutions &€ of SW on X*. As ¢ are regular and irreducible, the complexes
above have no cohomology except possibly in degree one. II. is the pro-
jection onto this cohomology, represented by the harmonic ‘one-forms’, and
the parametrices £4 and R4 are constructed using Hodge theory, so that

LoDV =1
’Dooﬁi—FRioDl:I—Hi
D'oRy =1

Note that R4 are right inverses for D! on the respective pieces.

Now, recall that the solutions €T, considered now as gradient flow lines,
both converge to the same static solution 7. Thus, similarly as above, con-
sider the corresponding complex £5(X°) on the cylinder X° =R x Y at the
constant solution (i.e. the pull-back of n to X?), still denoted by 7.

o DO o Dl o
0 —=EJ(X?) —= & (X°) —=EF(X°) —=0

el s

oy _D° oy D! o
0—= ED(X?) 2n £1(X%) Pon £2(X%) —0,

where, similarly,
E(X%) = 05(X°R),

QL 5(X°iR) ® Ty 5(ST),
02 | (X°iR) @ Ty 5(57),

LR
o lis
=SS
|
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and,
LooDY =1
DYoL, +R,0D =111}
D'oR,=1-TI2.

Note here that TI2 is an obstruction for R, to be a right inverse to D!.
Once again, we will be using partitions of unity to splice these paramet-
rices and projections together. We will pick a partition {p%, p2, u? } on X,
such that each p satisfies |[V"u| < (Llo)” {1+ is supported on X, and is con-
stant outside X|_ o7, 1, (See Figure 3.) Symmetrically, u_ is supported
on X, and is constant outside X[z, 214]- Ho is, therefore, supported on Car,.

1

Bt
0
+
—2Lg —Lg 0 Lo 2Lg

Figure 3: Graph of py. That of p_ (not drawn) is the mirror image of p
on the right.

Now, we paste the parametrices R4’s, L4’s and the projections II4’s on
the pieces, using this partition of unity, to produce 7@, Z, ! and II2. As we
will be more interested in R and 12, we will give their explicit definitions
below — of course, £ and II' are defined in a similar way. For ¢ € £2 s(Xe),

7?,§ = U+ Ry (114C) + HoRo(110C) + p-R—(p-¢), (3.1)
HQC = Mng(MOC)'

These glued operators approzimately serve as their counterparts on each
piece, in the sense of the following lemma. R = R,(£7,€7) : E25(X,) —
E'5(Xy) is supposed to be our first approximation of a right inverse for
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Lemma 3.2. There is a constant K such that

ILoD0 — 1| < &
D0 L+RoD —1+11' < £
D' o R —T+112|| < £.

Proof. We prove the last estimate; the others are proved similarly. Using the
fact that D! o Ry =T and D! o R, = I — 12, we can write, using operator
commutators,

D'oR(C) = [P u] Ry (14:0) + [P ol Ro(p1oC) + [P, IR (1)
+H3—C + M(Q;C + MQ—C - ,U’OH(Q)/'LOC

for ¢ € £2 4(X). Therefore,

'Dlo’]?,(C)—C—F]:[Q(C) = [D1> ,LL+]R+ (M+C)+[D17 Mo]Ro(ﬂOC)"i'[Dlv M—]R— (:U—C)'

Thus, to estimate |D' o R — I + II2||, we should estimate the commutator
norms. Note that D!(f¢) = fD(&)+df A€, where f is a scalar function and
for a one-form w on Xy, wA (a,v) = ((w A a)t,w.v), where in the second
component dot denotes Clifford multiplication. As a result, the commutator
DY, 11| Ry (e €) is just dpuy ARy (pgC) and, using [Vl < L%? we obtain

DY, g Ry (uy Ol = Ndpg ARy ()|
< YRy ()|
< YRyl
< ERulICI,

where we have everywhere used the L%’_ s weighted Sobolev norm. The last
inequality is justified by the Sobolev embedding L§70 ® Lf 5= L% _s- Now,
take K = IE—OHR#H O

Unfortunately, II2 is not a projection; however, it gets closer to one as
Ly — oo and it has a right inverse.

Lemma 3.3. The operator 11 satisfies |1 — 12 o T1?||; _5 < Kae %" and
has a right-inverse, defined on Im(f[Q), whose operator norm is at most K.
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Proof. We are going to calculate II2 o II2. For this, we first find an expres-
sion for II2, which is the projection E2(R x V) — H2(R x Y) onto the
harmonic forms. Let h1,--- , h, be an orthonormal base for H!(£(Y)). Us-
ing our notation A from the previous lemma, we construct an isometry
HYUEY)) = H2(R x Y) given by 1 — ce™%™(dt An), where c is a constant
satisfying

(3.2) c2 / e 0Todt = 2.

(Recall that we identified spinors on Y with plus-spinors on the cylinder
R x Y. Clifford multiplication by dt is just an isometry between plus- and
minus-spinors on the cylinder.) Using this isomorphism, we can express

112 :2n 0o (dt A hy At Ay
20) =S e (dt A )/R (Gt A

i=1 X

for ¢ € E}(R x Y). Using the facts above, a calculation shows that

2
M2 o T12¢ = % </R uie_‘ST") T2¢.

Now, this formula, Equation 3.2 and the fact that y, = 1 on Cr, give the
desired estimate. Finally, the right inverse can be constructed as follows.
Choose a cut-off function 3, depending only on ¢ and supported in C', such
that [ B(t)dt = 2. Then, define the right-inverse F by F(¢) = e™(.
Since ji, = 1 on the support of 3, it is easy to see that II?(F¢) = ¢ for all
¢. Clearly, ||F|| is independent of ¢ and Ly. O

As a result, for Ly large enough, Im(I12) N Ker(II2) = 0 and we obtain a
decomposition £25(X,) = Im(I1?) @ Ker(I12). To see this, fix Lo to satisfy
KZe 00 < % (or any other number less than one, for that matter). Then,
if z € Im(I1%) N Ker(I1%), then one can express z as z = I12(Fz). Thus,

2l = ||z = 22| = [IT1*(F2) — I2(I1%(F2))|| < Kze *™||(F2))|

1
—oL
< K3e 0|2 < Szl

which cannot happen unless z = 0. .
By the way, the above argument also shows that if z € Im(11?), then ||z —
I1%z|| < 1||z||. Therefore, for such a z, ||z|| < 2||TI>z||. This will be used below
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in the proof of Lemma 3.4. Finally, the decomposition results from the fact
that Tm(IT?) is finite-dimensional, being identified with Im(T12) = HZ(RxY)).

Define a projection II? : £2 (X)) — €2 5(X,) onto Im(I12) correspond-
ing to this decomposition. Thus, Im(I12) = Im(I1?) and Ker(I1?) = Ker(II?).

Lemma 3.4. |12 —I1%||; s < Khe%lo.

Proof. Decompose ¢ = z + 2z, where z € Im(I12) and zy € Ker(II2). Then,
[1%¢ — I%¢ = 2z — 1122 = T12(F'2) — II2(I13(F 2)).
Therefore, using Lemma 3.3,
T2 = TI%¢|| < Koe ™™ || F2|| < K3em*™|z|| < K3 Kse " 0|¢]l,

where in the last inequality, we have used the following remark (3.5). O

Remark 3.5. If ( = z 4 z is a decomposition of ¢, where z € Im(I1%) and
2o € Ker(I?), then there is a constant K3 such that ||z|| + ||z0]| < K3]/C]|-

Proof. This is a subsequence of the fact alluded to earlier. Namely, we have
2] < 2Tz = 2|[T¢|| < 2(|T].[I¢],
lzoll < CIH =+ llz1l < (1 + 2T C]I-
O

We will explicitly identify Im(I1?) = Im(II?) with the Zariski tangent
space of M3(Y) (at [n]), which is a finite-dimensional vector space.

Lemma 3.6. The linear map
v HY(E(Y)|n) — Im(IT?) C £25(Xy)

given by
) = cpoe =2 (dt )

1s an isomorphism. It approaches an isometry as Ly — oco. More precisely,
we have the following estimate. For some constant K,,

(1 — K,e0P0/2) < |jo]| < (1 + K,e %0/2),
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We will later re-scale @ to fit it into an “almost-commutative” diagram.
The last statement in the lemma will be used for estimating ||2|| in [|Ra]|
(see Proposition 3.10).

Proof. This is a straightforward estimate. Only note that on C, C X, we are
using 7y, while 7, = £ — 7 is used on X°? = R x Y. Comparing the two norms,
therefore, we have ||1]|_s = e~%/?||5||5, where the first norm is measured on
X, and the second on X°. We will also use the fact that y, =1 on Cr,. U

Now, we head for constructing a right inverse for D'. This will be done
in three steps. In the next subsection, we will construct a right inverse
R1 for D! on the finite-codimensional subspace Ker(I12). In Section 3.4, we
construct a right inverse R for D! on the transversal subspace Im(II2).
There, we use a stronger assumption that the fiber product of the moduli
spaces of the cylindrical end manifolds is smooth in (a neighborhood of) the
point under consideration. This will be explained in more detail. Finally,
We show how to deform R + Rs to get a right inverse R for D' on all of
E2 5(Xy) = Im(11%) @ Ker(I1?).

3.3. Right-Inverting D! on Finite-Codimensional Ker(I1?).

Recall that we glued the three operators R4, R_ and R, to obtain R. We
will be slightly modifying this operator to establish the existence of a right
inverse Ry for D! on Ker(I1?). We extend R; by 0 on the complementary
subspace Im(I12).

Proposition 3.7. If Lg is chosen sufficiently large, there is a constant Cy
such that the following holds. For all £ > 4Lg, there is an operator

Rl - R1(£+7£77€) : 525(Xg) - gi(;(Xg),
such that

1. For all ¢ € Ker(II?) C £25(X,),
(I-I*)D'R1(¢) = .
2. For all ¢ € Im(II?), we have

R1(¢) = 0.
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3. The operator norm of R1 is bounded by C1, independent of £ and Ly.
4. Define Ny = Ny(€1,€7,0) by setting Ny = II?D'Ry. Then, N? = 0
and the norm of this operator satisfies

Ch
M < —.
[ V1] < To

5. Moreover, Ry is asymptotically close to R :
~ 1

Ri—R|| < —.
R: - R < 7

Proof. We are going to estimate the norm of the following operator, restricted
to Ker(IT?), .
(I—T1?)D'R : Ker(IT?) — Ker(IT?).

Let ¢ € Ker(I1?) and decompose
(D'R —1)(¢) = (I - I*)(D'R( — ¢) + II*(D'RY),
where the terms on the right-hand side belong to Ker(I1?) and Im(I1?),
respectively. Thus, according to Remark 3.5, we have
II=1)(D'R¢ = Q)| < K3[[(D'R — DO

Now, in this norm comparison inequality, the element on the left side is
(I-II?)D'R¢ — ¢ and the one on the right is (D'R —1+112)(¢), whose norm,
by Lemma 3.2, is bounded by L£0 |¢]|. Thus, we obtain ||(I—-TI2)D'R¢ — (|| <

K3K
7= ¢]l and

- K3K
I1-T*)D'R — 1| < =—.
Lo

Choose Lo such that I%f < % Then, the operator introduced at the
beginning of the proof has an inverse of the form J; = I+ j;, where
j1 : Ker(IT1?) — Ker(II?) satisfies

2K K

] < .
Il < =

Now, set Ri = R o J; and extend Ry by zero on Im(I1?). The first three
items are now immediate. To prove the fourth, notice that we only need to
work on Ker(II?), since R; vanishes on Im(I1?). For ¢ € Ker(I1?), we have

Ni¢ =IPD'R(¢) = D'R1(¢) — ¢ = D'RJIC — Ji¢ + jiC.
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The last term already satisfies the desired estimate. On Ker(II?), we also
have

ID'RA — I < DR -T+TR| 0] < £ (14 2eEK)
< 2K
- LO )
which establish~es th~e fourtp esti~mate.
Finally, R1 — R = RJ1 — R = Rj1 has the desired decay. O

3.4. Right-Inverting D! on Finite-Dimensional Im(II?).
Consider the following diagram (D).

HYE 5(XT)|g+) & HN (E5(XT)|g-) === HYEY)I)

al l

EL (X)) L2k £2,5(X,).

In this diagram,

r(€+,&-) =rp(€4) —r—(&-),
I(&4, &) = vy + v,
where v4 and v_ are certain cut-off functions, to be defined below. First,
define

2L
v= / e 070) 1o (s)ds.
—2Lg

Then, for (t,y) € R x Y,

t
v_(t,y) = L / . e7070(9) 11y (s)ds,
- 0

v

1 2L s
vi(ty) = _/t 07O g (s)ds.

v

We have v, +v_ =1 and these cut-off functions are constant outside Cyp,,.
We will show shortly (in Lemma 3.9) that j is a quasi-isometry. Also recall
that the embedding +, whose image identified with Im(I1?), was defined in
Lemma 3.6 by

un) = cpoe ™A (dt An)
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and D' : €1 ,(Xy) — £25(X,) is the differential of SW at £, = (Ay, ) given

by the matrix
Dl _ d—f _DQ‘\i/g
= 1§ 7 .
2L Ay

p is a right inverse for r and is essential in our construction. Of course,
to ensure the existence of such a right inverse, we need the following

Transversality Assumption. The limiting maps 94 : M*(X1) —
MIT(Y) and §- @ M*(X™) — MP"(Y) are transversal at & and £,
where 0, (£€7) = 0_(£7) = n. In other words, the fiber product M*(X ™) xys
M*(X ™) is smooth. Equivalently, the linear map

P HYE (X)) & H(E5(X)]g) — H(EW )
r(€5,€7) =rp(§7) = (&)
is onto. r4 and r_ are the linearized versions of 04 and 0_, respectively.

Unfortunately, the diagram (D) is not commutative; fortunately, it is
close to one, in the sense of the following lemma.

Lemma 3.8. In diagram (D), if Ly is chosen large enough, there is a con-
stant Kp such that for all £ > 4Ly we have

(D 0 g) — c.(sor) |15 < Kpe (5)E210),

1 —00/2

where ¢g = —2; is a re-scaling factor.

Proof. We start by computing D! o 5(¢,,£_), where £+ = (a+,1+). Note
that this is supported on Cyr,. A component-wise calculation shows

D' (vyéy) = dvy Ay + 1, DYEL
and the same equation holds for D' (v_¢_) with all the +’s and —’s reversed.
Now,
D'(vi&y) = Freudi Aty +vyDEL
= e o dt Ari(&y) + Tre T podt A (§ — 1 (§4)) + v DYy

We also get a similar formula for D' (v_¢_), except for the sign of the first
two terms. Therefore,

(D' o)(6x60) = e o podt Ar(Es. o)
e oy (dEA (6 — 74 (64)) — dtA (6 — - (¢2)
+V+D1§+ + V,DIS,,
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in which the first term on the right-hand side is just ¢;.(207)(£4,£_). Thus,
we have obtained

(' 0g) = ceeom))(6+.6)
= oy (dtA (6 — 7y (€0) — dt A (64 —4(€1)))
+ v, D, +v_Dle_

Now, the result follows from the exponential decay of solutions on X lft

15 — r(€x)|| < em2T2R0)| gy |

and the fact that D'¢4 can be expressed in terms of the partition of unity
A, the components of £, £+, and their derivatives. O

Here is the analog of Lemma 3.6.
Lemma 3.9. The linear map
g1 HY(E (X ge) @ HUE 5(X7)|g) — EL5(X0)

in diagram (D) defined by j(4,&—) = vi€y + v_&_ is a quasi-isometry,
satisfies
(1= Ky e ko) < ||l < (14 K,e™™")

and approaches an isometry as Lo — oo. Here, £, and & are harmonic
representatives of the corresponding cohomologies.

Proof. Let us first define

i HYE (X)) @ H(E5(X )| ) = EL5(X0)

by n(§+,&-) = pur&y + p_&_. Tt is straightforward to see that j; is an iso-
morphism onto Tm(T1') and satisfies 1 — K, e=%40/2 < ||3|| < 1+ K, e~000/2,
Moreover, a calculation shows that there is a constant K, such that for all
Lo > 0 and all £ > 4Ly, we have ||y — 71| < K,e~%F0. Thus, we get the
desired estimate on ||7]|. O

We are now in a position to state the main result of this section, which
is the counterpart of Proposition 3.7.
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Proposition 3.10. Suppose that the transversality assumption holds for
€T and & . Then, if Ly is chosen large enough, there is a constant Cy such
that the following holds. For all £ > 4L, there is an operator

Ro = Ra(€T,€7,0) : E25(Xy) — EL5(Xy),
such, that
1. For all ¢ € Im(I1%) C &2 4(Xy),
D' Ry(¢) = ¢.
2. For all ¢ € Ker(I1?) we have
R2(¢) = 0.

3. The operator norm of Ro satisfies

[Ra|l < Coed/?.

4. Define No = No(&1,£7,0) by setting Ny = (1-112)D'Ry. Then, N3 =
0 and the norm of this operator satisfies

| N2|| < Coe= (=010,

Proof. First, using the almost-commutative diagram (D), define

~ 1

Ro (yoport): Im(s) = Im(I1%) — Im(y).

Then, it is easy to see that |[Ra|| < Ce®/? for some constant Cy and that
I020 D' o Ry — T < Kpe™(FE2E02 | 171,

Thus, one can choose Ly sufficiently large so that for all £ > 4Lg, we have
~ 1
T2 oD o Ry —1|| < 5

and the{efore, M2 oDlo 7@2 has an inverse Jo of norm at most 2. Setting
Ry2 = Ry o Jo (and extending by zero to the complement of Im(I1%) in
E? (X)) gives the desired right inverse. O

Notice that the proposition above implies that D' o Ry = I + Ny on
Im(II?), where N3 is a nilpotent operator. Proposition 3.7 implied a similar
statement, that D! o Ry = I+ Ny on Ker(I1?), with a nilpotent N7. Both Ny
and Ny depend on ¢, as well as on &1 and €, since Ry and Ry do.
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3.5. Gluing Monopoles.
It is easy now to construct a full right inverse for D'. To begin with, set
Ro := R1+ Ro. For a sufficiently large Lo, both of the Propositions 3.7 and
3.10 hold and we have
D'oRo =1+ N;i + No.

(To check this identity, verify it on elements of Ker(I1?) and Im(I12).)
Since N = N3 =0,

(I + N1+ NQ)(I — Ny — NQ) =1—- NyNy — NoN;
and I+ N; + Ny has an inverse J whenever 2||Ny|.||NVz2|| < 1. Moreover,

L+ [Nl + [[Va]]
1= 2| NV [|.[| Nz |

11 <

But || N1]|.|[ V2] is bounded by Ci—OC?e_(“_é)LO, which can be made arbitrarily
small by choosing Lg large enough, since we chose § < k. So, an inverse J
with [|J|| < 2 exists and we define R := R o J. Then, R is a right inverse
for D! and we have

Proposition 3.11. Suppose that the transversality assumption holds for
&' and €. Then, the operator D' = D(SW) : €L (X,) — E%5(Xy) has a
right inverse

R=TRu(€"€7): E25(Xy) — E15(X0),

for each £ > 4Lgy, Ly > 1, whose norm satisfies |R|| < Ce®/2. O

Remark. A review of the statements of this section shows that if U C
M(Y) is an open set whose closure contains no reducible points, then, in
each statement, we can replace k by an exponent k(U) which works for all
1 € U. This includes, in particular, Propositions 3.1, 3.7, 3.10 and 3.11.
Therefore, it makes sense to consider the derivatives of the operators in
question and estimate their norms. It is not hard to see that, in each case,
the derivatives decay (or grow) exponentially with the same exponent as the
operators themselves.

It is time to introduce our contraction mapping, whose fixed point would
be the correcting perturbation term for our approximately-glued monopole.
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Lemma 3.12. The following self-map F = F;(£7,&7) of the Hilbert space
535()(5) s a contraction on a ball for £ > 4Ly, Ly > 1, and therefore, has

a unique fized point ¢ = ég(£+,£_).

F:E25(Xe) — E25(X0) = O 4 _s(Xe3iR) @ Ty 5(S7)

F(Q) = ~SW(Ep) + (4(0), ~30.0),
where (a,v) = R(() and

R: 02, 5(XpiR)®T1_5(S) — Qb _;(Xe5iR) @ T _s(S)

is a right inverse of D' as constructed before.
Moreover, we have the following estimates on the norm of the fized point
and its 1mage.

I€]l1,—5 < Clem 20,

HR(CA)HQ,—& < C/g*li(f*QLo)e(SLo.

Furthermore, QA varies smoothly with €T and £, so that zfﬁi(t) are smooth,
one-parameter families in C(XT) with the same irreducible limiting value,
then (A(t) = ég(£+(t),5_(t)) is also a smooth one-parameter family and if ¢!
denotes %é(t)h:o, then we have

IR(Y 1,5 < Cler =280 (&) + |(67Y).

Note. The fact that the norm of R(é )’ is exponentially decreasing despite
the possible exponential growth of the operator norm of R is due to the

quadratic nature of F(¢) in ¢. This can be seen during the proof.

Proof. Let B(0,R) denote the ball of radius R around the origin in the
Hilbert Space £%5(X;) = Q%ﬁl’ﬂ;(Xg; iR)®T1,_5(S7). We are going to show
that there is a constant G such that for all £ > 4L, the restriction F| :
B(0,Ge=%%) — B(0, Ge=%) to the ball of radius Ge=2% is a -contraction.
First, we consider the norm of F(0) = —SW(£,). By Proposition 3.1, there
is a constant C' such that

[F(0)[[1,—s = HSW(E@)HL—& < Cro—(F+§)(e=2Lo)

Now, let us estimate each of the components of

(33 FQ) - F(&) = awn) — alva), ~ (a1 — az4)).
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For the first component, we have

q(¥1) — q(2) = b(Y1 + b2, b1 — 2),

where b denotes the symmetric bilinear form associated to ¢ and its point-
wise norm is bounded above by |b(¢1 + 2,11 — )| < 2|11 + Yol|th1 — 2.
Therefore,

la(1) = a(2)ll—s < 2|0 + Yol [lr = dallps |
s
< 2*1% 1 + allps, lI¥n — vl

1,—-26
(3.4) < &1y + talla,—sllvr — tall2,—s.

For the second component, we similarly write

llar. 1 — az.2|1,—5 = [la1 (Y1 — 2) + (a1 — a2)¥2||1,—s

< larllgs o = allgs_, +allza llar = asllps

Sy
< e’ (Ha1||L3{_25H1/11 —Vallps Y2l llar = azllps
(3.5) < &% (larl|2,—sll1 — V2ll2,—s + [[¥2]l2,—sllar — az|l2,—s).

So, to finish the estimates on the components, we need estimates on the
Lg _s-norms of a; and 1;, for i = 1,2, as well as the differences a; — a2 and
1/)17— 1. First, note that (a;,v;) = R((;) for i = 1,2, so that each of ||a;||2,—s
and ||1;]|2,—s is bounded above by

(3.6) IR(Gi)ll2,—s < Ce™/2||¢il1,—s.

Similarly, a; — ag and 11 — 19 are the two components of R((1) — R((2), so
that both of ||a1 — asl|2,—s and [[1)1 — ¥2]|2,—s are bounded above by

(3.7) IR(C1) = R(Q)ll2,—s < IDRI-NG = Call1,—s < Ce/2]|¢1 — Call,—s-

These inequalities, in conjunction with estimates 3.4 and 3.5, show that for
(1,C2 in a ball B(0, R) of radius R, we have

lq(1) = q(ba) 1.5 < 26:C?Re™¥||¢y — Callh—s

lla1.1 — ag. a1 -5 < 28,C?Re®*||¢; — Call1,—s-

Combining with Equation 3.3, we obtain

IF(C) — F(C)l1,—5 < ERe™|C1 — Callh—s

1,—26

)
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for some constant ¢ and F will be a Q—contractlon for R = 21~ e200,
Now, the unique fixed point of F can be obtained by finding the limit of
the iterations of any point in the ball. Therefore, the sequence of iterations

{F°™(0)} converges to the fixed point CA and we have
(3.8) 1€l < 2IF(O)]]1 _5 < 2Ce(+5)(E280),

From here, the estimates claimed in the theorem on HCH and ||R({)| follow.
Finally, to estimate the norm of R(C) = R'({)+R({), we need to estimate
||C’ ||l1,—s first. To avoid complicated notation, we will write ¢ for ¢(t)|¢—o and

¢! for dtC (t)|t=0. We will also consider the one-parameter family of operators
= F(€7(t),£ (t)) and write F for F(0) and F’ for the t-derivative of F;

at t = 0. Similar notation was already used in the case of R and R’ at the

beginning of this paragraph.

By t-differentiating the fixed point equation F;(C(t)) = C(t) at ¢t = 0, we

obtain

DFE) + P = C.

(To see this, write F; = F + tF' + o(t?) and ((t) = ¢ + t{' + o(t?), then
substitute in the fixed point equation and find the coefficient of ¢. Note that
F is not a linear map, so the coefficient of t in F(t{') is D¢ F(C').)

We can rewrite the last equation as (I — DC}")(CA’) = F/(). Since F is a
contraction, |[D¢F| < 3, so I — D¢F is invertible and [|(I — DF) ™| < 2.
Therefore,

(3.9) 1< 11, -5 < 207" (D) ll1,-s
On the other hand, as in the preceding arguments, we find
1F' (Oll1,-5 < C" IR (Oll2,~sIR(O2,—5 + [SW (&) [11,-s-

We, moreover, have
IR (Ol -sI Rl s < O (IE |+ 1€ 1) IEIE -5

Combining the last two inequalities and using the estimate on ||SW(&,)’||1,_s
(cf. Proposition 3.1) and the facts § < k and £ > 4L, we see that, for some
constant C’,

|7/ (Q)lh -5 < e tt2E=200) (4| + 1167
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and, using (3.9), we get, for some C’,

(310)  [Clh-s < TP ey |+ e)).

Now, using the equation R(C) = R'(C) +R({'), the estimates on the norms
of ¢ and ¢’ (Equations 3.8 and 3.10) and the estimates on the operator norms
Rl and |R'|| (Proposition 3.11 and its following remark) gives the desired
estimate on [|R(¢)’||2,—s- O

We are now in the final stage of gluing. Recall that we started with a couple
of solutions £+ and £~ on X+ and X, respectively. They solved SW(£+) =
0. Then, we truncated and glued these solutions, using a partition of unity, to
obtain an approzimate solution &,. Set &, = &, + R(C), where R : £2(X;) —
EL(Xy) is the right inverse of D! constructed before (Proposition 3.11) and
¢ = (&, 8) € E2(X,) = Q?’_’I(Xg; iR) @ T'1(S7) is the unique fixed point of F
of Proposition 3.12. As we have

SW(E +€) = SW(E) + D' (€) + (~a(v), 5a.0),
where £ = (a,1)), we obtain SW(€, + R(C)) = 0, so &, is a solution of SW.
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