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Characterization for Balls by Potential Function of

Kähler-Einstein Metrics for Domains in Cn

Song-Ying Li

1. Introduction and Main results.

Let D be a bounded domain in Cn. For u ∈ C2(D), we denote H(u)(z) =
[ ∂2u
∂zi∂zj

]n×n the complex hessian matrix of u at z. A plurisubharmonic func-
tion U(z) on D is called a potential function for the Kähler-Einstein metric
if U satisfies the Monge-Ampère equation:

(1.1) detH(U) = e(n+1)U in D; and U = ∞ on ∂D.

Equivalently the function

(1.2) ρ(z) = −e−U(z), z ∈ D

is called the potential function for the Fefferman’s metric, and ρ satisfies the
Fefferman equation:

(1.3) J(ρ) = − det
[

ρ ∂ρ

(∂ρ)∗ H(ρ)

]
= 1, z ∈ D, ρ(z) = 0 on ∂D,

where ∂ρ denotes the row vector with entries ∂ρ
∂z1

, · · · , ∂ρ
∂zn

. When D is
a smoothly bounded strictly pseudoconvex domain in Cn, a formal positive
solution of (1.3) was given by C. Fefferman in [7]. The existence of a positive
solution was proved by Cheng and Yau [5]. Moreover, they also proved that
ρ ∈ Cn+3/2(D). Lee and Melrose [21] gave an asymptotic expansion for ρ,
which implies that ρ ∈ Cn+2−ε(D). When D is a smoothly bounded weakly
pseudoconvex domain in Cn, it was proved by Cheng and Yau [5] that there
is a complete Kähler–Einstein metric. The same result on the existence of a
complete Kähler-Einstein metric was obtained later by Mok and Yau in [27]
without an assumption on the smoothness of the boundary ∂D.

Several very interesting and fundamental theorems on the characteriza-
tion of the unit ball in Cn have bee discovered before. For example, B.
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Wong’s characterization theorem for the unit ball by using non-compact
automorphism group in [29] or [17]. A celebrated theorem of Stoll in [28]
and Burns in [3] on a characterization theorem of the ball, by using the
degenerate complex Monge-Ampère equation, can be stated as follows:

Theorem 1.1. Let M be a complex manifold of dimension n. If there is a
smooth strictly plurisubharmoinc function u : M → [0, 1) so that it is onto
and satisfies

(1.4) detH(log u)(z) = 0, z ∈ {z ∈M : u(z) > 0},

then there is a biholomorphic map φ : M → Bn.

For convenience, we let

(1.5) Ũ(z) = U(z) − c0 with c0 = min{U(z) : z ∈ D}.

Then U satisfies (1.1) if and only if Ũ satisfies
(1.6)
detH(U) = g(z)e(n+1)U in D, U = ∞ on ∂D, min{U(z) : z ∈ D} = 0

with g(z) ≡ e(n+1)c0 . In other words, ρ̃(z) = ρ(z)ec0 = −e−(U−c0) = −e−Ũ

satisfies

(1.7) J(ρ) = g(z) in D, ρ = 0 on ∂D min{ρ(z) : z ∈ D} = −1

with g(z) ≡ e(n+1)c0 .

One observes that if φ : D → Bn is a biholomorphic map with φ(z0) = 0,
then

(1.8) U(z) = − log(1 − |φ(z)|2)

satisfies (1.6) with

(1.9) g(z) = |detφ′(z)|2 > 0

and log g(z) being pluriharmonic in D. Moreover, if ρ(z) = −e−U(z) then

(1.10) detH(log(1 + ρ(z))) = detH(log |φ|2) = 0, z ∈ D \ {z0}.

Conversely, we shall prove the following main theorem of this paper.
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Theorem 1.2. Let D be a smoothly bounded weakly pseudoconvex domain
in Cn. Let U be pluri-subharmonic in D such that (1.6) holds for some
positive function g in D with log g(z) being bounded and pluriharmonic in
D. Then

(a) If ρ(z) = −e−U(z) satisfies that

(1.11) lim inf
z→∂D

detH
(

log
(
1 + ρ(z))

)
≥ 0,

then D is biholomorphically equivalent to the unit ball in Cn.

(b) In addition to the assumption (1.11), if g(z) ≡ c for some positive
constant c, then there is a biholomorphic map φ : D → Bn so that detφ′(z) =√
c on D.

The paper is organized as follows: In Section 2, we will provide several
fundamental results, which are mainly stated in Theorem 2.1. As a corollary
of Theorem 2.1, we prove Part (a) of Theorem 1.2. In Section 3, we first prove
a theorem building up a relationship between subharmonicity of log(1−e−U )
in D and the biholomorphic mapping from D to Bn with constant Jacobian.
As an application, we will prove Part (b) of Theorem 1.2.

2. The Proof of Part (a) Theorem 1.2.

In this section, we will prove several preliminary results related to the Kähler-
Einstein metric. We will also give a few characterizations of the unit ball
using some quantities associated to the Kähler–Einstein metric. Mainly, we
will prove the following theorem.

Theorem 2.1. Let D be a bounded weakly pseudoconvex domain in Cn.
Let U be a strictly plurisubharmonic solution of the Monge-Ampère equa-
tion:
(2.1)
detH(U) = g(z)e(n+1)U in D; u = ∞ on ∂D and min{U(z) : z ∈ D} = 0,

where g(z) > 0 and log g(z) is pluriharmonic in D. Let ρ(z) = −e−U(z).
Then the following three statements hold.

(a) If log(1+ρ(z)) is plurisubharmonic in D then D is biholomorphically
equivalent to the unit ball Bn in Cn.

(b) If limz→w e
U(z)(U ijUiUj + e−U(z) − 1) = 0 for all w ∈ ∂D then D is

biholomorphically equivalent to Bn.
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(c) If lim infz→ξ

(
g(z)−1 det(H(ρ)(z)

)
≥ 1 for all ξ ∈ ∂D, then D is

biholomorphically equivalent to Bn.

Notice that without the condition m = min{U(z) : z ∈ D} = 0, a theo-
rem of Cheng and Yau in [5] shows that (2.1) has a strictly plurisubhamonic
solution U(z) ∈ C∞(D) so that, the Kähler-Einstein metric Uijdzidzj is
complete on D. Therefore U −m is a strictly plurisubharmonic solution of
(2.1) if we replace g(z) by g(z)e(n+1)m.

Let

(2.2) Ui =
∂U

∂zi
, Uj =

∂U

∂zj
and Uij =

∂2U

∂zi∂zj
.

and let H(U) = [Uij(z)]n×n be positive definite on D. We use the notation

[U ij ]n×n = (H(U)−1)t and

(2.3) |∂U |2(z) = U ijUiUj(z).

Let

(2.4) ρ(z) = −e−U(z), v(z) = 1 + ρ(z), u(z) = log v(z).

We will prove the following lemma.

Lemma 2.2. Let U(z) be strictly pluri-subharmonic and satisfy (2.1). Then

(2.5) detH(u)(z) =
g(z)

v(z)n+1
eU(z)

(
1 − e−U(z) − |∂U |2

)
and

(2.6) detH(v)(z) = g(z)eU(z)(1 − |∂U |2).
Proof. Since

∂iu(z) =
1

v(z)
∂iv(z) =

e−U(z)Ui(z)
v(z)

and

∂iju(z) = ∂j

[e−U(z)Ui(z)
v(z)

]
=

e−U(z)

v(z)
[−UiUj + Uij −

e−UUiUj

v
]

=
e−U(z)

v(z)
[Uij −

e−U + v(z)
v

UiUj]

=
e−U(z)

v(z)
[Uij −

1
v
UiUj ]



Characterization for Balls by Potential Function 465

Let ∂U denote the row vector with entries ∂1U, · · · , ∂nU . Then

detH(u)(z) =
e−nU(z)

v(z)n
det

(
H(U)(z) − 1

v(z)
(∂U)∗(∂U)

)
=

e−nU(z)

v(z)n
det

(
H(U)(z)

)(
1 − 1

v(z)
(∂U)H(U)−1(∂U)∗

)
=

e−nU(z)

v(z)n
g(z)e(n+1)U

(
1 − 1

v(z)
(∂U)H(U)−1(∂U)∗

)
= g(z)

eU(z)

v(z)n
(
1 − 1

v(z)
|∂U |2

)
= g(z)

eU(z)

v(z)n+1
(1 − e−U(z) − |∂U |2),

and

det(vij)(z) = det(e−U(z)[Uij − UiUj ])

= e−nU(z) det(Uij)(1 − |∂U(z)|2)
= g(z)eU(z) (1 − |∂U(z)|2).

Therefore, (2.5) and (2.6) hold, and the proof of the lemma is complete.

Corollary 2.3. Let U(z) be a strictly plurisubharmonic solution of (2.1).
Let u(z) and v(z) be defined by (2.4) in term of U . Then the following
statements hold.

(a) u(z) is plurisubharmonic in D if and only if 1−e−U(z) −|∂U |2(z) ≥ 0
on D.

(b) If u(z) is plurisubharmonic inD then v(z) is strictly plurisubharmonic
in D.

Proof. We first prove Part (a). Since U is strictly plurisubharmonic in D
and

uij(z) =
e−U(z)

v(z)
(Uij −

1
v(z)

UiUj),

one can easily see that u(z) is plurisubharmonic inD if and only if det(uij) ≥
0 on D. The Part (a) follows from (2.5).

Next we prove Part (b). Since u is plurisubharmonic in D then
|∂U |2 + e−U(z) ≤ 1 by Part (a). Thus v(z) = eu(z) is plurisubharmonic
in D. Moreover,

det(vij) = g(z)eU (1 − |∂U |2) ≥ g(z)eU e−U(z) = g(z) > 0.
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Therefore, v is strictly plurisubharmonic in D; and the proof of the corollary
is complete.

For simplicity, we shall use the notation:

(2.7) T (z) = U ijUiUj + e−U(z) = |∂U |2 + e−U(z).

In order to prove Theorem 2.1, We will need the following theorem.

Theorem 2.4. Let D be a bounded weakly pseudoconvex domain in Cn.
Let U be a strictly plurisubharmonic solution of (2.1). Then

(a) If T (z) ≤ 1 on D then T (z) ≡ 1 on D.

(b) If lim supz→ξ e
U(z)(T (z) − 1)=0 for any ξ∈∂D then T (z)≡1 on D.

Proof. Let

(2.8) L = Uk�∂k� + 2Re (Uk�Uk∂�).

Then if T (z) ≤ 1 in D then we shall prove

(2.9) LT (z) ≥ 0 on D.

For any w ∈ D, we shall calculate LT at w. Let z = φ(ξ) be a biholo-
morphic map between a neighborhood of 0 and a neighborhood of w. Then
we define

(2.10) Ũ(ξ) = U(φ(ξ)).

It is easy to choose such a map φ so that φ(0) = w and, in the new coordi-
nates,

(2.11) Ũijk(0) = 0, 1 ≤ i, j, k ≤ n.

By the definition of T (z), if we let

(2.12) V (z) = U ijUiUj

and

(2.13) Ṽ (ξ) = Ũ ijŨiŨj(ξ), T̃ (ξ) = Ṽ (ξ) + e−Ũ(ξ),

then

(2.14) T̃ (ξ) = T (φ(ξ)) = Ṽ (ξ) + e−Ũ(ξ)
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and

(2.15) det
(
Ũij

)
(ξ) = |f(ξ)|2g(φ(ξ))e(n+1)Ũ (ξ) = F (ξ)e(n+1)Ũ (ξ)

where f(ξ) = det(φ′(ξ)) and F (ξ) = |f(ξ)|2g(φ(ξ)). Thus
(2.16)
Ṽk(ξ) = ∂k[Ũ ij ]ŨiŨj + Ũ ijŨikŨj + Ũ ijŨiŨkj = ∂k[Ũ ij ]ŨiŨj + Ũ ijŨikŨj + Ũk.

Since Ũijk(0) = 0 and

(2.17)
∂Ũ ij

∂ξk
=
∂Ũ ij

∂Ũpq

∂Ũpq

∂ξk
= −ŨpjŨ iqŨpqk,

we have

(2.18)
∂Ũ ij

∂ξk
(0) =

∂Ũ ij

∂ξk

(0) = 0.

and

(2.19)
∂2Ũ ij

∂ξk∂ξ�

(0) = −
n∑

p,q=1

ŨpjŨ iq(0)Ũpqk�(0).

Therefore, at ξ = 0, we have

(2.20) Ṽk�(0) = ∂k�[Ũ
ij ]ŨiŨj + ∂k[Ũ ij ]Ũi�Ũj + ∂k[Ũ ij]ŨiŨj�

+∂�[Ũ
ij ]ŨikŨj + Ũ ijŨik�Ũj + Ũ ijŨikŨj� + Ũk�

= ∂k�[Ũ
ij ]ŨiŨj + Ũ ijŨikŨj� + Ũk�

= −
n∑

p,q=1

ŨpjŨ iqŨpqk�ŨiŨj + Ũ ijŨikŨj� + Ũk�.

Since f is holomorphic, f(0) = 0 and log g(φ(ξ)) is pluriharmonic, we have
∂pq logF = ∂pq(log |f |2 + log g(φ(ξ))) = 0 near ξ = 0. By (2.11) and (2.15),
we have

(2.21)
n∑

k,�=1

Ũk�∂k�Ũpq(0) = ∂pq[(n + 1)Ũ + logF ](0) = (n+ 1)Ũpq(0).

Therefore, at ξ = 0 we have

(2.22) Ũk�Ṽk�(0) = −(n+ 1)ŨpjŨ iqŨpq(0)ŨiŨj + Ũk�Ũ ijŨikŨj�(0) + n
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= −(n+ 1)Ũ ij(0)ŨiŨj + Ũk�Ũ ijŨikŨj�(0) + n

= −(n+ 1)Ṽ (0) + Ũk�Ũ ijŨikŨj�(0) + n

and

(2.23) Ũk�∂k�(e
−Ũ (ξ)) = e−Ũ(ξ)(−Ũk�Ũk� + Ũk�ŨkŨ�) = e−Ũ(ξ)(−n+ Ṽ (ξ)).

Therefore, by combining (2.22) and (2.23)

(2.24) Ũk�∂k�T̃ (0)

= −(n+ 1)Ṽ (0) + n+ e−Ũ(0)[−n+ Ṽ (0)] + Ũ ijŨk�ŨikŨj�

= n− nṼ (0) − ne−Ũ(0) − Ṽ (0) + Ṽ (0)e−Ũ (0) + Ũ ijŨk�ŨikŨj�

= n[1 − T̃ (0)] − Ṽ (0)[1 − e−Ũ(0)] + Ũ ijŨk�ŨikŨj�.

Now we let

(2.25) L̃ = Ũk� ∂2

∂ξk∂ξ�

+ 2Re (Ũk�Ũk
∂

∂ξ�

).

Then

(2.26) (Lh)(φ(ξ)) = L̃h̃(ξ)

and h̃(ξ) = h(φ(ξ)) for any h ∈ C2(D).
Since Ũijk(0) = 0, we have ∂iŨ

k�(0) = 0 and ∂jŨ
k�(0) = 0. Thus

(2.27) ∂iT̃ (0) = ∂i(Ũk�ŨkŨ� + e−Ũ )(0)

= 0 + Ũk�ŨikŨ�(0) + Ũk�ŨkŨi�(0) − e−Ũ(0)Ũi(0)

= Ũk�ŨikŨ�(0) + Ũi(1 − e−Ũ(0))

and

(2.28) ∂j T̃ (0) = Ũk�ŨkŨj�(0) + Ũj(0)(1 − e−Ũ(0)).

Thus

(2.29) Ũ ij∂iT̃ (0)Ũj(0) = Ũ ijŨk�ŨjŨikŨ�(0) + Ṽ (0)(1 − e−Ũ(0)),

and

(2.30) Ũ ij∂j T̃ (0)Ũi(0) = Ũ ijŨk�ŨiŨkŨj�(0) + Ṽ (0)(1 − e−Ũ(0)).
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Therefore

Re (Ũk�Ũk∂�)T̃ (0) = Re (Ũk�ŨkŨ
ijŨiŨj�) + Ṽ (0)(1 − e−Ũ(0))

≥ −
( n∑

i,j,k,�=1

Ũ ijŨk�ŨikŨj�

)1/2
(

n∑
i,j=1

Ũ ijŨiŨj)

+Ṽ (0)(1 − e−Ũ(0))

= −
( n∑

i,j,k,�=1

Ũ ijŨk�ŨikŨj�

)1/2
Ṽ + Ṽ (0)(1 − e−Ũ(0)).

Since T̃ (0) = Ṽ (0) + e−Ũ(0) ≤ 1, we have Ṽ (0)(1 − e−Ũ(0)) ≥ Ṽ (0)2. Thus

LT (w) = L̃T̃ (0)

≥ n[1 − T̃ (0)] − 2
( n∑

i,j,k,�=1

Ũ ijŨk�ŨikŨj�

)1/2
Ṽ (0)

+Ṽ (0)(1 − e−Ũ(0)) + Ũ ijŨk�ŨikŨj�(0)

≥ n[1 − T̃ (0)] − 2
( n∑

i,j,k,�=1

Ũ ijŨk�ŨikŨj�

)1/2
Ṽ (0) + Ṽ (0)2

+Ũ ijŨk�ŨikŨj�(0)

= n[1 − T̃ (0)] + [Ṽ (0) −
( n∑

i,j,k,�=1

Ũ ijŨk�ŨikŨj�

)1/2
]2

≥ 0.

Therefore, since w ∈ D is arbitrary, LT (z) ≥ 0 on D. Let z0 ∈ D so that
U(z0) = min{U(z) : z ∈ D} = 0. Then T (z0) = 1. Since T (z) ≤ 1 and
T (z0) = 1. By the maximum principle, we have T (z) ≡ T (z0) = 1, and the
proof of Part (a) is complete.

Next we prove Part (b). Using (2.24), (2.29) and (2.30), we have

e−U(w)U ij∂ij

[
eU(z)(T (z) − 1)

]
(w)

= e−Ũ(0)Ũ ij∂ij

[
eŨ (ξ)(T̃ (ξ) − 1)

]
(0)

= Ũ ij(Ũij + ŨiŨj)(T̃ (0) − 1) + Ũ ij(∂iT̃ (0)Ũj + Ũi∂j T̃ (0)) + Ũ ij∂ij T̃ (0)

= (n+ Ṽ (0))(T̃ (0) − 1) + Ũ ij(∂iT̃ (0)Ũj + Ũi∂j T̃ (0)) + Ũ ij∂ij T̃ (0)
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= (n+ Ṽ (0))(T̃ (0) − 1) + Ũ ijŨk�(ŨjŨikŨ�(0) + ŨiŨkŨj�(0))

+2Ṽ (0)(1 − e−Ũ (0)) + n[1 − T̃ (0)] − Ṽ (0)[1 − e−Ũ(0)] + Ũ ijŨk�ŨikŨj�

= Ṽ (0)(T̃ (0) − 1) + Ũ ijŨk�(ŨjŨikŨ�(0) + ŨiŨkŨj�(0))

+Ṽ (0)[1 − T̃ (0)] + Ṽ (0)2 + Ũ ijŨk�ŨikŨj�

= Ũ ijŨk�(ŨjŨikŨ�(0) + ŨiŨkŨj�(0)) + Ṽ (0)2 + Ũ ijŨk�ŨikŨj�

≥ 0.

Therefore eU(z)(T (z)−1) attains its maximum over D at some point on ∂D.
By the assumption: lim supz→ξ e

U(z)(T (z) − 1) = 0 for all ξ ∈ ∂D, we have
that eU(z)(T (z) − 1) ≤ 0 on D. This implies that T (z) ≤ 1 on D. By Part
(a), we have that T (z) ≡ 1 on D, and the proof of Part (b) is complete.
Therefore, we have completed the proof of Theorem 2.4.

From the proof of Theorem 2.4, one has the following corollary.

Corollary 2.5. Let D be a smoothly bounded strictly pseudoconvex domain
in Cn. Let U be a plurisubharmonic solution of (2.1) with g ∈ C2(D) being
positive and log g being pluriharmonic in D. Let ρ(z) = −e−U(z). Then the
function

1
g(z)

detH(ρ)(z)

attains its minimum over D at some point in ∂D.

Proof. By the results in [5], we have ρ ∈ C2(D). By (2.6) and definition of
v(z), one can easily see that

1
g(z)

detH(−e−U )(z) = eU(z)(1 − |∂U |2) = eU(z)(1 − T (z)) + 1, z ∈ D

The proof of Part (b) of Theorem 2.4 shows that eU(z)(T (z) − 1) attains its
maximum over D at some point in ∂D. This implies that the statement of
Corollary 2.5 holds.

Now we are ready to prove Theorem 2.1.

The proof of Theorem 2.1.

Proof of Part (a) of Theorem 2.1: Since u(z) = log(1 − e−U(z)) is
plurisubharmonic, we have by (2.5) that 1 − T (z) ≥ 0 on D. By Part (a)
of Theorem 2.4, we have T (z) ≡ 1. By (2.5) again, we have detH(u)(z) =
0 on {z ∈ D : u(z) > −∞}. By Corollary 2.3, v(z) = eu(z) is strictly
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plurisubharmonic in D which maps D onto [0, 1). Theorem 1.1 (of Burns
and Stoll) implies that D is biholomorphic to the unit ball in Cn. This proves
Part (a).

Proof of Part (b) of Theorem 2.1: The assumption of Part (b) of The-
orem 2.1 is the same as the assumption of Part (b) of Theorem 2.4. Hence,
Part (b) of Theorem 2.4 implies that T (z) ≡ 1 on D. Therefore, The proofs
of Part (b) of Theorem 2.1 follows from Corollary 2.3 and Theorem 1.1 (of
Burns and Stoll).

Proof of Part (c) of Theorem 2.1: By (2.6), we have

detH(v)(z) = g(z)eU(z)(1 − V (z)) = g(z)eU(z)(1 − T (z)) + g(z).

Thus
detH(−e−U )(z) − g(z) = g(z)eU(z)(1 − T (z)).

By the assumption (c) of Theorem 2.1, we have

lim inf
z→∂D

eU(z)(1 − T (z)) = lim inf
z→∂D

(detH(−e−U )(z)
g(z)

− 1
)

≥ 1 − 1 = 0.

Since eU(z)(1 − T (z)) attains its minimum over D at some point on ∂D, we
have eU(z)(1 − T (z)) ≥ 0 on D and so T (z) ≤ 1. By Theorem 2.4 (a), we
have T (z) ≡ 1. Corollary 2.3 implies that the function

v(z) = 1 − e−U(z), z ∈ D

is strictly plurisubharmonic in D, and v : D → [0, 1) is onto. Moreover,
detH(log v(z)) = 0 on {z ∈ D : v(z) > 0}. Applying Theorem 1.1 (of Burns
and Stoll), we have that D is biholomorphically equivalent to the unit ball
in Cn.

3. The proof of Part (b) of Theorem 1.2.

In order to prove Part (b) of Theorem 1.2, we first consider biholomorphic
mapping between D and Bn.

Let φ : D → Bn be a biholomorphic mapping. Let

(3.1) U(z) = − log(1 − |φ(z)|2) +
1

n+ 1
log |detφ′(z)|2 − c,
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with

(3.2) c = min
{
− log(1 − |φ|2) +

1
n+ 1

log |φ′(z)|2 : z ∈ D
}
.

Since U(z) is plurisubharmonic, there is point z0 ∈ D so that U(z0) = 0.
Without loss of generality (since Bn is a symmetric domain), we may assume
that

(3.3) φ(z0) = 0.

Then U is a strictly plurisubharmonic solution of (2.1) with g(z) = e(n+1)c.
In particular, min{U(z) : z ∈ D} = 0.

Let ψ : Bn → D be the inverse mapping of φ(z). Then

(3.4) detφ′(ψ(w)) =
1

detψ′(w)
, w ∈ Bn

and

(3.5) Ũ(w) = U(ψ(w)) = − log(1 − |w|2) − 1
n+ 1

log |detψ′(w)|2 − c.

We shall prove the following theorem.

Theorem 3.1. Let φ : D → Bn be a biholomorphic mapping so that

φ(z0) = 0. Let U(z) be defined by (3.1) and (3.2). If u(z) = log(1 − e−U(z))
is plurisubharmonic near ∂D, then detφ′(z) = constant. In particular,

(i) If n = 1 then D is a disk;

(ii) If D is circular with respect to a pint w ∈ D, then φ is a linear map:
φ(z) = A(z −w), where A is an n× n non-singular scalar matrix.

Proof. Let ψ(w) = φ−1(w) : Bn → D, and let
(3.6)
Ũ(w)=U(ψ(w)) = − log(1−|w|2)− log h(w), h(w)= |(detψ′(w))1/(n+1)|2ec.

Then h(0) = 1. Let

(3.7) ṽ(w) = 1 − (1 − |w|2)h(w), and ũ(w) = log ṽ(w).

Then by (2.5)

(3.8) detH(ũ)(w) =
h(w)n+1

ṽ(w)n+1
eŨ (1 − (1 − |w|2)h(w) − |∂Ũ |2)
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where
|∂Ũ |2 = Ũ ijŨiŨj, ∂iŨ =

wi

1 − |w|2 − ∂i log h(w)

and

Ũij =
δij

1 − |w|2 +
wiwj

(1 − |w|2)2 , Ũ ij = (1 − |w|2)(δij − wiwj).

Let

Xj =
∂

∂wj
− wjR, R =

n∑
k=1

wj
∂

∂wj
.

Then

|∂Ũ |2 = (1−|w|2)(δij−wiwj)(
wi

1−|w|2 −∂i log h(w))(
wj

1−|w|2 −∂j log h(w))

= |w|2 − (δij − wiwj)[wi∂j log h(w) + wj∂i log h(w)]

+ (1 − |w|2)(δij − wiwj)∂i log h(w) ∂j log h(w)

= |w|2 − (1 − |w|2)(R+R) log h(w)

+ (1 − |w|2)(δij − wiwj)∂i log h(w) ∂j log h(w).

Thus

1−|∂Ũ |2 = (1−|w|2)[1+(R+R) log h(w)−(δij−wiwj)∂i log h(w)∂j log h(w)].

Therefore,

h(w)eŨ (1 − |∂Ũ |2 − e−Ũ )

= [1 + (R+R) log h(w) − (δij − wiwj)∂i log h(w)∂j log h(w) − h(w)]

= [1 + (R+R) log h(w) −
n∑

j=1

|Xj log h|2 − (1 − |w|2)|R log h(w)|2 − h(w)].

Since log(1− e−U(z)) is plurisubharmonic in D, so is log(1− e−Ũ ) in Bn. By
(3.8) we have

h(w)n+1

ṽ(w)n+1
eŨ(w)(1 − |∂Ũ (w)|2 − e−Ũ(z)) ≥ 0, w ∈ Bn

Since h > 0 and v > 0 (if w = 0), we have

h(w)eŨ (w)(1 − |∂Ũ (w)|2 − e−Ũ(z)) ≥ 0, w ∈ Bn.
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Moreover, since h(w) is positive subharmonic and log h(w) is pluriharmonic,
we have

0 ≤ 1
σ(∂Bn)

∫
∂Bn

h(w)eŨ (1 − |∂Ũ |2 − e−Ũ )dσ(w)

=
1

σ(∂Bn)

∫
∂Bn

[1 + (R+R) log h(w) −
n∑

j=1

|Xj log h|2 − h(w)]dσ(w)

= 1 − 1
σ(∂Bn)

∫
∂Bn

[
n∑

j=1

|Xj log h|2 + h(w)]dσ(w)

≤ 1 − h(0) − 1
σ(∂Bn)

∫
∂Bn

n∑
j=1

|Xj log h|2dσ(w)

= − 1
σ(∂Bn)

∫
∂Bn

n∑
j=1

|Xj log h|2dσ(w)

≤ 0

This implies that

(3.9)
n∑

j=1

|Xj log h| ≡ 0, on ∂Bn.

and

(3.10)
∫

∂Bn

h(w)dσ(w) = h(0)σ(∂Bn) = σ(∂Bn)

Since log h(z) is real-valued, (3.9) implies that log h(z) is CR. It must be
a constant on ∂Bn. Since log h(w) is pluriharmonic, by the Maximum and
Minimum Principles, we have h(w) ≡ h(0) = 1 on Bn. This implies that
|detψ′(w)|2 = e−(n+1)c. Since detψ′(w) is holomorphic, we have

(3.11) detψ′(w) ≡ eiθe−(n+1)c/2

for some θ ∈ [0, 2π).
Parts (i) and (ii) follow directly from the Cartan’s theorem (see [17]).

Therefore, the proof of Theorem 3.1 is complete.
As a corollary of Theorem 2.1 and Theorem 3.1, we have

Corollary 3.2. Let D be a bounded weakly pseudoconvex domain in Cn

with C2 boundary. Let U(z) be a plurisubharmonic solution of (2.1) in D
with g(z) = e(n+1)c for some constant c so that exp(−U) ∈ C2(D) and

log(1 − exp(−U(z)))
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is plurisubharmonic near ∂D. Then there is a biholomorphic map φ : D →
Bn so that detφ′(z) = eiθe(n+1)c/2 for some θ ∈ [0, 2π). In particular, when
n = 1 or D is a circular domain with respect to w ∈ D, then D must be the
unit ball after a linear transformation.

Proof. By Theorem 2.1, we have that D is biholomorphic to the unit ball
Bn in Cn. Let φ : D → Bn be a biholomorphic map. Let

U0(z) = − log(1 − |φ|2) +
1

n+ 1
log |detφ′(z)|2 − c, z ∈ D.

It is easy to show that

detH(U0)(z) = e(n+1)ce(n+1)U0
, min{U0(z) : z ∈ D} = 0

Since e−U ∈ C2(D), there exist two constants 0 < c < C <∞ such that

cH(U0) ≤ H(U) ≤ CH(U0), z ∈ D.

By the uniqueness theorem in [5], we have that U(z) = U0(z). Thus
min{U0(z) : z ∈ D} = 0. Applying Theorem 3.1, we have that det(φ′) ≡
eiθe(n+1)c/2 for some θ ∈ [0, 2π). Moreover, if D is circular with respect to
w ∈ D, Cartan’s Theorem implies that φ(z) = A(z − w) with A being a
scalar n× n matric. Therefore, the proof of the corollary is complete.

Now we are ready to prove Part (b) of Theorem 1.2.

Proof. By Part (a) of Theorem 1.2, we have that D is biholomorphic to
the unit ball in Cn. Corollary 3.2 implies that there is a biholomorphic map
φ : D → Bn so that detφ′(z) ≡constant in D. This completes the proof of
Part (b) of Theorem 1.2.

Finally in the section, we connect the domains, which are biholomor-
phically equivalent to the unit ball with constant Jacobian maps, to the
Bergman kernel function K(z,w).

Proposition 3.3. Let D be a bounded domain in Cn which is biholomor-
phically equivalent to a ball in Cn. Then there is a ∈ D such that K(z, a) is
constant function of z if and only if there is a biholomorphic map φ : D → Bn

with detφ′(z) =constant.

Proof. If φ : D → Bn is a biholomorphic map with detφ′(z)=constant= c,
then

KD(z,w) = (1 − 〈φ(z), φ(w)〉)−n−1 |c|2
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Then
KD(z, φ−1(0)) ≡ |c|2, z ∈ D.

On the other hands, ifKD(z, a) ≡ |c|2 for z ∈ D, sinceD is biholomorphi-
cally equivalent to the unit ball, there is a biholomorphic map ψ : D → Bn

so that ψ(a) = 0. Thus

KD(z, a) = (1 − 〈ψ(z), ψ(a))−n−1 detψ′(z) detψ′(a) = detψ′(z)detψ′(a)

Thus

detψ′(z) =
|c|2

detψ′(a)
, z ∈ D.

Therefore, the proof of the proposition is complete.
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