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Characterization for Balls by Potential Function of
Kéahler-Einstein Metrics for Domains in C"

SONG-YING LI
1. Introduction and Main results.

Let D be a bounded domain in C™. For u € C?(D), we denote H(u)(z) =

52 . . . .
[%]nm the complex hessian matrix of u at z. A plurisubharmonic func-
102

tion U(z) on D is called a potential function for the Ké&hler-Einstein metric
if U satisfies the Monge-Ampeére equation:

(1.1) det HU) = ™Y in D; and U=o00 on dD.
Equivalently the function
(1.2) p(z)=—eY@  zeD

is called the potential function for the Fefferman’s metric, and p satisfies the
Fefferman equation:

p  9p ]
1.3 J(p) =—det | = ., =1, z€D, z)=0 on 0D,
13 ) =—det| £ o2
where Op denotes the row vector with entries 88—;1, S ,887‘;. When D is

a smoothly bounded strictly pseudoconvex domain in C", a formal positive
solution of (1.3) was given by C. Fefferman in [7]. The existence of a positive
solution was proved by Cheng and Yau [5]. Moreover, they also proved that
p € C"*3/2(D). Lee and Melrose [21] gave an asymptotic expansion for p,
which implies that p € C"*27¢(D). When D is a smoothly bounded weakly
pseudoconvex domain in C", it was proved by Cheng and Yau [5] that there
is a complete Kéahler—Einstein metric. The same result on the existence of a
complete Kéhler-Einstein metric was obtained later by Mok and Yau in [27]
without an assumption on the smoothness of the boundary 0D.

Several very interesting and fundamental theorems on the characteriza-
tion of the unit ball in C" have bee discovered before. For example, B.

461



462 Song-Ying Li

Wong’s characterization theorem for the unit ball by using non-compact
automorphism group in [29] or [17]. A celebrated theorem of Stoll in [28]
and Burns in [3] on a characterization theorem of the ball, by using the
degenerate complex Monge-Ampeére equation, can be stated as follows:

Theorem 1.1. Let M be a complex manifold of dimension n. If there is a
smooth strictly plurisubharmoinc function u : M — [0,1) so that it is onto
and satisfies

(1.4) det H(logu)(z) =0, ze€{ze€ M :u(z) > 0},
then there is a biholomorphic map ¢ : M — B,,.

For convenience, we let
(1.5) U(z) =U(z) — ¢y with ¢ = min{U(2) : z € D}.

Then U satisfies (1.1) if and only if U satisfies
(1.6)
det HU) = g(2)e™™Y in D, U=o00 on 0D, min{U(z):z€ D} =0

with g(z) = et In other words, p(z) = p(z)e® = —e~U=c0) = _¢=U
satisfies

(1.7) J(p)=g(z)in D, p=0 on 0D min{p(z):z¢e€ D} =-1

with g(z) = e+ eo,

One observes that if ¢ : D — B, is a biholomorphic map with ¢(zy) = 0,
then

(1.8) U(z) = —log(1 — |¢(2)[*)

satisfies (1.6) with

(1.9) 9(2) = |det ¢'(2)]* > 0

and log g(z) being pluriharmonic in D. Moreover, if p(z) = —e~Y(*) then
(1.10) det H(log(1 + p(2))) = det H(log |¢|*) =0, z¢€ D\ {z}.

Conversely, we shall prove the following main theorem of this paper.
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Theorem 1.2. Let D be a smoothly bounded weakly pseudoconvex domain
in C". Let U be pluri-subharmonic in D such that (1.6) holds for some
positive function g in D with log g(z) being bounded and pluriharmonic in
D. Then

(a) If p(z) = —e~U(?) satisfies that

(1.11) ligé%fdetH(log (1 + p(z))) >0,

then D is biholomorphically equivalent to the unit ball in C™.

(b) In addition to the assumption (1.11), if g(z) = ¢ for some positive
constant ¢, then there is a biholomorphic map ¢ : D — By, so that det ¢/(z) =

\/con D.

The paper is organized as follows: In Section 2, we will provide several
fundamental results, which are mainly stated in Theorem 2.1. As a corollary
of Theorem 2.1, we prove Part (a) of Theorem 1.2. In Section 3, we first prove
a theorem building up a relationship between subharmonicity of log(1—e~Y)
in D and the biholomorphic mapping from D to B,, with constant Jacobian.
As an application, we will prove Part (b) of Theorem 1.2.

2. The Proof of Part (a) Theorem 1.2.

In this section, we will prove several preliminary results related to the Kahler-
Einstein metric. We will also give a few characterizations of the unit ball
using some quantities associated to the Kéhler—Einstein metric. Mainly, we
will prove the following theorem.

Theorem 2.1. Let D be a bounded weakly pseudoconvex domain in C".
Let U be a strictly plurisubharmonic solution of the Monge-Ampére equa-
tion:

(2.1)

det H{U) = g(2)e"™™Y in D; u= o0 on 8D and min{U(z) : z € D} =0,
where g(z) > 0 and log g(z) is pluriharmonic in D. Let p(z) = —e V().
Then the following three statements hold.

(a) Iflog(1+ p(z)) is plurisubharmonic in D then D is biholomorphically
equivalent to the unit ball B, in C".

(b) If lim ., V) (UTU; U5 + €7V — 1) = 0 for all w € D then D is
biholomorphically equivalent to B,,.
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(c) If liminf, ¢ (g(z)’ldet(H(,o)(z)> > 1 for all € € OD, then D is
biholomorphically equivalent to B,,.

Notice that without the condition m = min{U(z) : z € D} = 0, a theo-
rem of Cheng and Yau in [5] shows that (2.1) has a strictly plurisubhamonic
solution U(z) € C°°(D) so that, the Kéhler-Einstein metric U;zdz;dz; is
complete on D. Therefore U — m is a strictly plurisubharmonic solution of

(2.1) if we replace g(z) by g(z)e(n-l-l)m.

Let
2.2 U=+, U=-—— and U;=—~——.
( ) azl ! 82]' o K 8zzaz]

v

and let H(U) = [U;z(2)]nxn be positive definite on D. We use the notation
U] = (H(U)™)" and

(2.3) U *(2) = UTUU(2).
Let
(2.4) p(z) = —e V@ () =1+p(2), u(z)=logu(z).

We will prove the following lemma.

Lemma 2.2. Let U(z) be strictly pluri-subharmonic and satisty (2.1). Then

(2.5) det H (u)(z) = %eff@ (1 e U |aU|2)
and
(2.6) det H(v)(2) = g(2)e" @ (1 — |aU ?).

Proof. Since

1 e VU, (2)
8ZU(Z) = @@v(z = T
and
e VU, (2)
8ﬁu(z) -9 [ v(z) }
eiU(Z) U U U _UUZ‘UE
o u(2) =Us it v )
e U0 e U +0(z)
o ou(z) Y a v UiUE]
e U 1
= 0 [Uz‘j ;UiU]—-]
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Let OU denote the row vector with entries 01U, --- ,3,U. Then

efnU(z)

det H(U)(Z) = W det (H(U)(z) — le)(aU)*(aU))
e—nU(2) 1 ) *
= o e (H(U)(z)) (1_ Sonaw) o) )
e—nU(2) 1
= Py e(nJrl)U b 1 .
v(z)n 9(z) (1 e (BU)H(U)~ (oU) )
U@
= g(Z)v(z)n( - $|8U|2)
U (2)

— (11— —|au ),

and
det(eg)) = (e Olu; — U03)
= efnU(z) det(Uﬁ)(l _ |aU(z)|2)
= g(2)e"® (1=10U(2)).

Therefore, (2.5) and (2.6) hold, and the proof of the lemma is complete. 0

Corollary 2.3. Let U(z) be a strictly plurisubharmonic solution of (2.1).
Let u(z) and v(z) be defined by (2.4) in term of U. Then the following
statements hold.

(a) u(z) is plurisubharmonic in D if and only if 1 —e~U() —|0U|?(2) > 0
onD.

(b) If u(z) is plurisubharmonic in D then v(z) is strictly plurisubharmonic
inD.

Proof. We first prove Part (a). Since U is strictly plurisubharmonic in D

and
(& (2) 1
UZE(Z) ’U(Z) ( Zj ’U(Z) ‘ 3)’

one can easily see that u(z) is plurisubharmonic in D if and only if det(u,;) >
0 on D. The Part (a) follows from (2.5).

Next we prove Part (b). Since w is plurisubharmonic in D then
0U|? + e"U) < 1 by Part (a). Thus v(z) = e**) is plurisubharmonic
in D. Moreover,

det(v;7) = g(2)e” (1 = |0U*) = g(z)ee ™) = g(z) > 0.
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Therefore, v is strictly plurisubharmonic in D; and the proof of the corollary
is complete. O

For simplicity, we shall use the notation:
(2.7) T(2) = UTU;U5 + V) = [oU]? + e V),
In order to prove Theorem 2.1, We will need the following theorem.

Theorem 2.4. Let D be a bounded weakly pseudoconvex domain in C".
Let U be a strictly plurisubharmonic solution of (2.1). Then

(a) If T(z) <1 on D then T(z) =1 on D.
(b) If limsup,_,, eV (T (2) —1)=0 for any £€0D then T(z)=1 on D.

Proof. Let

(2.8) L = UMo,;+ 2Re (UM U, 3y).
Then if T'(z) <1 in D then we shall prove

(2.9) LT(z) >0 on D.

For any w € D, we shall calculate LT at w. Let z = ¢(£) be a biholo-
morphic map between a neighborhood of 0 and a neighborhood of w. Then
we define

(2.10) U(€) = U((&))-

It is easy to choose such a map ¢ so that ¢(0) = w and, in the new coordi-
nates,

(2.11) Uz,(0) =0, 1<ijk<n.

By the definition of T'(z), if we let

(2.12) V(z) = UTUU;

and

(2.13) V() = UI0,05(¢), T(€) =V () +e VO,
then

(2.14) T() =T(¢() =V(§) +e U
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and

(215)  det (T5)(€) = |F(©)Pg(6(€)e™ IO = F(g)e10©

where f(€) = det(¢/(€)) and F(€) = |f(€)[*g(¢(€)). Thus
(2.16)

Since Uijk(()) =0 and

U 9UY U,

2.17 = = — _gPIgag,,,,
(2.17) 6~ Ol O vk
we have
Ui Ui
2.18 0) = —(0) =
(2.18) 7E; O, (0)
and
920711 m -
2.19 —(0) = — UPIUa(0)U _, 5(0).
(2.19) agka@( ) z_: (0)U,72(0)
p,q=1
Therefore, at £ = 0, we have
(2.20) Vig(0) = 0glU70:U5 + 0x[U9U7U5 + 0, [U7)U; U

p,g=1

Since f is holomorphic, f(0) # 0 and log g(¢(§)) is pluriharmonic, we have
Opglog F = Oyg(log | f|> + log g(¢(€))) = 0 near £ = 0. By (2.11) and (2.15),
we have

(2.21) zn: U50,,0,5(0) = dygl(n + 1)T +log F1(0) = (n + 1)U,5(0).
k0=1

Therefore, at £ = 0 we have

(2.22) UV 5(0) = —(n+ 1) TP T0,4(0)0;
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= —(n+1)U7(0)0;0;5+ UszﬁUikfjj—[(O) +n
= —(n+1)V(0) + T*TT0305(0) +n
and
(2.23) UM0,,(e0©) = e 0O (T, + TH0,T,) = e VO (—n+V(€)).
Therefore, by combining (2.22) and (2.23)
(2.24) U*9,,T(0)
= —(n+1)V(0) +n+e O —n+ V() + YO0, U
= n—nV(0)—ne 7O _V(0) + V(0)e T + U0 U0
= n[l=T(0)] = V(0)[1 — e "O) + TITHT4Uy.

Now we let

Lo 2 D
2.25 L=UM—— 4+ 2Re (UFU,—).
22 TR
Then
(2.26) (Lh)($(£)) = LA(E)

and (&) = h(¢(€)) for any h € CQ(p). .
Since Uy, (0) = 0, we have 9;U*(0) = 0 and 8;U*(0) = 0. Thus

(2.27) 8 T(0) = 8,(UM T, T, + e~7)(0)
= 0+ U*U,05(0) + U*T,U;(0) — e~V OT;(0)
= 0", 04(0) + T;(1 — e~0)

and

(2:28) 05T(0) = UM TU57(0) + U5(0)(1 = =),

Thus

(220)  TIST(O)T;(0) = TI0HT;040(0) + V(0) (1 — ),
and

(230)  UIOT(0)0:(0) = UITMT,0,05(0) + V(0)(1 — e 7).
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Therefore

Re (UM 0,0p)T(0) = Re(U*0,U70;05) + V(0)(1 — e V)

J
> - i UZJUMUZ'k ~5—> Y (Z U’EU U—)
1,5,k =1 ,j=1

Since T'(0) = V(0) + e=U0) < 1, we have V(0)(1 — 6_0(0)) > V(0)2. Thus

LT(w) = LT(0)
1/2

A\
=
|
~e
—
(@)
N~—
<t
—~
(e}
SN—

S 090, )
i,k 0=1
FV(0)(1 — eV O) 4 TTTH T, 0(0)
. n cgeage o \1/2 -
[l — T(0)] —2( DALY UikUﬂ> V(0) + V(0)
2,5,k f=1

v

IO, T(0)

- - P e - \1/2
- n[1—T(0)]+[V(0)—( 3 U”U“UikUﬂ> 2
ij k=1
> 0.

Therefore, since w € D is arbitrary, LT(z) > 0 on D. Let zp € D so that
U(z0) = min{U(z) : z € D} = 0. Then T'(z9) = 1. Since T(z) < 1 and
T(zp) = 1. By the maximum principle, we have T'(z) = T'(2p) = 1, and the
proof of Part (a) is complete.

Next we prove Part (b). Using (2.24), (2.29) and (2.30), we have

eV iig - [eU<Z> (T(z) — 1)] (w)

e VO[O (T () — 1)] (0)

+ 0,0,T(0)) + U79,,T(0)
+ U:0:T <>>+0“8i;f’<o>

= U0, + U,0)(T(0) — 1) + U7 (8;7(0)
= (n+V(0))(T(0) — 1) + U (9T(0)05 +
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= (n+V(0)(T(0) — 1) + UTT* (05031, U(0) + U Uy U(0))
(1-eU :
(0) —1) + Uﬁﬁkz(ﬁjﬁikﬁz(o) + U, U, 7(0))
FV (O = T(0)] + V(0)? + U900 U
= OO (U50405(0) + TiOkU5(0)) + V (0)% + U9 0 03U
> 0.

Therefore eV(*)(T'(z) — 1) attains its maximum over D at some point on dD.
By the assumption: limsup,_, eVEN(T(2) = 1) = 0 for all £ € OD, we have
that eV(*)(T(z) — 1) < 0 on D. This implies that T'(z) < 1 on D. By Part
(a), we have that T'(z) = 1 on D, and the proof of Part (b) is complete.
Therefore, we have completed the proof of Theorem 2.4. [

From the proof of Theorem 2.4, one has the following corollary.

Corollary 2.5. Let D be a smoothly bounded strictly pseudoconver domain
in C". Let U be a plurisubharmonic solution of (2.1) with g € C*(D) being
positive and log g being pluriharmonic in D. Let p(z) = —e V@) Then the

function
1

9(2)

attains its minimum over D at some point in 0D.

det H(p)(2)

Proof. By the results in [5], we have p € C?(D). By (2.6) and definition of
v(z), one can easily see that

1

el det H(—e V) (2) = "G (1 = |0U)?) = "1 = T(2)) +1, zeD
g(z

The proof of Part (b) of Theorem 2.4 shows that eV(*)(T'(z) — 1) attains its
maximum over D at some point in D. This implies that the statement of
Corollary 2.5 holds. 0

Now we are ready to prove Theorem 2.1.
The proof of Theorem 2.1.

Proof of Part (a) of Theorem 2.1: Since u(z) = log(l — e V() is
plurisubharmonic, we have by (2.5) that 1 — 7'(z) > 0 on D. By Part (a)
of Theorem 2.4, we have T'(z) = 1. By (2.5) again, we have det H(u)(z) =
0on {z € D : u(z) > —oc}. By Corollary 2.3, v(z) = e“?) is strictly



Characterization for Balls by Potential Function 471

plurisubharmonic in D which maps D onto [0,1). Theorem 1.1 (of Burns
and Stoll) implies that D is biholomorphic to the unit ball in C". This proves
Part (a).

Proof of Part (b) of Theorem 2.1: The assumption of Part (b) of The-
orem 2.1 is the same as the assumption of Part (b) of Theorem 2.4. Hence,
Part (b) of Theorem 2.4 implies that T'(z) = 1 on D. Therefore, The proofs
of Part (b) of Theorem 2.1 follows from Corollary 2.3 and Theorem 1.1 (of
Burns and Stoll).

Proof of Part (c) of Theorem 2.1: By (2.6), we have
det H(v)(2) = g(2)e” D (1 = V(2)) = g(2)e" (1 = T(2)) + g(2).

Thus
det H(—e™")(2) — g(2) = g(2)e”" @ (1 = T(2)).

By the assumption (c¢) of Theorem 2.1, we have

det H(—e7Y)(2) B 1)

liminf eV (1 - T(2)) = liminf( B
g(z

z—0D z—0D
> 1—-1=0.

Since eV(*)(1 — T'(z)) attains its minimum over D at some point on dD, we
have eV(*)(1 — T'(z)) > 0 on D and so T(z) < 1. By Theorem 2.4 (a), we
have T'(z) = 1. Corollary 2.3 implies that the function

v(z)=1-¢Y®  2eD

is strictly plurisubharmonic in D, and v : D — [0,1) is onto. Moreover,
det H(logv(z)) =0on {z € D :v(z) > 0}. Applying Theorem 1.1 (of Burns
and Stoll), we have that D is biholomorphically equivalent to the unit ball
inC". D

3. The proof of Part (b) of Theorem 1.2.

In order to prove Part (b) of Theorem 1.2, we first consider biholomorphic
mapping between D and B,,.
Let ¢ : D — B, be a biholomorphic mapping. Let

(3.1) U(z) = —log(1 — |6(2)*) + log | det ¢/(2)|* — ¢,

n+1
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with

(3.2) c= min{ —log(1 — |¢]*) + log|¢'(2)]*: 2z € D}.

n—+1

Since U(z) is plurisubharmonic, there is point z9 € D so that U(zy) = 0.
Without loss of generality (since B,, is a symmetric domain), we may assume
that

(33) ¢(Zo) =0.

Then U is a strictly plurisubharmonic solution of (2.1) with g(z) = e(®+1e,
In particular, min{U(z) : z € D} = 0.
Let 1 : B,, — D be the inverse mapping of ¢(z). Then

1

(3.4) det ¢' (1h(w)) = dot v/(w)’

w € B,

and

1
n+1

(35)  U(w) =U(W(w)) = ~log(1 — w|*) — log | det ¢/ (w)|* — c.

We shall prove the following theorem.

Theorem 3.1. Let ¢ : D — B, be a biholomorphic mapping so that
#(20) = 0. Let U(z) be defined by (3.1) and (3.2). If u(z) = log(1 — e~V()
is plurisubharmonic near 0D, then det ¢/(z) = constant. In particular,

(i) If n = 1 then D is a disk;

(ii) If D is circular with respect to a pint w € D, then ¢ is a linear map:
¢(z) = A(z — w), where A is an n X n non-singular scalar matrix.

Proof. Let ¢)(w) = ¢! (w) : B, — D, and let
(3.6)

U (1) = U ((w)) = — log(1— |w[?) —log h(w), h(w)=|(det ' (w)) "+ e
Then h(0) = 1. Let

(3.7 Bw)=1-1— |wh(w), and @(w) = logd(w).

Then by (2.5)

wn+1 - ~
M) 01 (1 wP)h(w) — |00])

(3.8)  det H(@)(w) = ()T
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where .

~ T ~ w;

OU)? = U005, oiU = Tl ; log h(w)

and

54. Wil ~ =

Uj=+—" g U = (1= [w]?)(6y — wiwy).
ST P T Py s
Let
0 _ - 0
X]:a—u]j—’w]R, R:ija—wj
k=1
Then
12— (1 — a2V — ey P g Y

= |w]* = (6;j — wiw;)[w;0; log h(w) + w;0; log h(w)]
+ (1 — |w|*)(8i5 — wiw;)0; log h(w) 9;log h(w)

= wl* = (1 [w*)(R + R) log h(w)
+ (1 — |w|*)(8i5 — wiw;)0; log h(w) 9;log h(w).

Thus
—|0U > = (1—|w[*)[1+(R+R) log h(w) — (6;; —w;w;)9; log h(w)d; log h(w)].
Therefore,

h(w)e” (1 - 190> — 0
— [L+ (R + R) log h(w) — (8,5 — i), log h(w)d; log h(w) — h(w)]

Qz

= [1+ (R+ R)log h(w Z|X log h|? — (1 — |w|?)|Rlog h(w)|? — h(w)].

Since log(1 — e~Y()) is plurisubharmonic in D, so is log(1 —e~Y) in B,. By
(3.8) we have

R(w)" ™ 5w ~ (s
6Ew§n+1 VW — o0 (w))? —e V@) >0, weB,

Since h > 0 and v > 0 (if w # 0), we have

h(w)e? @ (1 — 100 (w)]? — e V@) >0, w e B,.
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Moreover, since h(w) is positive subharmonic and log h(w) is pluriharmonic,

we have
0 < gy by M1 =100 Dot
~ a5 L 1 (R T oghu) - ; 1X; log A% — h(w)]do(w)
= 1 —om5 b [g 1 Log A2 + h(w)}der(w)
< 1-h0)— a(aan) . jzn; 1X; log h|%do (w)
— _0(81371) /aBn jil | X, log h|*do(w)
< 0

This implies that

(3.9) Zn: | Xjlogh|=0, on 0B,.
j=1
and
(3.10) /BB h(w)do(w) = h(0)o(0By,) = 0(0By,)

Since log h(z) is real-valued, (3.9) implies that log h(z) is CR. It must be
a constant on 0B,. Since log h(w) is pluriharmonic, by the Maximum and
Minimum Principles, we have h(w) = h(0) = 1 on B,. This implies that
|det ¢/ (w)[> = e~ (D¢, Since det ) (w) is holomorphic, we have

(3.11) det ¢/ (w) = e (nT1e/2
for some 6 € [0, 2m).

Parts (i) and (ii) follow directly from the Cartan’s theorem (see [17]).
Therefore, the proof of Theorem 3.1 is complete. [

As a corollary of Theorem 2.1 and Theorem 3.1, we have

Corollary 3.2. Let D be a bounded weakly pseudoconvex domain in C™
with C? boundary. Let U(z) be a plurisubharmonic solution of (2.1) in D
with g(z) = etV for some constant c so that exp(—U) € C*(D) and

log(1 — exp(=U(2)))
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is plurisubharmonic near 0D. Then there is a biholomorphic map ¢ : D —
B, so that det ¢/(z) = e??e("+De/2 for some 6 € [0,27). In particular, when
n =1 or D is a circular domain with respect to w € D, then D must be the
unit ball after a linear transformation.

Proof. By Theorem 2.1, we have that D is biholomorphic to the unit ball
B,, in C". Let ¢ : D — B, be a biholomorphic map. Let

U%z) = —log(1 — |9|?) + log|det ¢/(2)|* —¢, z€ D.

n—+1

It is easy to show that
det H(U%)(z) = e ee DU min{U%(z) : 2 € D} =0
Since e~V € C?(D), there exist two constants 0 < ¢ < C' < oo such that
cH{UY <H({U)<CHU"), zeD.

By the uniqueness theorem in [5], we have that U(z) = U%%). Thus
min{U%(z) : z € D} = 0. Applying Theorem 3.1, we have that det(¢') =
ee(nt1)e/2 for some 0 € [0,27). Moreover, if D is circular with respect to
w € D, Cartan’s Theorem implies that ¢(z) = A(z — w) with A being a
scalar n x n matric. Therefore, the proof of the corollary is complete. [

Now we are ready to prove Part (b) of Theorem 1.2.

Proof. By Part (a) of Theorem 1.2, we have that D is biholomorphic to
the unit ball in C". Corollary 3.2 implies that there is a biholomorphic map
¢ : D — B, so that det ¢'(z) =constant in D. This completes the proof of
Part (b) of Theorem 1.2. 0

Finally in the section, we connect the domains, which are biholomor-
phically equivalent to the unit ball with constant Jacobian maps, to the
Bergman kernel function K(z,w).

Proposition 3.3. Let D be a bounded domain in C" which is biholomor-
phically equivalent to a ball in C". Then there is a € D such that K(z,a) is
constant function of z if and only if there is a biholomorphic map ¢ : D — B,
with det ¢/(z) =constant.

Proof. If ¢ : D — B, is a biholomorphic map with det ¢'(z)=constant= c,
then

Kp(z,w) = (1 (¢(2), p(w)) ™" el
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Then
Kp(z,671(0)) = |2, =€ D.

On the other hands, if Kp(z,a) = |c|? for z € D, since D is biholomorphi-
cally equivalent to the unit ball, there is a biholomorphic map ¢ : D — B,
so that ¢ (a) = 0. Thus

Kp(z,a) = (1 ((2),1(a)) ™" det ¢/ (2) det /() = det'(=)det ¢/(a)

Thus
/ |cf?
det¢(z)::, ZGD
det ¢’ (a)

Therefore, the proof of the proposition is complete. 0
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