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On Stable Critical Points for a Singular
Perturbation Problem

Y OSHIHIRO TONEGAWA

We study a singular perturbation problem arising in the scalar
two-phase field model. Assuming only the stability of the critical
points for e-problems, we show that the interface regions converge
to a generalized stable minimal hypersurface as ¢ — 0. The limit
has an L? generalized second fundamental form and the stability
condition is expressed in terms of the corresponding inequalities
satisfied by stable minimal hypersurfaces. We show that the limit
is a finite number of lines with no intersections when the dimension
of the domain is 2.

1. Introduction.

In this paper, we consider the variational problem for the functional

(1.1) E.(u) :/Q§|vu|2+@,

where Q C R™ is a bounded domain, u : £ — R belongs to the Sobolev
space H1(Q) = {u € L*(Q)|Vu € L}(Q)}, W : R — R* U {0} is a double-
well potential function and ¢ > 0 is a small parameter. This is a typical
energy modeling the phase separation phenomena within the van der Waals
- Cahn - Hilliard theory [3]. In this context, u represents the density of a
two-phase fluid, where the zero points +1 of W correspond to stable fluid
phases, and the free energy E.(-) depends both on the density potential and
the density gradient. The sequence of minimizers is expected to converge in
an appropriate sense to a function ug as € — 0, where ug takes values +1 and
the interface d0{up = 1} N is a hypersurface with the least possible area.
The rigorous proof of this statement was given by Modica [10], Sternberg
[15] with any given volume constraint [,u = m for the sequence of global
minimizers via the I'-convergence technique.
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440 Yoshihiro Tonegawa

One of the natural questions concerning E.(-) that we address in this
paper is the following: given a sequence of stable critical points with a uni-
form finite energy bound and € — 0, what can be said generally about the
limit interface? Here we say u® is a critical point of E. if the Euler-Lagrange
equation is satisfied:

W)
€

(1.2) eAw =

We say that u® is stable if the second variation of FE. is non-negative:

d2
dat?

W//(us)

€ _ 2 2
(1.3) E.(u +t¢)_/ﬂg\v¢y >0

t=0

for all ¢ € C1(Q). Since the functional E.(-) for small € roughly approx-
imates the area functional of the interface, one naturally expects that the
limit interface should be a stable minimal hypersurface in a suitable sense.
Recall that the stability for smooth minimal hypersurface M C € is equiva-
lent to the following inequality:

(1.4) /MrB\%? < /M\wr?

for any ¢ € CL(Q2). Here, B is the second fundamental form of M [14].
Another important property satisfied by stable minimal hypersurfaces is the
following inequality due to Schoen [12, 13]. Let v be the unit normal vector
field of M and let 1y be an arbitray constant unit vector. Then, there exists
a constant ¢ depending only on n such that

(15) /M BP2§ < c /M<1 — (1)) VP

for any ¢ € C1(Q2). The right-hand side measures the oscillation of the unit
normal in an integral form. The inequality (1.5) is one of the essential ingre-
dients for the regularity theory for stable minimal hypersurfaces in [13]. In
this paper, we show that there exists an L? second fundamental form defined
on the limit interface and that it satisfies the same inequalities (1.4) and (1.5)
in a generalized sense. Since we work in the setting of general critical points,
the smoothness of the limit interfaces is not guaranteed in general. For this
reason, we employ the notion of generalized second fundamental form for
varifolds introduced by Hutchinson [7]. When n = 2, we show that the
limit is a finite number of lines with no intersections or junctions. Note that
intersecting lines are in fact stationary and stable for smooth variations of
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the length functional, so this shows that the limits of stable phase interfaces
possess a better regularity property than stable critical points of the length
functional in general.

There are numerous works related to the singular perturbation problem
with double-well potential. Given a strict local minimizer for area func-
tional with no constraint, Kohn and Sternberg [9] showed the existence of
local minimizers for E.(-) which converge to the given limit. For such local
minimizers, Cérdoba and Caffarelli showed the local uniform convergence of
the interface [4]. General stable critical points have been studied by Stern-
berg and Zumbrun, where the connectivity of interfaces for the e-problem as
well as the sharp interface problem on strictly convex domains was proved
[16, 17]. Up to the boundary uniform convergence of the interface is also
studied in this case [19]. For general critical points, Hutchinson and the
author showed that the interfaces of any critical points with finite energy
and with or without volume constraint converge to a locally constant mean
curvature hypersurface with possible integer multiplicities [8].

The organization of the paper is as follows. In section 2, we recall the
notions of measure-function pair and generalized second fundamental form
([7]). Insection 3, we state the assumptions and main results, and in section 4
show the stability properties for the limit hypersurface for general dimensions
as well as the complete regularity for n = 2.

2. Generalized second fundamental form.

In the next two subsections we collect definitions and theorems from [7]
which we apply to the singular perturbation problems subsequently.

2.1. Measure-function pairs.

Let U be a subset of R®. In the following application, U will be G,,—1(Q2) =
Q2 x G(n,n — 1), where Q C R" is a bounded domain and G(n,n — 1) is the
set of n — 1-dimensional unoriented subspaces in R". Via the identification

of G(n,n — 1) as a set of projections, we regard G(n,n — 1) to be a subset
of R™’.

Definition 1. Suppose u is a Radon measure on U and f : U — R is
a locally integrable function with respect to p. (u, f) is called a measure-

function pair over U.

Definition 2. ([7, 4.2.1]) Suppose {(ux, fr)}3>, and (u, f) are measure-
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function pairs over U. Suppose ur — p on U as k — oo. Then we say
(1k, fr) converges to (u, f) in the weak sense if

tim [ < o> du= [ <o du
k—oo Jiy U
for all ¢ € C.(U, ]Rﬁ). Here, <, > is the standard inner product in RP.

Using the notion of graph measures, the following theorem was proved [18, 7].
The theorem holds for more general setting, but we only state it in the form
necessary for our use:

Theorem 1. ([7, 4.4.2(i,ii)]) If {(p, fr)}32, is a sequence of measure- func-
tion pairs over U with liminf yu,(U) < oo and liminf [, | fi|? duy, < oo, then
some subsequence of {(jix, fr)}72, converges in the weak sense to a measure-
function pair (u, f) for some f. Moreover,

/\fﬁduSliminf/ FARCTS
U k=0 Ju

2.2. Generalized second fundamental form.

Let M C R™ be a smooth hypersurface. For z € M, let S, = [(Sz)ijli<ij<n
be the n x n orthogonal projection matrix corresponding to the projection
onto T, M, where T,, M is the tangent space to M at x. The second funda-
mental form of M at x is defined by

B:T,M x T, M — (T, M)+, B(v,w) = (Dyw)™,

where (T,,M)* is the normal space and D,w is the covariant differentiation
in R™. It is bilinear and it depends only on v and w at z. We also extend
the domain of B to R™ x R" by defining

B(v,w) = B(S,v, S;w).
For the standard orthonormal basis {e;};"_;, define the component of B by
szj =< B(ei,ej),ek > .

In the following, we use the usual summation convention whenever no ambi-
guity arises. The mean curvature vector is given by B]]-“jek. The component
of B is expressed in terms of the projection matrix S (omitting x) by

Bf; = 516,
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where §; = Sij%. This is because ij =< DSeiSej,ei >=< 9;5,€, e, —
J

Sskes >= 51'Sk:j - (5iSlj)Slk: = SljéiSk:l- We used Slk = Sk:l and Skj = Slelj.

We also use the fact that

5iSjk = sz] + Bz]k

This follows from &;S;x = 8 (S;Su) = SjdiSu. + SwdiSj = BE + B If

M is a level set {u = const}, S =1 —-v@v, v= % = (v, -+ ,vp), One
computes
Blkj = —ykdl-yj

Uz,
(2'1) = - ‘VUP (uxixj — VjVUgyz; — Vil[Ugz; + ViVstVluxlxs)-
If we choose a coordinate system such that v(z) = (0,---,0,1), we have

n Ug;z; L.
By = ———+ fori,je{l,---,n—1}
Uy,

and ij = 0 otherwise. In particular, 2
case.

Now let ¢ € CL(Q x R™) be a “test function” to be used to define
the generalized second fundamental form. Denote the differentiations with
respect to x; and Sj; by D;¢ and Dj;¢, respectively. Apply the standard
divergence theorem on submanifold M with X = ¢(z, S;)e; and S, = T, M

to obtain
oz/ divM(XT):/ 5, (Sird)
M M

— /M SijDjd + (0:Sjx) Dip ¢ + (;5i5) -

z]k:(sz])2 = szk(5zsjk)2 in this

Motivated by this we define a generalized second fundamental form for
varifold. Here we briefly state the definitions and notations for varifolds.
For more comprehensive account of rectifiable set and integral varifold, see
[1, 14]. Radon measures on G,_1(2) are called (n — 1)-varifolds. For
¢ € Ce(Q2), we define

Vi@ = [ - owavas)

We denote the (n — 1)-dimensional Hausdorff measure by H"~1. V is called
the integral varifold if there exist an (n — 1)-rectifiable set M C Q and H"~!
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measurable non-negative integer-valued function #(x) on M such that, for

¢ € Cc(Gn—l(Q))a
Vip) = /M o(x, Ty M)O(x) dH™ ().

Here, T, M is the approximate tangent plane which exists uniquely H"~!
a.e. on M. We say that V is stationary if, for any g € CL(Q : R™),

/ Dg(z)-SdV(xz,S) =0.
Gn-1(9Q)

Here, Dg(x) is the n x n first derivative matrix and A - B = tr(AB).

Definition 3. ([7, 5.2.1]) A varifold V' is said to have a generalized second
fundamental form if there exist functions A;ji, 1 < i,j,k < n, defined V a.e.
on Gy,_1(§2) such that

1. (V,{A;jx}) is a measure-function pair,

2. 0= fGn_l(Q)(Siijgb + Azjk:D;ka + A]Z]gf)) dV(.’E, S), 1 =1,---,n, for
all p € C1(Q2 x R"Q) with a compact support in the x variables.

One proceeds to define:

Definition 4. ([7, 5.2.5]) The generalized second fundamental form B :
Gno1(Q) — R™ is B = {BL} defined V a.e. by

BZ(CC,S):SZJAZM(CC,S), 1§17]7k§n
We write |B|? = Z?J’k:l(ij)Q.

The generalized second fundamental form is uniquely determined V a.e. on
Gn—1(9) if V is an integral varifold ([7, 5.2.2]).

3. Assumptions and main results.

First we state the assumptions on W and u® and recall some definitions and
known results.
We assume that

(1) W e C3, W(£1) = 0, W”(£1) > 0, W > 0 has only three critical
points.
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(2) A sequence of C3(Q) functions {u¥}, where g; > 0 and lim; . g; = 0
satisfy (1.2) and (1.3) with e there replaced by ¢; for all i.

(3) There exist C, Ey < oo such that E,,(u) < Ey and supq |u®i| < C for
all 1.

To characterize the limit interface, we next define a sequence of (n — 1)-
varifolds V¢ from u®. For ¢ € C.(Gp—1(f2)), define

1 i .
Vei(g) = L / o, T — 17 (2) @ v (2)) 2 |V 2,
QN{|Vusi|>0} 2

o
where 1% = @T“z:' and 0 = f_ll VW (s)/2ds. Due to the uniform energy
bound (3), there always exists some converging subsequence in the sense of

Radon measures. The following result applies to any such subsequence and
the limit.

First, even without the stability condition (1.3), we have

Theorem 2. ([8, Theorem 1]) Suppose V' = lim;_,~, V¢ as Radon measures
on Gp,—1(Q). Then,

(1) V is a stationary integral varifold.

(2) limjoo fi |e Y% — WO = 0 for all @ cc Q.

(3) For any 1 > s > 0 and Q cc Q, {ju¥] < 1—s}NQ converge to
spt||V|| N Q in the Hausdorff distance sense.

With the stability condition (1.3), we prove

Theorem 3. The limit varifold V has a generalized second fundamental
form B with

() [ Bpsav< [ [wopav]
anl(ﬂ) Q
for all € C(Q). Moreover, we have

(3.2) > BY=0and B} =Bl V ae (2,5) € Gp1(9).
j=1
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The first and second conditions of (3.2) correspond to the zero mean
curvature and the symmetry of the second fundamental form, respectively.
Due to the fact that V is integral, by defining B(z) = B(z,T,M) with
M = spt||V||, B may be regarded as a function defined on  instead of
Gr—1(92). Hence with this implicitly assumed, we may write (3.1) as

[ e awi < [ vepav|
Q Q
as well. In addition to (3.1), we also prove

Theorem 4. There exists a constant ¢ depending only on n such that, for
any T € G(n,n — 1),

n—1

(3.3) /Q B2a2d||V|| < c/ | VORI - S) - TdV (x,S)

for all ¢ € CX(Q). Here, (I —S)-T = tr((I — S)T).

Note that, if spt||V|| = M and M is a C! hypersurface, v is the unit
normal vector field of M and T'=1 — vy ® vy € G(n,n — 1), then (I —S) -
TdV(z,S)= vav) (I-ver)dH" Hz)= (1- (v -v)?)dH" ! (x). Thus,
this is the direct analogue to (1.5) in the setting of varifolds. For n = 2, we
prove

Theorem 5. For any open ball B CC £, spt||V|| N B consists of finite
line segments U;-Vzl(aj,bj), with a;,b; € OB (boundary of B) and [a;, b;] N
[ag, bx] = 0 for j # k.

For n > 3, there is no general regularity theory for stationary integral
varifolds with L? second fundamental form. By Allard’s regularity theory [1]
for stationary integral varifolds, spt||V|| is real analytic on a dense open set
O C spt||V]|. If we assume that spt||V|| is a regular hypersurface outside of
a closed singular subset X C spt||V|| and that H"~3(X) = 0, then Schoen
and Simon’s result on stable minimal hypersurfaces [13, Theorem 3] shows
that spt||V|| is regular (i.e. X is empty) for n < 7 and H* 8t9(X) = 0 for
all 6 > 0 for general dimensions.

4. Proof of the theorems.

In the following proposition, we see a phase field analogue of (1.4). We omit
i from ¢; in the following computations for simplicity.
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Proposition 1. ([11, Proposition 2.6]) For ¢ € C}(Q) and u® satisfying
(1.2) and (1.3),

n n
e (usv uE u 2 ¢2
/Qﬂ{|VuE>O} iJZI xzxg |vu5|2 ]Zl ZZI T; :t:ty
(4.1) gg/ |Vo|? | Vus|?.
Q

Proof. We include the computation for the reader’s convenience. In (1.3),
replace ¢ by ¢|Vu®|. The computation shows that

)2

2 :vZ aczac] B e £12 2
+ 20U, ¢p s, + |VUE[* |V
/Slﬂ{vu€|>0} Z ’v 5‘2 BT iy

W//( )

(4.2) 2 v Pe? > 0.

Differentiate the equation (1.2) with respect to z; and multiply uijng to

obtain W )
uE
(g s, 0 = =g )26

After summing over j and integrating by parts, we have
W//( )
| FEvet = — | D0, 20,90

By substituting this into (4.2), we obtain (4.1). O

Remark 1. Note that the integrand on the left-hand side is invariant un-
der orthogonal rotation, and if we choose the coordinate system at x with
Vo) —(0,---,0,1), it is

[Vus ()]
n—1 n—1
e ) () + > (un)* e
2,5=1 =1

at 2. The first term divided by ¢|Vu®|? corresponds to the length square of
the second fundamental form of the level set {u® = const}. O
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For u®, (z,S5) € Q2 x G(n,n — 1), with |Vu®(x)| # 0 we define
Vuf(x)

Vi (x) = =——

Vs ()]’
A (@, 8) = 8i(=V508) = —Sa(V;Vh)ans
(szj)e(%s) = Sy Az, 5),

1
o e|Vue|?’

H(2,8) = i) = (§Ivae - 1)

i=1---,n. (ij)s(x,S) with S = I — v ® 1® corresponds to the second
fundamental form of {u® = const}.

Proposition 2. For ¢ € C'(Q x R”Q) with a compact support in the first
set of variables, we have

/G o (S A D6+ HEG)AV*(2,5) =0
n—1
1=1,---,n.

Proof. Fix i,¢ € C}(Q) and multiply the equation (1.2) by ¢us, . After two
integrations by parts, one obtains

W (u®)

g
/QE‘VU€‘2¢% — guiiuiijj + ¢$Z =0

and consequently,

W 13
(4.3) /Q(% — Vi, eVl + (%yvmy? - #) ¢ =0.

T

Now, for ¢ € C1(Q x R") and s > 0, define ¢°(z) = ¢ (x,I — %)
Then ¢° € CL(Q), and substitution in (4.3) with s — 0 gives

/Q (I = v @ 1°)i3 (D¢ — (V1) Djjud)e| Ve |
2 £ )

Since ¥(z, S)dVe(z, S) = 5-1(z, I —v° @1v°)e|Vuf [*dz, and by the definition

of Afjk, H?, we obtain the stated identity. O
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Proposition 3. For ¢ € C(Q), we have

(4.4 / S 4GPV <2 [ votaivel,

i,j,k=1

(4.5) / S (B RsdvE < / VoV,

i,5,k=1

4.6 nH~€22dV5 C Vo 2d||VE]l.
(4.6) /Q;MWH Hé(n)/ﬂqu)l Vel

Proof. Since }_, ; |Amk|2dV€ = 2 D= (s i )? with a suitable coor-
dinate system, Proposition 1 shows immediately (4 4). The inequality (4.5)
is similar. For (4.6), using the equation (1.2),

Wl
e|VuE P(H?)? = (E|Vu5|2)*1(5u§ju;ﬂj - ?%)2
= 6|Vu8|72(uxjux @~ Augu;i)Q
1 .
— 6(2?:1 uijlj)2 L =mn,
E(Uiixn)Q { 7é n,
in the coordinate system with Vu®(z) = (0,---,0,u; ). With a suitable
choice of C(n) with Proposition 1 and Remark 1, (4.6) follows. O

Since the right-hand side of the above estimates are bounded by the en-
ergy bound Ey and ¢, Theorem 1 gives weak limit functions Ay, BF H; 1<

@5
i,jyk < n defined V ae. with (Af, V), ((Bf)®, V=), (H', V) con-

verging in the weak sense to (A, V), (BZI“],V) and (H;, V), respectively.
Moreover, for any ¢ € C.(Q2)

/ ¢2ZyB | dvghlminf/ ¢ > |(Biy)t[Pdve
Gn-1(Q) >

i,5,k Gn-1(2) i,7,k

glilminf/ Vo 2|V z/ Vol d|| V||
—00 QO 9]

by (4.5). Also by the definition of weak convergence, we have for ¢ € CL(Qx
2
R™)

Tl
)

/ (SiDj + Al + Hig)dV (2, 8) =0, i =1, n
n I(Q)
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On the other hand, by (2) of Theorem 2, for ¢ € CL(€2),

e 5 €l 112 w
H: S dV & S) = —|Vut|* — —
/G L H )0V e, 5) / <2| ! sz>xf’5

= — Jo %a, (%|Vzﬁl|2 — %) —0 as [ — oo

Hence,

| @S s) =0~ [ Hiw TADs@dV],
Gn_1(9) Q

where M is an (n — 1)- rectifiable set (identified with spt ||V||) and T, M is
the approximate tangent plane at x. This shows that H;(z, T, M) =0 ||V||
a.e. on ). Thus we obtain

/ (SijDjd + Aijp Dip)dV (2, S) =0, i =1,--- ,n.
Gn-1(9)

By the definition of the weak convergence, we also have

B;k:Sle’ikl Vae on G,_1(9).

This ends the proof of the existence of the generalized second fundamental
form which satisfies (3.1). To prove (3.2), with ¢(z)Ss in place of ¢ above,
we obtain

0= / (SijDjpSsi + PAisi)dV = / (SsjDjd + Aisip)dV.
anl(ﬂ) G

nfl(Q)
Since fGn—l(Q) SijD;j¢dV = 0 by the stationarity of V', we have A;;; =0V
a.e. on Gp,—1(2), s =1,---,n, which is just another way of saying that V'

is stationary. Using SpmSmi¢(x) as a test function and using A;s; = 0, one
can also prove that B}“j =0 for all k£, V a.e. on G,_1(Q). ij = B]’-“i follows
from the fact that (ij)s = (B]]-“i)8 (see (2.1)). Thus, we complete the proof
of Theorem 3. 0

Next we proceed to prove Theorem 4. Without loss of generality, we
assume the given T' € G(n,n — 1) is the projection onto the first n — 1 co-
ordinate hyperplane, i.e., T(x1,--- ,zp) = (X1, - ,Zp—-1,0). We first derive
an inequality which is analogous to (4.1).

Proposition 4. For ¢ € C}(Q) and u® satisfying (1.2) and (1.3),

n n—1 , & (Z?glluiiuiixj>2 2
/Qe ZZ(U;%) _Z Zn_l(uii)2 ¢

j=1i=1 j=1 i=1
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n—1
(47) < /Q Vol S (us,)?
=1

Here, on {Z?:_ll(uii)Q = 0}, the second term of the left-hand side is under-
stood to be 0.

Proof. In (1.3), replace ¢ by gb\/é + Z?;f(u;i)% d > 0. The computation
shows that

> i (Z? 11u ) n ol
| e (5) ¢+2JZ“ZI¢¢%%”]

n—1 /" n—1
(4.8) +\V¢]2(5+Z(uii)2)} W 5+Z 2% >0,
=1

and we let 6 — 0. Differentiate the equation (1.2) with respect to xy, -,
Tp—1 variables and multiply uiiqbQ. After summation over i = 1,--- ,n — 1
and integration, we obtain

n—1 . . w n—1 )
/QZZI E(Auwz)u%¢2 = /Q ? Z(UIZ)QQZ)Q

i=1

After integration by parts and substituting this into (4.8), we obtain (4.7).
i

Remark 2. If we rotate the coordinate system at = while fixing {z,, = 0}

so that % =(0,---,0,Vp_1,Vp), the integrand on the left-hand side is

zil

The second derivatives which do not appear here are ug, ., ug . and
ug .- The idea of the proof of Theorem 4 is the following. Since we know
that the second fundamental form has at most rank n —1 and that the trace
(the mean curvature) is 0, the control of n x (n — 2) elements of the second
fundamental form is enough to bound all the element. The idea is similar to

Schoen’s [12, 13] but the setting is quite different.
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For a projection matrix S € G(n,n — 1), we define a linear map Lg from
R™ to R™ by

itT=2S5.

Here, v is a unit vector such that Sv = 0. When S # T, Lg is the orthogonal
projection map onto the (n — 2)-dimensional subspace S NT. We write
Ls = [(Ls)ijhi<ij<n-

Now, for u® and (x,5) € Q@ x G(n,n — 1) with |Vu®(x)| # 0, we define

(Bfj)*(x,8) = (Ls)u(Bf) (@, ).

o= { 1R TS

Note that this means
(szj)a(x71 —veV) =< B(L17V®Veiaej)7ek >,
where B is the second fundamental form of the level set {u® = const} and

Vu© (z)
[Vue ()]

V=

Proposition 5. There exists a constant ¢ = ¢(n) such that

4.9 dVve < I—S) -T|Vo|>dve
(4.9) /GM( S (B c/cn_1<m( )-T|Vl

z ,J,k=1
holds for ¢ € C1(Q).

Proof. The quantity >_, ; |(ij)5|2 is invariant under any orthogonal ro-
tation fixing 7. For a fixed x € Q with |Vu®(z)] # 0, we choose a
coordinate system such that v = |§ZZE§§\ = (0,--+,0,vp_1,V,). Since
Lge; = e; for i = 1,---,n—2 and = 0 for ¢ = n — 1, n, we have
(BZ)E(CC,I—V@V) = (B; ) (z, I —v®v) for i # n—1, n. Direct computation
using the formula (2.1) shows that (with the evaluation at (z,] — v ®v))

0 forke{l,---,n—2}orie{n—1n},
uE, Ve

(Bk.)ﬁ?: _Izg—ljfl for ke {n—1,n}andi,j € {1,--- ,n—2},
7
’ ~ e {¥a, — Vi1, + )}

for jyke{n—1,n}andie {1,--- ,n—2}.

c c o
The point here is that there isno ug, , ,ui . ,u; . . appearing in the

expressions. Thus, with a suitable choice of ¢ depending only on n, we have

n n—2

|Vu]? Z (BEYP<ed > (uf

1,5,k=1 j=11i=1
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Then, this with (4.7) and Remark 2 shows the desired inequality. Note that
e Mg 2da= e|Vur 2 (1 — v2)da= (I — S) - T dV*(z, S). O

@;
Since the right-hand side of (4.9) is bounded uniformly in terms of Ey and
¢, Theorem 1 gives weak limit functions ij, 1<4,5,k <n, defined V a.e.,

with ((ij)sl, V) converging in the weak sense to (ij, V). Furthermore,
we have

(4.10) / > IBEPe?dV < c/ (I—8)-T|Ve|*dV
Gno1(2) ;532 Gn-1(Q)

for ¢ € C1(Q). We next prove

Lemma 1.
sz;(xas):(LS)lszk](xvs)v 1<i,j,k<n

for V a.e. on Q x (G(n,n — 1)\ {T}).

Proof. Note that Lg is a smooth function on {T" # S}. Let ¢ € C(G(n,n—
1)) be a function which vanishes in a neighborhood of 7' = {z,, = 0}. Then,
for ¢ € Co(Gn-1(92)),

/ B (2, S)(S)d(x, §) dV (2, 5) = lim (BE) ™ dver
Gn-1(9)

= lim (BT (Ls)ihe dVr

m—00 anl (Q)

by the definition of (Bf)°. Since (Lg)i1h¢ € Ce(Gn-1(2)), by the definition
of the weak convergence, we have

[ Biowsedr.
Gn-1(9)

Since this holds for any ¢, we have wéfj = waj(LS)h- for Va.e. on G,—1(Q).
Since 1 may take arbitrary value on G(n,n — 1) \ {T'}, we then have BZI‘; =
BZ(LS)M for V a.e. on Q@ x (G(n,n — 1)\ {T}). O
Proof of Theorem 4. Let = € spt||V|| be a point such that the unique

weak tangent plane S, exists (which holds for ||V|| a.e.) and that S, # T
Choose a coordinate system such that the unit normal vector v orthogonal
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to Sy has a form v = (0,--- ,0,v,-1,v,). By Lemma 1 and Lge; = 0 for
i=n—1,nand =e;fori=1,--- ,n— 2, we have

3 (2.5 ):{ ij(x,Sx) forg:1,--- ,n—2and1'§j,k§n,
0 fori=n—1,nand 1 <jk <n.
By (3.2), we also have
BZ-(CC,SI) = Bﬁ-(w,Sx) fori=1,---,n—2and 1 < j,k<n.
By the definition of Bf‘j and since S, = I —v ®v, at (z,S,) for each k,

[Bijln-1<ij<n = [Aiki(S)ijln-1<i<n

2
_ |: An—l,k,n—l An—l,k,n :| |: 1- Vh—1 —VUn-1Vn :|

2
An k,n—1 An,k,n —VUn—1Vn 1-— vy

Since 1 =v2_; + 12,

2
1—-vi | —vp—ivn Un
1 2 - [ Un Vn-1 ]
—VUn—1Vn -V —Vn—1

If we set (Ap—1kn—1n — An—1kntVn—1)/Vn = Ci, Bﬁ,nfl = Bﬁflm implies
with a little computation that
[Bk»] o —¢ V?L —VUn—1Vp
ijIn—1<i,j<n k Uy 1Un VTQZ—I :

By (3.2), we have Z?:l B;f”‘j(x, Sz) = 0, so in particular,

ZkaS Z

Thus, with a suitable choice of ¢ = ¢(n), we showed that
IBJ? = Z B} (2, 8:)* < ¢ Z |Bf (2, Sz)
7]k 1 ,]k 1
whenever S, # T'. This shows with (4.10) that

IB|?¢%dV < c/ IVo|*(I —S)-TdV.

Gn-1(9)

/ﬂx<G<n,n1>\{T})
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To obtain the full inequality, let {T;} C G(n,n—1) be a sequence converging
to T and T # T;. For each T;, we have the above inequality with T replaced

by T;. Then,
/ IB|*¢* dV
Gn-1(9)

IB|2¢? dV+/ IB|2¢? dV
QX (G(n,n—1)\{T:})

<

/QX(G(n,nl)\{T})
gc/’ VOP{(I—8) T+ (I-S) T;}dv.
Gn_1(Q)

Since lim; oo fGn,l(Q)(I —8)-T;|V|> dV = fanl(Q) (I-S)-T|V¢]*dV, we
show the inequality (3.3) with a suitable choice of c. O
For the proof of Theorem 5, we first show

Lemma 2. Given 0 < s < 1 and Q CC Q, there exists a positive constant
¢ depending only on W and s such that, for all sufficiently small € > 0,

(4.11) < |V ()]

QN e

for all z € {Juf] <1 — s} N

Proof. Suppose for a contradiction that there exists € {|u| < 1 — s} N
Q with |Vus(z)| < ¢, where we set ¢ = minj<;_5» W(t) > 0. Then
there exists r = r(W) such that [Vu®(z)| < % and |u(z)| < 1 — s/2 for
r € B.(Z), since we may obtain C! estimate for the rescaled equation
Au = W'(u) after the change of variables & = £=2. Hence we have

£ = (M—%!VU,F) ZM_@

9 9 9

2
Wiw) 5 27 o B ().

4.12 >
( ) - 2 T &

On the other hand, by the Poincaré inequality and for Br(Z) and R <
Ldist(Q), 092),

_ Wl
d’ m—wﬁs@/‘ wazm/ e 0, — i |
Br(z) Br(z) Br(Z) €
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By the same argument as before for Hf, using (4.1) as well as the Holder
inequality,

(4.13)

IN

1/2 ) 1/2
¢ |Vl |? / e{(us , )? — = (ul s, )?
o(/BR@| |> (BR(@ (0~ g 50,)7)

1/2
< ¢ </ 5|Vu5|2> C(Q,Q)EY?.
Br(%)

By the monotonicity formula for the scaled energy on concentric balls [8,
Proposition 1], we have

1 2W
— e|Vu* < — <5\Vu]2 + —) +ca Ry
R JBpa) R /B, (@) €
2,
< — R
= + ¢y

for R < R; = dist(Q,Q)/2. Then choose R small so that

2F ~
cO(R(R—lo + e R))V2e(Q, Q) EY? < ey

is satisfied. )
By (2) of Theorem 2, note that — E=¢—0ase—0,

R2
and by (4.12),

T Br(Z)
1/2 1/2 )
2 2 2c 2
[oer) = ([ er) = vEenZ s
Br(%) Ber () €

This contradicts (4.13) for small €. O

Proposition 6. For 0 < s < 1 and all small ¢,

1-s _
/ (/ ~ (rf)QdH1> dt < C(Q,Q,W, Ey).
—1+s {us=t}NQ

Here, k° is the geodesic curvature of the level curve of uf.
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Proof. Since |B?|? = (k°)? for n = 2, (4.5), (4.11) and the coarea formula
[5] yield the stated inequality. O

Proof of Theorem 5. By Fatou’s Lemma, we have

1-s
/ lim inf / (k%) 2dH | dt < oo,
—1+S 11— 00 {us’i:t}

so that we may choose t € [-1+ 5,1 — 5] such that

lim inf/ (k51)2dH! < o0.
=00 Jiysi=t}

By (4.11), each curve QN{ui = t} is a finite number of curves with a uniform
C1/2 bound. Also by Theorem 2, {u® =t} N Q converge to spt ||V|| in the
Hausdorff distance sense. Thus, locally, spt [|[V[| is expressed as UL, graph
9 9j € CY1/2 and gy < --- < g, over a suitable line segment. On the other
hand, the support of one dimensional stationary integral varifold is locally

either a line segment or a junction point ([2]). Since g1 < .-+ < gy, and
g; € C1/2 there cannot be any junction point in Q. O
5. Remarks.

1. Though we do not know how to utilize it, we point out that the following
identity holds for u satisfying (1.2):

n n

Y (Hi)ey ==Y |H;P?

i=1 =1

+ Z (U;xj ’vu5’2 Z acz ;:czac] 2 /’vue’2
j=1

i,j=1 i=1

Here, (Hf,--- ,H;) may be considered as an approximate mean curvature
vector for the e-problem (see Proposition 2). The identity can be checked
by direct computation and the equation (1.2). For n = 2, the right-hand
side is equal to 0. For stable critical points with a uniform energy bound,
the integral with respect to ||V¢|| of the right-hand side is bounded locally
uniformly due to (4.1) and (4.6), so there is a uniform estimate for the
divergence of the approximate mean curvature vector in this sense.

2. One may speculate that the supports of limit varifolds of stable crit-

ical points are always smooth for n < 7. For n = 2, we have a complete
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regularity result in this paper. For n = 3, with some extra work, one can
show that the tangent cones of the limit varifolds are always 2-planes with
integer multiplicities. This does not give a complete regularity for n = 3,
since around a point of multiplicities greater than 1, no regularity theory is
available even if the tangent cones are 2-planes at every point.
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