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Canonical metrics on stable vector bundles

XI1IAOWEI WANG

This paper is the sequel to [W], we prove that balanced metrics ob-
tained in [W] on a Mumford stable vector bundle over a projective
manifold converge to a solution of the weakly Hermitian-Einstein
equation.

1. Introduction.

The problem of constructing moduli space of vector bundles over a projec-
tive manifold has attracted many mathematicians for decades. In mid 60’s
Mumford first constructed the moduli space of vector bundles over algebraic
curves via his celebrated GIT machinery. Later, in early 80’s Atiyah and
Bott found an infinite dimensional symplectic quotient description of this
moduli space. Since then, we have learned quiet a lot from the work of
Kirwan, Guillemin and Sternberg in 80’s that finite dimensional GIT quo-
tient is equivalent to symplectic quotient. A question that is remaining is
how Atiyah-Bott’s infinite dimensional symplectic quotient is approximated
by Mumford’s finite dimensional GIT quotient. This is the question we are
studying in this paper.

To state our main result, let (X, Ox (1)) be a projective manifold polar-
ized by an ample line bundle Ox (1) and £ be an irreducible holomorphic
vector bundle of rank r on X. Then by Kodaira embedding theorem, we
know that for k sufficient large a basis {S,} of dim H°(X, E(k) := £E@0x(k))
will give rise to an embedding

gk) = iU, —— U,
L
X —— G(r,N)

where N := dim H°(X, £(k)) and U, is the dual of universal subbundle. In
[W], we have shown

Theorem 1.1. £ is Gieseker stable if and only if there is a number ky
such that for k > kg, the kth-embedding given as above can be moved to
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a balanced place, i.e. there is a g € SL(N) which is unique up to left
translation by SU(N) such that:

1 / * \—1_x% T
= 2(2%2) 7 2"dV = —INxN (1)
V /x N

where z := znx,(z) is a N by r matrix representing a point in G(r, N) Inxn
is the identity matrix and V' is the volume of X. We call the equation above
the balance equation.

We have seen in [W] that the balance equation is a moment map equation.
To relate it to Atiyah-Bott’s moment map description of Hermitian-Einstein
equation, we need a local version of above theorem. First, let us introduce

Hermitian metrics h and H on Ox (1) and € respectively, and fix the Kéhler
form on X to be w := %Ric(h). Let V denote the volume of (X,w).
Suppose {S1,- -+, SN} is an orthonormal basis of HY(£(k)) with respect to
the induced L?-metric, then the Bergman kernel By, of £(k) is defined by the

following:
N

Bi(x) =Y _ (-, Sa(2))Sa(x) : & — Ex
a=1
Clearly, it is independent of the choice of orthonormal basis. Now the local
form of Theorem 1.1 can be stated as following

Corollary 1.1. & is Gieseker stable if and only if there is a number kg such
that for any k > ko , we can find a metric H*) which we will call the balanced
metric on E(k), such that the Bergman Kernel satisfies the equation

where I¢ is the identity bundle morphism and x (k) is the Hilbert polynomial
of €& with respect to the polarization Ox (1).

From the above corollary we deduce that if £ is Gieseker stable then for
each k >> 1 there is a balanced metric H*) on (k). Hence we will have
a sequence of Hermitian metric Hy, := H®) @ h=" on €. The main result of
this paper is to answer the second question of Donaldson in [D1] by proving
the following:

Theorem 1.2. Suppose £ is Gieseker stable. If for k — oo we have Hy —
H, in C*°, then metric Ho, solves the following weakly Hermitian-FEinstein
equation.
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where A\ Fig gy is the contraction of curvature form of € with respect to w,
S(w) is the scalar curvature of X and 5 := & [, S%;.

Conversely, suppose there is a Hermitian metric Hy, on & solving (2)
then H, — Hy, in C" norm for any r.

It follows from Proposition IV.2.4 in [K] that the equation (2) is equiv-
alent to the original Hermitian-Einstein equation up to a conformal change
of the metric on £. By [UY], we deduce that if £ is irreducible then the
solvability of equation (2) is equivalent to & being Mumford stable.

Remark 1.1. As we have seen from [AB] and [W] that both equation (1)
and (2) are moment map equations, if we combine this with our knowledge
on Bergman kernel expansion(see Appendix)then we see that Theorem 1.2
and Corollary 1.1 precisely describe how finite dimensional moment maps ap-
proximate the infinite dimensional one. Since it is well known that there are
holomorphic vector bundles which are Gieseker stable but Mumford unsta-
ble(see for example [W1] and [OSS]), Hi do NOT converge in general. This
suggests that we probably should not expect the convergence of balanced
metrics in [D2] for projective embedding of manifolds in general either.

The paper is organized as following. In section 2, we first put the problem
into the framework of moment map geometry. In particular, we present two
equivalent approaches, one is infinite dimensional and the other is finite
dimensional. Both approaches rely on the analytical estimate presented
in section 3, which is essentially due to Donaldson. In section 4, we first
construct approximating solutions to the balance equation (1) and then find
the genuine solutions nearby, thus prove the main result.
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for encouraging him to publish this paper. Also the author want to thank
the referee for his careful reading of the manuscript and offering many very
helpful suggestion. Finally, this paper was a part of author’s Ph.D. thesis,
he wants to thank his thesis advisor S.-T.Yau for his guidance and encour-
agement over the years.
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2. Moment map geometry.

In this section we will present the moment map description of the equations
involved in Theorem 1.1 and Theorem 1.2. There are two different way of
doing this, one is infinite dimensional which we follow Donaldson’s work
[D1] closely and the other is finite dimensional which is along the line of
description in [W]. Although they are equivalent, each one has its own
advantage the first approach make the quantity we need to estimate more
transparent while the second one is simpler and insensible to the singularities
of £.

2.1. Infinite dimensional picture.

Let us start from a simple example which we will use later.

Example 2.1. Let (V,J,Qy) be a symplectic vector space with complex
structure J such that § is J-compatible, that is Qy(J-,J-) = Qy(-,-) and
¢,y = Qy(J-,-) = V=1Qy(,-) be the corresponding Hermitian metric.
Now Iet us con31der

N
=J[V=Vx--xV

with the induced Hermitian inner product given as following

Z (Sas T}y
a=1

where S := (S, ,SN),T := (T1,--- ,Tn) € VV. There is an natural
U(N) action on V¥ given by

A-S:=A- (S, ,Sn) = (01, ,oN)
where 0, = Ag,Sg. It is a Hamiltonian action with respect to the symplectic
form given as the following

Qyn (S, T) i= Y Qy(Sa, Ta).

a=1

Claim. The moment map of this Hamiltonian action is given by the induced
infinitesimal action is given by

o(8) = Yo (50500
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In particular, if we use SU(N) action we have the moment map is given by

— N 2
V(S) = g <<Saasﬁ>v - Wdaﬁ> )

Proof. We will just do the case A € u(N). A induces an infinitesimal action

exp(tA) - (S1, - ,Sn) = (01, ,0N)

t=0

~ d
A= —
dt

where 00 = AgaSs. Let S(t) := (Si(t), -+ ,Sn(t)) be a curve in V¥ such
that S(0) = Sy € VV,

= — Z Sa, Sﬁ (Sow Sﬂ>v) : Aaﬂ
= _ g Zﬁ“sa, zzlagSg>V + <AaﬂSom Sﬁ>V) (3)

Z SouA,@aSﬁ <SﬁaAaﬁSa>V)

:_—Z Sa,aa M)

=Qyn (X, A)

A simple application of above setting is that the moment map for the
standard U(N) action on (C¥, @dz,\ A dZy) is given by

Consider the family version of the example above. Let £ — X be a rank
r Hermitian vector bundle over X. Then the natural symplectic form on the
space of sections I'(£) is

(4)

Q(Sl,SQ) = Re(JSl,SQ) = Re / <J81,Sg>w—'
X
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and the moment map for the action of the U(r)-gauge group G on I'(€) is
given by

T, aw"
p(S) = 555 R (5)

Now let us bring in the holomorphic structures on £. Giving £ a holo-
morphic structure is equivalent to defining a d-operator,

§:00&) — VY&, A(f-S)=df - S+ f- DS,

whose natural prolongation satisfies 9 = 0. Two O-operators give isomor-
phic holomorphic structures if and only if they are conjugate by an element
in the gauge group G. We say that a connection A is compatible with a
holomorphic structure if the (0,1) component of the covariant derivative

da=0x+084:2%&) — QYE) = QM0(&) @ QOL(E),

is the J-operator above. In particular, there is a unique connection com-
patible with both holomorphic and Hermitian structures. If H = (-,-),,
K = (-,-), are two metrics with

<S’ T>2 = <th T>1

for an element h = H~'K € T'(End(£)) then the corresponding connections
are related in the following way

52 :517
dy=h"tod oh=20 +h '0h,

and the curvature forms Fy, Fy € Qb1 (End(£)) are related by the following
equation

Fy,=F + 51(h_18h).

Let A denote the space of connections on £. Then any unitary connection
in the subset

ALY = (4 e AIFPY = FPY =0} c A

defines a holomorphic structure on E. The complex gauge group GC acts on
ALY 1y
Dgay =godao g ",

Dg(a) = (g") L odsog* for Ac ALY g e gt
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extending the action of the unitary gauge group

G={g€G"Ing) =g"g =1}
Notice that A1) has a natural symplectic structure (c.f.[AB])

n—1

Qg a) == /XTT(Oél A az)ma

and the moment map for the action of gauge group G is given by

wn
A) = Fa- 2 7)
Our main interest is exactly the relation between these i and fi. Now since
the action of the group G on I'(€) does not preserve the set of holomor-
phic sections for a fixed connection 4 € A0V it is natural to consider the
diagonal action of G on the space

N
H:=T(E(k)) x --- x ['(E(k)) % ALY

where N =dimH"(X, £(k)).! Let Hg be the subspace of H consisting of
(Slv"' 7SN7A)

such that 049, = 0,Va and S,,’s are linearly independent. Clearly G action
preserves Hy, since ég(A)gSa =godaog (gS,) = g(0aS.) = 0. So the
GC-orbit are equivalence classes of “holomorphic vector bundles and a basis
of holomorphic sections”. Now if we look at the diagram

Ho — T(E(K)) x --- x D(E(k)) x ALY 2, A0

|

L(E(K)) x - x T(E(K))

then we will see that the restriction of m to Hg is injective for sufficient
large k at least in a neighborhood of G& - A ¢ Ab!(see the footnote). So we

In general N depends on A. It follows from upper semi-continuity theorem that
for k >> 1 there is an open neighborhood U4 of GC-orbit of A in A" on which
HY{(X,E(k)) = 0,Vi > 0 and dimH°(X,&(k)) is constant. This is already enough
for our later discussion, since we only care one GC-orbit.
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can pull back Kahler form © on I'(€(k)) to Ho. The moment map for the G
action with respect € is given by

v—1 LW
/Jg(sla"' 78N;A)_T;Sasamv (8)

where S = (-, S,). We will drop the term “;L—T under the natural pairing
between top forms and functions on X.

Notice that although both & and ug are End€ valued, [i depends only
on the connection. So we have to divide out the freedom of choice of basis.
That is precisely another symmetry on Hy, i.e. the action of SU(N) on the

basis (S1,--- ,Sn) and the moment map for this action is given by
V-1 Sall?
psu (81, Sns A) = —5—((a, 5p) — %5@8)- (9)

So the finite dimensional candidates for i = a is

usy = 0 and pg = a.

which is exactly the balance equation (1). Or another way of saying that is
the finite dimensional model is the double symplectic quotient

pg'(a) N gy (0)

Ho/ /(G % SUN)) = Hp st

(10)

2.2. Finite dimensional picture.

Now we take the finite dimensional point of view, there is only one group
involved and it also works for sheaves which are not necessarily locally free.
First let us recall from [W] that Map"°(X,G(r,N)) 2 is the space of holo-
morphic maps from X to the Grassmanian G(r, N) and we have the following
diagram

MaphOlO(X, G(r,N)) x X LN G(r,N)

|

Map"°(X, G(r, N))

2Strictly speaking we should use Quot-scheme instead, but since we only care
about one SL(N)-orbit in Quot-scheme we will not distinguish them.
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where ev(f,z) = f(z), 7(f,z) = f and wg is the Fubini-Study Kéhler form
on G(r, N). The symplectic form on Map"°°(X,G(r, N)) is given by

wn
Q=m(ev'wg A —). (11)
n!
Now the SU(N) action on G(r, N) induces an action on Map"°®(X, G(r, N))
with moment map given by

(JJTL

MMapholo(X,G(r,N)) :/AXHG(T,N)J (12)

which is exactly the balance equation (1).

To reach our final goal we need another bullet, a finite dimensional im-
plicit function theorem for the moment map. To state the result, let us recall
that if we have a compact Lie group G acting on a Kahler manifold Z with
moment map v : Z — g then at each point z € Z we have the infinitesimal
action

o,:9—TZ,.

Now we define an endomorphism of g by
Q. =o0%0, (13)

where the adjoint is formed using the metrics on g and T'Z. Then we have
the following identity
Q,=dv,oJoo, (14)

where is J is almost complex structure on Z.
Suppose now that the stabilizers of all points under the G-action are
discrete, so @), is invertible for all z in Z. We define

A, = maxw (15)

ceo €]l
where the norms are defined using the invariant inner product on g. In order
to find a solution to the equation v = 0 we have the following result.

Proposition 2.1. ([D2] Proposition 17.) Suppose given zy € Z and real
numbers ), § such that A, < X for all z = e“2y,& € g with |£| < 6. Suppose
that Av(z9)| < 0. Then there is point w = e"zy,n € g with v(w) = 0, where
Inl < Alv(z20)]-

Remark 2.1. Notice that the proposition gives us not only the existence
but also the distance between the honest solution and the approximate one.
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To adapt the proposition to the double symplectic quotient setting (10)
we need to treat the case that Z = W//H, and the action of G on Z is
induced by an action of G x H on the Kéhler manifold W. For each point
w € W the infinitesimal action gives

0Gw:9 = TWy, 0w b — TW,.
In this variation A, can be computed via the following.

Lemma 2.1. ([D2] Lemma 18.) Let z € W//H be represented by a point
w € W. Then for £ € g, the endomorphism @, of g associated to the G
action on W//H satisfies

(Q:£,€) = Im(ogwé)|

where © : TW,, — TW,, is the orthogonal projection to Im(O'[-Lw)l. In

particular
2
N (mm rogat))
z .

T (16)

3. Main estimate.
Our task of this whole section to estimating A,.
3.1. Preparations.

We first derive the formulae that are needed for the estimates. Consider the
action of the group SU(N) on the symplectic quotient

Z :=Hy//G.

We fix our attention on a single orbit of the complex group SL(N,C); that
is, we fix attention on a given holomorphic vector bundle £(k) — X. Our
main goal is to solve the equation ugy(z) = 0 in the given complex orbit. We
want to apply the Proposition 2.1, and to do this we need to estimate A, for
z € Z, using the formula of Lemma 2.1. We need to keep in mind two points
of view: an element of the orbit is represented by a pair (Si,--- , Sy; A) with
>84Sk = I, or equivalently by an embedding, still denoted by z : X —
G(r,N) with induced Fubini-Study metric. Given a matrix A = (a.g) €

VvV —1su(N) we write
o0 =3 ausSs.
[}
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To apply Lemma 2.1, we need to find the orthogonal projection of
o= (0—1’... 7UN)
in the Hilbert space I'(£(k))", to the orthogonal complement of the subspace
P :={(gS1,- - ,95n)|g € EndcE&}.

Proposition 3.1. Given S, and A = (an3) € V—1su(N), define Hy €
Endc€ by

Hy = Zaﬁasas;;.
a?/a

Then the orthogonal projection of o to the subspace P is
= (HaS1, - ,HsSN).

Proof. We write

Yo = HpSo — 04. (17)
We have to show that, for any g € Endc€
Z (¥a, 9Sa) = 0. (18)
> (targSa) => Zam (SarSr) =) aa3Ss,95)
« « B
—ZZ Qrry 'yagS SﬂSa>> - <Zaaﬁsﬁagsa>
a 7T a,B
= Z Z <a7'wS'ya gSa<S7'a Sa>> - < Z aaﬂsﬁa gSa>
VT o a8 (19)
= Z <a7'wswa g Z S(X(ST? Sa>> - < Z aaﬁsﬁa gSa>
YT o a,f3
= Z (arySy, 9Sr) — ( Z 0S8, 95a)
YT o,

=0.
Note that in the fifth equality follows from the fact that

D 8aS5 =Sl 8a) =
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Although the space Hy is not smooth in general, we are working on a
fixed orbit of A which is smooth. So we are able to apply Lemma 2.1 to
obtain that

AT'=min) | =min Y [[HaSa— D aasSs’, (20)
« a B

where the minimum runs over A € v/—1su(N) with |[A]?> = 3 |aas)? = 1,
and H 4 is defined in terms of A and S, as before. Our task is to find a lower
bound for the sum above.

Proposition 3.2. Continuing with the notation above, we have at any fixed
point x € X

Z 10y Yall” = || Omnag ) Hallp, (21)

where || - ||op is the operator norm of Hy € I'(End€(k)) at point x.

Proof. First we notice that the statement is unaffected under the SU(N)
transformation, so we are free to choose good co-ordinates. Second, recall
that o := HaSy — 04, and (ig@Sa = 0, which implies 5g(k)aa =0. We
have Og(ya = Og(x)(HaSa) = (OpnagxyH a)Sa. Since 3_, SaSh = I, Sa’s
are actually the co-ordinate sections of the universal quotient bundle on
G(r, N), which implies that up to a SU(N) transformation we may assume
that {Sy,---,S,} is an orthonormal bases and S,;1 = --- = Sy = 0 at the
point z € X. With this understood, we have

Z 10y ¥all* = Z | Opnag k) H)Sall” = |OrnacryHallsy — (22)

at every point x € X. O

If we take the finite dimensional point of view then we need to consider
the action of group SU(N) on Map°(X,G(r, N)). In this set up, o,(A) =
Xa € T'(X,2*TG(r,N)) is the vector field induced by the A along z(X) C
G(r,N) and
A7 = min [ X, (23)

2 = min [ Xall
The following proposition relates above two moment map approaches to each
other. Thus both approaches rely on the same estimates.
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Proposition 3.3.
D llval® = w1 Xal?, (24)
(63

where
n

w
| X a2 ::/ wrs(Xa, JX )
X

n!

Proof. From formula (18) we deduce

> el
= - Z <wa70_a>

= —Z(HASa —Ua,O'a> (25)

== ) asyara{Sa, 95)(Sy, Sr) + D tapna(Ss, Sy)

a,B,y,T B,y

On the other hand, a point z € G(r, N) can be thought as an N x r matrix.
So we have
IXall® = | Xsall?
=wps(Xia, JXia)

:<d:uG(r,N) (JXZA)v ’LA>
1 d A At A A (26)
=5 t:OTr (eMz(2FeMeMz) 1" e - A)

1 1
=—Tr(z(2*2) 12" AA) — —Tr(z(2*2) 1 2* Az(2*2) 12" A)

77 i

the proposition follows from the fact

2(2°2) 712" = {(Sa, Sp),}

3.2. Estimates of A,.

Now we are ready to estimate A,. Let us fix any reference metric Hy on
. For any given k , an orthonormal base of H°(X, & (k)) with respect to
the metric Hy ® h* gives rise to a projective embedding X — G(r, N). Let
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H] ;. denote the restriction of Fubini-Study metric on £(k) induced from the
embedding then these two metrics are equivalent in the following sense

k
Hy ® hF ~ ﬁ(—V)H&k'

Definition 3.1. Given R > 0 and r > 2 for fixed k we say that another
metric H has R-bounded geometry if

1) H> £Hj,,

2) |H = Hyller < R,

where the norm || - |- is the C" norm determined by the metric H . Sim-
ilarly, we say that the basis {S,}Y_; for H*(£(k)) has R-bounded geometry
if the Hermitian metric H induced from the Fubini-Study metric by the
embedding of X in G(r,N) does.

Throughout this section all norms are with respect to the metric H{) , on
E(k) unless we stress explicitly. Notice that, for this metric if we integrate

over X then we have
> lISallze =1V,
(e}

we write
rV

(Saasﬁ) = W(Saﬂ + Nag-

Thus the error matrix E = (1,3) is the traceless Hermitian matrix, and
E =0 if and only if the projective embedding is balanced.

We continue with the notation from Section 3.1, so for any matrix
A = (anp) € V—1su(N) we define Hy € I'(End€) and section 1, as in
Proposition 3.1. We write 1 for the vector

(1,5 on) € T(E(R)) x - x T(E(K))

so we have

2 2
1172 = llvallz2
(07
Let us recall two standard norms on the Hermitian matrices: the Hilbert-

Schmidt norm
IMP = [Mog/?
o,

and the operator norm
| M¢]|

max
El=1 [¢]

1M lop =:
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then we have the following inequalities, for N x N Hermitian matrices M, L
| Tr(MLM)| < [|M|P[|L]lop

27
| Tr(LM)] < VN M]|L]op- 0

In the following discussion, we will use C' to denote any constant which only
depends on the geometry of X and the fixed background Hermitian metric
Hy on &€ but independent of k.

Theorem 3.1. Suppose £ is simple. For any R there is a constant C :=

C(R, Hp,r,h) and € := €¢(R, Hy,r,h) < % so that, for any k if a basis {S4}’s

of HY(£(k)) has R-bounded geometry and with k™||E||,, < €. Then

3+5n

[All < Ok 1]l 2

holds for any traceless Hermitian matrix A,

Let {S,} be a basis embedding X into G(r, N). By Section 2 this gives
rise to two points, one in Z = Hy//G and the other in Map(X,G(r, N)). If
we denote both points by z then A,’s are defined by (20) or (23) respectively.
Theorem 3.1 above and Proposition 3.3 then imply the following

Corollary 3.1. Suppose {S,} satisfying the hypotheses of Theorem 3.1,
Then both A,’s satisfy
Az < Ck_3+5n

The analytical estimates required to prove Theorem 3.1 are summed up
in the following:

Proposition 3.4. Suppose £ is simple. Then there are constants C's and
e which depend on R, Hy and £ but independent of k so that for all k
sufficiently large , if the basis {S,} of HY(£(k)) has R-bounded geometry
we have
i)

3+3n

1OHAIZ, 12 < OB 4] 121 A]

i)
2 A7 12 N 2
1Hallgp—r2 < ClNOHANG,—r2 + 37 I ENGp 1A,
Moreover, if we assume further that k"||E||op, < € then
i)

1Al < CR™ (|1 HallZ,- 12 + 1¥]172)
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where || - ||,p_r2 denotes the L?-norm corresponding to || - ||,p on End £.

Proof of Theorem 3.1.
|AI? <CR™ (| HallZ,- 12 + IWHB)

<CK"(COHAllZ,_r2 + 3 HEH ol Al + [ 01172) o8)
28

3+3n

<Ck"(Ck 2

3+5n

[ 2 (1Al + 77 HEII ol AN + 121172)
191 2l Al + kQ"HEHopHAHQ + k" [8l172)-

<C(k

By the assumption on ||El|,, < 55, we take an € := €(R, Ho,r, h) such that
C < 3= Ck*™||E||Z, < 1. So we have

AP < C (k"

1A+ & [[2]1Z2)

Now we have two cases to deal with, either

1AL < B[ 72

clearly we will have the [|A||* < CE™||¢|7., or

111z

again we have

HAII2 < Ck

1Al
O

which gives us ||A] <

Before we prove the Proposition 3.4, let us begin with the following
estimate.

Lemma 3.1. Under the hypotheses of Theorem 3.1, there is a constant C
such that for any integer j

i)
ST IVIS|? < okt

i)
IV/ Hall7: < CKF27|AJ?

at each point of X.
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Proof. Let us start with the following toy model. Let

—l2|2 n v—1
(L_Qve)ﬁ((cvwo_; 9

dzq N dZy)

be the trivial line bundle with Hermitian metric h = e=*I* over C". Now,
let S =1 be the global holomorphic section. If we consider line bundle
L® — C" then ||005(0)||,x = k, on the other hand

151 = [ et
. 1 —k|z|2 n _ T\
Tk /ne (ko) = (k) '

IV7S(0) [ < CRS|IZ2.

In general, fix a point x € X and a geodesic ball B C X centered at x
over which £ is trivial. Since H is R-bounded, by using the quasi-isometry
between Hermitian vector bundles (£(k)|z, Hy @ h¥) and (C", e *=*) we
deduce for any holomorphic section S of £(k)

V950 o < CH [ SV <CH*" 181 epmav: (30)

In conclusion, we have

which implies

IVis@P <o [ srav < crte [ sPav. @
) X

(z

Since X is compact, we can choose C so that it depend only on X, (£, Hp),R
and h but not on k£ and . Summing over . we have

SIVISAE < oW [ ST = cr ey
« X «

since Tr()_,, SaS;) = T at each point.
To prove ii), we just apply the part i).

IV HallZ2 =1)_ aasV? (S555)I17

a,B

<C DN laapl’ IV Spll72 V7S5 7 (32)
a,B 1

ngj”"HAHQ.
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Proof of Proposition 3.4. Recall from Proposition 3.2 we have
> 19val? = 10H]3,
(63

SO

1/2
10y H 12,12 = Y 10y tballze < (Z 1Ay tallf2 Y H%H%?)

1/2
:<Z||A€(kz)¢a”%2> DIl
) ) (33)
Now, for each «, we have
Atpo = A(HaSs) = A(H4)So +2VHy - VS,.

Summing over « using the first part of Lemma 3.1, integrating over X we
have

S A2 < R (IV2Hal2 + [VHAlR) < CRFM|AI2,  (34)
(0%
using the 2nd inequality of Lemma 3.1. Thus we have established the first
inequality of Proposition 3.4.
To prove ii), first we have the following inequality due to the simpleness

of £

n!

_ 1 n 2
Al < oAl + 3 ([ ot %) (39

Now Let {e;}/_; be a local orthonormal frame for £.

memwzé;wMﬁm’
_/ D (D amsSslei Sy) ei)dV
X 7,8

= / > ay > SiSidv
X ¥,0 i

:/ > ay5(Ss, Sy)dV
X v,6

:Zavw—'yé
¥,0

<VN| Ellopl| Al
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To prove iii), recall that we have the orthogonal decomposition on
L(E(k))Y

=y +p
so that we have
lell7 = 1vlZ> + lpliZa- (37)
Now
lolliz = D aapaary(Sa; Sp) = Z laasl® + D Gapnsytya:
a,B,y B,y

y (27), the last term is bounded by || E|,|lAl%, since |Elop, < 7% by
hypothesis, we deduce that

IA]? < CE"||a |7 (38)
Now
lpll= = Z 1HASal72 = [1Hall}, 2
where for the last identity follows from the proof of Proposition 3.2. O

4. Proof of Theorem 1.2.
4.1. Construction of approximating solutions.

First, we try to construct “nearly balanced” projective embeddings. Recall
that for any fixed Hermitian metrics H and h on £ and Ox (1) respectively,
the Bergman kernel is defined by

Byi(H, h) Zs S* e I'(EndE(k))

where {S,} is an orthonormal basis of H?(X, £(k)).

Theorem 4.1. Suppose that E is simple and equipped with a Hermitian
metric Hy, solving (2). Then there are 11,12, -+ € I'(End€) such that for
any q > 0 there is a constant C, such that the Hermitian metric on £ of the
form

H(k) := Hoo(1 + Zq:mk‘i),
1=1
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satisfies

Bip(H(k),h) = %I—F aq(k),

with
log(k)[[crea < Cok™ ™47

for all large enough k.

Proof. This is a consequence of the Catlin’s result [C] and the expansion
formula in the Appendix. Recall that

Bk(H, h) =k" +A1(H, h)k.n—l 4+t Aq(H’ h)k.n—q + O(k‘n_q_l)

where A;s are polynomials in the curvature tensor of H®h* and its covariant
derivatives, and the error term is uniformly bounded in C"*?2 for all metrics
H in a bounded family. Consider the Taylor expansion of the coefficients

q

Ap(H(L+n),h) = Ap(H,h) + Y Api(n) + O(InllEE) (39)
=1

where A, ;(n) is a homogenous polynomial of degree I depending on H, h,
n and its covariant derivatives and s is sufficiently large (depending on r
and ¢). In particular, we have that Ao(H,h) = 1, Ao (H,h) = 0, and
Ay(H,h) = g A\ Fe+1S(h)-1, where A\ F is the contraction of curvature
form with respect to w. Thus, for any 71,12, -+ ,n, € I'(End€), we can write

q

Ap(H (1 + zq: nik™"),h) = Ap(H,h) + ) bpa(mk™' + O(k™771)  (40)
=1 =1

where the b,; are certain multi-linear expressions in the 7;, and their covari-
ant derivatives, beginning with

bp71 = Apvl(nl)'
Thus we get

Be(Hoo(1 4> mik™))
=1

q q
= KTIAL(H B) + Y b kTP 4+ O(R" Y
p=0 p,l=1

=k" + k?nilAl + k?an(AQ + b171) + k‘nig(Ag + b2,1 + b172)
k" (Ag 4+ b3y +boo +big) e (41)
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and for x(k) we have

Since

VT p
b171 = ? /\88?71, (42)

[ e = xwyav =0
X

and & is simple, there is an unique n7; € H°(End€)* C T'(End€) solving
equation .

In general, suppose we have already solved 71y, - - - ,7,—1 then the equation
for n,, is
=1 . -
pr = 7 /\aa?’]p = Pp (43)
where

o
Pyi=xp— Ay — Y by rin1
1=0

is determined by 71,--- ,mp,—1. We claim that TrP, is a divergence. This is
because the coefficient of k”7P in

1+Zm Heo, h)

is

p—1
A+ by
=0
and the identity

W p—1 W
771
o :/ TrB((1 + E )Hoo h) = x(k).

/X TeBy(H, h)~

implies

0—/"&( — Ay — pr Ls1)dV = /T&"PdV
X

=0

that is, TrP, is a divergence. Because of the simplicity of £, equation (43)
has an unique solution in H°(End&)+  I'(End€). O
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Let us fix a positive integer g, by Theorem 4.1 we can find a Hermitian
metric H (k) so that

BuHK),H = (1 1 q)

where ¢, = O(k"971) in C"™"2. We then define a new Hermitian metric
H(k) by

G x gy = (T+e)™ s Dam = T+ Dam,

since €, = €. This implies that H'(k) is the Fubini-Study metric on the
bundle £(k) induced from the embedding of X into G(r, N) given by {Sa},
thus we are in the situation of Section 2. For any D € isu(N), expD €
SL(N,C) will move the projective embedding

X — G(r,N)

given by {S,} to a new position. The Fubini-Study metric on £(k) induced
from this new embedding will be denoted by Hp. Let Ep be the error matrix
(nap) for the metric Hp considered in Section 3.2 and Ho, be the reference
metric.

Proposition 4.1. If | D|,, < 55 then
i) If

1
IDllp+ 7 < R

then the metric Hp is R-bounded.
ii) There is a constant C' such that

C
1EDllop < 5 ([Dllop + llexllo2)-
Here all norms are with respect to H._, the Fubini-Study metric induced

from H,.

Proof. The whole construction is SU(N) invariant so we may assume that
D is a diagonal matrix D =diag()\,). By definition the metric Hp is given
by () g, = (-, Bp'- ) mr (i) Where

Bp =Y Sa€? 8" =37 8 (P —1)8," P + 1.
« «
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The first part of the proposition then follows from
|1H'(k) = Hpllcr < C[Dllop, (44)

C
|Hl = H' K)o < 7

For the second part, we know that
(SOH Sﬁ)HD
=(Sa. By S8) (i)
=(Sa, (Bp' = 1)Sg) mrx) + (S S8) 1)
rV
<CIDllopll Sall2(mr i) 19l L2 (ar (r)) + %(%ﬁ + llexllc2)
rV

<SC|[DllopllSall L2 (i) 198l L2 iy (1 + 2l exellc2) + %(5015 + llerllc2)
rV rV
=C||D||op——=(1 + 2||€ 2) + —— (008 + ||€ 2 45
1oy 7 1+ 2heilen) + 5 (B + k) (45)
so we get the second part of the proposition. O

4.2. Convergence.
Now we are ready to state the

Proof of Theorem 1.2. The proof for the first part is straightforward. Sup-
pose that Hy — Hy in C* then we have for V r > 0

v—1 1
| Br(Hy) — k™ - Ie— (2— N Flemy + 55W)- IE) K" || or < CK"% (46)

s

for some fixed constant C (independent of k). By hypothesis H*) is a

X5 this clearly implies that

balanced metric so By(Hy,) T‘lf

V=1 1 deg(&£) 1_ 1
\\7 N Fie.m + QS(W) e =\ =, 158 Ieller = O(k™7),

hence we get the first part.

Conversely, fix any integer r > 0 . First we construct an approximate
solution using the Theorem 4.1 such that the error term E = O(k™7), where
q > 0 is to be determined. Let k be sufficient large then for

[1Dllop + llekllc2 < e,
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with € determined in Theorem 3.1, Proposition 4.1 implies Hp has R-
bounded geometry and k" ||Ep||op < €, thus Theorem 3.1 becomes available.
By Corollary 3.1, we get A, < CEk3t5" for the corresponding point z € Z.
In order to apply the Proposition 2.1 we set ¢ > 3 + HT”, then we have

A:NEN < Av/X ()| Ellop < CE5"70%E < 6. (47)

Note that v(exp D - z) = Ep, Proposition 2.1 then implies that for large
enough k, we obtain a solution to our problem with

IDllop < IDI| < CR**5n=a+3, (48)

Let us denote the induced balanced metric by H*). Finally we rescale back
to Hy := %H(k) ® h™* giving us

|Hi — Hoollor 1.0y < O3 7704%),
So if we choose ¢ > 3 + 137” + 5 at the beginning we get the convergence in
Cr. O
5. Appendix: Expansion of Bergman kernel.

In this section, we compute the the second coefficient in the expansion of
the Bergman kernel. The basic idea is due to Tian[T], and later extended
by Ruan [R] and Lu [Lu].

5.1. Statements of the results.

Let us start with the following theorem proved by Catlin 3

Theorem 5.1. [C]
1) For fixed Hermitian metric H and h on £ and Ox (1) respectively, there
is an asymptotic expansion as k — oo

By(H, h) ~ Ag(H,h)k" + Ay (H,h)E" ™' + -+ |
where A;(H,h) € T'(End€) are smooth sections defined locally by H.
2)The expansion holds in C*° in the sense that for any r, N > 0

N
|| Br.(H,h) — ZAz‘(H, h)kn—iHCT < KT,N,Hkn_N_l,
i=0

3Zelditch proved in [Z]the same statement for line bundle case.
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for some constants K, y . Moreover the expansion is uniform in that for
any r, N there is an integer ' such that if H and h runs over a set of metrics
which are bounded in C"', and with H and h bounded from below, the
constants K, n p are bounded by some K, y independent of H and h.

The main task of this Appendix is to extend Lu’s computation to the vector
bundle case. More precisely, we have

Theorem 5.2.
Ao(H,h) =1,

Ai(H,h) = g NFE) + %S(w) 1

where \ F(€) € T'(End€) is the contraction of the curvature of H with
—LRic(h), and S(w) is the scalar curvature of X with

in
3 ~~

respect to w =
respect to w.

5.2. Constructing Peak sections.

We start by introducing a canonical coordinate system for both the base
manifold and the holomorphic vector bundle over it. The canonical coordi-
nate which was first introduced by Bochner [Bo].

Lemma 5.1. ([R] Proposition 2.1) For any « € X there is a unique holo-
morphic coordinate map z up to affine transformation, for which there exist
a Kahler potential K,(z) on X such that all the (0,1), (1,1), (1,0), (I,1)
terms in the Taylor expansion of K,(z) vanish except for (1,1) term which
equals to |z|?>. That is,

1
Ko(2) = |2 = ;R + O(|2P).

These are the canonical coordinates.

The corresponding bundle version of the above Lemma is the following

Lemma 5.2. Fix any x € X, let us take a neighborhood U, > z such that
Elu, = U, xC" is a local trivialization. Then for any holomorphic coordinate
system of U, we can find a local holomorphic frame {S'}\_, of & over U,
such that with respect to this frame, the metric H on £ has the following
expansion:

Hy=1— Hgzz + O(|2%)
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where H;; € I'(Herm(&)) and H;; = f_I;g Moreover, for any integer | > 0
there is a local holomorphic frame {S*}!_, over U, such that there is no pure
z; and Z; terms of order less than [ in the expansion of H,.

Proof. We follow the strategy of Bochner. First we choose a holomorphic
frame {S° "1, then near x € X we have the following expansion.

(S%,87) = 6" + HY 2 + H 2, + O(|2).
Introduce a new basis
Si=5"+ aZpszk.
We have
(Si, 87y =(S" + al’ SP2,, S7 + al?572,)
=(S", S7) + a)P 2, (SP, §7) + @z (S, S7) + O(|2|?)
=6" + HY 2+ H? 2, + )P 2, (% + HY 2y + HY 2,)  (49)
+al 2 (6 + H 2y, + HYZ) 4+ O(|2]?)
=0 + (HY + a )z, + (H? + @)z, + O(|2/%),

since we have (S%,57) = (Si,S%) which implies H}' = H}j So if we set
ail = —H we will have (57, 57) = 61 4+ O(|2|2). We killed the first order
terms. For the second order terms, suppose we have

(S%,87) = 6" + Hjmpzm + HoZw 2 — Hi 2z — HY 2oz + O(|2)
Introduce a new basis
Si=8"+ agszkzl
we have

(gi, ,§J> =(S" + aZZszkzl, ST+ aﬁqukzﬁ
=(S%,57) + aih 2p 21 (SP, §7) + @iz 7 (ST, ST) 4 O(|2]*)
=6" + Hyj 2z + Hazz + ahzpz (07 + O(|2]%)) (50)
+aliz (0 + O(|2) + O(|2%)
=0 + (Hy) + a)zez + (H3 + @) 2z + O(|2)°).
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Again (S%,57) = (S7, S%) implies HIZ = H%, so if we set af{é = —H,Z]l we will
be able to kill the second order terms. By continuing this process we will be
able to get rid of the pure z; and z; terms up to any order. O

Remark 5.1. The idea of using holomorphic gauge to kill the holomorphic
and anti-holomophic terms is essentially the gauge fixing.

Corollary 5.1. Under the canonical coordinate and canonical framing, we
have the curvature form

F(g)ac = szdzz N dz; (51)
Proof.
F =0(H'0H)
=9((I + Hy5z:2; + O(|2°)0(I — Hjziz; + O(|2%)))
= — O(H;5Zjdz; + O(|2*)) (52)

=H;dzdz; + O(|z]%).
0

To be able to evaluate Bergman kernel at a given point, we need following
two propositions.

Proposition 5.1. [T] Fix a point x € X, let {S'}\_, be a canonical frame
for £ and e a canonical section for Ox (1) in a neighborhood of z. Let the
z;’s give a local canonical co-ordinates for x.

Then for P = (p1,--- ,pn) € Z%, and a integer p' > pi + -+ + pp,
there exists an ky > 0 such that for k > kg, there are holomorphic sections
Sfj:}i € HY(X,&(k)) for 1 <i < r satisfying:

S IFi v =1

» 1
p 7Z 2 _
/x{z<'°f£“} 18pillirandV < Olzz)

and locally at ¢ € X

1

SNk = A g 24+ 20+ O(2P7)}ek @ 81(1 4 O(57):
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Now let P stand for the multi-index (p1, ..., pn), and set 28" := 2"+ 2B,

similarly 29 := z{* .- 2/, then we have

Proposition 5.2. [R] We continue with the notations and assumptions of
Proposition 5.1. Let T be another section of £(k) . Locally around 0 we
have

s
T=e®) s
1=1

/ / 1
n k
Spi(2) = Ar p) {4+ 20 + O(1217 )}t @ (1 + O(177))
i) If f1(z)’s Taylor expansion around 0 doesn’t have the monomial 27" - - - 25"

then
/ 1 ,
(Sp Dnkon = O(E)”S%]th’“Q@HHT”hk@H'

ii)If f1(2)’s Taylor expansion around 0 doesn’t have terms z% with ¢ < p+d
where ¢ = g1+ +qn, p =p1++pp, (d > 1), and f2(0) = --- = f.(0) =0
then

1

(58 Thscn = 0 (7 ) 18%alasonl v
kT2
Proof. The proof follows directly from Lemma 3.2 in [R]. O
5.3. Evaluating A,(H,h).

With the preparation in the previous section understood, we are ready to
calculate the first two coefficients of B as in [Lu]. Let N := dimH°(X, £(k))
and {S1,---,Sn} be a basis for HY(X, £(k)). Let us introduce the L%-metric
on H(X,&(k)) as the following

T — / (S, Sp)dV.
X

Now let us fix the notation, 1 < A, B,C, D, E < N and 1 <14, j,l <r, where
r is the rank of £. Let us define

Hap == (Sa,9B)nken
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then there exists a matrix © such that IT = ©0*. Let = := ©~! and set
Ta =) pZ=aBSB, then we have

(Ta, T) e = EacSc, Y EBDSD)pren

C D
=Y EacEsp(Sc, Sp)wren
c.D
=Y EacEppllco (53)
C.D
= Z EAcEBpOCEODE
C.D.E
:51437

that is {T4}Y_, is an orthonormal basis for H°(X,£(k)). The Bergman
kernel B := ) , T4T}. Fix a point z € X, let {e;}]_; be a local orthonormal
frame in a neighborhood of z. Locally we have Sq = ), Sae;, so Tq =

> i Tae; = ZBJ =ABSBi€;. Since

N
Bei = ZBH@[ = Z TA<€Z‘,TA> = ZTAlTAiela
l A=1 Al

we have By = Zgil T4iT4;. Put this into the matrix form we have the
following

B By,
B.=1..............
Brl . Brr
T1 T T T},
Ty, jj’Nr 711\11 Ty (54)
S11 Sn1 =i En1
Sir ... Snr Ein ENN
2 =N <Sll Str
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Note that if we choose the basis S1,- -, Sy such that at z,
S11 Sn1 1 0 0 0
Str SNt 0 10 0

then we have

Since IT = ©0* I = (0*)71(©)~! = =*=Z, we have

where A = II™!. So our task is to estimate A at the point z.

Proof of Theorem 5.2. For each fixed point x € X, take U, to be a neigh-
borhood of x such that £|y, is trivial. Choose a canonical co-ordinate {z;}’s
for U, and a canonical frame of £ over U,. Now we can apply Proposition
5.1 to get sections {Sg:,f};le € HY(&(k)). Extend these to a basis

{SEL e SBT Sppa, o, Sn} € HY(E(R))

in such a way that S,y;(x) =--- = Sy(x) = 0. By our choice, we have that
{Sh i }r_, is an orthonormal basis for &,. So to evaluate B, we only need to
evaluate the upper-left r x r part of the matrix II, which is the following
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(Sbi S0i) - (ShiS6i) )
/ .............................. 4V + O(c~05k7?)
X s / ! !
(ST SEY o (ShLSE e
‘1 ' /1 !
(S0 »S0h) - (S0iSoi) .
/ s LSRRt AV + O(e~108k)?)
(SET SE L (SELSE

/||2<(1ogk) h- HdV+O( e )
/ o 719(\2\ 4 ”klzzzjzkzﬂroﬂ 2|5 ))([ H zzz] —1—0(‘2” ))
|22 Log k)= RS

+O( —(log k)? )
k|22 k o
= [ e O FRGum s + KONtz
+ 0 ))dV+O(e—(1ogk)2)
,k| 24 k
/||2<(10gk)2 (1 - H jZi%j + Rz]klzzzjzkzl
+O(2P) + kO(|2)) s av, + O(e=(osh?)
—k|z|"=R;52iZ; z _ k B B
k}| |2 Rz] g ]+O(‘ ‘3)(1 — H’Liz’lzj —+ ZRi;kl_Z’izjzkzl
+ O(|2?) + EO(|2°))dVy + O(ef(logk)Q)

/| |2< dog k)? (log k)2

12 3 k _
e hlzl*+0(2| )( — Hj5ziZ; + kalzizjzkzl R;52iZ;
|2< logk

+0(|Z| )+k0(|ZI5))dVo + O (e 1o8R)?)
(w) SWw) 1
:_n kn—f—l Z 5 kn+2 T gnl +0 L2

:/-cln k”“ < o “AFE) >+O <kn1+2)’ (55)

To get the eighth identity we have used the fact that if 7 # j then the integral
of H;5z;zj vanishes and the formula

l... |
Pl pn|2,—k|z[? Pi-Pn:
Lt e v = P
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with dVp == (%=1 )" d21 Adz1 A+ A dzy A dZy. Also a priori there will be

terms of order O ( 711+%> coming from the integral of O(|z]3) + kO(|z|?).
They vanish becausgthe number of z’s does not match the number of z’s for
terms with odd degree (This was also observed in [Lu]). The last identity
follows from Corollary 5.1.

To get B, we only need to invert II. Our conclusion then follows from

Proposition (5.2 ii) and the fact that for any traceless matrix A

det(I +tA) =1+ O(t?).
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