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1. Introduction.

This paper comprises of the foundational work for some versions of Seiberg-
Witten theory on 3-manifolds with Euclidean ends. A manifold with a Fu-
clidean end, or an MEFE for short, is a smooth, orientable 3-manifold formed
by connect-summing a compact closed manifold with R?, whose metric is Eu-
clidean outside a compact region (cf. Definition 2.2.2 below). We consider
Seiberg-Witten equations ((2.2) below) on such manifolds, with a family of
perturbations parametrized by t € RT U {0}. See (2.4) below for the form of
the perturbation 2-form w. Roughly speaking, it has —t6/2 as the dominant
term, where 6 is a harmonic 2-form asymptotic to dzy A dxe, (21, z2,x3) be-
ing the coordinates of R3. In contrast to the well-known theory on compact
manifolds, which is essentially independent of the choice of metric or per-
turbation, the theory on non-compact manifolds typically depends crucially
on the asymptotic conditions. Indeed, in our theory the cases of ¢ = 0 and
t > 0 behave quite differently.

The following theorem summarizes our main conclusions.

Theorem Let M be a 3-manifold with a Euclidean end with o fixed Spin©
structure.

(a) Whent =0 and by(M) > 1, for a generic pair of metric g and closed
2-form w on M, the moduli space Mg, of Seiberg-Witten solutions is a
compact 0-dimensional manifold, and for two such pairs (g1,w1), (g2, w2),
the moduli spaces Mg, w,, Mg, w, are cobordant.

(b) When t > 0, the moduli space Mgy of Seiberg-Witten solutions
for a generic pair (g,w) is a disjoint union of finite-dimensional (possibly
non-compact) manifolds. The dimensions of the different components depend
on the vortex number n € Z* U {0}. Letting M7, , C My denote the
subset of vortex number n, there is a smooth, proper map from Mgy, . to
Sym" R? x Sym" R2. Furthermore, every point of vortex number n in the
end of the moduli space has a neighborhood with a product structure N' x R,
where N is a neighborhood in M;w’t, p < n, and R is a neighborhood in
Sym" PR2 Finally, for two arbitrary t1,ta > 0, Mg, w6, and Mgy w, 1,
are cobordant for generic pairs (g1, w1), (g2, w2).
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1.1. Motivation.

The main motivation of this work is two-fold:
(A) THREE-DIMENSIONAL VERSIONS OF TAUBES’S WORK ON SW = Gr.

Taubes’s work on the equivalence of 4-dimensional Seiberg-Witten in-
variants and the Gromov invariant of symplectic manifolds [42, 43, 44, 46] is
arguably the most influential result of Seiberg-Witten theory. Very roughly,
the idea is to consider Seiberg-Witten equations perturbed by two-forms of
the form tw (up to an inessential term), where w is the symplectic form
on the underlying symplectic 4-manifold, and ¢ is a large positive real pa-
rameter. As t — oo, the zero locus of the Higgs field of a Seiberg-Witten
solution approaches a set of pseudo-holomorphic curves in the symplectic
manifold, which the Gromov invariant counts. Conversely, given a suit-
able set of pseudo-holomorphic curves in the symplectic manifold, one may
construct a Seiberg-Witten solution for large ¢ by “grafting” vortices along
the pseudo-holomorphic curves. To extend this equivalence to general 4-
manifolds with b; > 0, one may take w to be a self-dual harmonic 2-form.
(Symplectic forms, together with suitable metrics, are examples of such 2-
forms.) Generically, such a 2-form vanishes along a set of circles in the
manifold. The generalized Gromov invariant, which should be equivalent to
the Seiberg-Witten invariant, should then count pseudo-holomorphic curves
ending at these circles. In a series of articles [47, 48, 49], Taubes obtained
some partial results implementing this generalization; the full equivalence,
however, has not been established. In fact, even the “generalized Gromov in-
variant” mentioned above is yet to be defined. One of the main difficulties is
to understand the behavior of pseudo-holomorphic curves or Seiberg-Witten
solutions near the circles of degeneracy.

The 3-dimensional analogue of this generalization appears more accessi-
ble. Consider Seiberg-Witten equations on closed 3-manifolds X perturbed
by a large harmonic 2-form tw. Generically, w may be chosen such that its
dual 1-form *w is Morse, with a equal number of index-1 and index-2 critical
points. Taubes’s argument in this case concludes that the zero loci of the
Seiberg-Witten solutions converge to suitable sets of (finite length) gradient
flows of *w ending at the critical points. Due to this simpler description, we
were able to define in [12, 13] an invariant I3 that counts flows of a Morse
1-form, and conjectured based on Taubes’ philosophy that:

Conjecture 1.1.1. [12, 13] Let X be a closed 3-manifold with by > 0 and
orientation o. Then the 3-dimensional Seiberg-Witten invariant Swx , =
+13.
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We refer the reader to section 4 of [12, 13] for the precise definition of I3,
a brief explanation of the ideas behind, and the notation used here. In the
b1 = 1 case, Swx , is the Seiberg-Witten invariant in the “Taubes chamber”
(i.e. large perturbation).

The counting invariant I3 is shown (in a more general setting) in [12, 13]
to be equivalent to a version of Reidemeister torsion 7'(X,0) due to Turaev:

Theorem 1.1.2. [13] Under the same assumptions, Is = +T(X, o).

The present work may be viewed as the first step towards a proof of Conjec-
ture 1.1.1 via Taubes’s ideas, and this together with Theorem 1.1.2 would
provide a geometric proof of the equivalence:

Theorem 1.1.3. (Meng-Taubes) [28, 52] Swx , = +T(X,0).

In [28], the equivalence is established by checking that both invariants satisfy
the same set of axioms, which depends most importantly on the surgery
formulae of Seiberg-Witten invariants [50].

On the other hand, Donaldson proposed a scheme of proving (an averaged
version of) Conjecture 1.1.1 via a topological field theory formulation of the
3-dimensional Seiberg-Witten invariant, which was recently implemented by
T. Mark [27].

Among the three approaches to the Seiberg-Witten—torsion correspon-
dence, the geometric picture following Taubes’ approach mentioned above is
conceptually most direct, though technically most challenging. However, an-
other advantage of this approach is that the geometric picture has (relatively)
simple extensions to Floer theory. Motivated by this picture, Hutchings and
Thaddeus [14] define a “periodic Floer homology” for mapping tori of sur-
face automorphisms, which is supposed to correspond to the Seiberg-Witten-
Floer homology for such 3-manifolds. In this case, one may suppose that the
harmonic 1-form #w has no critical points, and the sets of flows counted by
I3 above consist only of periodic orbits. The chain groups of this “periodic
Floer homology” are precisely free modules spanned by these sets of periodic
orbits, and the boundary maps are defined by counting pseudo-holomorphic
curves in X x R, with symplectic form w + *w A dt. On the other hand, with
a less straightforward twist of the same geometric picture, the author has a
scheme of establishing the equivalence of the Seiberg-Witten-Floer homology
(hopefully for general X') with the recently discovered Ozsvath-Szabo Floer
homology [33], which is more computable. The details of of this have to be
described elsewhere [24]; at present it seems accessible.
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Here is roughly how the present work relates to the proof of Conjec-
ture 1.1.1. A basic building block in Taubes’ work is the “local model”
for grafting, which is obtained by classifying Seiberg-Witten solutions on
R* (with suitable perturbations) and understanding their behavior. In the
symplectic 4-manifold case, Taubes found them to be basically (up to gauge
transformations) “pull-backs” of vortex solutions over R2. We obtain the
analogous result in §3.2: The Seiberg-Witten solutions on R? with perturba-
tion *dxs are basically “pull-backs” of vortex solutions along the projection
R3 — R? : (21,72,23) — (x1,22). Since over a closed 3-manifold X, xw,
wherever it is nonzero, locally approximates *dxs, this means that in the 3-
dimensional case, the correspondence should be obtained by grafting vortices
along flow lines of the dual vector field of the Morse 1-form *w. (Note that
x3 corresponds to the direction of the dual vector to *w.) More importantly,
since *w in general has critical points (i.e. where it vanishes), we also need a
local model for grafting Seiberg-Witten solutions near these points. Such a
local model is obtained in this paper, by understanding the Seiberg-Witten
solutions on R? with perturbation xtdf, where f is an “admissible” Morse
function with a pair of canceling critical points. (See Definition 2.2.6 for the
definition of admissibility.) In fact, to produce such a local model is the main
reason why in this paper we choose to consider perturbations of the specified
asymptotic behavior. We remark that such a local model is missing in the
more difficult 4-dimensional situation, and it is one of the main obstacles for
establishing the generalized SW = Gr correspondence proposed by Taubes.

(B) NEW GAUGE-THEORETIC INVARIANTS OF 3-MANIFOLDS.

Instead of just R?, we consider the more general 3-manifolds with Eu-
clidean ends (MEE). The motivation is a traditional one: to obtain invariants
of 3-manifolds out of moduli spaces of solutions to a PDE. Since an MEE
M is a connected sum M = X#R3, where X is closed and R? is endowed
with the Euclidean metric, the gauge-theoretic invariant obtained may be
regarded as an invariant of the closed 3-manifold X. In this paper we con-
centrate on the structure-theoretic aspects of the moduli spaces and leave
the properties of such invariants for future investigation; so here we shall
only very briefly indicate why this might be worth pursuing.

First, the better-known (and simpler) Seiberg-Witten invariant for com-
pact 3-manifolds has been well-studied (see e.g. [25, 26, 28, 1]); however it
turn out to be equivalent to previously-known invariants. For homology 3-
spheres, it has been shown (with a modification due to Kronheimer to make
it metric-independent) to coincide with the Casson invariant. For manifolds
with b1 > 0, we have already mentioned that it is equivalent to a version of
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Reidemeister torsion. Our version of Seiberg-Witten theory for MEE’s how-
ever looks very different and might lead to something new. When ¢ is large,
the philosophy described in part (A) above leads one to expect that the
associated invariants should be computable via Morse-theoretic methods.

Second, even if as a topological invariant, the gauge-theoretic invari-
ant obtained is not new, it might still have less straightforward applica-
tions to the geometry or topology of 3-manifolds or 4-manifolds. There are
plenty of such applications in other versions of gauge theories. For example,
via Weitzenbock-type formulae, the 4-dimensional Seiberg-Witten equations
give various curvature estimates, and hence constraints on the existence of
Einstein metric. (See e.g. [22].) The Seiberg-Witten theory for (closed) 3-
manifolds or 4-manifolds has various applications to minimal-genus problems
([18]). Fintushel-Stern’s construction [4] of exotic homotopy K3’s was based
on the Meng-Taubes theorem on the equivalence of 3-dimensional Seiberg-
Witten invariants and Reidemeister torsion. In the non-compact situation,
Floer proposed studying Yang-Mills-Higgs equations over asymptotically flat
3-manifolds, and was able to recover a theorem of Schoen and Yau on the
geometry of such 3-manifolds [5].

1.2. Outline and summary of results.

Below is a section-by-section outline of this paper which also serves as a brief
summary of the results obtained. Due to their technical nature, here we can
not be very precise in the statement of these results; the reader may find the
precise statements in subsequent sections. Some non-technical explanation
of the key points will be presented in §1.3.

e Section 2 contains the setup: basics of Seiberg-Witten theory, the def-
inition of MEE and admissible 2-forms or functions, and some basic
tools of analysis on such manifolds.

e In §3.1, we define “admissible configurations”, which are basically
L%J o-configurations with some weak assumptions on their asymptotic
behavior. We shall always work with such admissible configurations.
Some basic properties of these objects are discussed in §3.1.

e In §3.2, we completely solve the Seiberg-Witten equations on R3 with
Euclidean metric and the standard perturbation —%dml A dxg, where
t > 0. The solutions consist of “pull-backs” of solutions to the vortex
equations on C. This leads to the description of the moduli space of
Seiberg-Witten solutions on R® as [[,.,Sym*(R?). We remark that
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this is another instance of the well-known relationship between Seiberg-
Witten equations and the vortex equations: this has been used in
the computation of Seiberg-Witten invariants for Kéhler surfaces, and
plays a crucial role in Taubes’s proof of SW = Gr explained above.
In the 3-dimensional situation, this relationship is used to compute
the Seiberg-Witten-Floer homology of ¥ x S! (with respect to Spin®-
structures pulled back from ¥, a closed surface), which is the first non-
trivial Seiberg-Witten-Floer homology computed. Generalizing this
relationship, Mrowka-Ozsvath-Yu [32] computed the Seiberg-Witten-
Floer homology for Seifert-fibered 3-manifolds.

e In §3.3, we prove that admissible Seiberg-Witten solutions on an MEE
approximate solutions on R3 polynomially outside a compact region.
This enables use to define the notion of the “vortex number” of a
solution as the vortex number of the limit. The estimate is crucial for
the Fredholm theory and gluing.

e In section 4, we define the configuration space C and construct its quo-
tient space Q under the gauge group action. We show that O has
a Banach manifold structure. This requires more care than the usual
gauge theories as the base manifold is not compact. We find the appro-
priate Banach spaces that work as the domain of the elliptic operators
in our theory, and restrict our attention to subsets of the total configu-
ration space containing the moduli spaces, that are Banach manifolds
modeled on these Banach spaces. The cases of nontrivial vortex num-
bers cause additional complications by the fact that the curvature Fy
is not L2. This difficulty is overcome by subtracting off fixed configu-
rations and we show eventually that in these cases the quotient space
has the structure of a fibered space, with Sobolev-space fibers.

e In section 5 we formulate the Fredholm theory of the relevant defor-
mation operator D.. We find the appropriate Banach spaces as the
domain and range of D.. The case when ¢t = 0 or when t > 0 and
the vortex number is zero is dealt with in §5.2, while the case of non-
zero vortex numbers is discussed in the rest of the section. These two
cases are completely different (cf. the discussion in §1.3). In the first
case, the index of D, is zero, while in the second case the index grows
arbitrarily large with the vortex number.

e In §6.1 we follow the standard procedure to show that the moduli
spaces are smooth finite-dimensional manifolds and enjoy some invari-
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ance properties by cobordism arguments. When the moduli spaces
are non-compact, which is often the case in the situation considered
in this paper, these standard invariance properties are useful (e.g. for
the purpose of defining gauge-theoretic invariants) only when we also
have an explicit description of the ends of the moduli spaces. In the
rest of section 6, we give a recursive description of these ends: namely,
the ends of higher vortex numbers are described in terms of moduli
of lower vortex number numbers. For example, the end of the vortex
number 1 piece of the moduli space consists of finite copies of R*\ B(R),
where B(R) denotes a 3-ball of large radius. This enables one to de-
fine 3-manifold invariants using these moduli spaces, in spite of their
non-compactness. (Cf. [23] section 7).

1.3. Methods and historical background.

Here we shall attempt to offer a brief explanation how our theory differs from
the more familiar methods of gauge theory. The “philosophical” remarks
here should become clear in later sections.

The more-familiar type of gauge theory on non-compact manifolds is
that on cylindrical manifolds ¥ x R, where ¥ is compact, or more generally
on manifolds with cylindrical ends. This situation arises naturally in Floer
theory, and in product or surgery formulae for gauge-theoretic invariants.
Though analysis of this type can sometimes be rather complicated, the basic
framework has by now become standard since the work of Floer, Taubes, and
Mrowka. A standard reference for this type of techniques is [30]. Among
other things, in this situation the gauge-theory equation is regarded as a
formal L?-gradient flow of a functional on the configuration space over ¥, and
one attempts to establish an exponential decay towards the critical manifolds
via estimates involving the functional and the gradient. This allows one to
set up a Fredholm context of the theory via exponentially weighted Sobolev
norms.

In the Euclidean situation considered in this paper, the story is quite
different. There has been historically less study of gauge theories in this
situation; the only references known to the author are papers by Taubes and
Floer on Yang-Mills-Higgs theory on asymptotically Euclidean 3-manifolds
in the 80s. Particularly relevant to our work are [39, 6, 7]. Aside from mo-
tivation from physics, a major reason for studying Yang-Mills-Higgs theory
on Fuclidean manifolds was the triviality of the theory on compact manifolds
(which was also partly what motivated us). More recently, Kronheimer and
Mrowka studied Seiberg-Witten theory on 4-manifolds with conical ends,
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where the conical ends are “symplectizations” of contact 3-manifolds [20].
Very roughly, since the usual Sobolev spaces typically do not work when
the underlying manifold is non-compact, the key to such theories is to find
suitable normed spaces such that the relevant differential operators in the
theory have the desired invertibility or Fredholm properties. Furthermore,
the norms have to be coarse enough so that the normed-spaces may include
the moduli spaces, but they also have to be fine enough so that the nonlin-
ear part of the gauge-theory equations is suitably small with respect them.
How these norms should be chosen depends crucially on the asymptotic be-
haviors of the configurations in the theory. We find that in our ¢ = 0 case,
the configuration is asymptotically trivial, which is also the case with the
Yang-Mills-Higgs theory studied by Taubes and Floer. Thus a suitable mod-
ification of the norms in [6, 7] works in our situation. Basically, the relevant
operators in these case look like —V? or ¢ asymptotically, and the domain
and range spaces are essentially completions of C§° with respect to the norm
[V - |2 and L?. When t > 0, in the case of zero vortex number the Higgs
field is asymptotically a non-zero constant; in this case the basic model for
the relevant operators is —V? + C, C' > 0, or a similar Dirac-type opera-
tor. This is the case when the usual Sobolev spaces work, and it is also the
situation that occurs in [20]. The case when both ¢ and the vortex number
are positive is the most complicated. We know that the configurations are
asymptotically pull-backs of vortex solutions (§3.3), and the basic model for
the relevant operator is —V? + V, where V is a function which is almost
constant except for a few “tunnels” in the x3-direction. The more familiar
exponentially-weighted Sobolev norms actually work for the Fredholm the-
ory here; however they are either too fine to describe the moduli spaces, or
too coarse for the nonlinear aspects. The main reason is, even though we
take the metric to be Euclidean except for a compact set, the associated ad-
missible 2-form (which is used as our perturbation) in general approximates
t x dxs only polynomially at infinity. As a consequence, the Seiberg-Witten
solutions approximates pull-backs of vortex solutions only polynomially as
well. We therefore need polynomially weighted norms. The Fredholm the-
ory is reduced to the Fredholm theory of a standard R3 case by a typical
excision argument. On R3, we observe following [43] that the deformation
operator may be decomposed into two parts: one roughly looks like 0/0x3,
and the other, iN’, is self-adjoint and depends only on x1,xs. The relevant
sections over R® may be regarded as functions of z3 taking values in the
space of sections over R? (R3 — R? : (11, 29,73) — (71,72)). This can be
decomposed via the decomposition of the above space of values into Coker N’
and its L?-orthogonal complement. (Coker N’ is nontrivial precisely when
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the vortex number is non-zero.) The deformation operator preserves this
decomposition. Over the part taking value in the orthogonal complement,
it is invertible between polynomially-weighted norms of the same weights.
Over the part taking value in Coker N’, the deformation operator looks like
0/0x3 and is Fredholm between polynomially weighted norms of different
weights. Our choice of norms is a combination of the two. The parameter
for the weight, € below, is in this case taken to be a number between 1 and
3/2: it has to be larger than 1 because the weight for the range has to be
one-less than that for the domain, while still has to be positive; it also has to
be smaller than 3/2, because the associated space has to contain the moduli
space, which can be guaranteed by our decay estimate (Proposition 3.3.3)
only when € > 3/2. Long after this work was completed, we discovered while
working on another project that Floer has used similar norms for pseudo-
holomorphic disks ending at degenerate Lagrangian intersection points in
[8].

On the other hand, the Fredholm theory in the ¢t = 0 case and the vortex
number zero case when ¢ > (0 works by a modification of the techniques in
[39], which is also what was done in [20].

We also briefly comment on the proof of the decay estimates (Proposition
3.3.3). Again it is very different from the cylindrical situation; it is however
simpler and uses the nice pointwise estimates via maximum-principle-type
arguments that are particular to Seiberg-Witten theory. This is also the case
with [20]. However, though the proof of the analogous decay estimate in [20]
has the same starting point as ours, what they did was to first estimate
all invariant quantities (under gauge group action) via maximum-principle-
type arguments, and then choose a gauge with nice asymptotic behavior. In
comparison, we only use maximum-principle-type arguments to estimate the
magnitude of § and its derivatives. To get estimates for other quantities, we
use the R-action on R? which is intrinsic to our situation. Namely, we use the
Seiberg-Witten equations in a “temporal” gauge to relate the derivative of
these quantities in the xs-direction to the magnitude of 8 and its derivatives;
then integrate over xz3. (Cf. §3.3. step 3).

Finally, some history about this work itself. The author began working
on this project since the summer of 1995; at that time there was no literature
on Seiberg-Witten theory on 3-manifolds, and we had to start from scratch.
The case t > 0, vortex number zero, which is the simplest case in this paper
and is in several places similar to the analysis in [20], was done long before
the preprint of [20] was available. In the long process of revising this paper,
we have tried to eliminate any part that is now in the existing literature.
Except for abridgement, expository and stylistic improvements, there has



Seiberg-Witten Equations on Three-manifolds with Euclidean Ends 11

been basically no change in mathematical content since the version of 1998.
That this work has taken so long to see publication is due to a combination
of many unfortunate factors.

To shorten this paper, we have in several places omitted standard argu-
ments; the reader may consult the earlier version of this paper [23] for more
details. We have also omitted the section that defines gauge-theoretic in-
variants from the moduli spaces obtained here, and the proof of Proposition
2.2.7. They were respectively, section 7 and Appendix 1 in [23].

1.4. Notation and conventions.

The reader is advised to first browse through this subsection for a guide to
the conventions, then return later for reference of notation.

Throughout this paper we let C, C’, or C;, i € Z* denote positive con-
stants of order 1 varying with the context. Similarly, ¢,¢’,e; will denote
some small positive constants.

In contrast, the plain epsilon € parameterizes the weight on the norms,
€e€0,3/2).

(-,-) or (-,-)2 usually denotes the L2-product of two functions, while
(m,x), or n - x denotes the pointwise inner product of the functions n and .
| - | denotes the Euclidean norm of a vector in R"™.

We denote the trivial R-bundle or C-bundle on a manifold by R or C.

I'(M, E) denotes the space of sections of the bundle E over the manifold
M. L?*(M,E) denotes the space of L? sections of E. Similar notation is
used for for the completions with respect to other norms. When M is the
3-manifold with a FEuclidean end under discussion in this paper, we often
omit M in the notation, and denote the spaces as T'(E) etc. QF := QF(M)
is the space of k-forms on M.

Unless otherwise specified, any norm in this paper is a norm of functions
or sections on the 3-manifold M. We use notation such as || || L2 (c) to denote
norms of functions on a different space (in this case, C).

Regarding the different notions of adjoint operators used in this paper:
we shall use D*, Dt, D! to denote, respectively, the formal L2-adjoint, formal
L2-adjoint, and the adjoint in the sense of [16] of the differential operator D.

We shall often omit subscripts or superscripts when there is no danger
of confusion.

The objects in our theory (e.g. configuration spaces, moduli spaces) are
typically indexed by ¢, which is the real parameter in the perturbation (2.4);
n, which is the vortex number, and [, which indicates the differentiability.
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Other notation or conventions will be specified along the way.
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2. Preliminaries.
This section contains the set-up of this work.
2.1. Review of Seiberg-Witten theory on 3-manifolds.

Here we quickly review elements of 3-dimensional Seiberg-Witten theory,
and fix some notation to be used. Some references for the theory on compact
3-manifolds or 4-manifolds are [28, 25, 29].

Seiberg-Witten theory is concerned with an oriented 3-manifold M en-
dowed with a fixed Spin®-structure s. (All orientable 3-manifolds are Spin®
[17]). A “spinor bundle” S associated to a Spin“structure is a rank 2 her-
mitian bundle. An “associated line bundle” is L := det S.

A pair (A,v) is usually called a configuration, where A is a unitary
connection on L (or equivalently a Spin® connection on S—we shall often
confuse the two), and v is a section of S.

Given a harmonic 2-form 6 (which will be our perturbation later on), its
action on the spinor bundle by Clifford multiplication has eigenvalues +i|6|;
away from the zeroes of 6, this gives rise to a splitting of the spinor bundle
into a pair of complex line bundles

= FE O E, where =FEQ K . .
S=E®F where Bl = E@ K ! 2.1

Here K ! is the sub-bundle of TM (away from the zeroes of #) whose fibers
consist of tangent vectors annihilated by *. 6 endows K ~! with a complex
structure J: For two tangent vectors w, v in a fiber of K~1, (w, Jv) :=
%(v,w). We shall often identify K ~! with the Homc (K ~!;C) component
of T"M & C.

Wherever the splitting (2.1) makes sense, we denote by A” the connec-
tion on F induced by A. Given 6 and a metric on M, A can be equivalently
specified by AF. In general, with respect to the decomposition (2.1), the
Spin® connection will have off-diagonal components depending on the metric
and 6.
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On 3-manifolds the Seiberg-Witten equations read

{?A%D:O

p(Fa) = io(t, ) + ip(w), (22)

where d 4 is the Dirac operator and ¢ as usual denotes the map C x C — suy

wol + vwl )O’ (2‘3)

(v,w)»—>i( 5

where the subscript 0 denotes the traceless part. And for F € \> T*M, p(F)
stands for the sus representation of F' via its action on the spinor bundle
by Clifford multiplication. In 3-dimensions, elements in A' T*(M) act by
Clifford multiplication on the same rank two spinor bundle. We will denote
the representation by the same notation p, taking p(dzy A dxa) = p(dxs).

In these equations, w is a closed 2-form usually called “perturbation”. In
this paper it takes the form:

o= _%.9 +w, (2.4)

where 0 is an “admissible form” defined below, and w is small in the sense of
section 6. We take w = 0 in sections 2-5 of this paper unless otherwise spec-
ified. In this paper, a “Seiberg-Witten solution” always refer to a solution
of (2.2) with perturbation (2.4) on an MEE, which will be defined next.

Solutions of the Seiberg-Witten equations can be regarded as minima of
the “energy functional”:

1 . .
e ) = [ pavk+ g [ loE) —iotw0) - ip@P 29
M M
2.2. Analysis on manifolds with Euclidean ends.

Part (A) below defines MEE’s and admissible metrics and 1-forms on them.
Part (B) introduces some useful norms on MEE’s and their basic properties.

(A) MEE’S AND ADMISSIBLE PAIRS ON THEM

Notation 2.2.1. B(R) denotes an open 3-ball of radius R; D(R) denotes
an open disc of radius R.

Definition 2.2.2. A 3-manifold with a FEuclidean end, (M,g), (or a
“MEE” for short) is a complete, orientable manifold with a metric g in
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L2, (Sym?T*M) for some [ > 4 such that there is a ® € R* and an injec-
tive smooth map
Q:RI\B(R) - M,

so that: (1) My := M\Q(R3\B(R)) is compact; (2) on Q= (M\Mg), Q*g —
go = 0, where g is the Euclidean metric on R3.
A metric satisfying the above is called an (I-)admissible metric.

Note that in the above Ll2 loc 18 defined with respect to a fized smooth
metric; however it is independent of the choice.

Notation 2.2.3. We will often use the same notation to denote a function
or a section on R*\ B(R) with its corresponding function or section on M\ Mg
induced by Q. For z € M\ Mgy, || makes sense via {2 in a similar way. For
any R > R, we define the open set My :={zx € M : |z| < R}.

Notation 2.2.4. Let x; be a smooth cutoff function on R? which is 1 for
|z] < 1, and O for |z| > 2. Generalizing, we use xr to denote a cutoff
function on M such that yg(z) = x1(Q27(z)/R) on M\ Mg, and 1 on Mg.

Notation 2.2.5. Let (1,22, 23) be the Cartesian coordinates of x € R3.
Later we will combine z1, 29 as z := x1 + izg, and write x = (z,x3). On
M\Mgy ~ R3\ B(R), we will often decompose a configuration as: (A,) =
((Az, As), (o, B)), where «,  are components in the splitting (2.1) of S.

Definition 2.2.6. For any integer | > 4, and a fixed [-admissible metric g,
we call a 2-form @ (I-)admissible (with respect to g) if it is C'~3, harmonic
(with respect to g), and over M\ Mgy, q := Q*(x0) — dx3 satisfies:

l—
(1a1#+91vk|) < C. (2.6)
k=0

When 6 is coexact with «0 = df, we call the harmonic function f (I-
)admissible if over M\ Mgy,

1—

)

(’x‘(2+k)’vk(9*f N x3)’) <. (2.7)
0

i

An (I-)admissible pair is a pair of an l-admissible metric and a corre-
sponding admissible form.
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We shall choose the constant R in Definition 2.2.2 so that C' < 1 in (2.6),
and C' < 1in (2.7).

In fact admissible pairs exist in plenty as the following proposition shows.
Versions of this proposition have appeared in the literature (e.g. [10].) A
proof can be found in Appendix 1 of [23].

Proposition 2.2.7. For an arbitrary admissible metric on a 3-manifold
with a Euclidean end, there exists a unique corresponding admissible func-
tion. Furthermore, in either the Ll2 or C* category, the admissible function
corresponding to a generic admissible metric is Morse.

We shall from now on until section 6 fix an admissible pair (g, ) on an MEE
M. Since *0 is always exact on M\Mg C R3, there is a function f over
M\ My, satisfying (2.7). Such a function will suffice for our later purposes,
and we shall also call such a function an admissible function, though it is
not necessarily globally defined on M.

(B) SOME USEFUL BANACH SPACES ON MEE’s.

Definition 2.2.8. Let V be a Euclidean or hermitian bundle over an MEE
M, and let A be a metric-preserving connection on V. Define LP(V),
V]f/A(V), and LZ/A(V) to be the completions of C§°(V) (the space of com-
pactly supported smooth sections), with respect to the following norms re-

spectively:
lelp = [ (e
M

k
€llpor/a = 2 VAVl

)

where V4 is a metric-preserving connection induced from A and the Levi-
Civita connection, and

€llpxsa = I€llp + 1]l piksa-

Notation 2.2.9. Later on we will often omit the subscript A. For example,
[l = 1I]|./ if A is imposed with certain asymptotic conditions such that the
Banach spaces defined are independent of the different choices of A (which
is often the case). Furthermore, in these cases we have the inequality

Cllellya < lgll.zar < ClIEN./a (2.8)
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for different connections A, A’ satisfying the asymptotic conditions and some
constants C'; C’ depending on A, A’. (cf. Lemma 4.2.2, Lemma 4.3.3).
Therefore, if an inequality involving || - [ holds, a similar formula (which
differ only in some constants) holds for ||-|| 4-, for any connection A’ satisfying
the same conditions. Another case to drop the subscript A is when V is
trivial (with a fixed trivialization) or a bundle derived from T™M; in this
case A is assumed to be obvious choice, namely, the trivial connection or the
connection induced from the Levi-Civita connection.
V2 will be often denoted by Vj.

Definition 2.2.10. Let \| be a cutoff function on R so that \j(s) =1 for
|s| < 1and Nj(s) =0 for |s| > 2. Let Nz(s) := N|(s/R).
Let ¢ be a real function on M defined by:

ci=Ngof+(1—Ngof)IfI/R (2.9)

In the above we take R > R to be large enough such that | V<] < C/R < 1,
where C' is a positive constant.

Definition 2.2.11. (weighted version of 2.2.8) Let £, A be as in Definition
2.2.8 and let € € R, € > 0. We define the following norms:

”§Hp:6 = ”§ef”p~
1€ lpskiesa = 1SV alllp + -+ + [Is“VEE -
1€llpgeesa = lIsEllp + ISV alllp + -+ + < VEE |-

Define the weighted Banach spaces L¥(V), V]f:e/A(V), Lz:E/A(V) as the com-

pletions with respect to the above three norms similarly to Definition 2.2.8.

Note that when ¢ = 0, the norms and their corresponding Banach spaces re-
duce to the unweighted case in Definition 2.2.8. When p = 2, L? is equipped
with a Hilbert space structure:

(€, v)2:e = (€, V)2
The Holder inequality in the weighted norms takes the form
1f9lle:e < 11 fllper 9lg:es (2.10)

for ™! = p7' + ¢! and €; + €3 = €. In particular, if f € L? and g € L{,
then the right hand side is bounded by || f1|p:c||g]l:e-
We have the following versions of Sobolev inequalities on an MEE.
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Lemma 2.2.12. ([6], Lemmas 13 & 14, with errors corrected) Let V, A be

as in Definition 2.2.8. Let p € (1,3) and V?, ,(F) be the space of sections &

1/A
of V satisfying ||V a&||, < co. Then we have embedding le/A(V) — L (V)
forq <p= 3P Moreover, there exists a constant C depending on p and

3—p°
V but not on A, and a continuous map p : le/A(V) — [0,00) that factors
through the map § — |£|, such that

L a7 (0) = V2, (B);
2. Il = w(©)llp < CLlIVEl- (2.11)

If moreover ||V 4£||p,1 < oo, then

Jim_sup (1€ 0 0 - pu(€)) = 0. (2.12)
=00 |2|>R

Also if 1 < p < 3 < q < 00, we have for any £ € C§°(E),

[€lloo < Cli€llg1/a5 (2.13)
€lloc < C'(IVAElp + IV 4€llg)- (2.14)

For example, when ¢ = 0 and F is a trivial real line bundle, £ may be
identified with a scalar function f. In this case (2.11), (2.12) simply says
that for all £ € LY,  with Vf € LP, there exists a constant ¢ = pu(f) > 0,

such that f — ¢ € LP and such that f — c uniformly at infinity.
3. Properties of Seiberg-Witten solutions.

In §3.1 we define admissible configurations and discuss some basic properties
of admissible Seiberg-Witten solutions. In §3.2 we show that all admissible
Seiberg-Witten solutions on R? with the standard perturbation arise as pull-
backs of vortex solutions up to gauge transformations. §3.3 contains a crucial
decay estimate of Seiberg-Witten solutions.

3.1. Seiberg-Witten solutions on 3-manifolds with Euclidean ends.

We mentioned that the Seiberg-Witten theories on MEEs corresponding to
the t = 0 case and the t > 0 case are very different. The following observation
is a first manifestation of this fact. When integration by parts is applicable,
the Weitzenbock formula implies that in the ¢ = 0 case, a finite energy
solution has L%-integrable V41, Fa, and [1|?. This is no longer true in
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the ¢t > 0 case (cf. especially the R example in §2.2). Instead, we shall
introduce configurations of finite “vortex numbers” for which Fy4, V 41 are
only L2-integrable over generic hypersurfaces in M.

Let Ay be a reference connection on L such that Fy, € C§°, and let
(A, 1) be a configuration on a MEE M. Then A — Ay is a 1-form on M.

Definition 3.1.1. In the above notation, a configuration (A4,1)) is admissi-
ble if it satisfies:

1. (A= Ag,9) € L2 1 1o

2. There exists a real number R > 0, such that |¢(z)| is bounded on
M\Mp.

3. Tt = 0, then (A — Ag, 1) € Vo,
If t > 0, then: (i) on M\Mgy, 5 = (’](T? — i)y € Vi,4(S); (Note that
on M\Msy, the splitting of S (2.1) makes sense.); (ii) there exists a
positive constant R > R such that for any real number C, |C| > R,
the integral of |Fi4|? 4|V 4¢|? over the plane Po in M\ Mg ~ R3\ B(R)
given by x3 = C' is finite.

Note that the above definition does not depend on the choice of Ag. In
the t = 0 case, conditions 1 and 3 imply condition 2 by lemma 2.2.12. In
the t > 0 case, condition 3 (ii) is an alternative way of saying that the
configuration has finite “vortex number” (cf. Definition 3.3.8).

In this paper, we shall always assume that the configurations are admis-
sible.

By the Sobolev embedding theorem, we have:

Lemma 3.1.2. If (A,v) is an admissible configuration, then v € L* for
any t.

Lemma 3.1.3. Suppose that M is an MEE with a (I+6)-admissible metric;
| >3, and w € L} (hence w € L?,,. in (2.4)). Then the following holds for

Lloc
any admissible Seiberg-Witten solution

1. (A= Ay, ) € C2.

2. For any small € > 0, there exists an e-dependent constant R > 0, such
that |[¢|>(z) < 2 + ¢ in the region where |z| > R, where z := ||w||s in
the t > 0 case, and z := 0 when t = 0.
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Note that conversely, statements 1 and 2 in this lemma obviously imply
condition 1 and 2 in Definition 3.1.1.

Proof. The first claim follows from part (1) of the next lemma by the Sobolev
embedding theorem. The second claim follows from Proposition 3.3.3 below
in the t > 0 case, and in the ¢ = 0 case it follows from part (2) of the next
lemma and lemma 2.2.12. U

Lemma 3.1.4. Let (A,) be as in the previous lemma. Then (1) (A,v) €

Ly g o0 (2) in the t =0 case, (A,9) € Viyy)a,-

Proof. Both (1) and (2) follow from an elliptic bootstrapping argument sim-
ilar to that in [29] section 5.3, using the L*>°-bound on . O

Thus we have the following finer uniform L*°-bound on v when (A, )
is a Seiberg-Witten solution.

Lemma 3.1.5. Let (A,v) be as in lemma 3.1.3 and 2z’ := ||sup(—s,0)||oc,
where s is the scalar curvature of M. Then |1(z)]? < 2 := ||w]||oo + 2’ for all
x € M. Via (2.2), this gives a L*°-bound for F4.

This follows easily from lemma 3.1.3 and a standard argument via a
Weitzenbock formula (cf. [19]).

3.2. Solutions on R3.

The theory on R3 is the simplest example and will be the building block for
later sections. In this case the Seiberg-Witten equations can be completely
solved.

First notice that when ¢ =0 and w = 0, (2.5), the Weitzenbock formula
and Definition 3.1.1 tell us that the only solution (up to gauge equivalence)
is the trivial one: Fy =0, ¥ = 0. So we quickly move on to the ¢t > 0 case.

In the fundamental representation of su(2), the Lie algebra is spanned
by the basis !

0 ¢ 0 1 i 0
71_(2‘ 0)’72_<—1 0)’73_(0 —z‘)‘ (3-1)
On R3, we choose the Euclidean coordinates and metric, and choose the
perturbing harmonic 2-form to be —t6/2, 6 := dx; A dre = *dxs3. Since

"'We adopt the convention in quantum mechanics, where 72 differs by a sign with
that in many mathematical literature.
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|0](z) > 0 for all z € R3, § splits the spinor bundle into two trivial complex
line bundles (cf. §2.1). Denote according to the splitting ¢ = (a, 3). The
Euclidean coordinates and metric induce a canonical trivialization of S (com-
patible with the above splitting), with respect to which the Spin-connection
is trivial (as a matrix-valued 1-form). A general Spin“-connection with re-
spect to the same trivialization is

A= ( ‘%E ) ) (3.2)

Working in the temporal gauge and letting z := z1 + iz, (2.2) reduces to:

283A2E = —Oéﬁ, ’
where AY = AF +iAL and
83(1 + QaAEﬂ == O,
{ —033 4+ 204pa = 0. (3.4)

For ¢ > 0, (3.3), (3.4) can be reduced to the ¢t = 1 case by rescaling:
Si(x) =tz =t"%(n, Bh). (3.5)

We will hence concentrate on the ¢ = 1 case for the rest of this subsection.

There is an obvious family of solutions: we simply take § = 0; the
Seiberg-Witten equations then require o, A¥ to be independent of 3, and
their dependence on z is described by the equations

gAEOZ == O,
i 3.6
{ 2FE = —L(t - |af?). (3:6)

When t = 1 this is exactly the vortex equations on C, whose solutions are
described in e.g. [40] and [15]. We refer the reader to the Appendix for a
list of some of their important properties which are frequently used in this
paper. The solutions for the case t > 0, ¢t # 1 will be called “t-rescaled
vortex solutions”. The prefix “t-rescaled” will be often omitted when it is
clear from the context.

Note that since the vortex solutions (4, ) have nonzero L?(C)-norms for
Fy4 and V 4ea, the family of Seiberg-Witten solutions described above have
infinite L?(R?)-norms for the curvature and V 47 unless the vortex number
is zero.
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Proposition 3.2.1. The above solutions are the only admissible solutions
of (3.3), (3.4) for t > 0 in temporal gauge.

Proof. Tt suffices to show that if (A, 1) be an admissible solution, then 5 = 0,
because (3.4) then implies that 93 = 9,z = 0, and hence the conclusion
of the Proposition.

The Seiberg-Witten equations imply

( —2V3s + %(1 + |al? + \5]2))5 =0. (3.7)

Let xr be the cutoff function in Definition 2.2.4. Taking L?-product of (3.7)
with x g3, we have

(XnB.(~2V% + (1 +[af? + |8)8) = 0
= (2Var(Bxn), Var) + {xub, 51+ laf? + 1)5)
(20VxR, V 458) + (2rY 426,V 453)

+{xnf 50+ lal? +152)8). (38)

Now

BV xR,V aeB8)] < ||Bll6|VXRI3IV 4282, — 0 as R — oo,

since by scaling [|[Vxg|z = [|[Vx1lls. (Cf. [15] lemma VI.3.3.) Here || - ||2,r
denotes L?-norm over the space outside the sphere of radius R, as Vg is
supported on the annulus of R < |z| < 2R. If 8 € V} 4», by lemma 2.2.12

18]l6 < [IVarBlla < 00. As both (xpV 453,V 41 0) and (xrf, 5(1 + |a|* +
|3|2)3) are positive, taking the limit R — oo in (3.8), we obtain 3 =0. 0O

Thus there is a 1-1 map, j, from the space of vortex solutions on C to
the space of admissible Seiberg-Witten solutions on R?,

(A @) = 67 (2p" A, (t'/%p*a, 0)), (3.9)

where p is the projection from R3 to C: = + 2 (cf. Notation 2.2.5). We call
therefore these Seiberg-Witten solutions the “puli-backs of vortex solutions”.

3.3. Asymptotics of the Solutions.

Throughout this subsection we restrict our attention to M\ Mg ~ R3\B(R).
The goal of this subsection is to establish a pointwise asymptotic estimate
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(Proposition 3.3.3 for ¢t > 0; Proposition 3.3.11 for ¢ = 0) which tells us that
a Seiberg-Witten solution approximates a “reference configuration” (§4.1).
To obtain better estimates, we shall use an non-Euclidean coordinate system.

3.3.1. An atlas on M\Msyp. We will describe an atlas on M\Maop ~
R3\ B3(2R), induced by the gradient flow of f. Let Uy := {(z,23) € R3 :
+x3 > Ror |z| >R} C M\Myp. M\Mogp C Uy UU_; we will specify coordi-
nate systems on U, U_ respectively.

Since df is never zero on this region, f is a good coordinate function. The
level surfaces of f form a 2-dimensional foliation of M\ Mgy, and the Clifford
action of df induces a complex structure on these surfaces. The gradient flow
of f induces diffeomorphisms between level surfaces when f > Ror f < —R;
furthermore, the direct limits of the systems of level surfaces f — 4oo
exist and are diffeomorphic to C, which we shall denote as Pio. (This
follows directly from the asymptotic condition on f (2.7), which implies, for
example, that if the distance § between two points on the f = A > R level
surface is small, then the distance between their images under the gradient
flow on the P, is between 5“2 and 6e_CA_3.) Let 0+ : Ux — Pioo
be the differentiable maps induced by forward and backward gradient flows
respectively, and let z+ be the complex coordinates on Pi,, = C. Using the
same notation for its pull-back via 0, z4 together with f form a coordinate
system on Uy. Of course, in this coordinate system the metric g;; # 0;;.

Note that on M\Mgy D Uy UU_, the complex structure on K ' (whose
fibers are tangent spaces to the level surfaces) is given by the Clifford action
by df described in §2.1. We let d denote the corresponding complex differ-
entiation on the level surfaces, which is not equal to %. However in the
f — Zoo limits, they coincide because of the asymptotic conditions of the
metric g and the function f.

3.3.2. £ and T*M as pull-backs over U,. A trivialization of F U
+

— 81@‘@ (the latter denotes the pullback of

induces an isomorphism F
Ut

the Higgs bundle over C = Pyo).
On the other hand, over M\ Mgy we will often write:

T*M = K ' ®R,

where R denotes the trivial R bundle spanned by df. On U, the connections
induced from the Levi-Civita connection identify both components on the
right hand side as pull-backs: K~ ~ 9% TC (Regarding K ~! as a sub-bundle
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of the tangent bundle); similarly R ~ 0% N, where N is the normal bundle
of C x {0} cCxR.

3.3.3. The decay estimate for t > 0. Let ¢ > 0 from now on until 3.3.11.
Let A1 : R — [0,1] be a smooth cutoff function, which is 1 on [1,00) and
vanishes on (—oo, —1]. Let \y(z) := A1 (z/d).

Given two t-rescaled vortex solutions a,b € I'(T*C&C) and a real number
0 < d < R/2, with respect to a trivialization of E on M\Max we define the

following pair of connection and section on E :
M\ Mg

v(a,b) := Ag(falzy) + (1 = X(f))b(z-) eT(K ' @ E). (3.10)

This makes sense according to 3.3.2, because support(Ago f)NM\ Moy C Uy
and support((1 — Ag) o f) N M\ Mayr C U_ on which we adopt respectively
the coordinate systems on U, ,U_ described above.

Proposition Let M be an MEE with a k-admissible metric, k > | + 5,
kil eZ*, and let t > 0, w = 0. Let (A,%) = (A, (a,3)) be an admissible
Seiberg- Witten solution on M.

Then for a large enough R > R and d, R/2 > d > 0 (which may
be chosen independently of (A,v)), there exist t-rescaled vorter solutions
vi,v— € C®°(T*C @ C) such that (AY,ap) = v(vy,v_), regarded as a pair
of connection and section on E wvia a trivialization of E!M\MR with respect
to which AP (V f) =0, satisfies

l l l
ST IVl 2 (ST AT — AP+ 3 V(0 ag)]) < Clal ™,
i=0 i=0 =0

- (3.11)
on M\ Mg, where C is a positive constant dependent on R, d, but not on the
configuration (A,).

It will be clear from the proof that though v,,v_ depend on the choice of
trivialization above, the connection and section (AY,aq) does not. Also,
obviously we could have chosen the number R in Definition 2.2.2 to be as
large as the R in this Proposition. To simplify notation, we shall let R = R
in later sections.

Proof. The proof will occupy the rest of this section and is divided into 3
steps. The first step starts with Definition 3.1.1 condition 3 and introduces
pointwise estimates for § and its derivatives. At Step 2 we deduce the
existence of the limits of (A(zi,f),¢(zi,f)) as f — +oo. At Step 3 we

deduce the estimates for quantities involving A¥ — AOE and a — ag.
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STEP 1. ESTIMATING (3. We will repeatedly make use of the following
version of the maximum principle, whose proof is very similar to the proof
of Proposition 3.2.1 earlier.

Lemma 3.3.4. ([15] Proposition VI.3.2, weak maximum principle.) Let M
be as in the previous Proposition and let V := M\Mp ~ R3\ B(R) C R3,
where R > R. Suppose that

1. w is a L? function on V such that Vu € L*(V), and u < 0 on 9V

2. For all compactly supported function &, 0 < & € L¥(V), the following
holds:

] (99 (V) + ecu) <o

where c is a positive function.

Thenu<0inV.

The original statement in [15] is in fact stronger: in the above we replaced
the original LP (p = 6 in our case) condition for u by Vi, which implies the
former by Lemma 2.2.12, and is easier to verify in our case.

Notation 3.3.5. We let 0" or ol', i € Z' denote a positive polynomially
decaying function o™ < C|z|~™ for some positive constant C, which varies
with the context. Because f = x3+0%, 24 = 2+0?, we see that 0" exhibits the

same decaying behavior in the new coordinates: 0" < C’(|z+|? + | f]?)~"/2.

To start the ball rolling, project the equation 3,247/) = 0 to the 8 component
by inner producting with 5 as in [42]:

1., 1
S@ A+ [VaB + S IB(B1° + IV F| + |of*) < 0l B* + 02|V 4z0|B],

where the functions of and 03 has the designated decay because of the asymp-
totic condition of g, 6 (cf. Definitions 2.2.2, 2.2.6). Using the triangle in-
equality, one gets

1, 1
SA" B +|VAB+ S8 (8 + V| +]al*) < elf” + 05V amal*. (3.12)

Where |z| = r > R is large enough; € is a small positive number depending
on R. To get rid of the undesired |V 4za|? term, perform a similar estimate
for |a|?:

1, 1
@ dlal® + |V aeal* + Slaf(jaf* =tV FI+[B%) < &'laf* +0i[VaBl*. (3.13)
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We may find a constant C such that by adding Cr~® times (3.13) to (3.12),
and using the L°°-bound for v, we have with

vy == |B]° + Cr~¥|af?, (3.14)

1 1
id*dl/o + §(|OZ|2 + |ﬂ|2 + t|Vf|)V0 <eyy+ 0%,
Take a comparison function
h:=C'(t)r 8, (3.15)

and let u := vy — h. We choose the constant C’(¢) in (3.15) such that u < 0
where r = R and %d*du—f—Clu < 0 for another constant C'y. To apply Lemma
3.3.4 for u, we need only verify Vu € L?. This holds because h is evidently
in V7, and vy € Vi by Lemma 3.3.6 below. Lemma 3.3.4 thus implies that
vy < 08 and therefore

13| < 03. (3.16)

Next we show by induction that
7 4, 7 9] .
E — 9 -~ . .
V' e Bl < 0% |Viysal € L fori<l+1 (3.17)

Note first that (3.17) holds for ¢ = 0 by previous arguments. Assume that
(3.17) holds for all i < k. We will show that (3.17) holds for i = k as well.

Let V,IZE’ acts on the 8 component of the equation aglqb = 0. Then
inner product with Viy B. Let mg denote the projection to the 8 compo-
nent. Note that the commutator [VZE,,WﬁleV 4] yields terms involving
Fa, Fax,Vw and their derivatives. Using the Seiberg-Witten equations, F4
and its derivatives may be substituted by terms involving «, 3, and their
derivatives; the derivatives of Fiyx, Vw are o* by the decay conditions in the
definition of admissible pairs. Summing up, we thus have

AE’

< (Cst + 08)|[VE B + V5 1 Bl (0d| VE ol + 03| VEE o] + 0%)

1, 1
5@ AV B + VLB + S IV BB + IV f] + |af)

by the induction hypothesis. Using the triangle inequality again, the above
inequality may be simplified as

AE'
< (C1+ €2)|VE o B + 08|V saf? + of
+05| Vit a2 (3.18)

1, 1
SA AV e B + VLB + S IV BE(B7 + V| + |of)
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karl

Again to get rid of the unwanted | a|? term, we perform a similar esti-

mate for |V§‘Ea|:

]‘ %
S dVeal + [VEE ol + Voo (5P ~ 9 f]+ faf)

< (Cst + 53)\V§1E0¢\2 + 012’V,12Em2 + 05

+oly| VAL B (3.19)

Again we may choose constants C, C' and Cg such that by the induction
hypothesis, letting

v = [V B + Cr 8| Visal® + Co|VF 1817 + C'r 8 Vi el (3.20)

we obtain by summing up suitable multiples of (3.18), (3.19) and r~® times
of their k — 1 versions:

1, t
5@ d(wk) + Sve(I8 + [V f| + |af?) < eavi + o5y

Thus by the comparison principle, using a comparison function h’ of the
same form as (3.15), we may apply Lemma 3.3.4 to conclude that v}, < 08,
provided that v, € Vi. This is verified in Lemma 3.3.6. Thus we obtain

Ve8] < o (3.21)
[Vial <07 (3.22)

for large enough r, verifying (3.17) for i = k, and by induction (3.17) is
proved up to Lemma 3.3.6.

Lemma 3.3.6. Let vy and vy be as in (3.14) and (3.20) respectively. Then
for0<k<Il+1, 1€ Vl(M\MR).

Proof. We first show that vg € V;. By Definition 3.1.1, condition 3, we need
only to show that
|V szal/r® € L?(M\Mg). (3.23)
To show this, let xa be the family of cutoff functions given in Notation
2.2.4 (parameterized by A, A > R), and let Ay := (1 — xg)xa. Then for
neZr:

0:<C7A()\A¢) M>

i

= (A A L (2 s )+ 23 (w5 () b IV
1]
+(2n w,p(FA)£> <V)\Aw vrfi¢>. (3.24)
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Now using the L>-bounds of s (scalar curvature) and Fy4, and applying the
triangle inequality, we have

HWNWH (C + Cy/A) H)\1/27/) H _|_€H)\1/2VA¢H + Gy,

where C3(1) is a positive constant dependent on v, e, but not on A, that
comes from integrals over compactly supported integrands involving 1. Now
taking A — oo, this means that (1—XR)1/2% € L? when n > 2. Combined
with the fact that ¢ € L2, this implies that 4% € L2(M\Mg) for n > 2,
which implies (3.23).

In fact, arguing in a similar fashion with the equality (j € Z™T)

0= <VQ_15A()\A¢) VQ_15A¢>’

rn ) rn

1,loc’

we see by induction that

W € LA(M\Mpg), for1<j<I+3. (3.25)

Next, to show that vy € Vi (M\Mg) when k > 0, it suffices to show that
(i) |V* o B|* € Vi(M\Mpg) and (3.26)
(i) r 8| VEpal? € Vi(M\Mpg) forall ke Z', k <1+1. (3.27)

To show (3.26), we multiply (3.18) by )\A\VZE/ﬁ\Q and integrate over M,
then take A — co. We obtain

11 = xr)"?d| V613
<C (110 = xm) VA Bl + (L = xR) VL 13
+ O = ) BIE (111 = ) AV a3
+ 111 = xr) IV al}) + Ci(8).
By Lemma 2.2.12, and (3.25), this is finite if
V) o€ L*(M\Mp) forall j € ZF,1<j<I+2 (3.28)

To verify this, we multiply (3.18) by Ay and integrate over M. Then take
A — oo. This gives

10 = xr)2VEE 813 < C (10 = xR) 2V BIE + €7

= x) V2V el + 11— xr) VR lR), (3.29)
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By (3.25), the right hand side is finite except perhaps for the first term.
Note that the j = 1 case of (3.28) holds by Definition 3.1.1. By induction,
(3.29) implies that (3.28) holds in general. Thus (3.26) is proved.

To show (3.27), we multiply (3.19) by )\Ar*m\V’zEa\Q and integrate over
M. Then take A — oo. This gives

11— xr)"?r8d|V¥ sal?|3
< Ci)(1 = xr)Vor T VELallBI(1 — xr) AP VEE A
+05|(1 — xr) V2 2VE |3 + C3()

k
+C =) VR DD 10— ) Vi
i=[k/3]
(= xR, (3.30)

which is finite by Lemma 2.2.12 and (3.25). This implies (3.27). Lemma
3.3.6 is proved. O

STEP 2. APPEARANCE OF VORTEX SOLUTIONS AND VORTEX NUMBERS.

Lemma 3.3.7. With respect to the trivialization of E specified in Propo-
sition 3.3.3, (AP (24, f),a(z+, f)) converge pointwise to (Ai(z+),ax(z+))
uniformly (in zy) as f — =+oo. Moreover, (Ay(z1), a4 (2+)) are both t-
rescaled vortex solutions.

Proof. With respect to this trivialization, A”(Vf) =0, so AF = (AP)(L0) 4
(AF)O1) s fully encoded in the anti-holomorphic 1-form (A®)O1) ¢ k=1,
We shall often drop the superscript (0,1) when it is clear from the context.
The Seiberg-Witten equations implies

IV f|0ra = —20 450 + o*; (3.31)
2|V flo;(AF)OD = —a3. (3.32)

by the asymptotic condition of § and the L°°-boundedness of ¥. Note that
had we adopted the Cartesian coordinates, the right hand side of last equa-
tion would have involved an additional o®-term, leading to less desirable
estimates.

In Step 1 we established the o' decay of |3| and |0,z 3]; furthermore

‘\Vf\ - 1‘ < 0, therefore both drar, 9y AP decay as o?. By integrating along
the gradient flow lines, we see that the equations imply that both A¥(zy, f)
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and a(z, f) converge uniformly to Ay (z4) and a4 (z4) respectively as f —
+00. On the other hand, the rest of the Seiberg-Witten equations

2040 = [V f|0;5 + o
1 1
2F>£f + Zi(t — ’06‘2) = —Zi‘ﬁP + 03

(Fﬂf denoting the *df component of F¥) tell us that

25/& at = 0;
1
2(Fashz +i5(t = las|?) = 0. (3.33)
Namely, the limits solve the t-rescaled vortex equations (3.6) on C. O

3.3.8. Digression on Vortex Numbers. The convergence in the last
lemma allows us to introduce the notion of “vortex number” of a Seiberg-
Witten solution:

Definition The vortex number of a Seiberg-Witten solution (A,)) is the
vortex number (cf. Appendix pt. 1) of the vortex solutions (Ay,ay) or
(A_, ) from the previous lemma.

It is justified below that the vortex numbers of (A4, a4 ) and (A_, a_) are the
same, so we have an unambiguous definition of vortex numbers for Seiberg-
Witten solutions.

The vortex numbers have an alternative description as Chern numbers.
First observe the simple fact:

Lemma Let (Ay,ay) be as the above. Then (i) the vorter number of
(At,ay) is finite, and (i) sup,, |—q|Far(z4, f)| — 0 uniformly in f as
d — 0.

The U_ versions of the above statements are true by the same reason.

Proof. By differentiating (3.32) with 0 and by the estimates (3.16), (3.21),
(3.22) and the L*>*-bound on 1, we have

|0¢ | Fiepl| < [0y Figg| < 0. (3.34)
Claim (ii) of the lemma follows from integrating the above over gradient
flow lines of f, and using the exponential decay (with |z |) of curvature of

the vortex solution (A4, ay) (Appendix pt. 3) when claim (i) is true, plus
(3.32).
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To prove claim (i), by Appendix pt. 1 we only have to show that
/C(|FA+|2 +|Va, ap[P)dzidzy

< /// (|l + IV aral?)dzy dz df
{(Z+,f)::tg(z+,f)2A>>§R}

+(1+CA3)/(]FE]2 + |V pzay |?)dzdz
C

is finite. But this is true because on the right hand side, the integrand of
the first term is o? by (3.34) and a similar estimate for 9¢|V 4|, and the
second term is finite by Definition 3.1.1 condition 3. g

Let H be a surface in Uy such that ébr‘H is surjective and f(H) is

bounded. Then the above lemma implies: (i) [ “;ff is the relative Chern

number of F o0 and thus an integer; (ii) by the Bianchi identity this integral

is the same for any two such surfaces; (iii) therefore all such integrals equal
the f — oo vortex number of the Seiberg-Witten solution. Obviously, the
analogous statements for the U_ region and the f — —oo limit hold also.

Now If one deforms the surface H out of U, the above Chern number
changes only when the surface sweeps across points in My where 6 vanishes
(at which the splitting of the spin bundle (2.1) fails). However, the f — +oo
vortex numbers are the same, because Fy is well-defined on the whole M,
and by the Bianchi identity, last lemma, (2.1), and the asymptotic condition
on 6,

) 21 7
lim — Fp=1 — F — F
Ao fo,, A= i G / et or f,, Far)

= 2 x (the f — %00 vortex number),

where Py, is the level surface f = L in M. End of the digression.

STEP 3. ESTIMATING a AND 7. Let vy := (A4, aq) and v_ = (A_,a_)
and define (A%, ag) := v(vy,v_) as in the statement of the proposition. We
shall now derive the estimates for a := AF — AF and 1 := a — ag in the

proposition. In fact, below we will only focus on estimates for a, since those
for i are entirely parallel.

Note that 9fA¥ is supported in the region where |z| > R, which is in
Us NU-. In this region z_ can be expressed as a function of z,, and vice
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versa. By (3.32)

;A P < VM) Ay — A o 2_|(24)
< [V(f)] /R 0747 (24, FIdF < Cl2| 2V Aa(F):

also from (3.32):
Oal < | - aB| + 19 AF| <o + CL VM) (33)

From the construction of (A¥, ag), we know a and n approach zero as |f| —
oo; we may integrate over the gradient flow lines using the fact that df|a| <
|0ral to obtain |a| < o®.

To obtain pointwise estimates for the derivatives of a, we first differenti-
ate (3.32), and argue similarly as above using the estimates for ||, |3|, and
their derivatives obtained in step 1.

This completes the proof of the proposition. O

The following corollary has important applications in sections 4 and 5.

Corollary 3.3.9. In the notation in Proposition 3.3.3:

(1) (AF — AF, (a — o, 3)) is bounded in the weighted Sobolev norm L, for
0<e<3/2

(2) Let ©. be the operator defined by (A.1) (the deformation operator of
the vortex equations at c). Let m,. be the projection from L?(T*C @ C) to
Ker©,, C L*(T*C & C). Then regarding (A¥ — AF, o — ap) as a family of
functions in z+ parametrized by f, f € R,|f| > R, 7y, (AP — AY, a — ag)
gives a C"-valued function over f since Ker ©,, ~ C" (cf. Appendix, point
6). Proposition 3.3.3 implies that |m,, (AP — AP o — ag)| < C|f|73.

(3) 22:0 |Vivy — Viv_| < Cilz4|73, where Cy are positive constants inde-
pendent of (A,1)).

Proof. The proof for (1) is immediate from the proposition. For (2), using
the exponential decay property of elements in Ker O, (Appendix, point 6)
we may bound |m,, (A¥ — A¥ a — ag)| by:

C
C‘/’x‘_ge_wzildzidii‘ < ﬁ‘/eﬂzﬂdzidzi < Ci’f’_?’.

(3) is a by-product of Step 3 of the proof for the proposition. O
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We remark that in section 4, we work in another gauge d*(A — Ag) +
iImg - (Y — 1) =0. (Yo = (ap,0); Ap is the connection on L associated to
AF)) By Proposition 3.3.3, that gauge is asymptotic to the present gauge in
the sense that in the present gauge, |d*(A — Ag) +iIm1)g - (¢ — 1g)| < 03,

Definition 3.3.10. The “centers” of vortex solutions on C mean the zero
loci of their Higgs fields (which consist of points in this case, cf. Appendix).
Similarly, the “centers” of perturbed Seiberg-Witten solutions (¢ > 0) are
the zero loci of the spinor fields (which consist of paths that are asymptotic
to lines in the x-direction where x3 — +00).

3.3.11. The t = 0 version. Note that in the proof of Proposition 3.3.3
above, we did not actually use the condition ¢ > 0 except at Step 2. When
t = 0, the proof of Lemma 3.3.7 still works, but now (3.33) implies that
ar = 0; Ay(zy) = id€y(zy) are flat connections. We then may define
ag = 0, and

AY = ido, where & = Aa(f)é1(24) + (1= Aa(f)é-(2-),

interpreted as with (3.10).

Proposition Let t = 0. Under the same assumptions as Proposition 3.3.3,
an admissible Seiberg- Witten solution (A, ) in this case also satisfies (3.11),
with (AY, ap) reinterpreted as above.

4. The configuration space and the quotient space.

In §4.1, we define the relevant norms for the purpose of proving sliceness
of the configuration spaces under the gauge group actions. We construct
the configuration spaces and establish the Banach manifold structure of the
quotient space in the t = 0 case and the t > 0 case in §4.2, 4.3 respectively.

4.1. Analytical preliminaries.
Suppose that M is an MEE with a k-admissible pair (g,0), k > + 5.

4.1.1. The Reference Configurations. It turns out that the configura-
tion spaces we consider will be contained in some coordinate patches based
on certain reference configurations. Before we define them, let us fix some
notation. Let

A} € L} (C,T*C) x Lj},.(C,C)
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be a neighborhood (in the L? sense) of M?, ,..~the embedding of the moduli
space of vortex solutions with vortex number n described in the Appendix.
We shall take the neighborhood to be small enough for our purposes. In
particular, ©. (cf. (A.1)) is invertible when ¢ € A'. An element in A} is

called an approximate vortex solution.

Definition (1) In the ¢t = 0 case, ¢o = (Ao, Yo) is a reference configuration

if there is a trivialization of E ‘M\M with respect to which (AF, ) = (0,0)
Rid

on M\ Mgy.

(2) In the t > 0 case, a reference configuration cq,q, = (Ao, 1) associated
to two approximate vortex solutions ay,as € A} is a configuration such that
over M\ Mgy, (A¥, o) = (A, (a0, 0)) where (A, ap) = v(a1,az) defined in
(3.10).

We next introduce some useful norms and discuss their properties.
Definition 4.1.2. Let M be an MEE, and let V' be a Euclidean/hermitian
bundle over M constructed from S and/or T*M. (V may be trivial.) Let ¢ =
(A, %) be a reference configuration. Let V 4 denote the covariant derivative

of V' derived from the Levi-Civita connection on 7*M and/or A. (When V
is trivial, V is the ordinary derivative.) Let £ € C§°(V'). Define

€12 := 1V A€ l13.e + IEBIIIE.c.

¢ being zero for the t = 0 case and € € [0,3/2) in the ¢t > 0 case. Let

— J €ll2ia + l€llg/s  in the t = 0 case;
HfHZl,c = .
Hf”zz;g/,q in the t > 0 case.

If V is a trivial C-bundle or R-bundle and [ € Z*,1 > 2, define

[€lle + IVVE]l2—2 + | = V2 + E[Y[?]l6y5  when t = 0;
1llx,. = IVElle + 1€V when ¢ > 0,1 = 2;
[VE]le + 1€Y]lc + [IVVZE]l2,0-3: when ¢ > 0,1 > 2.

For another configuration ¢, with (a,n) := ¢ — ¢ and | > 1, define the
following norm in the tangent space to the configuration space

lalle+IValla -1 +nlle+ 1V anll21-1/4
(@, My, = +|d*a +iIm) - 15 in the ¢t = 0 case;
lalle+IVall2 i1+ 7l +1IV anll2-1/4: in the t > 0 case.

Denote by H.(V), Z;1.(V), Xic, Yi.c, the corresponding completions.
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Remark 4.1.3. (1) These norms are obviously defined for more general
configuration c. Later we will encounter versions of these norms for a general
¢ in the configuration space C (cf. §4.2, 4.3).

(2) The norms are chosen so that some invertibility results (Proposition
4.1.8, Lemma 4.2.5 below) needed for the existence of the quotient spaces
hold. The reason why the norms needed in the ¢ > 0 and ¢ = 0 cases are
so different was briefly discussed in §1.3. (3) When V is not specified, it is
implied to be a trivial bundle. It is clear from the definition that in this case
Z . does not depend on c. Furthermore, we shall see from lemmas 4.1.4,
4.2.2, 4.3.3 that these spaces in fact do not depend on the choice of the
reference configuration ¢. We will then drop the subscript c.

These spaces have many equivalent definitions according to the following
lemma:

Lemma 4.1.4. Let V, ¢, £ be as in Definition 4.1.2. Then there exist (c-
dependent) constants pi., 1, v, such that:

:ucHg”Q,l:e/A < ”§Hc < //Hg”llze/A; in thet >0 case, (4'1)
€ll2:174 < Nl€lle < velléll2;1/a in the t = 0 case. (4.2)

Consequently, in the t > 0 case, H.(V'), Yi ., Z;.(V) and X; . are commen-
surate with L, \(V), L ,((T*M @ S), L} (V) and Lf, respectively. In
the t = 0 case, by Lemma 2.2.12, H. is commensurate with V;,4; [|]|x, . is
bounded above and below by multiples of |[€]|5,/4 + |V*€le/5: | (a, )|y, is
bounded above and below by multiples of ||(a,n)l21/4 + [|d*all¢/5-

Proof. The inequality [|{[lc < #/[|€]l2,1:c)a in the t > 0 case follows from
the L*°-bound on v by the definition of reference configurations, and the
inequality [|{[|c > [|{]l2;1/4 in the ¢ = 0 case follows immediately from the
definition. We still need to show:

€lle > Hc||§\|2,1;e/A for the t > 0 case, and (4.3)
1€]le < velléll2;nya in the ¢t = 0 case.

(4.4) is proved by lemma 2.2.12, as

[1€lle < [IVagllz + lIEllll2 < [IVagllz + [[4]s]IV a€ll2,

and [|?]|3 is finite because by the definition of the reference configuration,
P e CF°.
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We use a partition of unity argument for (4.3). Say ¢ = cq,4, for two
approximate vortex solutions ai,as. Let & = & + &, where & = xRré&;
& := (1 — xr)&. Here we choose R = R(c) > R to be large enough so that
when |f| < d (d is as in Proposition 3.3.3), the zero locus of v lies in the
region where |x| < R/2, and that R is much larger than the distance of the
centers of a1, as from origin.

Since c is a reference configuration, on the support of & (which is in R?)
c:= ((AF,a), B) := (Na(far(zy) + (1 — Ng(f))az(z_),0) with respect to the
trivialization of E specified earlier. In this case, we separate the variables
x = (24, f) and use the following similar result in 2-dimensions.

Sublemma 4.1.5. Let (a, ¢) be an approximate vortex solution on C; let ¢
be a C§° function on C. Then

IVaql3 + llall3 < C(IVagll3 + llaloll3)
for some positive C' depending only on the vortex number of (a, ¢).

This is the key inequality for proving the invertibility of the operator ©
in (A.1). When (a,¢) is an honest vortex solution this is well-known (an
analogue is Lemma 4.6 in [43]); according to our definition it is also true
for approximate vortex solutions. Roughly speaking, the proof follows from
the fact that |¢|(z) is almost constant where |z| > R, R > 0 [40, 15], and
that the zero locus of ¢ is compactly supported. (Use a partition of unity

argument similar to (4.7) below.) O
Accordingly,
€212 = IV a&all3e + 121015
> (1-CR™) /df€2€(||VA§2||%,Zi +l&lll3,.,) (4.5)
>0 [ AV Al ., + ) (46)

> C”(HVA§2H§:€ + HfQH%:e)v

where || - ||2.,, means the L? norm is taken over the 2-dimensional space
parameterized by z4 (the sign £ is determined by the sign of f). Note that
to go from (4.5) to (4.6), we used the above sublemma where |f| > d, and
we need the condition on R to obtain a lower bound for || where |f| < d
on the support of &s.

On the other hand, &; also satisfies

Hgl”g > V2(HVA£1H%Z€ + Hgl”%e)
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for some positive constant v because it is compactly supported: |[|£1]le =
Ix2r&1ll2 < Cllx2rl3[V a&ill2- Thus

IV a&l3e + NE1ENZe = IValér + &) + 11 + &I
= IV A&tl3.c + 1V a&all3.c + 1l + 1162113
+2Re{[$[61, [11€2) e — 2/ (Vaxr)E] 3.
+2 Re«va)f, (1 - 2XR)V£>2:€ + 2<XRVA§7 (1 - XR)VA§>216
C
> S (IVa€llze + €130 — Calls Vxrl3IVEI3
~Cs<“(Vxr) (1 = 2xr) 13| V A€[3,
> 04(HVA§H§€ + Hg”ge) - C5HVA§H§€ (47)

where Co, C3 are positive constants independent of ¢. Rearranging we get
the desired inequality. O

Remark 4.1.6. In the ¢ > 0 case, Lemma 4.1.4 in fact holds for any ¢ €
(cf. §4.3) by combining the above proof with Lemma 2.2.12.

Lemma 4.1.7. In the t = 0 case, ((,n) < C|(l|z.lnlc for some c-
independent constant C.

Proof. {¢;n) < |nllsli¢lless < Clinllcli¢llz, . D

The norms in Definition 4.1.2 are useful due to the following Lemma.

Lemma 4.1.8. Let V in Definition 4.1.2 be a trivial R-bundle or C-bundle.
Then for either thet = 0 or the t > 0 cases, and for any [ > 1, the operator

Le= ViV +[y)?

is an isomorphism between X; 1. and Z;_, where V1 denotes the formal
L2-adjoint of V.

Proof. The continuity of L. is obvious for the t > 0 case by lemma 4.1.4. L,
is continuous in the ¢ = 0 case by the following estimate:

I = VZu +ulg||z,_,

< | = V2utulyPlless + [¢llollutdllz + Cllullasy + [lull2alle? (|2
< C/”uHXz-H,c

for constants C, C’ depending on c.
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To construct an inverse for L., for each £ € Z;_1, we use a standard

variational argument (cf. e.g. [6] p.55) using the functional Sg¢(u) = % +
(u,&)2:e on H. to produce a ug € L%,loc minimizing S¢; Leue = € almost
everywhere. This u¢ is the candidate for L1, but we still need to obtain
some bounds on u¢ to show that ug € X4 .

For this purpose, note that since by the definition of u, ||ugl|? = (ug, £),

Juglle < CllEllz,, (4.8)

by lemma 4.1.7 (the case ¢t = 0) and lemma 4.1.4 (the case ¢ > 0). To prove
that ||u¢l|x,,, . is bounded by [[]|z,_,, in the ¢ = 0 case it follows from the
following two additional estimates: Firstly,

| Leuelless = 1€lle/s < 1€l 2,y
secondly, we show by induction that
IViuell2 < Cliéllz,, (4.9)

for all i € Z*, 4 <1+ 1. For ¢ = 1, this is true by (4.8); for i > 2, by the
induction assumption and via integration by parts
VT2V Vuella = V2V Vg2
= V72 (Leug — ugly?)]|2
< [I€ll2,i-1 + Cllugllzi-1[141% 13,2
< C/H5|’Zz_1-

Therefore L. has a bounded inverse.

In the ¢ > 0 case, (4.8) and an estimate similar to (4.9) do the job. O

4.2. Configurations and gauge group action: the case ¢t = 0.

In this subsection we concentrate on the case ¢ = 0, though some lemmas
will be proved for both cases t =0 and ¢ > 0.

(A) THE CONFIGURATION SPACE.

We start with some general discussions. Let Wy be the vector bundle

Wo = iT*M & S, (4.10)



38 Yi-Jen Lee

where S is the spinor bundle. Most generally, the (total) configuration space
C should consists of all admissible configurations in L%, (W), with the

(total) gauge group G = L%leC(Aut(L)) acting on it by

glc) = (A— (dg)g~ ", g""*v), (4.11)

where ¢ = (A,1)) € C, A is a connection of the auxiliary line bundle L which
we may identify with an element of L3, (T*M) by subtracting off a fixed
connection; @ is a section of S. Given the topology of the local Sobolev
spaces on C and QN, we can endow the quotient space Q =C / Q with the
quotient topology (Lemma 4.2.4 below shows that it is Hausdorff) and that
in turn induces a topology on the moduli space by regarding the moduli
space as a subset of the quotient space. In these topologies, Lemma 3.3.7
defines two continuous maps 0+ from the (¢ > 0) Seiberg-Witten moduli
space to the moduli space of vortices on C given by the f — +oo limits
of the solution. However, as the local Sobolev spaces that C , G model on
are quite intractable, this is not sufficient to ensure Banach space structures
on the quotient space and the moduli space, and we need to restrict our
attention to a better behaved subset. On the other hand, as we are mainly
concerned with the moduli space of the Seiberg-Witten equations in Q, it
suffices to look at neighborhoods of the space of solutions: C; C C.
We start with a fixed configuration ¢g close to the solution space:

Definition 4.2.1. Set ¢t = 0. Let ¢y = (Ao, ¥o) be a reference configuration.
Define the configuration space C;, | € Z in this case as:

Cri={e=(A,0) € LcWo) : @)y, <o}, (412)

where (a,7) := (A, 1Y) — (Ao, o). Define the topology on C; by the Y] .,-norm.

Note that C; defined this way does not depend on the choice of the refer-
ence configuration: suppose ¢; and ¢y are two reference configurations, then
e —cillv., —lle=cllv., |+ ller = e2|ly;,., depends on finite integrals over

a compact space; also Yj.,, Y., are commensurate by lemmas 2.2.12 and
4.1.4. In fact,

Lemma 4.2.2. For any k € Z", the norms Vikja are commensurate for
different reference configurations ¢ = (A,v) and any k € Z*. The spaces
Li/A are commensurate for different ¢ € C; if k < I, and inequalities of the
type of (2.8) hold.

Henceforth we drop the subscript A (cf. Remark 2.2.9).
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(B) THE GAUGE GROUP ACTION AND THE QUOTIENT MANIFOLD.

Let Gi41 C Q be the stabilizer of C; C C. Tt follows immediately from
(4.11) that the action of G;11 on C; is free except at configurations of the
form (A, 0), which we call reducible configurations.

Let Cf(M) € C; denote the set of irreducible configurations; we aim to
describe the local structure of the quotient QF := C;'(M)/G+1 C C/G.

We begin by enumerating some simple facts.

The linearization of the gauge group action at the configuration c is d.,

4t = (~VE, 360) (413)

where £ is an imaginary function and £ acts on 1 by complex multiplication.
We take the pointwise (real) inner product of (a,n) and (b, x) to be

(a,n)-(b,x) =a-b+2Ren- x. (4.14)
d. then has the formal L?-adjoint
di(a,n) =—d'a—iImvy - n.

As usual, we construct a slice for the action of G;y1 by fixing a gauge.
For technical reasons we choose a less conventional gauge d’(a,n) = 0.

Theorem 4.2.3. Let t = 0. Then the quotient Q] above is a Banach man-
ifold covered by local coordinate patches modeled on

Que = {(am) €TOM) ¢ lallog + Inllaqsa < oo, difa.m) =0}, (415)
where ¢ = (A, 1)) is an irreducible reference configuration.

Proof. The proof of theorem 4.2.3 is an adaptation of the standard proce-
dures.

First we note the following lemma which shows that C / Q is Hausdorff.
Since Q; C C / G and has finer topology than the induced topology from C / g,
this implies that Q) is Hausdorff as well.

Lemma 4.2.4. (both cases t =0 and t > 0) The map
GxC—C: (g,¢) —g(c) (4.16)

with g(c) defined in (4.11) is continuous in the topology of the local Sobolev
norms. Moreover, the action of G on C* has a closed graph. That is, let
(¢n) € C* and (g,) C G be sequences so that ¢, — ¢ and gy(c,) — ¢ in C*.
Then there is a subsequence g, — g in G with g € G satisfying g(c) = ¢
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This lemma is proved by a standard argument via Sobolev embedding (cf.
e.g. [9] p.50, Appendix A).
Next, to prove sliceness we need an invertibility lemma.

Lemma 4.2.5. (both cases t = 0 and t > 0) Let ¢ be a reference configura-
tion. Then the linear maps d., d:

de dg
Xij1,e——Yc—=2Z11 (4.17)

are continuous, and Kerd; C Y. is commensurate with the Banach space
Q1,c, the tangent space of Q;. Moreover, d;d. is an isomorphism.

Proof. For the t > 0 case the continuity is obvious from lemma 4.1.4. The
continuity for the ¢t = 0 case follows from the following routine estimates

Hd*a +ilmep - 77||Z171
< [IVallzg—1 + [[l¥mll2,-1 + [|[d*a +iIm ) - nllg/5

< Clla; m) v, (4.18)

[(=2V¢, &)y,
< 2|[V€ll20 + CllEN2+1 11 |21/ + (€20 + NIEll) ¥ lloo + [ILe&ll6/5
< Cliéllxi.e- (4.19)

For the t = 0 case and the € = 0 case of the t > 0 case, the isomorphism
between X1 . and Z;_ is the direct consequence of Lemma 4.1.8, as d%.d. =
—L.. When € > 0, the isomorphism still holds because dd, differs from —L.
by a small perturbation (~ 2e6 1056, cf. Definition 2.2.10). O

Remark 4.2.6. The claims in this lemma in fact hold for any ¢ € C; when
t >0 (cf. §4.3).

We now define the Banach Lie group Gx, 1 C Gi41 for the t = 0 case. Let
Xi+1 := Xjy1,c for some reference configuration c. (Note that the definition
of X;11 does not depend on the choice of ¢, cf. lemma 4.1.4.)

First we note that the exponential map exp : i2° — Aut(L) is a bijection
on a neighborhood Ux of 0 € X;,4.

Lemma 4.2.7. The exponential map above extends to the whole X . Its
image, denoted Gx,, ,, is a Banach Lie group with Banach Lie algebra X1,
and acts smoothly on Y; . by gly] = g(c+y) —c.
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Proof. The infinitesimal action of X;; on Y is

6+ (& (am) = (~VE S9) + (0,5 (1.20)

The Y] .-norm of the first term is bounded by the X; ;-norm of £ by lemma
4.2.5; the Y} .-norm of the second term can be bounded by

plIVaEmllzi—1+1ERe - nlleys
< |31 IV anll2+C([|d€ | 2,0-1+Cl|dE Nl ai—1) [V anll21-1
+ €6l [l2lI7ll6
§C2H?7HYZ,C”§HXz+n

so the infinitesimal action is continuous.
The rest of proof is standard. (Cf. e.g. [23].) O

The implicit function theorem plus Lemma 4.2.5 imply via a standard
argument (cf. e.g. [2] chapter 4) that

Lemma 4.2.8. Whent = 0, cl*/gxm is a Banach manifold covered by local
coordinate patches modeled on Q. given in (4.15).

This is not quite what we want yet, since our Qf := C;(M)/G41 is the
quotient space by G;+1 (the stabilizer of C;) instead. However, we observe:

Lemma 4.2.9. Gy, , is the component of G, containing 1.

Proof. As gm/gxm acts freely on cl*/gxm, if gl+1/gxm is not discrete,
by the local model for C;'/Gx, , given in the previous lemma, there exists a
nonzero £ € L% 1oc Which satisfies d.d.£ = 0, which, by the unique continua-
tion theorem, is impossible if ¢ is irreducible. O

The above two lemmas thus complete the proof of Theorem 4.2.3. O

Remark 4.2.10. From basic algebraic topology (cf. [37] §8.1), G;41 has
H'(M;7Z) components.

4.3. Configurations and gauge group action: the case ¢t > 0.

Throughout this subsection, let ¢ > 0. For the case of positive vortex-
numbers we need an extra fibration construction. As we have seen in §3.2
for the case of R3, the Seiberg-Witten solutions with ¢ > 0 and positive
vortex numbers have L?-unbounded curvature, thus to apply the analysis in
the previous subsection we must subtract off some fixed configuration.
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(A) THE CONFIGURATION SPACE (.

Recall from §4.1 the definition of A} as a neighborhood of the moduli
space of the vortex equations. Let G411 be the gauge group for the vortex

equations; we take it to be a Banach Lie group modeled on Ll2+1(C,iR).
Denote = = A?/Gj41 and E:= ][22 E]".

Definition 4.3.1. Given ay, a2 € A}, let ¢4 4, be a reference configuration
associated with aq, as.
For ¢ > 0, let C; 4,4, be the following subspace in C.

Claras = {Caras +€:€ €Y, , 1

The configuration space C; in this case is defined by C} := Ual,ageAf Clarass
Cl = UnZO,nEZ Cln

Note again that the space Cj 4,4, depends only on (ai,as) € Af' x A}, not
the choice of the reference connection cq,q,.

Notation 4.3.2. The above constructions depend on the parameters ¢ and
€. We shall add the subscripts t,e when we want to emphasize the depen-
dence.

Generalizing Definition 4.1.1, we may define H, X, Y, Z norms associated
with any configuration in C;.

Lemma 4.3.3. The norms Y., Y., are commensurate for any c; =

(A1,9n) € ClT,ltlv ey = (A2,10) € C{ftQ. Similarly, any pairs Xii1.c,, Xi4+1,c

are also commensurate. In fact, Li JAye L% _are commensurate if k <[,
1:€ JAaz:e

orifk=101+1 and k > 2. Again an inequality of the form of (2.8) holds.

Proof. We shall only present the proof for the Y-norms since the proof for
the other norms are similar.

Let e := ca —c;. We need to show that for all { € Y .,, there is a constant
C'(e) depending on e, such that

1€llyi.c, = €llvie, | < Cle)Elyi, - (4.21)

(4.21) holds in general if it holds for the following special cases: (i) when
c1, o € Cﬁtl have the same left and right limits, (ii) when ¢; € C[ftl and
co € CﬁtQ are both reference configurations.

For case (i), note first that in this case e € Y ,, and (4.21) follows from
routine estimates using Lemma 2.2.12. For case (ii), it follows from the fact
that e € L in this case. n
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Thus we shall drop ¢ and A from the subscript.

Remark 4.3.4. We fix the admissible pair (g,6) in this section. However,
by the same arguments we can see that the norms for different (g,0) are
commensurate. In fact, by the asymptotic property of 8, the configuration
space does not depend on the admissible pair either.

The previous lemma and the definition of C;* implies that C}* is the trivial
product ¥; x (A} x A}'), and taking the right and left-hand limits gives the
following fibration:

O X0
Cl,alag — Cln -'i> .Aln X A?, (422)

where 0;,0_ are defined respectively by taking the f — 400, f — —o0
limits of the configuration.

We take the topology of Cj* to be the product topology. This makes C}*
(and hence C;) a Banach manifold.

Note that Proposition 3.3.3 and Corollary 3.3.9 guarantee that all
Seiberg-Witten solutions lie in C; (modulo gauge transformations). As we
will be looking at the moduli space of the Seiberg-Witten equations eventu-
ally, C; is sufficient for our purpose.

(B) THE GAUGE GROUP ACTION AND THE QUOTIENT MANIFOLD.

_ Inthe ¢ > 0 case, we define the subgroup, G;41, of the total gauge group
G in the following steps:

1. Embed Gi41 X Gi41 — G in the following way: Let g1, g2 be any two
elements in G,q. Write go = e g1 € Gy, where v € Ll2+1(C,R).
Define an element hg, 4, in the total gauge group G out of g1,¢s as
follows: let

X g, (4.23)

on M\Mgy. (Mg is as in 3.3.3). It is not hard to see that we may
extend hg, g, over My (continuously with respect to g1,91) to define an
element in G.

hg go =€

2. Similarly to the ¢ = 0 case, let Gi11 4,4, be the stabilizer of the fiber
Claras> and let Gx, | be the exponential of X;, ;. An analogue of lemma
4.2.7 shows that Gy, ,, is a Banach Lie group. Here in the ¢ > 0 case,
we can see directly that Gx,, , is the component of Gy 1 4,4, containing
unity: here it requires ||(=2V&,&y)|ly; < oo for € € ToG to stabilize
Y}, which is exactly the requirement for £ to be in X; ;. Note that this
implies that Gjy1 4,4, is independent of a1, as.
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Ux,,, acts on Cq, g, smoothly. The relevant estimate here is

1€nlly; < 1€nll21:e
< [lElls.zellnllzg + (CIVEN2 + CIVEN) IV ]l 2:e
< Cllglxiga lInllyi- (4.24)

3. Define the gauge group G;+1 to be the subgroup of G generated by
Gl+1,a100 together with the image of the embedding of Giy1 x Gy
constructed in point 1 above.

Gir1 = Gy X Gyl X G104 (4.25)

Note that the definition of G;11 does not depend on the choice of A4
or how we extend hg, 4, over My in point 1.

From the abovg construction, we observe that G;,1 and G have the same
orbits in C; C C. (Note that C; is not G4 invariant.) Letting Q} C Q be
the image of C;' under the quotient by G;11, we have the following fibration

8+ Xa_,_‘ —_
Qlaraz = Claras /gl+1,a1az ? an ’ 5? X :‘lnu (4.26)

where we have used the same notation d; x 0_ to denote the map induced
from the fibration map C' — A" x A7".

Let Q; :=J,, Q-

In the ¢ > 0 case, lemma 4.1.8 generalizes to state that d; is an isomor-

phism between Y; . and Z;_; for any ¢ € ;. Using the implicit function
theorem as in §4.2 we thus obtain:

Theorem 4.3.5. Let t > 0. In this case, for each y = (a1, a2) € E' X Z},
Q4 is a Hilbert manifold modeled on

Quei={f:f Vi, dif =0}, (4.27)

for any c € Cy.

The quotient manifold Qf is a fiber-bundle over Z' x Z' with fibers
Q,y- Endowed with the product topology, Q' (and hence Q;) is a Hilbert
manifold modeled on

Ql,c = {(bhb%f) :b1,be € LFH(C,T*C @ C), f € V),

dif = 0,62 by = 6L by = o.} (4.28)

» Yaq
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Here c is an arbitrary configuration in CJ', and a1, as are images of ¢ under
the maps 04, 0_ respectively.
8! is the gauge condition for vortex solutions given in (A.2).

In fact, we can define a global gauge slice (x):
Definition 4.3.6. We say that a configuration ¢ € C; is in the *-gauge if
€ = Cayap + €, (4.29)

where: (i) a1, ag are both in the gauge slice (vor). (cf. Appendix). (ii)
e € Y] satisfies the gauge constraint dzalwe = 0.

5. Fredholm theory.

Here we deal mainly with the ¢ > 0 case. The ¢ = 0 case is similar but
simpler; it will be discussed briefly in §5.2.

5.1. The deformation operator D..

From the discussion in 3.3.2, over U, the trivialization of E specified in
3.3.3 identifies Wy = T M & S with the pull-back (01 TCHILN)® (0LCo
(0.C® 91 TC)). It is often more convenient to regroup this as:

Wo = 04 ({TC & C) & &%(iN & (C ® TC)). (5.1)

For example, with respect to the same trivialization, a reference configura-
tion has vanishing second component in the above over U..

Definition 5.1.1. We define the space V; as follows:
(a) In the t = 0 case, V; := L} (M, W).
(b) In the t > 0 case, V, C L?, (M, W),

L,loc
Vo= {F(’Ul,’l)g) +e:ec L (M,W);
vi,v € LE(C,iN & (C ® TC))} (5.2)
~ L}(C,iN ® (C® TC)®? @ L2 (M, W), (5.3)
where

Flone)(@) = (0,01 = xn)(@) (MalF)or (1) + (1= ) (Poa(z-) ) )
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with respect to the decomposition (5.1). The above expression makes
sense because it is supported on M\Mgy, over which we have the in-
terpretation for Wy noted above. The direct sum decomposition (5.3)
endows a norm on V.

Consider the map S: C; — V,_1,
S(A,0) 1= (+ (Fa—ip™ 0 0w, 4) — iw), dav). (5.4)

The zero set S~1(0) C C; is the space of Seiberg-Witten solutions. Its image
under the quotient by G;11, M; C Qy, is the moduli space of Seiberg-Witten
solutions.

The above definition of the moduli space seems to depend on the choice
of [, €, but actually it is sufficiently universal considering the following fact:

Lemma 5.1.2. If the metric g is (k + 5)-admissible, k € Z", and the per-
turbation w is given by (2.4) with w € L? |, then in the t > 0 case,
M. = My.o for arbitrary 1! € ZT,1 < I,I' < k, and ¢, € [0,3/2).
Similarly, in the t = 0 case, M; = M.

Proof. We present the proof for the ¢ > 0 case. The ¢t = 0 case is similar.
Suppose | < I', ¢ < €. Then by definition My.. C M;... The converse
M. C My is also true by elliptic bootstrapping (cf. Lemma 3.1.4) and
Proposition 3.3.3. These together imply the lemma. O

We will henceforth drop the subscripts and denote the moduli space by
M. Without loss of generality, for the rest of this paper let | = 2, and drop
the subscript | in C;, Qy, etc. For the case of positive vortex numbers, € will
be a fixed number € € (1,3/2) (cf. Corollary 3.3.9 and Lemma 5.3.4 for the
reasons of this choice). All discussion below may be easily generalized to
higher [ cases.

To study the local structure of the moduli space, we need to consider
the linearization of S. Formally, the linearization of S at ¢ is a map from
['(M, W) to itself given by:

Defa,n) = (« (da—2ip~ o otnv)), dan+ Z8u). 55)

A straightforward computation shows that when ¢ is a Seiberg-Witten solu-
tion, D, fits into the elliptic complex:

Q0 (M) i (M) @ T(S) L= (M) @ T(S) 2500 (M), (5.6)
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Let Wi be the bundle /R & Wy over M. It has a Euclidean metric by
direct summing the one on W given by (4.14), and the standard one on R.
By a standard construction, from this elliptic complex we obtain a for-
mally L2-selfadjoint operator (see lemma 5.2.3), D,, from I'(M, W) to itself:

De(v,q) := (0,dey) + (d%q, Deg). (5.7)

Following (5.1), over M\ Mg, we shall also decompose W, alternatively as
(K‘l ® E) ® (i(C o (E® K‘1)>, (5.8)

where the trivial bundle C := R & ¢R consists of the Rdf component from
T*M, and the iR component in W; complementing W,. Again over Uy this
can be identified with a pull-back bundle.

The goal of this section is to prove the Fredholmness of D..

To make the definition of D, precise, we need to specify its domain and
range in different cases. Before doing so we need the following digression.

5.1.3. A Decomposition of D, on R3. Let ¢ be a Seiberg-Witten solution
on R? with vortex number n. We have seen in §3.2 that ¢ = (v,0) with
respect to the decomposition (5.1).

It is straightforward to see that in this case D. decomposes into the
horizontal and normal parts 77, N’, each involving only the x3 and z variable
respectively: D, = i(T" + N’), where

T = < 803 _083 > ; (5.9)

/. 0 _6:;
v (& 8) 10

as endomorphisms of I'(W, ) with respect to (5.8).

It is clear from (5.10) that the kernel and cokernel of N’ both consist
precisely of elements of the form (k(z,z3),0) where k(z,z3) € Ker©, ~ C"
for fixed z3. (n is the vortex number of ¢). So these can be regarded as
sections of a trivial C™-bundle over R (parameterized by x3), which we call
K. Let L%(K.) be the space of L? sections of K. regarded as a subspace of
L2(W) as above. We let L2(W; K.) denote the L2-orthogonal complement
of L2(K.) in LZ(W)).

Let TI. denote the projection from LZ(W;) onto L?(K.).



48 Yi-Jen Lee

5.1.4. Generalizations of this decomposition. For our later partition
of unity argument, we need to generalize the above definitions on R? to the
case where f, ¢ come from extending restrictions to M\ Mg in the following
sense.

Let f be an k-admissible function on M (recall that k > [+ 5); we define

f to be a function which extends f . (R > R) over the whole R?, such

R
that ||f — x3]lc, < e(R). Note that f is no longer harmonic, and we may

choose R large enough so that ¢ is as small as we want. We can then use f
to decompose W as in (5.8) over the whole R?, and both (z, f) and (z_, f)
are good coordinate systems on R3.

Let ¢ be a configuration on R? of the form (v, 0) with respect to (5.8) and
the trivialization on E and K~! described above. For any fixed value of f,
we assume that v(zy, f) € I'(C,TC & C) is an approximate vortex solution.
(The condition of being an approximate vortex solution is the same for either
coordinate zy if € is small enough.)

In this case, TV, N', K., II. have straightforward generalizations: T", N’
are given by the same formulas, except that 03 is replaced by |V f|0, and
0 in (A.1) now is respect to the complex structure on K~1. K. is still a

C"-bundle over R; the fiber over the surface f = C' is Ker 0, s_c- However,
D! is only “approximately” decomposable:
D.:=iT +N')+ R, (5.11)

where R’ comes from the off-diagonal terms of the Spin® and Riemannian
connections and involves only (matrix) multiplication; |R'||¢,_, < Ce.
For general M and c, Il. is partially defined as follows.

Definition 5.1.5. Let ¢ € C,(M), t > 0, and let X' := N, as in Definition
2.2.10. For any u € L?(W;) such that u = (v,h) over M\ Mgy according to
(5.8), we define

(Po,cv(24, f),0) in the region where f> R,
HC((l =N (), h)(x)):: (Py_cv(z2—, f),0) in the region where f<—R,
0 for the rest of M,

where Py, . denotes the projection from L?*(C,TC & C) to Ker Op, . respec-
tively.

In §5.3 case (i), the above definition of II. agrees with that in 5.1.4 when the
parameter R is large enough.
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5.1.6. Domain and Range of D.: the case ¢t = 0 and the case t >
0,n =0. In thet =0 case, D. maps Vo(M, W) to L2(M, W;). 2

In the ¢ > 0 case, however, the domain and range of D, have fibration
structures due to the fibration of C. We start with the n = 0 case (n being
the vortex number). Since we want Dom(D,.) to include T.C, a natural choice
of Dom(D,) is:

{q(vl,vg) +e(z):vy,vg € L%((C,T(CEB C),e e L%zG(M, Wl)} C LZQOC(M, W),
(5.12)

where
a(v1,02) = (1= x@)(@) (Ma(or(z4) + (1= M) (Foa(=-),0).

in the decomposition (5.8) according to the usual interpretation. Corre-
spondingly, since N’ is off-diagonal, Range(D,) is given by the same formula
as the right hand side of (5.2), but with W replaced by Wy, and N replaced
by the trivial bundle C.

It is obvious from the definition that in this case,

Dom(D,) = L3(C,TC & C)** & L3, (M, Wy);
Range(D.) ~ L3(C,C® C® TC)®? @ Li. (M, W).

If a1, ao are respectively dyc and 0_c, then in these decompositions,
D.(v1,v9,€) = (Og,v1, Of,v2, Dle) + (0,0, X.), (5.13)

where X, is the remainder term

XC(Ul, V2, 6) = UD(—dX%) ()\dvl
(1= Aa)ve, o) + op(dAy) ((1 ~ ) (01 — va), o) (5.14)

(1= x0) (Ma(Pe = Diay 0)(01,0) + (1 = A2)(Pe = Digy ) (12,0))

according to the usual interpretation. In the above, to simplify notation we
identify Ay, v1, ve with their composition with f, z,, z_ respectively; also op
denotes the principal symbol of D.. D., is an operator of the form (5.7) from
L%:e(wl) to L%e(wl)

2Recall that we have set [ = 2.
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5.1.7. Domain and Range of D.: the caset > 0,n > 0. In this case, the
spaces above are not good enough for the purpose of Fredholm theory, and
we need to extend the domain of D, a little. The trick is to replace the e in
the formula (5.12) with elements in a larger space, Ko ., L3, C K. C L3.._;.
(From this point on we assume ¢ > 1.) The moduli space corresponding to
Ky . will include Ma., yet be included by Ms.._1. By Lemma 5.1.2, this
moduli space is isomorphic to Ma.. = Ma.._1. Thus it does not matter to
work with the K3 . norm. 3
Below we define the space K; . for general [ € Z U {0}.

Definition Let ¢ € (1,3/2), and let ¢ := (A,¢) € C" for n > 0 be a
configuration in the ¢ > 0 case. Let [ € ZT U {0}. Let II., \' be as in
Definition 5.1.5.

(1) For ¢ € C§°(M, W), define the K .-norm of ¢ as

¢l = {HVC””—LE I =T (1 = N 0 AO)l2e + [¢flzemr i1 >0
ST = T = X o HO e + ICll2emt dl—o.

Let Kj. be the completion of C§°(M, W) with respect to the above norm.
(2) Define the space R;. to be the completion of C§°(M,W;) with respect
to the norm:

”§H2J:6 + Haf(HC(l - XNo f)g)HZl—l—e

+ 3 0T (L = N o)) se i 1> 1,
1€ll2,:6 + 1107 (L1 — X 0 £)E) |14 it=1,
11€]2: if [ =0.

1€l Ry, =

From now on, we let D, denote the operator between K. and L3, (W)
given by (5.7), and let D, be the operator (5.13) from L3(C,C?)%? @ Ko,
to L2(C,C2)®2 & L2 (M,W;). The (formal L2-) adjoint of D, D, , will
map from Ry, to Ki.. More generally, we may regard D, as an operator
between K; . and L? ;. (W), and D;T as an operator between R; . and K;_ ..
However unless otherwise specified, we take [ = 2. Note that when we take
n = 0 above, K; ., I} both reduce to LZE, and thus the domain and range
of D, defined in Definition 5.1.7 agree with the previous simpler definition
for the n = 0 case.

3 Alternatively, one can rework §4.3 using more complicated norms corresponding
to K27C.
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5.1.8. Similar to the case in 5.1.6, D, is more naturally interpreted as
an operator from K; to L2 (W), which are defined below via an obvious
modification of (5.12):

Definition (1) Let K be the space defined by (5.12), but with L3, (M, W)
replaced by K5, in the formula. In the notation there, we define the norm
on K as:

Jatar.a) +¢| = llallzereac) + lazlzercse + el (5:15)

(2) Let K=K, NI(M, W), often regarded as a subspace of L%,loc(WO)’

It inherits a norm from K 1.

(3) Let V be a Euclidean or hermitian bundle over M with a chosen
trivialization on M\My, then again we may identify V = 91V’ on Uy
correspondingly, where V' is the trivial R” or C" bundle over C (depending
on whether V' is Euclidean or hermitian; r is the rank of V). IAL% (V) will
denote the space given again by (5.12), but with a;,as now in L{(C, V’) and
e € LY(M,V); and g(a1,a1) is given by the same formula, but without the
second component (i.e. 0). The norm on this space is defined in the usual
way.

Notation 5.1.9. In particular, when V is a trivial R-bundle, we often de-
note L3, (V) by X in light of Lemma 4.1.4. We shall sometimes also abuse
notation and use I:%:E(Wl) to denote the analogue of (5.12), with e there
replaced by an element in L? . Similarly, we shall write ﬁ% (W) for
i’i:e(wl) n F(WO)

We shall often confuse elements in I'(W)y) with their images in T'(WV;)
under the natural embedding T'(Wy) — T'(W).

Now we are ready to state the main result in this section. Though we
shall only need the result for I = 2, we state the Fredholmness result for
general [ because we shall use an induction argument in .

Theorem 5.1.10. Let ¢t > 0 and | € Z*. For k > max(l,2), let ¢ € C}..
Then: )

(0) D, and D, are bounded (uniformly in ¢) with respect to the domains
and ranges specified in 5.1.6, 5.1.7.

(1) D.. is Fredholm between K, . and L? ;. (W) for e € (1,3/2) and l € Z*.
Its index does not depend on [ or e.

(2) The formal L2-adjoint of D, D!, is also Fredholm of index — Ind(D))
between R . and K;_1 .
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(3) If n = 0, we have in addition that for e = 0 (unweighted case), D.. is
Fredholm between L} (W) and L} (W) and has index 0; in fact, D, is a
self-adjoint operator between L3 and L?.

The version for the case ¢t = 0 may be found in the end of §5.2.

The proof of Theorem 5.1.10 is divided into two parts. The first part
is contained in §5.2, and deals with the simpler case ¢ = 0,n = 0. The
approach adopted in this part is different from the ¢ > 0 cases and may
be readily adapted to the t = 0 case. The second part occupies §5.3-5.4,
and deals with the € > 0 cases via excision and a separation of variables
argument which appeared in [43].

The extension to D, is a consequence of Theorem 5.1.10, and is presented
in §5.5.

5.2. Fredholmness via admissibility.

In this subsection, we prove Theorem 5.1.10 in the unweighted case (i.e.
t >0, € = 0—this requires the vortex number n = 0 also). The same method
yields the analogous result for the case ¢ = 0 (Theorem 5.2.5 below).

First, we note that the boundedness of D/ and D;T in this case follows
from routine estimates.

Next, we observe that the [ > 1 case of the Fredholmness assertion may
be reduced to the [ = 1 case by elliptic regularity, since a straightforward
computation shows that

V¥l < CUIV*DLEl3 + li€ls ) (5.16)

for k <l, ceCpp and € € L%H(Wl). We shall therefore take I = 1 for the
rest of this subsection.

To show Fredholmness in this situation, we follow the index theory on
Euclidean spaces developed in [39].

Similar to [39] and [20], we define “admissible operators” as follows.

Definition 5.2.1. If V is a Euclidean/hermitian bundle over an MEE M,
and D is a first order, elliptic operator from I'(V) to I'(V'). Let D* be the
formal L?-adjoint of D. We say that D is admissible if D satisfies:

(1) Both quadratic forms (D(-), D(-))2, and (D*(-), D*(-))2 may be writ-
ten in the form

where the first term is an inner product on I'(V') defined as

(9@ = (Va(),Val))2 + (a(-),q(-))2,



Seiberg-Witten Equations on Three-manifolds with Euclidean Ends 53

where A is a metric-preserving connection on V', and ¢, R are some endo-
morphisms of L?(V).

(2) R in (5.17) satisfies: for any ¢ > 0, there exists R € RT, R > R such
that if xg is a characteristic function of M\ Mg, then

¢, (1= xr)RM)2| < (¢, O g (5.18)

Denote the @,q,R in (5.17) corresponding to (D(-),D(-))2 by
@Qp,qp,Rp. Likewise denote those corresponding to (D*(-),D*(-))2 by
@b, 4D+, Rp*.

Define the @ p-norm for ¢ € T'(V') by

ICllgp = (¢. Qe

and let @)p also denote the completion of C§°(V') with respect to this norm.
Define Q) p+ likewise. Then

Proposition 5.2.2. If D is an admissible operator, then D is Fredholm
between Qp and L*(V).

For a proof see [19] Proposition 3.6 and [39] Proposition 7.2.

To apply the above Proposition to our situation, we need to check (5.17),
(5.18) for both D, and D;*; the following lemma however shows that they
need only be checked for D..

Lemma 5.2.3. D, is formally L?-self-adjoint.

The proof follows from direct computation.

We now check the admissibility of D.,. Let ¢ := (f',d/,7'),& := (f,a,n) €
iQO(M) @ iQ (M) @ T'(S); note that
(DiC, Deg) = (df', df) + (da’,da) + (d"a’,d"a)
12 [ (@ ak FOWE+ [ (2Tl o, n)] + Tn( - n) (s 1))
+2(9 an’, d an) + cross-term1 + cross-term2 , (5.19)
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where the cross terms are given by

cross-term1
= (=JM, =2io(p,n) +ilmp - n) + (M, Jan)
——Re [ (11l(s' & )M]) + (416, 9.0

_ _Re / Te(MJ(yt @ v)) + Te(M (! @ dan))

——Re [ Te(Mly' @ Pav]) + 2Rela” - Vath ) + i Tm{M. )
— _Re(Mu,dat) + 2Rela" - Vo) +iIm(M, dan),  (5.20)

and similarly

cross-term2 = — Re(J a1, Nn') + 2Relan’, V 41)
+ilm(gan', Np),

where N := p(a) + fI; M := p(a’) + f'I. By the Weitzenbock formula we
have among the diagonal terms

(dd’,da) + (d*a’,d*a) + 2(J an', J an)

= (Vd',Va) + (Van',Van) + 200, kn)
_<n/7p(FA)77>7 (521)

where k is a linear combination of the components of the curvature of the
manifold M.
We now see that (D.¢, DLE) is of the required form (5.17), with

)

atham) =~ 2io () +itmy -, KOEILy)
(¢, RE) == (1, (26 — p(Fa))n) + cross-terms.

Furthermore, the @p-norm here is commensurate with the L?-norm as some
computation shows

1
1<%, = 1V4C15 + S IwICls.

It follows from lemma 4.1.4 that

HIICHEL = 1IKE, = wli¢lz,-
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It remains to show that R satisfies

(1 = xr)(, RE| < ellCl2,1l1€]l2,0

for some R depending on ¢, for any small ¢ > 0. As (1 — xg)R is hermitian
it suffices to show that for all ¢ € L?

l:e>

(1= xr)C RGO < ellC31-

To show this, note that from (5.21), (5.20)

(€ (1= xR)RC) = (1. (1 — x8)(25 — p(Fa)))
— Re((N7, (1 — xR)dat)) + / 2(1 — xr) Re(a” - (Y ath, 7))

+similar terms from cross-term?2.

As £ is compactly supported (since M is an MEE), we have

[(n, 61 = xr)m)| < IInllsllw(l = xr)ll2lIVanll2 < ellnll3,

for any small ¢ > 0, if we choose R large enough. For the term (n, (1 —
Xr)P(Fa),m), take R > R so that we can work on R3, and note that

[, p(FA) (1 = xr)m)| < (1 = xgr)p(Fa)llzllnll3 2

can also be made arbitrarily small by taking R large enough. The terms
involving V 419 and J 49 can be bounded in the same manner. Note that here
we used the L?-integrability of Fa and ¥V a1) for n = 0 solutions (since the
only vortex solution on C with vortex number 0 consists of flat connection
and constant Higgs field), which is not true for n > 0.  This concludes
the proof of Fredholmness in the [ = 1 case, which actually implies the
Fredholmness for all [ as explained.

5.2.4. The calculation of index in this case (e = 0, ¢t > 0) follows from
the next lemma. (The lemma calculates the index for the [ = 1 case; since
the index does not depend on [, this gives the index for any [.)

Lemma In the notation of Theorem 5.1.10, D., is a self-adjoint operator
between L2(W1) and L*(W1). Thus Ind(D.) = 0.

Proof. To prove that D, is actually self-adjoint, it suffices to show that
Dom(D.!) ¢ Dom(D.), where D.! is the adjoint of D, in the sense of [16].
Let ¢ € Dom(D)}), that is, ¢ € L*(W)), with D)X¢ a distribution in L2(W)).
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As D! is proved to be Fredholm, Range(D.) is closed and we can ap-
proximate ¢ by elements in C§°. But for these elements D:‘C = D.(, and we
know from (5.19) that

IV acll2 < [Decll2 + C¢ll2 < oo (5.22)

This shows that Dom(D.!) ¢ L? = Dom(D.,) and the lemma is proved. [

This proves assertion (3) of Theorem 5.1.10 in this case, and thus con-
cludes the proof of Theorem 5.1.10 in the case ¢ = 0 completely.
The case t = 0 only needs minor modifications of the above arguments.

Theorem 5.2.5. Let ¢ be a reference configuration for t = 0. Then D, is
uniformly bounded (in ¢) and is Fredholm between Vi(W;) and L? | (W).
Its index is zero.

The index calculation in the above theorem follows from a standard ex-
cision argument (See also (5.38)—(5.41) and the proof of Proposition 6.3.1
assertion 2), and the elementary fact that elliptic operators on compact odd-
dimensional manifolds have zero index. (See for example [21]). O

5.3. Boundedness and Fredholmness of D.: the weighted case.

This subsection contains the first half of the proof of Theorem 5.1.10 in the
case € > 0: we prove assertion (0) and assertion (1) in the case [ = 1. In
fact, we shall only show the boundedness of D., since the proof for D;T is
similar. The second half is in the next subsection.

We shall start with special cases, then generalize step by step: Case (i)
deals with some standard configuration ¢ on R? via a separation-of-variables
argument; case (ii) generalizes this to certain special configurations ¢ over a
general MEE by excision® ; Case (iii) is the completely general case obtained
via perturbing case (ii).

CASE (1). Let f and ¢ = (v,0) be as in 5.1.4, with ¢ satisfying the following
additional condition: there exists some real number d > R, so that Opv = 0
wherever |f| > d, and VC € R, ||0fv ; CHLOO < ¢ for a small enough number

€ independent of c¢. This condition will be useful in lemma 5.3.3.

4however this method does not tell us about the index of the Fredholm operator.
To obtain information on the index, further refinement using gluing theory is needed.
See Proposition 6.3.1 for an example.
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5.3.1. To show that D, is bounded in case (i), it suffices to show that
T' + N’ is bounded. Given any ¢ € Ks ., decompose ¢ as ( = u + w, where
u e L3, (Wi;Ke); w e L3, (K.). Note that in this case, [|(|k,,. is bounded
above and below by multiples of |[u|2,2:c + [|[Vawl|2,1:c + [|w]le—1-

A direct computation shows that ||(77 + N')ull2,1.c < C||ul|2,2:c and Since

(T"+ NYw = T'w, (T + N")w||2,1:.c < [[Vawl2,1.c. These together imply

that |[(T" + N')Cll2,1:e < C'[[{|| k.. for a c-independent constant C”. O

5.3.2. Fredholmness of D, with [ =1 in case (i).

Proposition Let ¢ be as above, and € € (1,3/2). Then D., is Fredholm

between Ky . and L2, of index —2n, and has trivial kernel.

Proof. The first step is the following standard lemma which defines a partial
right inverse for D..

Lemma 5.3.3. Let c,e be as above. Then for any h € L?(W), there is a
pair of b(h) € L?(K.) and u(h) € L3._(Wi;K.) such that DéD:ju(h) —h =
b(h). Furthermore, there are c-independent constants C, C’, such that

”u(h)HQ,Q:e < C”hH2ea (523)

16(R)[l2:c < C7 IR ]2 (5.24)

Proof. Try minimizing the functional § : L2(W;;K.) — R,

1.
f(:u) = §HD T:u”%:e - <:u7 h>2:e' (525)

It is easy to see that f is bounded and convex, so to prove that there exists
an unique minimum, it suffices to establish a coercive lower bound.
We first find a lower bound for

INT+ TN pl3 = IV Tpll3.c + 1177w, + cross-terms.

The cross terms above may be bounded as follows. (i) Notice that T’ =
—T" + m, where m = —ic |V f|710¢(|V f|s*)7s (cf. (3.1) for 73), and
Nt = —N'. So opony + onopy = 0, where or means the principal
symbol of the operator 7. Thus the cross terms vanish at the symbol level.
(ii) Since ||m|| is small by Definition 2.2.10, the other non-vanishing cross

terms in ||D/CT/LH%:€ can be estimated such as:

[, N'mp)ziel < eo([IN' 3. + lJull3.c),
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where g¢ is a small positive number. (iii) The norms of terms involving 0rc
can be bounded by e1||p)3.. since |dsc| is small by the definition of c.

Using the fact that |04/ 2. is small (since (A4, a) € A" is an approximate
vortex solution) and the orthogonality of p to L?(K.), we then are able to
estimate

: 1
1D ull3.c > ST+ N ull3e = eollllz:e

> CE|(IV A0 ull3e + 1V zamll3e + llapl3.e) — e2llul3e (5.26)
> Ci(elIVA10sulBe + IVaaple + lulze) = Cellloym| P ull3. (5.27)
> C"(IIVapll3e + lnll3.o), (5.28)

where ¢ is a small positive number depending only on ¢, C” is c-independent,
and from (5.26) to (5.27) we have used a generalization of sublemma 4.1.5.
Finally, we have

[(1, R)a:e| < [lll2:ellPl2:e < E,HNHZe + Cal|hl[2:e (5.29)

for a small positive ¢/. Putting (5.26)—(5.29) together, we thus obtained
the desired coercive lower bound for the functional f for u € LZ(Wy, K.) N
L2 (W), and it has a unique minimum at, say, u, which satisfies

<D::TN7 D:;Tu>2:6 — (1, h)2:e = 0, (5.30)
Vi € L2(Wy, K.); hence there exists a b € L2(K.) such that
DDt —h=b. (5.31)

We still need to verify the estimates (5.23), (5.24) for u and b. Sub-
stituting ¢ = w into (5.30), we have the following inequality from (5.28),
(5.29):

IV aul3.c + [lull3.c < ClIR]3. (5.32)
for some c-independent constant . Now (5.30), (5.32) ensure that the pro-
jection of DéD:ju onto L2(W1i, K,) is finite. To show that DQD;TU, is L2(Wy)-
integrable, we estimate <D;TM,D;TU>2:€ for all p € L2(K.) N L3, (W,). First
note that because .p = p, Ieu = 0, and N'Ty = 0, we can write (cf. (5.11)
for notation)

<D::TM7D::TU>216
= (T p, (T"T + N')u)g.c + terms involving R’
= ([T 1L, D)o + (T o, [T, T 1) .c + terms involving R/,
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the absolute value of which may be bounded using the definition of ¢ by

Cllullzeclullzie < Cllullcllhllz:e

This implies that the L2(K.) component of, and hence the whole of
| D.Delul|.c also, is bounded by ||A|2:c. By (5.31) this implies (5.24).
(5.23) is verified by (5.32) and the following estimate:

IV AV aul.e < IDDIull3c + Cllulf ve < Ol
O

Define P,.(h) := D;Tu(h); this is the desired partial right inverse. Note
that when c is a Seiberg-Witten solution on R? given in §3.2, P, maps from
L2Wr;Ke) to L2..(Wr; K.), and D, P. = 1—1I.. This is not true for a general
¢ in case (i), since in general [II., D.] # 0.

The previous lemma then reduces the problem to (partially) inverting
D! on L?(K.) C L?(W1). More precisely, we decompose

h=u+b
with u € L2W1;K.);b € L2(K.). We look for a ¢ such that
'g=h (5.33)

(at least partially). Write ¢ := v+ w, v € L2(W;K,.), w € L?_;(K.). (Note
that by our definition of ¢, Ko = L2(Wy;K.)®L?_,(K.)). Projecting (5.33)
onto L2(Wy;K.) and L2(K.) respectively, we have:

(1 — ) Do = i[lle, T'w + u + (1 — IL.) R w; (5.34)
i[[Le, "o + ilL.T"w + IL.R'q = b. (5.35)

From (5.34) we get an expression of v in terms of w using lemma 5.3.3 (i.e.,
v = P.(i[ll., T"Jw +u+ (1 —II.) R'w)); substituting into (5.35) we obtain an
equation for w:

|V fl0w — 3 (i[lle, iT"Jw + i[ll;, T']v — b + II.R' (v + w)) = 0. (5.36)

To solve (5.36), we identify elements in L2(K.) with R?*"-valued functions
over R, and appeal to the obvious generalization of the following lemma to
R?"-valued functions. From the asymptotic conditions on f and the fact
that [II.,7"] is supported on a bounded interval in R, we see that the left
hand side of the above equation is indeed an example of the operators in
assertion 2 of the next lemma. Proposition 5.3.2 is then proved. O
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Lemma 5.3.4. Let ¢ be a function of 1-variable (f) defined by (2.9). Let
E%: . be the completion of the following weighted norms for R-valued functions
(Note that £3.. = La..): Let u(f) € C§°(R),

gz, Z ISV £ o

Then for € > 1,

1. The operator df is Fredholm between £k+1 1 and E%:E of index —1. It

has trivial kernel, and a 1-dimensional cokernel spanned by the function
—2¢
S

2. Let v(f) be a Cy function such that Zf:o IVOu|(f) < C<3. By per-
turbation, operators of the form % + v(f) are also Fredholm between

Eiﬂ;eq and L2, with index —1.

3. The formal L?-adjoint of 4 7 s also Fredholm between L?
‘C2:e7 and has index 1.

k+1:e—1 and

4. % may be extended to be a Fredholm operator, ci, between LA%H:HI
and Ei:e’ where

‘CA%Jrl:efl 1:{)\d6++(1—)\d)0_+€ PCp, 0 € Rje € Ei:e}gRQXEiJrl:efla

with the product Banach structure. This extended operator has index
1: it has a 1-dimensional kernel consisting of the constant functions,
and null cokernel. In fact, it has a bounded right inverse.

Proof. 1. We will deal with the k = 1 case only; the k > 1 case follows from
the k = 1 case via elliptic regularity (cf. §5.4).

We first change the variable from f to s := [’ ! u)du. Let é(s) :=
¢(f(s)). Note that by the definition of ¢ and s, é(s) = C’e' sI/E for all s with
large |s|. (R here is as in (2.2.5).) Let L. be the conventional exponential
weighted Sobolev spaced defined by the norm:

k
£z, =D eVl
1=0

We see that after the change of variables [,1 .«_1 becomes 51:671 /23 ['(2):5

—-1d

becomes EO .e+1/2, and the operator df becomes €~ 7-. In other words, we
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need only examine the operator d% between 51:6_1 /2 and 50:6_1 /2, which is
well-known to be Fredholm. For example, by identifying Lj.. 1 /2 with Li
via multiplication by é°71/2, this can be seen by translating to the problem
of % — (e — 1/2)6_1% between L? and L%, where 6_1% = +R™! for all s
with large enough |s|.

The statement about the kernel and cokernel is easy to check. Espe-
cially, it is easy to see that % has a bounded inverse on the £3 -orthogonal
complement of the cokernel when R is large enough. Because of the Fred-
holmness, it suffices to verify that |ufz < C”Cé—}L”L(Q):E for all u € C§°.
Now write u = ¢ €g; The above follows from the fact that in this case
g — es's71gll3 > |4 113 + €2|ls71g||3 modulo small terms which may be ab-
sorbed to the first term.

2. is obvious. &. is similar to 1.

4. The Fredholmness and the index calculation is obvious from the def-
inition. For the assertion about the kernel/cokernel, note that dX has non-
trivial component in the cokernel of di. The boundedness of the right inverse
follows from this and the last paragraph of the proof of 1. above. O

Assertion 4 above together with Lemma 5.3.3 imply:

Corollary 5.3.5. (a) When f = x3 and c is an admissible Seiberg-Witten
solution described in §3.2, then D, has a uniformly (in ¢) bounded right
inverse, and its kernel is C".

(b) More generally, if in 5.1.4, R is large enough so that f is close enough

to x3, and if ¢(z4, f) = (v(24),0) with respect to (5.1), where v is a vortex
solution on C, then the same statements hold.

The uniform boundedness of the right inverse in part (a) above follows from
the boundedness of d in the previous lemma, the c-independence of the con-
stant C in (5.23), and the uniform boundedness of D.. The only difference
of (b) from (a) is that here instead of d, we have d+ |V f|"'I.R'(1+v'). This
is still bounded uniformly, because by assumption ||R'||c, , < Ce is small.
We remark that the uniform boundedness of the right inverse obtained in
this Corollary will be important for the proof of the gluing theorem in §6.2.

CASE (11). Let ¢ be a configuration on M whose restriction to M\ Mg agrees
with a configuration ¢, on R3 of the form in case (i) above.

Let x2 := xr; x1 := 1 — x2. Also let @9 := X2g; ¥1 := 1 — Xg/2. Note
that ;, © = 1,2, are smooth cutoff functions of value 1 on the supports of
X; respectively.
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5.3.6. The uniform boundedness of D, in case (ii) is due to the
following inequality:

IDeCll2,1:e < IDe(x10)ll2,1:e + [De(x2€) 12, 1:e
< Cilxalllga.e, + Collxa(llx,
< C”C”Kz,cv (5'37)

where C'is a constant depending on ¢y, ¢, but not on (.

5.3.7. To show Fredholmness of D, for | = 1 in case (ii), we may
construct a parametrix Q. of D, by defining

Qc = p1Q1x1 + v2Q2x2, (5.38)

where Q1 is a parametrix for D, on R? constructed in case (i) and Qg is
a parametrix for the compact piece, which may for example be constructed
as follows: We may always extend Mspr to a compact closed manifold, say

X. The spinor bundle S ‘ extends trivially over X. We may also extend

Mg
the configuration c‘ smoothly over X (we call it ¢y.) Because of the

compactness of X and2 I‘Ehe ellipticity of D,,,, there is a parametrix to D/, on
X, which we call Qs.

One may check that Q. is a parametrix for D, on M by noting that
the difference of D.Q. or Q.D., from the identity are sums of terms which
are products of a compact operator with a bounded operator, which are
still compact. (Note that the commutators of D, and the cutoff functions
have compact supports, and therefore are compact.) For example, a direct
computation shows that

D.Q.=1d + R, (5.39)

where

Re :=0op(do1)Q1x1 + opr(dp2)Qaxz + ¢1Rix1 + P2 Raxo

5.40
+ ¢1(D, — D, )Qix1 + ¢2(D, — D, )Q2x2, (5.40)

where Ry, Ry are compact operators defined by the formulae
D(/:LQQLQ =1+ RLQ. (5.41)

Note the term ¢, (D, — Dél)Q1X1 is compact because Q11 is bounded, and
¢1(D,, — Dy,) is supported on the region where R < |z| < 2R. This proves
the Fredholmness of D), between K. and L..(W;) in case (ii).
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CASE (111): THE GENERAL CASE. The configuration in case (ii) is not a
general configuration, but it is close because for any configuration ¢ € C(M),
there is a configuration ¢ in the form of case (ii), such that

d =c+q, whereq €Y.

In fact, we can choose ¢ such that ¢ = (1 — xp /2)q. Also note that the two
parameters d and R in the definition of ¢ are mutually independent. We
shall later take R — oo, but leave d fixed (depending only on ay,as).

5.3.8. The boundedness of D/, in the general case follows from the
inequality

D¢ — DiCll21:e < [la€]l2,1:e
< Ol V(sOllz1 < Cllally Sk, - (5.42)

5.3.9. To show the Fredholmness of D, for | = 1 in the general
case, note that similarly to (5.42), we have

D% ¢ = Detllzze < CllallyiliClx, -

Here [|qlly; = [(1=Xg/2)qllv; < e(R), where e(R) is an R-dependent positive
number which may be made arbitrarily small by taking R sufficiently large.
(In particular, when ¢’ is a Seiberg-Witten solution or a reference configura-
tion, ¢ < 0°, and therefore in this case [|[(1 — xg/2)q¢|2:c < CR7?||¢]x,-)
We may then appeal to [16], IV.5.22, which implies that D, is Fredholm.
The proof of Theorem 5.1.10 assertion (0) and assertion (1) in the [ =1

case is now complete.

5.4. Fredholmness for D;T and generalization to [ > 1: the
weighted case.

This subsection contains the second half of the proof of Theorem 5.1.10. We
shall first show that D,CT is Fredholm for [ = 1, then show that by elliptic
regularity, this together with the Fredholmness of D., for [ = 1 proved in the
last subsection imply the Fredholmness of both D, and D for all 1.

5.4.1. The Fredholmness of D,CT for [ = 1. We first review some termi-
nology and facts.

Let D be a linear differential operator mapping I'(V') to itself for some
bundle V. Let E and F' be two Hilbert spaces containing C§°(V') (typically
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both taken to be L?(V)), such that E contains the domain of D and F
contains the range of D. There are many possible choices for the domain
of D; the following are two common choices: Domyp,;, (D), or equivalently
the minimal extension, is the completion of C§°(V') in E with respect to the
norm:
11D = D¢ + €11

The other choice, Domy,ax (D), or equivalently the mazimal extension, con-
sists of all elements ( € E for which D{ makes sense as a distribution in F.
It follows almost immediately (cf. [16]) from the definitions that if we let
D : Domy,in(D) — F, and D' : Dompy,. (D) — E (here DT is the formal
adjoint of D; D'is the adjoint of D in the sense of [16]), then D' is Fredholm
if D is, and Ind(D") = — Ind(D).

For our application here, taking D = D.., E = Ko, and F = L?(W),
the Fredholmness of D;T for [ = 1 thus follows from the following lemma.
Lemma (a) K. coincides with the completion of C§® with respect to the
norm || Delllo:e + €| k.. (the minimal extension,).

(b) The subspace in L2(W;) where Dt is defined as a distribution in Ko
(the mazximal extension) coincides with Ry .

Proof. The arguments are similar to the self-adjointness proof in §5.2. (cf.
also [20] section 3, and [16] p.167.) Similar to §5.3 above, we may reduce the
general case to case (i) on R3, since the excision and perturbation arguments
in steps (ii)&(iii) can be easily modified.

For the rest of this proof, let ¢ be a configuration on R? as in §5.3 case
(i).

To show (a), we need to establish the inequality

IClir.e < C(IPLCle + Il o ) (5.43)

(The other direction is true by the continuity of D) between K; . and L?2.)
Similar to §5.3 case (i), decompose

(=v+w,
where v € L2(W1,K.) and w € L?_;(K.). (5.43) then follows from a combi-

nation of the following two inequalities:

[vll2,1:c < Crllvllzie + [Devlla:e),

which is obtained by a straightforward computation similar to the arguments
for (5.16), and

lwly, < Co(ITwlze + ol )
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(which follows easily from the definition of K ), plus the fact that the cross

term

|<D¢/:U7 D::w>2:6|
= <D2U7 [Tla HC]w>2:6 + <[T,7 HC]Uv D2w>2:e

+(Dlv, R'w)a.c + (R'v,i(T" + N )w)a.
< (D3, + 1 DLw]3.0) + C([vll3.c + [[w]3.—1)

for some small number e.

To show (b), let D.¢ denote the adjoint of D/, in the sense of [16]. Then D}
is Fredholm since D, is, and Ind(D.!) = — Ind(D.). We want to show that
Dom(D.!) C Ry.. (The other direction follows from the continuity of D;T).
Let ¢ € Dom(D.Y) € L2(W1). Approximate € by & € C° — €, i =1,2,....
By the Fredholmness of D)}, | Dt ||k, . — || D] k.- The left hand side is
easier to estimate, since for & € C§°, D:ffl- = D;Tfi, and integration by parts
is applicable. So without loss of generality, we may assume that £ € Cg°.

Again decompose
§=h+t,

where h € L2(Wy;K,) and t € L2(K.). The relevant estimate,

1€ R < CUID e Ko e + €]

then follows from combining the inequalities (5.44), (5.45) below.

[Vhllze < C(ID Rl + bl
is established in (5.28). Also, note that
Tt = —(s]*|V 10yt + (2€[s| + o' )t)
where |f| > R; so

10ftll21 e < C

Tt — (2¢fs| + ol)tH
2:e—1

< O (I tllzer + el ).

(5.44)

(5.45)

We have now completed the proof that D:;T is Fredholm between R;. and

Ko,c.

O
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5.4.2. Generalizing to higher [. Similar to §5.2, the next “elliptic
regularity”-type of lemma shows that if D, or D:;T are Fredholm for [ = k,
then they are also Fredholm for [ = k + 1. Together with the | = 1 case al-
ready proved, this proves the claims of Theorem 5.1.10 (1), (2) for all [ € Z*.
Furthermore, the kernel, cokernel, and hence the index are independent of [.
And since by 5.4.1 Ind D;T = —Ind D/ in the [ = 1 case, this holds for all [.

Lemma For any | € Z7T,
(a) if ¢ € Ki e, D¢ € LE (W), then ¢ € Kiq1c;
(b) if € € R DIE € Ky, then € € Rijyc.

Proof. The lemma follows from the following inequalities:

IV CII3.e < CUIV'DLC I3 + N1C I, ):

IVFENS + 105 (Te(1 = NE) Base < C'(IV'DIENR + 11EN17, -

These formulae can be verified by direct computation similar to the proof of
Lemma 5.4.1. O

End of the proof of Theorem 5.1.10.
5.5. Boundedness and Fredholmness of D..

Theorem 5.1.10 has the following extension as a consequence:

Theorem 5.5.1. Let t > 0, ¢ € C. Then D, is bounded (uniformly in c)
and Fredholm between K and L?. (W), with index 4n + Ind(DL).

Proof. Recall the decomposition of D, from (5.13) (and adopt the notation
therein).

To show the boundedness of D, we only need to show that X is bounded.
By inspection, the L7.. norm of the first and second terms in (5.14) are both
bounded by £(|[v1 22, rcac) + v2ll 22 (¢, rcec))> and the L2 norms of third
and fourth terms are bounded by

C'(d"?|jay — azl[rz . crcac) F ldll22er)vill 2 (creac)

for i = 1,2 respectively. (The notation || - ||. g means the norm is taken
outside of the disc or ball of radius R at the center.)

As for the Fredholmness, since we know that O,, (i = 1,2) and D,
are Fredholm, from (5.13) we may conclude that D, is Fredholm of index
4n + Ind(D.) (because Ind(0,,) = 2n) if (0,0, X.) can be regarded as a
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perturbation. This holds because from the form of (5.14), the operator
norm of X. may be made arbitrarily small if R (the parameter in the cutoff
function x = xr) is taken to be large enough.

This finishes the proof of Theorem 5.5.1. O

6. The moduli space.

Armed with the results obtained in previous sections, in §6.1 we apply the
standard arguments to deduce the usual smoothness and invariance proper-
ties of the moduli spaces. In §6.2 we discuss the compactness of the moduli
spaces. In the ¢ > 0 case, the moduli space has non-compact components,
and we also need an explicit description of the “ends” of the moduli space.
This is provided in §6.3, 6.4. Using these results one may define some gauge-
theoretic invariants of 3-manifolds. An outline of the definition, and a pre-
liminary example of them was in [23] section 7.

Throughout this section we let [ = 2. Higher [ versions of the results are
straightforward (yet unnecessary, in view of lemma 5.1.2) generalizations.

We will be mainly dealing with the ¢ > 0 case. The t = 0 case is similar
and relatively simple.

6.1. Smoothness and invariance.

Recall from §5.1 the definition of the moduli space M as S~(0)/G C Q,
where S : C — V is given by (5.4). Note that for S to be zero, w has to be
closed.

It is well-known that (cf. [2] Proposition 4.2.23) a local model of M at
[c] € M is given by f.1(0)/T., where f. is a map from KerD, = H; to
Coker D, = Hy (H; are the i-th cohomology of the elliptic complex (5.6))
which vanishes at first order, and I'. is the stabilizer of the gauge action
at ¢. Thus M is smooth at ¢ when CokerD, = () and I'. = {1}, and
its dimension is Ind(D,). Singularities occur in two occasions. The first
kind of singularities has a cone-like neighborhood and comes from reducible
configurations (I'. # {1}). It is in a sense more fundamental because it
is already present at the level of Q and is usually difficult to get rid of
by perturbations. The second kind of singularities appear at ¢ € S~1(0),
when D, has a non-trivial cokernel (since f. vanishes at first order). As
usual, the second kind of singularities can be killed by putting in a generic
perturbation 2-form w. (Recall the definition of w and w from (2.4). We let
w e L2 (N> T*M).
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In our case, the first kind of singularities disappears also too when w is
introduced. More explicitly, for a reducible Seiberg-Witten solution (A4, 0),
we have F4 + iw = 0. Integrating over a surface H described in the end of

3.3.8,
w

vortex number = / R
H 2T H 2T

if (A, 0) solves the Seiberg-Witten equation (2.2). Thus for a generic w with
—f 1 9= 7 vortex number, reducible solutions do not occur, and we are
happily in the situation where the moduli space is a smooth manifold. In
particular, for an admissible 6, 6 is not even in L2(A?T*M); thus for the
t > 0 case, reducible Seiberg-Witten solutions never occur. If ¢ = 0 and
bi(M) > 0, we can choose a small w = w such that [, w # 0 for some
compact cycle Z to get rid of singularities.

Remark 6.1.1. In the previous sections, we assumed w = 0. When w
is introduced, the corresponding Seiberg-Witten solutions might no longer
satisfy the pointwise estimates in Proposition 3.3.3. However, they still lie
in the configuration space C defined in section 4 if w is small.

In this section, we fix #, and denote the moduli space corresponding to
the admissible metric g and perturbation w = —tg +w as Mg . We show
below that these moduli spaces are cobordant.

Let Met be the Banach manifold of admissible metrics whose tangent
space ‘H is L3(Sym? T*Mg) with respect to a smooth metric. (Though the
Lg—norm depend on g, by lemma 2.2.12 the Lg—space does not.) The topology
of Met is defined using the L3-norm. The space of (minor) perturbation 2-
forms, B, is L3, (\*T*M), € € (1,3/2). (For higher [ cases, Met is modeled
on L?(Sym?T*Mg), k > 1+ 6, and B is L? | (N> T*M).)

Define the map S : Met xB x C — V by S(g,w,¢) := Sg.w(c), where
Sg.w is given by (5.4) with the metric g, and with w given by (2.4). (Note
that by routine estimates, C,V do not depend on the metric g.) The quotient
M; == 81(0)/G is called the parameterized moduli space. The next theorem
shows that ./\;lt is smooth and thus forms a cobordism between different
moduli spaces.

Theorem 6.1.2. For any t, the map S is smooth and zero is a regular value.

Therefore for thet > 0 case, M; = |1 M7 where each M} is a Banach
manifold, and the projection

w:./\;l?CQX'HXB—VHXB
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is Fredholm of index equal to Ind(D.). Here n is the vortex number of the
elements in each component. As a consequence, for generic (g,w) € H x B,
MG i = w~1(g,w) is a smooth manifold.

Similarly in the t = 0 case, for an MEE with by > 0 and for generic
(g9,w), the moduli space Mg o is a 0-dimensional smooth manifold.

Proof. First note as before that for the ¢ > 0 case, we don’t have to worry
about the reducible solutions. For the t = 0 case, we need the extra condition
b1 > 0 on M to guarantee the nonexistence of reducible solutions for generic
(g9, w).
Below we prove the theorem for the ¢ > 0 case. The t = 0 case is similar.
The smoothness of S follows from the boundedness of D, (Theorem 5.1.10
(0)) (hence D, = dS is bounded). For the regularity at 0, it suffices to prove

that the restriction, &, of S to B x Ciﬂ) has zero as a regular value’.
Let ¢ be a solution to the Seiberg-Witten equations (2.2). Note that since
D. has closed range (being Fredholm), Im(D.) C Ker(d}) C V is closed.
On the other hand, dS'(v,e) = D.e + (—iv,0) € I'(T*M & S); thus its
image is the sum of two closed subspaces). Therefore it suffices to show that
Coker(d.S") = 0.

Since dS’ surjects to the L?(C,iN & C ®TC)%? component of V (because
the moduli space of vortex solutions on C are smooth), we need only to con-
sider the L%:E(Wo) component of V. However, a by-now standard argument
(cf. e.g. [29]) shows that there is no (F,x) € L2..(W)) in the cokernel of dS’.
Thus dS’ (and hence dS) is surjective at zero and therefore S~1(0) is a Ba-
nach manifold. By Theorem 4.3.5, M; = S~1(0)/G is a Banach submanifold
of O.

As a consequence, @ : M; — H x B is Fredholm of index Ind(D,) by a
standard argument (cf. e.g. [9], p.60). It follows then from the Sard-Smale
theorem that M., + = @~ !(g,w) is a smooth manifold for generic (g, w). O

As a simplest example of M,

Corollary 6.1.3. The moduli space for Seiberg-Witten solutions on R?
with perturbation t x dxs (t > 0) is smooth; in fact, it is diffeomorphic

to [ [, Sym™ C.

Proof. This is obvious from the work in §3.2. In fact, the embedding of
the moduli in the configuration space C in the x-gauge is given simply by
(A, (e, 0)), where (A, ) is a vortex solution on C in the (vor) gauge. The

®Let Y be replaced by Ka .NT(Wp) (identifying I'(Wp) with its natural embed-
ding in T'(Wy)). cf. §5.1, footnote 3.
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diffeomorphism to ano Sym™ C is then given by taking the centers of the
vortex solution (A, ). The smoothness follows from Corollary 5.3.5. O

We say that (g, w) is a good pair if the corresponding moduli space Mg ., ¢
is smooth.

The following corollary is useful for showing that the Seiberg-Witten
invariants of MEE’s are independent of metric and perturbations.

Corollary 6.1.4. (a) Fix the parametert > 0. The moduli spaces Mg, w, i,
Mg, wo ¢ corresponding to any two good pairs of (g1, w1), (g2, w2) are cobor-
dant in the quotient space Q.

When t = 0, the same holds with the additional requirement that
bl(A4)2> 1.

(b) Now fix a good pair (g, w) and let t vary. The moduli spaces Mg, +
patch up to form a (non-compact) cobordism:

~ i
Mg w RT,

with m=1(t) = Mgy, t € (0,00). Furthermore, when the vortex number
n =0 and € = 0 (note that ¢ = 0 is allowed only when n = 0), elements in
Mg,w,t converge in Liloc to points in My, 0 as t goes to zero.

Remark 6.1.5. Note that Qy and Qy, t > 0 have different topologies so
the convergence Myt — Mg.q,0 can only happen at the Liloc level. Also,
My wit, t > 0 do not converge to the whole M, ., o. For example, when M
is the connected sum of R? and a Seifert fibered manifold with b!' = 0, we
expect (by the correspondence between Seiberg-Witten solutions and sets of
gradient flow lines explained in §1.1 (A)) that the limit of Mg ¢, t — 0
consists only of flat connections on M, while there might be other t = 0
Seiberg-Witten solutions in view of the computation in [32].

Proof. Part (a) is standard. The proof of part (b) follows the same strategy,
but some preliminary work is required: since the moduli spaces M, ,,; for
different t’s lie in different spaces Q, we need to construct a bigger ambient
space in which Mg,w lies. This is done by a “fibration argument” similar to
that in §4.3. Recall the construction of the configuration space C; as | J,, Y %
AP x AP We showed in Lemma 4.3.3 that the space Y; does not depend on ¢.
In addition, though A} does depend on ¢, A} and A}, are isomorphic for any
t1,t2 € RT by the isomorphism (a,a)(z) — (V/t2/tia, /ta/t1a)(\/t1/t22).
Thus the union
C .= U Cs

teR+




Seiberg-Witten Equations on Three-manifolds with Euclidean Ends 71

has the product structure C; x R*, and its quotient is O := é/g = Q; x Rt.
The rest of the proof then follows the standard argument. g

6.2. Compactness, and the ends of the moduli.

We have the following version of compactness results.

Lemma 6.2.1. Let (g, w) be a good pair. Then:

(a) When t =0, My, + is compact.

(b) When t > 0, the projection map 9, x 0 : My, — Sym"(C) x
Sym"(C) is proper.

Proof. We shall only prove the ¢t > 0 case, since the ¢ = 0 case is entirely
similar, using Proposition 3.3.11 instead of Proposition 3.3.3.

Let ¢t > 0. We first assume that w = 0 in w. Suppose {c1,c2,...} is a
sequence of elements in M" such that 04 x 0_(c1), 0+ x 0_(c2), ... converges
toa € Sym™(C)xSym"(C). Given the L*™ bound on v established in Lemma
3.1.5, by a standard elliptic bootstrapping argument (cf. [19, 31, 29]) one
concludes that:

Over any compact subset U of M, we may choose suitable rep-
resentatives of ¢; in C, denoted by cZU, so that a subsequence (6.1)
of {V'} converges over this subset.

Therefore: (1) one may choose representatives of ¢; in C, denoted still by
¢i, so that restricted to Mag, R > 2R, a subsequence of {c¢;} converges in
the L2 norm. Furthermore, by Proposition 3.3.3 and (6.1) again, a diagonal
argument shows that: (2) there is another subsequence of {¢;} (without
loss of generality, we assume it is {¢;} itself) so that over M\Mp there
are e € G such that {ei¢;} converges in the L2 -norm on M\Mpg. (Cf.
Definition 5.1.8 for the notation).

By (1) and (2), there exists still another subsequence of {c¢;}, so that
{ei0=XRr)& ¢} converges in the L3, norm over the whole M. The lemma is
proved for w = 0.

Now when w # 0, we may choose a large enough R so that (g, w’) is still
good with w' = xgpw, and M,y ; is cobordant to Mg, ;. Now Proposition
3.3.3 still applies with (g, w’) because on M\ Msp, w' = 0. The properness
for M . implies the properness for My ;. O
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Remark 6.2.2. (a) In fact, both 04 and 0_ are proper in the ¢ > 0 case.
This follows from Corollary 3.3.9 (3), and an argument similar to the above
proof. We shall henceforth call 97! (Sym™(C)\K) “the end of M™” when

K ={(z1,22,...,2n) €Sym"C: z; € (C,Z]zi]2 < R}
i=1

for some large R > R. The properness of d; means that the complement of
the end of the moduli is compact.

(b) In the ¢t = 0 case, Lemma 6.2.1 together with Theorem 6.1.2 implies
that one may define a version of Seiberg-Witten invariant of 3-manifolds
(for by > 1) as the Zg-count of the points in the moduli space. That this is
independent of g, w is guaranteed by Corollary 6.1.4. The story for the t > 0
case is more involved due to the noncompactness of the moduli. We need
a more detailed description of the end of the moduli via gluing theory (cf.
Theorem 6.3.3 below), to which we devote the rest of this section. In [23]
section 7, the product structure of the end (Corollary 6.3.5 below) was used
to construct a series of Seiberg-Witten invariants from the ¢ > 0 moduli.

6.3. Local description of the moduli via gluing.

The main goal of the rest of this section is to state and prove Theorem
6.3.3. This theorem describes parts of the moduli space for ¢ > 0 Seiberg-
Witten solutions by gluing solutions on R3 and some known solutions. This
partially describes the higher-vortex-number strata in terms of the lower-
vortex-number ones; in particular, by Lemma 6.2.1 this determines the ends
of the moduli.

The result is obtained in four standard steps. The first three steps, (A),
(B), (C) below, occupy the rest of this subsection. The last step, i.e. proving
that the gluing map is a diffeomorphism, is in the next subsection.

For the rest of this section, let ¢t > 0, and (g, w) be a good pair.

(A) CONSTRUCTING THE APPROXIMATE SOLUTIONS.
This is done in the following steps.

1. Let R be a real number; R > 2%. Let C; > Cy > C3 > C4 be positive
constants independent of R.

Let vr(z) be a smooth cutoff function which is |z|-dependent-only on
M\ My, and is supported in {x € M : |z| < CyR} with value 1 on
{r € M : |z| < C3R}; yr(z) := 1 when x € Mgy.
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Let y be a vortex solution of on C in the (vor)-gauge (cf. Appendix).
Suppose its vortex number is n (n = 0 is possible), whose centers fall
in the region where |z| > C1R. Let y* (2T, f) := (y(27),0) in the
decomposition (5.1) be a configuration on U, C R3.

Let N'C M be a closed ball of radius p about [vg] € M™, which may
be represented as a subset in the gauge slice {vg +e: e € TC; d; e =
0} C C, where vg is in the x-gauge defined in the end of §4.3. Let v
be an element in the above subset. We require p = p(R) to be small
enough such that the centers of all such v fall within the region where
|z| < C4R, and that there exist a continuous family of right inverses P,
of D, with || P,|| < C5 Y, for a constant C5 independent of v, R. (Note
that P, exists by the smoothness of A/, and it is uniformly bounded
by the compactness of N.)

2. Identify the spinor bundles over U, and M on the support of yr(1—~g)
by requiring the a-components of the spinor fields in y* and v to be
parallel. (Note that these components never vanish in this region by
Proposition 3.3.3 and Appendix, point 3.)

We define the configuration ¢ := y#v := (A,1)) € C as follows:
(i) Let ¢ be y™ on the region M\ support(yg) C Uy.

(ii) On M\ support(l — vg), let ¢ = v.

(iii) On the support of vr(1 — vr), let

ci=v+ (1 —-7yg)y"T —v). (6.2)

We will use y to denote either a point in Sym"(C\D(R)) or a correspond-
ing vortex solution in the (vor)-gauge indiscriminantly. Similarly, we will use
the same notation v for an element in N or the corresponding Seiberg-Witten
solution.

The above patching-up construction thus defines a smooth map

4+ Sym"(C\D(R)) x N — C(M)
by #(y,v) := y#v. We denote by Gl := Sym"(C\D(R)) x N “the space of
gluing parameters”.

(B) ERROR ESTIMATE AND UNIFORM INVERTIBILITY.

Proposition 6.3.1. Let ¢ := y#wv, where y, v are as in part (A) 1 above.
Then there exists a Ry such that for R > Ry, the map # : Gl — C(M) is
smooth and the following hold:
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L |[S(y#v)lly < CRT/2H 4 |lwz,pic.

2. D, is right invertible for ¢ = y#v; Ind(D.) = 2n + Ind(D,); and the
right inverse G, is uniformly bounded with respect to c.

Proof. The smoothness may be checked by routine estimates.
To verify assertion 1, write v = (A’,4'), y* = (A,v), and (A4,)) := y#v.
We omit the subscript R of the cutoff function and write it as v below.
Let’s begin with the special case when w = 0.

It is easy to check that in this case

d 0 = p(dy) (@' — ) —v(1 —)p(A' — A =) + (1 —7)0%  (6.3)
Fi—p too(y,v) =dy(A' — A) + (1 — 7)o’
+ (1 =)o, " =) —a(@, ¢ — ).

Thus we see that the two L?(C,iN @& C ® TC) components of S(y#v) (ac-
cording to the decomposition of V in (5.3)) are bounded by

ldy(D4v = 82y™) |2 reec) + V(L =1 (020 = xy™)?[ 12 (e reac)

which decays exponentially with R for large R by Appendix, point 3.
As for the L%e(Wo) component, a direct computation shows that it is
bounded by

[dy(v—v1)]l2,1:e+2[17V(L = V(YT = v1)(0=01)[l20:e+ V(L = 7) (0 = v1)?[[2,1:¢
+2[[Ago fF(1=Ago f)y(1 =) (04v 0 24 — D_v 0 2_)* |2 1.+ [[(1 — 7)0%||2,1:¢

where vy (x) := A\go fOvozy+(1—Ago f)0_voz_, with the usual interpreta-
tion. Recall from Proposition 3.3.3 that we have [v—uv1|+|V(v—v1)| < Clz|™3
for large enough |z|. Together with Appendix pt. 6, this implies assertion 1.
When w # 0, ||wl|2,1:c is small, we may regard w as a perturbation and
use lemmas 6.3.2, 6.3.7 below to establish assertion 1.
To prove the right invertibility in assertion 2, notice that for large R,

f Y and y+ can be extended to the whole R? as 5.1.4 and Corollary 5.3.5.
R

(We shall denote the extensions by the same notation.) From Corollary 5.3.5
(b), we know that D, + has a uniformly bounded right inverse. By assumption
D, also has a uniformly bounded right inverse. We denote the right inverses
of Dy+ and D, by P, P respectively. Combine these P;’s via partition of
unity to construct an operator @ similar to (5.38):

Q = ¢1Pi1 + g2 Poya, (6.4)
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where v1 1= 7; 2 := (1—7), and ¢1, ¢2 are as usual, smooth cutoff functions
with value 1 over the supports of 71, o respectively. Then just like the
computations in section 5, we have D.Q) = 1 + R, where the operator R is
given by the same formula (5.40) but with the cutoff function x is replaced
by v here. We see then that the operator norm of R goes to zero as R — oo,
because ||op(de;)|loo < C1/R; |1172(yT — v)|leo < C2/R3, where Cy, Co are
independent of y and v. Therefore 1+R is invertible when R is large enough,
and we may take the desired right inverse of D, to be P, := Q(1 + R)~!,
which is uniformly bounded because of the uniform boundedness of P; and
Ps.

To prove the claim about the index of D, in assertion 2, note that
Coker(D,) is trivial since D, is right-invertible. On the other hand, Ker(D,)
is isomorphic to

Ker(D,) @ Ker(D,) ~ R* & TN,

by mapping (ki, k2) € Ker(D,) @ Ker(D,) to

vik1 + y2ka — Pe (UD(d’Y)(kl — k2) + 1172(Dy — Dy) (k1 — k2))

(C) PERTURBATION.

The key of this part is the next well-known lemma. It can be easily
derived from the contraction mapping principle. Similar versions can be
found in, for example, [2] Lemma 7.2.23 or [7].

Lemma 6.3.2. Let f be a smooth map between two Banach spaces E and
F which has an expansion as f(q) = n+ Lq+ B(q) where L is a linear map
with a right inverse G, and B is a quadratic form® satisfying the estimate:

1B(Gh1) = B(Gha)|| < k([[ha[l + [[h2]) ]2 = hall (6.5)

L

for any hy, hy € F and some positive constant k. Then if ||n|| < 15z,
= 0.

there exists a unique h(n) € F, ||h(n)| < 1/(5k), such that {(Gh(n))
Moreover, ||h(n)|| < 2||n||, and h(n) varies smoothly with n.

Theorem 6.3.3. Lett > 0; N be as in Part (A). Then there exists R, € R*
such that for R > R{,, and any c € #(Gl), the following hold.

6We will use the same notation for its associated bilinear form.
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(1) There exists a unique q(¢) € K such that S(c + ¢(c)) = 0,
and [lq(c)]lz < C|S(c)ly < C'R™3/2*<. Thus this defines a map YT :
Sym™(C\D(R)) x N — M"*™,

T(y,v) = [y#v + q(y#v)] € Q.

(2) Y is smooth and injective. Actually, it describes the local structure
of the moduli space in the following sense. Let U C Sym™(C\D(R)) x N be
an open subset, and let

U(d) = {c' €C:3ce#U), | -y < d; Sy < cpd},

where Cp is a constant larger than the operator norm of D. Then there exists
a small positive number v depending on R and U, such that U(v) N M™ is
diffeomorphic to a neighborhood of U in Sym"(C\Dpg) x N.

Remark 6.3.4. If in the pre-gluing construction in Part (A), v is allowed to
have centers in {z € M : |z| > C1 R} in addition to those in {z € M : |z| <
C4R}, then part (1) of the above theorem still holds, and the same arguments
define a smooth map Y, which however may no longer be injective.

T is usually called the gluing map.

Corollary 6.3.5. (1) The end of the vortex number 1 stratum of the moduli
space for any MEE consists of finite copies of C\D(R).

(2) Any point in the end of M" (cf. Remark 6.2.2) has a neighborhood
with a product structure N' x R, where N is a neighborhood in MP, p < n,
and R is a neighborhood in Sym" P(C). In particular, any non-compact
component of the moduli space has dimension at least 2.

Proof. (1) Lemma 6.2.1 says that the vortex number 0 stratum consists of
finite points. Taking this as N and taking U to be (C\D(R;)) x N, Ry > R,
Theorem 6.3.3 shows that the end of M contains (C\D(R1)) x A/. On the
other hand, this already describes the whole end for the following reasons.
By Lemma 6.2.1, any Seiberg-Witten solution corresponding to an element
in the end have a single center far away from Mp,. Let v; be such a Seiberg-
Witten solution on M with vortex number 1, and let ¢y be the unique vortex
number 0 solution on R3. By Remark 6.3.4, yo#v; approximates a vortex
number 0 solution on M, say vg. Thus any such v; approximates a vortex
number 0 solution vy inside the cylinder |z|] = R. This together with the
proof of Proposition 6.3.1 implies that v; € U(r) and by Theorem 6.3.3 (2),
this means that v; € T((C\D(Ry) x N) for all such v;.
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(2) Let ¢ be a configuration representing this point in M™. let
r1,79,...,7y, be the distances of the n zeroes of d;c to the origin; we or-
der them such that r{ < ry < --- < r,. Since c lies on the end of M",
we may assume 72 + 73 + --- + 12 > (10R)*n3, where R > R is the same
as that in Theorem 6.3.3. If r; > R, then by applying Theorem 6.3.3 and
Remark 6.3.4 in the manner of (1), the claim holds for p = 0. Otherwise
max;;(rit1 — r;) > R; say the maximum occurs at i = p. Then Theorem
6.3.3 again shows that ¢ = Y(z,y), where x € MP and y € Sym"(C\D(R)),
and a neighborhood of ¢ is N’ x R, where N is a neighborhood of x, and R
is a neighborhood of y. O

Proof of Theorem 6.3.3 (1). For the existence of the map Y, apply Proposi-
tion 6.3.1 and Lemma 6.3.2.

It is not hard to see by the proof of Lemma 4.1.8 that for any A in K or
V, it can be uniquely decomposed as

h=q+de,
for some g € Kerd’. Let the projection operator =’ be
7' (h) == q.

Note that (cf. §5.1) when c is a Seiberg-Witten solution, Ker(d}) = Im(D,).
Here ¢ is only an “approximate solution”; however we shall show that

7' D, Ker(d) is still right-invertible). We take in Lemma 6.3.2
er(d}

f(q) == 7'S(c + q) = 7'S(c) + 7'Deq + B(q)- (6.6)

Lemma 6.3.6. L. := 7'D. has a uniformly bounded right inverse, G.. In
other words, L.G. = Id; my := G.L. defines a projection operator that
decomposes K = Im G, @ Ker L..

Proof. By Proposition 6.3.1, D, has a uniformly-bounded right inverse P,.
Decomposing its domain and range as

i @i o T(S) =i @ Ker(df) @ Im(d,),
D. has the following form with respect to the decomposition:

d

o %

0
Le

*
. ko k

o O

(6.7)

=
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where % denote some operators with small operator norms (which goes to
0 as R — oo; especially, these x are replaced by 0 if ¢ is a Seiberg-Witten
solution). The blocks d. and d} in (6.7) are isomorphisms. Thus L, has a
uniformly bounded right inverse since D, does. O

On the other hand, denoting q := (a,n),

B(q) := ﬂ’( —io(n,n), @n)-

A routine computation confirms that B(q) satisfies the estimate (6.5) (using
the bound on the operator norm of G.). To apply Lemma 6.3.2, we now only
need to estimate 7 := 7'S(c), which is done in Proposition 6.3.1. Lemma
6.3.2 together with the following lemma then show that ¢+ ¢ satisfies S(c+

q) =0.

Lemma 6.3.7. If1'S(c+q) = 0 and q is small enough then (1—7")S(c+q) =
0.

Proof. Write (1 — 7")S(c+ q) =: d.£. Then
dede§ = d:S(c+q) = i1Im(n, §ara(y +1))- (6.8)
Now if ©'S(c+ q) = 0, then S(c+ q) — d.£ = 0, and thus J 414(¢p + 1) = €.
Substitute this back to (6.8), we have
dede€ = ilm(n, £).

This implies, via a straightforward extension of Lemma 4.1.8,
lélls < Clldideell e < Cllllza linlzs

by the L>°-bounds on ¢ and V 4¢. Thus £ = 0 if ||77HL§ < Cillqllz is very
small. ’ O

The proof of Theorem 6.3.3 (1) is now complete; assertion (2) will be
proved in the next subsection.

6.4. The gluing map is a diffeomorphism.

This subsection contains the last step of the proof of Theorem 6.3.3: showing
that the gluing map T is a diffeomorphism (assertion (2)).

First, we note that the smoothness of Y follows from the smoothness
of: (a) #, (b) G, with respect to ¢, (c) the term h(n) with respect to 7 in
Lemma 6.3.2, which all may be verified by direct computations.
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On the other hand, the contraction mapping theorem argument in
Lemma 6.3.2 shows that ¢ + ¢(c) are the only Seiberg-Witten solutions in
U(d) having the form ¢ + G.(h). To show that all Seiberg-Witten solutions
in U(d) are of this form, we need the following gauge-fixing lemma.

6.4.1. A gauge-fixing result. Since &/ C Sym"(C\D(R)) x N is open,
there is a positive number v such that (0#(Sym" (C\D(R))xN))NU (v) = 0.

Proposition Let v be the positive number described above. Then every el-
ement in U(v) has the form u(c+ Ge(h)) for some ¢ € Im(#), uw € G, and
h e Kerd; C V.

Proof. We follow [2] Chapter 7 and use the continuity method to show that
given an element ¢ € U(v), we may find h, ¢, and u as in the statement of

the proposition so that
Geh=ud —c. (6.9)

Since ¢ € U(v), we can find a ¢(0) € #(U) such that ||¢ —¢(0)|| < v. Let’s
look at a path in U(v) interpolating ¢’ and ¢(0):

d(t) =t + (1 —t)c(0). (6.10)

Let J C [0,1] be the set of all ¢ for which there exists u(t) =: £® ¢ g,
c(t) € Im# C C(M) and h(t) € V, such that

eSO (1) = et) — Ger)(h(t)), and (6.11)
Ihlly <& v<e<l. (6.12)

Since 0 € J, if we can prove that J is both closed and open, then J = [0, 1]
and the proposition is proved.

To prove that J is closed, we establish some a priori bounds. Since we
have h = f(Gh) — f(0) — B(Gh) from (6.6), by the Definition of U(r) and
Proposition 6.3.1 (1),

Ihlly < Cpv + CLR™4¢ 4 C'|| ;.

For R73/%*¢ < v < ¢, this togther with (6.12) implies that |[h]y < §,
which is a closed condition though we started with the open condition (6.12).
Given a sequence in J, say {¢;}, this implies that there is a subsequence (also
denoted {t;}) such that the corresponding {A(#;)} has a weak limit in V. On
the other hand, both {¢/(¢;)} and {c(¢;)} converge too (after further taking
subsequences): the former because of the compactness of the parameter
space [0,1]; the latter, {c(t;)}, converges because (6.11) implies that the
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centers of ¢(t) are bounded, and because of the local compactness of the
space of gluing parameters Gl. Lastly, {u(¢;)} also has a weak limit in X
by (6.11) and the convergence of h(t;), c¢(t;), ¢(t;). Furthermore, the limits
satisfy (6.11) again, which implies that J is closed.

To show the openness, consider the linearization at ¢ of ¢/(t) = u(t)(c(t)+
Geyh(t)) (without loss of generality, set u(t) = 1):

,T(u,c,h)(gv T, C) =d£ + Z(T) + (aTGC)h + GCC + chha (6'13)

where ¢ € iQ°(M), 7 € T GI; | denotes the linearization of the gluing map
#, and ¢ € Kerd C V. Note that our choice of ¥ makes sure that for all
teJ,c(t) & 0Im(#).

We shall show that 7 is surjective, which implies that J is open.

We begin with some definitions for &, (, 7. Define the norms

1€ Ol = [1€ll5 + lIClvs
1& 7 Oy == (& Ol + 71

7T is then a bounded linear operator between By and K.

Lemma 6.4.2. In the notation above,

71(57 C) = dcf + GCC (6.14)

is a Fredholm operator between By and K with index — Ind D., and it has
null kernel.

Proof. The closed range property and the triviality of the kernel is guaran-
teed by the following two estimates: (i) By acting on both sides of (6.14) by
7' D., we get

Il < 17" DeTi (8, O)lly + |l Dedet |1y
< CIT(E Ollg + B2IEN),

where we have used estimates for || D.d.| o obtained from (6.3).
(ii) Also, by an extension of lemma 4.2.5, we have

lellg < Cldeellys
< O'lldetlg < CITE Qg + CNGLl 4
< CITEOl + "Il
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Combining the above two inequalities, we see then when R is large

Next we turn to the Fredholmness and the index calculation. This is easy
due to the observation that if the domain and range of 7; are decomposed
as iQY @ Ker d? and Im d,. ® Ker d? respectively, 7; has the following matrix

form:
d. 0
0 G. )’
where the block d. is an isomorphism. Thus 77 is Fredholm as G, is, and

has the same index, namely — Ind D,.. O

Now to continue the proof of the proposition, decompose T =: 77 + 75 +
73 + 14, where

To(7) = U(7);
7?3(7—) = (8TGC)h;

Since h is small, both 73 and 74 can be regarded as perturbation. For exam-
ple, 73 is small by the following observation. By the relationship between G,
and P., we can find a constant C such that |[(0;Gc)h| z < C|[(0-Pe)h| 13
so we can try to estimate ||(0;P.)h|| ;. instead (for notation cf. Definition
5.1.8). 0;(P.)h can be directly computed from the gluing construction of P,
in Proposition 6.3.1 (see the paragraph following (6.4), cf. also [2]), which
enables us to find |[(9-P.)h| g1 < Cl7|||R]lv.

Note that 75 has null kernel by the gluing construction: that is, there
exists a positive constant C' such that ||(1 —m)7Z2(7)| z > C|7|. Decompose
Ty as To = mo7T2 + (1 — mp)72. By Proposition 6.3.1,

I T2(T)ll 4 = IGeLel(Dlx < C'lILl(T) v < CR™/*¥|7, (6.15)

is very small; therefore (1 — my)72 is the dominant term.

With these facts understood, we argue that 7 has null kernel. Suppose
the contrary. Then there exists (§,7,(), 7 # 0 (since 77 has null kernel and
73,7, are small perturbations), such that

T(&7,Q) =de§ + G+ UT) + T3(7) + Tu(§) = 0. (6.16)

Without loss of generality, we assume |7| = 1. Since #'D.7 (§,7,¢) = 0, we
have
7' Dedeé + ¢+ 7' D(7) + 7' De(T3(7) + T4(€)) = 0; so
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ICly < elr+ €l x)- (6.17)

Similarly, letting d act on (6.16), we obtain

1€l ¢ < ell(€, 7 Oz, (6.18)

Substituting (6.17), (6.18) into (6.16), we get
Tl < Clli(n)llx <e <1,

which contradicts with the assumption on 7. Hence Ker 7 = ().

On the other hand, by Proposition 6.3.1, Ind(D) = dim G1, and therefore
T has index zero. This implies that 7 is surjective, and therefore J is open
and can not be anything but [0, 1]. End of the proof of the proposition. [

6.4.3. Finishing the proof of Theorem 6.3.3: injectivity of T. Propo-
sition 6.4.1 and the proof of Theorem 6.3.3 (1) in §6.3 show that T is an
immersion that surjects over M NU(v). To show that Y is actually a dif-
feomorphism, it thus remains to show that it is injective.

Suppose the contrary, then there exist c¢1,co € Im# , hy € Kerd
hy € Kerd?, , u € G such that

c2)

3
c1’

c1 + Gclhl = u(CQ + Gcghg). (619)

Since the terms Ge, h1, Ge,hy are small (with respect to the K norm), (6.19)
implies ¢; ~ uce. By construction of the # map, this means u ~ 1; ¢; ~ co.
Thus we can approximate (6.19) by its linearization.

—U(7) = dey€& + EGeyha + 0-(Geyh) + 0o(€, 7), (6.20)

where 7 := ¢g — ¢1. To simplify notation, we will henceforth denote ¢ := co;
h:= hQ.
From the proof of Proposition 6.4.1, we saw that

16,7, OB, < Cllde€ + GeC +1U(T) + T3(7) + Tu(&) || -

Letting h = ¢ = 0 in the above inequality and combined with (6.20), we
have

1€l + |7] < Cllde€ + 1) i < C'|0-(Geh) + EGehll; + o(&,T)
< C0:(Geh)l g +elléll ¢ + o(€, 7). (6.21)



Seiberg-Witten Equations on Three-manifolds with Euclidean Ends 83

where € is a small number, and we have therefore
1€l 5 + || < Cal|0-(Geh)| - (6.22)
To estimate the right-hand side of the above, note that
10-(Geh)|| g < 1(0:Ge)hl g + 1Ge(0-h) |l -

As we have already estimated: [|(0;G.)h| z < €|7| in the proof of Proposi-
tion 6.4.1, we may concentrate on the term [|G.(0:h)|| - < C||0-hlly. [|0-h|v
may be estimated by differentiating 7'S(c) = h + «' B(Gh, G h):

0:1'S(c) = 0rh + 21’ B (Gc(aTh) + (0,Go)h, Gch) , (6.23)

which implies [|0-hlly < e2|7|. Summing up, ||0-(G:h)||pz < e|7|; this to-
gether with (6.22) gives [|£][¢ + 7] < e1|7|, with 1 < 1. This implies
|| = ||€]|¢ = 0. That is, T is injective. This finishes the proof of Theorem
6.3.3. O

Appendix: Review of Vortex Solutions on C.

We recapitulate some useful properties of the vortex solutions on C, which
we apply extensively in this paper. More details may be found in [40, 15],
and [43] section 2, [42] section 4.

Let z be a complex coordinate on C.

1. The vortex solutions on C are classified by the integer n = fC %F \E,
usually called the “vortex number”. This integer coincides with the
number of points (counted with multiplicity) where the “Higgs field” «
vanishes, and it is finite iff 4, Oscr are both L2-integrable. We always
assume this is true.

2. For a vortex solution (A, ), « has the following L*°-bound: |a| < 1,
where the equality happens only when n = 0, and in that case |a| = 1.

3. For a vortex solution (4,q), |Fal, (1 — |a|?) and |V 4za| decay expo-
nentially far away from the zeros of .

4. The gauge group Map(C,U(1)) acts on the space of vortex solutions
as follows: A A
e“ (A, a) = (A —idE, ea).

The moduli space of vortex solutions under this gauge action is isomor-
phic to [[,,c 5 Sym" C, where n is the vortex number. The isomorphism
is obtained by assigning a vortex solution the zeros of a.
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5. The moduli space of vortex solutions may be embedded as a gauge

slice in the configuration space Q'(C) x C*(C, C) such that the Higgs
field « satisfies
a=f2"

when z is large enough. Here f is a positive function. In this paper
we call this gauge (vor), and the image of the moduli space under this
embedding M ,ortes -

. The following operator on iQ!(C) x C*(C, C) is the composition of the

linearization of the vortex equation with a gauge fixing condition: for
c=(A,d),

O.(b, ) = (—40b + &'\, 204\ + bd). (A1)

Here (A’, ) is a solution to the vortex equation, and the gauge con-
dition named is

6L(b, \) := 2d*b + i Im(&/\) = 0. (A.2)

O, is a bounded Fredholm operator between L? and L?, with null cok-
ernel and Ker ©, = C", n being the vortex number of ¢. Furthermore,
if t € Ker ©, then both [t| and |Vt| decay exponentially with |z|, for
large enough |z|. Ker ©®, may be identified with the tangent space to
the moduli space of vortex solutions at ¢, under the previously men-
tioned embedding. (Point 5 above.)
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