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1. Introduction.

This is a follow-up work of my earlier paper [8]. In [8], we study the lower
bound of the K energy on the Kéhler manifold when the first Chern class
is negative. This is an important problem in Kéahler geometry since the
existence of lower bound of the K energy is the pre-condition for the existence
of constant scalar curvature metric problem (cf. [2] and [9]). According to
a decomposition formula in [8]2, the problem is reduced to the problem
of solving the existence of critical metrics of a new functional J introduced
both in our paper [8] and Donaldson’s work [11]. For convenience, we include
its definition below. The existence problem is completed solved in Kéhler
surface. However, the existence problem in general dimension is still open.
In this paper, we try to understand the general existence problem in Kéhler
manifold via flow method. Let (V" wy) be a Kéhler manifold and wy be any
Kéhler form in V. Consider the space of Kahler potentials

H = {p,w, = wy +i0dp > 0, on V}.
For any fixed positive (1,1) form x, one introduces a new functional J with

n
respect to this form x. Denote g = Z gaEd zad Zg is the Kahler metric

a,E:l
corresponds to the Kéahler form w.

Definition 1.1. Suppose x is a closed (1,1) form, then for any p(t) € H, J
is defined through its derivative:

It is straightforward to show that this is well defined.

!This paper was accepted in 2000; but publication has been delayed.
2An explicit formula for the K energy was given first by Tian [23] earlier.
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Remark 1.2. This definition is given by [11]. In [8], we assume X is a Ricci
form, but not necessary positive.

In [11], Donaldson outlined the significance of this functional in its own
right: a) J is a convex functional in the space of Kéhler potentials (See
proposition 1 below); b) J is a moment map from the space of Kéhler poten-
tials to the dual space of the Lie algebra of some sympletic automorphism
group. In this paper, we will continue to study the existence problem of the
critical point of J. In particular, we concentrate in the gradient flow of this
functional.

The Euler equation for J is:

n
Z g’ Xop = lrgx =c¢ (1.1)
a,f=1

where .
X= D Xojd2d75
a,f=1

Here g is the critical metric and c is a constant depending only on Ké&hler
class of [x] and [wp] :
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Consider the parabolic equation

n

Jyp oB
F—e= > @) (1:2)
a,f=1
Here 92
2
_ — i ML —
9.3(%) = 90,7 52057

Similar to the case of Calabi flow [4], the main result of this paper is

Theorem 1.3. The following statements are true:

1. This gradient flow of J always exists for all time for any smooth initial
data. Moreover, the length of any smooth curve and the distance
between any two metrics decreases under this flow.
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2. If the bisectional curvature of x is semi-positive, then the gradient flow
exists for all time and converges to a smooth critical metric.

From equation (1), it is easy to see that a necessary condition for a
solution to exist is (also see [11])

c-wg—x >0, (1.3)

where wy is the Kahler form associated to g. In other words, there exists at
least one Kéhler form w in the Kéhler class of [wg] such that the following
holds:

c-w—x>0. (1.4)

Conjecture 1.4. (Donaldson [11]) If the aforementioned necessary condi-
tion is satisfied, then there exists a critical point for J = J, in that Kahler
class.

Historic remarks: Using heat flow method to study the nonlinear PDE is
a well known method in differential geometry. In recent years, it has been
the source of active researches since the famous work of Eells J. and Samp-
son [13]. Interested readers are refereed to important work by Hamilton R.
[16], Huisken G. [18][17] and a survey paper by Cao H.D. and Chow B.[7]
and the references therein.
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for his encouragement in studying the critical points for the functional J,
which began in the spring of 1999 when the author visited him. The author
also would like to thank Professor Huisken G. for many interesting discussion
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Schoen R. Simon L., Calabi E. and Tian G. for their interests in this work.
The author is very grateful to the referee for pointing out a number of errors
in the eariler version of this paper.

2. Summary of recent developments in the Riemannian
metric in space of Kahler potentials.

Let (V,wp) be a Kahler manifold. Mabuchi ([19]) in 1987 defined a Rie-
mannian metric on the space of Kéhler metrics, under which it becomes
(formally) a non-positive curved infinite dimensional symmetric space. Ap-
parently unaware of Mabuchi’s work, Semmes [21] and Donaldson [12] re-
discover this same metric again from different angles. For any vector 1 in
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the tangential space T, ’H, we define the length of this vector as

Ileliz/szdugo-

The geodesic equation is

1
pt)" - §|V90/(t) 20 =0, (2.1)

where the derivative and norm in the 2nd term of the left hand side are
taken with respect to the metric wy ).

This geodesic equation shows us how to define a connection on the tan-
gent bundle of H. If ¢(t) is any path in H and ¢ (t) is a field of tangent
vectors along the path (that is, a function on V' x [0, 1]), we define the co-
variant derivative along the path to be

a1

Dy = Fra §(V¢a V).

This connection is torsion-free because in the canonical “co-ordinate chart”,
which represents H as an open subset of C°°(V'). The main theorem formally
proved in [19](and later reproved in [21] and [12]) is:

Theorem A The Riemannian manifold H is an infinite dimensional sym-
metric space; it admits a Levi-Civita connection whose curvature is covariant
constant. At a point ¢ € H the curvature is given by

Ro(616,326)830 = — {016,520}, Bs0},

where { , }¢ is the Poisson bracket on C*°(V') of the symplectic form we;
and 019,020 € TyH. Then the sectional curvature is non-positive, given by

1
Ky(016,026) = —11{016, 020} 15

We will skip the proof here. Interested readers are referred to paper of
Mabuchi [19] or [21] and [12] for the proof.

This subject has been quiet since the early pioneer work of Mabuchi
(1987) and Semmes(1991). The real breakthrough came in the beautiful pa-
per by Donaldson [12] in 1996. In [12], he outlines the connection between
this Riemannian metric in the infinite dimensional space H and the tradi-
tional Kéhler geometry through a series important conjectures and theorems.
In 1997, following his program, the author proves some of his conjecture:

Theorem B [9] The following statements are true:
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1. The space of Kdhler potentials H is convex by CY' geodesics. More
specifically, if vo, p1 € H and p(t) (0 < t < 1) is a geodesic connecting
these two points in H, then the mized convariant derivative of p(t) is
uniformly bounded from above.

2. 'H is a metric space. In other words, the infimum of the lengths of all
possible curves between any two points in H is strictly positive.

In [4], E. Calabi and the author proved the following;:

Theorem C[4] The following statements are true:
1. 'H is a non-positive curved space in the sense of Alenxandrov.

2. The length of any curve in 'H is decreased under the Calabi flow unless
it is represented by a holomorphic transformation. The distance in H
1s also decreaseing under various geometric condition.

3. General preparation.

In this section, we assume x > 0 is a Kéhler form and J is defined with
respect to this positive form y. Then

Proposition 3.1. J is a strictly convex functional on any C! geodesic. In
particular, J has at most one critical point in H.

Remark 3.2. This proposition was pointed to the author by Donladson
in spring 1999 when the author visited him. The proof here is somewhat
different than his original proof.

Proof. Suppose ¢(t) is a C!'! geodesic. In other words, ¢(t) is a weak limit
of the following continuous equation as € — 0 :

o 1
(8—;20_5 | Vo' |i>detg:e'detgo.

By definition,
dJ dp w5
it = ), ot W Xap)
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Then (denote o = gO‘E Xop I the following calculation):
2
a2J _ 0%p Oy 5,00 D¢ Oy
W, (W’—w "G Y+ 5y 0 By ) detg
[ (PP Op 5,00, 5 Ao, 5,0
-/ (W %2 05(%2) 510 x5~ (20) 09728 5
~ot gaﬁxag 59" (50). ) det g
_ 0%p 8@ 9 ¢ .5,0p
- ((W L9222y 000 02 gy

~&e (g“ﬁxm;g )E(%—f)r> det g

_ 82 890 2 af 890 o ré 890
_/V<(W__vat ) 6" xap) + (505 (g Xa59 >(E)” det g

880 ofB ré 880
= - —_ _ oy > '
/V(at)ﬂ (g Xa39 >(at),r det g >0

The last equality holds along any C! geodesic.

O

By Donaldson’s viewpoint, we can view J as a moment map, and we

denote the energy of J as E, then £ = / (try(x))? det g.
1%

Proposition 3.3. E has same critical point as J. FE is decreasing by the

gradient flow of J.

Proof. Let o = trgx. All of the derivatives, norm and integration are taken

with respect to g in the following calculation:

n
8y E(g)= / 20(— > 9*3,0"x,5) + 07 Dgv | det g
14 a,B,r,0=1

- / 2 Y (9705009 X0z + 97009 X5 5) — 200 50,09"
1%

a7ﬁ7r75:1

:/ 2 Y (905000 Xo5 + 9700009 X5 5) — 200 50,09"
\4

o,B,r,0=1

N—— N —

n
:/ Y. 9705007 x5 | = / Z aﬁ o Xazd > v
|4

a7ﬁ7r76:1 ﬁ 7'6
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The Euler-Lagrange equation for functional F is:

n
B 5
> (srpa), =0
a7ﬁ7r75:1 "

The left hand side is a divergence form and the equation holds on the mani-
fold without boundary. Taking the differentiation inside the brake, we have

n

n
S (570 5xa97) + Y are” =0, (3.1

o,B,r,0=1 af=1

where we have used the identity x agmg“s = (Xrgg“s)@ since x is a closed
(1,1) form. At maximum or minimum point of o, we have o, = 0. Thus
o .5 = 0 at the critical point of o since x is strictly positive (1,1) form.
Thus o = const identically. One can also prove this via integration by parts.
Multiple o in both sides of equation (3.1) and integrating over the entire
manifolds, we have

n
0 = / Z Tﬁxagg“s)a—l— Z 07(10759‘150

7ﬁ7’5 1 aﬁ 1
5 5
= / Z 901X o5 59" 0—/ Z Do X059 ) o5
,ﬁ’f’($ 1 ,ﬁ’f'5 1
+ 3 oo
af= 1
- [ % (e es
a,B,r,0=1

Thus o = const in the manifold V since x is a strictly positive (1,1) form.
Now, along a gradient flow of J, we have %—f = c—tryx = ¢ —o. Thus,

dFE
W:2/v Z 9°%0 5(c — 0) 19" X3

a,B,r,0=1
n — —
= -2 / Z gaﬁaﬁaﬂagréxag <0. (3.2)
v a,B,r,0=1

The equality holds unless ¢ is a constant. Thus E is strictly decreasing
under the gradient flow of J. O
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Proposition 3.4. Any critical point of E is a local minimizer.

Proof. Recall the first variation of E is:

n
8y E(g) =2 / > 9%05v,:9"X0
14 o,B,r,0=1

Now we calculate the second variation of E in u, v direction, and substitute
the condition for being critical point o = const, we have

n n
8y 8y B(g) = =2 /V o9l Y. dPund"xa | s X

a,B,r,0=1 1,7,k,1=1 75
/rL — —_ _ —
07 kl )
=7 / > 9059 000,59 xas
Vo \a,B,,8,0,5, k=1
n p— - p— —
07 kl )
+2/ > 9T v 0 Xas 5
Vo \aB,r8i,5,k =1
n — —_ _ —
07 kl )
- / > 905900 0,59 X
Vo By, 8,i,g,k =1
n —_ _ —
07 kl )
+2/ Y. dTungg e o
Vo\auB,r6i,5,k,0=1
/rL — —_ _ —
07 kl )
=2 /V Z 9*% 99u 59" X0 v .39 Xaz | >0

a7ﬁ7r757i7j7k7l:1
The last equality holds since ¢ = const at the critical point. Also, the
last inequality holds as a symmetric form. QFED.

Proposition 3.5. Under the gradient flow of J, the length of any smooth
curve strictly decreases. Moreover, the distance between any two points
decreases as well.

Proof. Suppose ¢(s) : [0,1] — H is a smooth curve in the space of Kéhler
potentials. Now consider the energy of this curves as

1 2
En= / / <8—¢> det g.
s=0 JV ds
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Then, under gradient flow of J, suppose the energy becomes En(t). We
want to show that the energy is strictly decreasing under this flow (All of
the derivatives, norm and integration are taken with respect to g + d s? in
the following calculation:).

dEn Do 0% 0p. .o, Op
- I2y2 N
2/80 / (asasat (5s) Bogp ) dets
Oy do acp
— 9 A
/80 / (asas (3s) U) det g

3,00 5 0w Oy 3
. af _ord., _ Yz _ab
=2 / / g ( s )7ﬁrg Xaé) + s ( Os )7a0-7ﬁg

7ﬁ7 76 1

5=0
= -2 /1 / Z (%9
= - as )5 97 (55)wd" X3

a,B,r,0=1

) ) D 0 3
_|__<‘0. (a(p)rg Xaéﬁ>+2/ / 90 90 ,Egﬁ
s=0
:—2 T
/SO/ Z ( asﬂg (a)gxm;
a,B,r,0=1
oo Do, 3 Do 0 3
+22 @ (aw)rga%>+2/0 / ¢, <p 2056°7

:_2/50 / Z ( 35 59" (gw)rg Xm;)_o-

a,B,r,0=1
The equality holds unless g—f is a constant in V' x [0,1] or the geodesic is
trivial.

If the J flow exists for long time, then this will imply that J flow decreases
distance between any two points in H. We will deal with the long term
existence of the J flow in the next section. O

There are surprising similarities between this two group functions: the
first group is K energy and Calabi energy, both are well known, but perhaps
not well understood. The second group is our J function and its norm FE.
Here J plays the "role” of K energy and E plays the role of Calabi energy.
Calabi first proved in [3] that critical point of Calabi energy minimizes Cal-
abi energy locally, one should compare this to proposition 3 aforementioned.
In [4], we showed that Calabi flow (gradient flow of K energy) decreases
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the length of any smooth curves in the space of Kéhler metrics, one should
compare this to proposition 4 aforementioned. In [9], we prove that critical
point for Calabi energy is unique if C1(V) < 0, and in general it is conjec-
tured that critical point of Calabi energy is unique in each Kéhler class, one
should compare this to Proposition 1 aforementioned. The list of similarities
could go on and on. The critical point for Calabi energy is well known. The
critical point of F is not known and is also not clear about its importance.
But the similarity between E and Calabi energy makes it clear: to study the
critical point of E or its gradient flow, is amount to study a junior version of
extremal metrics or Calabi flow. The insight and technique we learned from
the critical point of J must be helpful to understand extremal metrics and
Calabi flow.

4. C? estimate of heat flow depending time ¢.

Lemma 4.1. o > 0 is bounded from above and below along the gradient
flow of J.

Proof. Taking second derivatives with respect time, we have

0%p ~ 5[0 5
_ 8 ré,, _
gz = 2 9\ 5p) . 9N

a7ﬁ7r75:1 ,ﬁ?"

0
By ordinary maximum principle for parabolic equation, we have m‘gx a—f

0 .
and H%/in a—f T as t increases. Since %—f = ¢ — o, we then prove this lemma. [

Corollary 4.2. Under the gradient flow of J, metric is strictly bounded
from below.

Theorem 4.3. There exists a const C(t) depends on t only, such that wy +
85@ <C-uwy.

Proof. Consider the heat flow equation:

o " 3
— =C— E gaﬁ XQE'
ot

a7ﬁ:1
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We are now taking first and second derivatives on both side of this equation.
In the following calculation, all indices are running from 1 to n. Whenever
there is a repeated indices, that automatically means summation from 1 to

n.

¢, 7 5B 3
atl = 997519 ﬁxag - gaﬁxa@i-

Now, let us take another derivative on both sides of the above equation, we
have

00, . 5 - . 5 . - 3
g = 995559 Xas — 9" 9a,39" 97.19° Xo7 — 97 976,99, 79" X5

~9""7Xap ~ 9" XaB 5

Indices after comma represents partial derivatives in above two formulas.
Now multiple the above equation with % and summarized everything. De-
note F = x¥ 95 = XY (goz-; + 3071-;). Consider all differentials as covariant
differentials with respect to metric y. Denote the bisectional curvature of x
as R(x). We then have

9 = 95597 XX — 20°702,797 975.19° X o5X” + 9P RO agiix?
= 070 579°PXaFXT — 20972 30" 979" X o5X + 9°PR(X) apiix”
= g (gﬂ-,;(s + R(X) ips5907 — R(X)pm;g@ g‘ﬁxagxﬁ

—29°Tg2 20" 9r8.i9° X o 5X” + 9" R(X) i X7
= 0795 759" XX + 97 <R(X)iﬁéjgp7 — R(X)pm;g@ 9P x,5x7
~20°Tg., =07 975.19°OX o 5X 7 + 9P R(X) apisx”.

Next, we can choose a coordinate such that Xi; = 55 and gip; = Nidio;-

Note that at this point, we have

n n

U:Z )\1—(1, and F:Z)‘i'

a=1 =1

Note that x is a fixed metric, then there exists a constant C such that the
following inequality holds (via some straightforward calculation):

g°" <R(X)i§5}gp7 - R(X)pm;g@ 9" x.5x"

- (R(X)iacﬁ)‘a - R(X)@ﬁ)\i> 5

< 2F).
" )\55]_0(0—1—0 )

Moreover, it is easy to check that

19" R(X) x| < co
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for some constant c¢. Thus, we have
G = AF —29°%g559" 45509 X 5x" + C - (0 + 0 F)

where Af = ¢ ff(;g‘sﬁx of for any smooth function f. From here, we quickly
imply that F' is bounded from above since ¢ is uniformly bounded from
above. O

Recall the estimate of equation (3.2), we have

* dE o 3 3
/0 —dt——2/ / Z gaﬁaﬁaﬂagr X5 | detgdt

a,B,r,0=1
= E(c0) — E(0) > C.

In other words,

[e’e] n _ _
/ / Y. 9050.:9"x,5 | detgdt <C.
0 v

a7ﬁ7r75:1

There exists a subsequence of {; — oo such that

n
/ Z gaﬁ%a#gmxag det g |¢=¢;— 0.
14 a,3,r,0=1

This last expression, shall suggests that o |¢—¢,— ¢ in some sense for some
constant c.

Next we return to prove the Theorem 1.1.

Proof. Following from the interior estimate by Evans and Krylov, we can
imply C*® estimate for any finite time . Then standard elliptic regularity
theorem would imply that g is C*° at any finite time. Thus the flow exists
for long time. Then proposition 4 implies that J flow decreases distance
between any two points in H. O

5. Uniform C? estimate for heat flow for manifolds with
semi-positive definite curvature tensors..

In this section, we assume that the bisectional curvature of x is non-negative,
we want to show that there exists a uniform bound on the second derivatives
of ¢.
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Theorem 5.1. the bisectional curvature of x Iis non-negative, then there
exists a uniform bound on the second derivatives of .

Proof. Following the calculation in the previous section, we have (equation
4.1) :

0y = - — _ _ — _ _ _
g = 97 95559°Xa5 — 9% 9279”7 97,:9”" X o5 — 97 976,09° 959" X o5

90Xz 9" Xo 7

Simplify this equation by adopting differentiation in terms of metric x, we
have

oY = _ — _ _ = ~ _ =

) 1 b 1 19 b

5 = 90559 XeB — 9" 9z 79" 9739° Xom — 97 97049 97 59" X o5
(5.1)

Define an auxiliary tensor T’ ;7 as

T5=95—Co-x;5=905+¢;5—Co- x5
Choose Cy big enough so that TZ; < 0 as a tensor at time ¢t = 0. Claim:
T < 0is preserved under this heat flow. Let us first obtain the flow equation
for T. From equation (5.1), we have
PoL = g7 559X 05 — 97792597 970197 X o5 — 9°7 97197 9,39"° X5
= T 559" X5 — 90,397 97649 X — g‘”gm,ig‘mgﬁbggbﬁxag
= g (Tﬁ,ja + R(X) 555 L7 — R(X)pF(s}T@) géﬁxaﬁ
—gaagab,;glﬁgm,igéﬁxag - gﬁgm,z’gmgabg_gbﬁxag
= g (Tﬁ,m + R(X)@JETPF - R(X)pF(s}T@) géﬁxaﬁ

—9° 9,597 976,19 X o5 — 977 97619° 9, 59" X o7

Now we want to apply Hamilton’s maximal principal for tensors. Since
TZ.; < 0 at t = 0, we may suppose that there is a first time t = ¢ty > 0 and
a point O, where T has a degenerate direction. We might assume that this
direction is £(O) = (€1, €2, ---€™); and parallel transport this vector along a
small neighborhood of O by metric y, so we have constant parallel vector
field in a small neighborhood O of point O. By definition, we have

T8 <0, Vi<t
and at ¢t = ty we have

Ts'¢(0)=0, andTz<0 inO.
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In particular, at ¢ = ¢y and at point O, we have T, i;gi =T Z;§_J = 0. Now
plugging everything into the equation (5.2), we have (in O)

NTH'E) o iz .08 aF 58 iz;
—ar =9 Tigret €9 xap 9 (R(X)@(;;Tpf—R(X)pﬂ;;T@)g Xa5€"€
— 9°%92,59" 976:9° X 056" — 9°79r5:9" 92 39" X u5E'E
~ — — — 5— _ . 5— —_
=AT56'6)+9R(X) 557§ Tyrg X u5— 9" RO s Tp€ 9" X o5E
— 992,59 975:9° X 056" — 9°7r5:9° 92, 79" X o5E E
Now at Point O and at time ¢t = t;, by ordinary maximum principle,

we have A(Tﬁg@) <0. Moreover,go‘FR(X)pM; iﬁgigéﬁxaﬁgj(O) = 0 and
d°"R(x) iﬁ(;;&igT ng(sEX o5 < 0 since R(x) is a non-negative tensor while 7" is
a non-positive tensor. Thus
A(T;5€¢7)
ot
This implies that T" will remain non-positive. In other words,

(0) <0.

95 <Cp- X7
holds for all ¢ where the flow exists. Thus, all of the second derivatives of ¢
is bounded from above. O

Finally, we want to prove Theorem 1.2.

Proof. as before, following from the interior estimate by Evans and Krylov,
we can obtian a uniform C%® estimate for any finite time ¢ from the theorem
3 above. Then standard elliptic regularity theorem would imply that g is
C® at any finite time. Thus the flow exists for long time. Since the C*®
estimate is uniform (independent of time t), thus the flow converges to a
critical point of J. at least by sequence. The uniqueness of sequential limit
is provided by the fact that .J is strictly convex. O
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